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[image: image4.jpg]Tema 11. HOCTIZOBHOCTI TA TPAHHMII

§ 1. MeTox MaTeMaTHIHOT iHxyKuil.
Yuca0Ba HOCTi10BHICTS, i rpamnns

1.1. B 0CHOBI METOTTy MaTeMATHHO] IHIYKIHi JeXHTh Takuif IpuEIIL [esike TBep-
JDKEHHS! CTipaBe/yIuBe TpH OY/Ib-SKOMY HATyPATEHOMY /1, SIKINO: 1) BOHO CIIpaBejUIMBe TPH
n=1, 2) i3 CIPABE/VTMBOCT IBOTO TBEPPKEHHS TIPH 7 = K BUIVIMBAE HOrO CIpaBeyIMBiCT,

mpun=k+1.
Hpukcaamn
JlonecTs, mo npi GyIb-saxoMy /1 € N BHKOHYETBEs! PiBHICTS.
L1+2+3+. +n:_’L”2*_‘l
12 k (k +1)

*1)Mlps n=1 macMo 1=——, mo cupaseanuso. 2) Hexait 1+ 2 + ...+ k =

4 k1= ﬂ”z_“‘iﬂ . WO 3anepuye AoBeACH-

o 1+z+...+k+(k+|)=-“"2—*”

na*

212427+, +n1:én(n+l)(2n+l).

1-2-3, mo cnpasepmso. 2) Hexadt 12427 4. +4k2=

*1)Tpw n=1 Macmo

Mo 3aBepuIye JAOBEAICHRS. *
3. Jlonecrs, monpk 7€ N Ta @ > — | muxonyerses nepinsicrs Bepuywii (1+a)" 21+ na

*1)Mpu n=1 waemo 1+a2l+a. wo cnpasenuso. 2)Hexadt (1+a) 21+ ka , oni
(+a} T 21+ ka)(1+a)=1+(k +1)a+ka® 214+ (k +1)a , mo 3anepurye nosenenns. *
4. J{onect# HepinuicTs, Komi

Vag .t
L2927 ofaay ay 0,20, i=1,2,

n
* SIKIHo X% Oe i3 KGR @, OPIBHIOE HYTIO, TO TIPABA SACTUNA HEPIBHOCT IOPIBIIOE HymO i e~

pissicTs mukouyerics. Boaxaumemo, mo a,>0. Hexali G, = #faja, ..a, , G =aq

Tlomitumo, mo
a. mal G mal
tats G:I,‘:G:=G.(G—"] :c,(n[g—*'—]] '





[image: image5.jpg]2) Hexait a,,,=2(3""'+1), Ton a,,,=3a,- 2(3""+1) (3"+1), mo 3a

BepIIye JI0BEJIeHAS.
Hanpuian, sexat ay=a,=1, a,,,=3a,,,-a,, TOli MaeMo ay=3a,~aq =3-1-1=2.
a,=3a,-a,=5, ag=3a,-a,=13, ...

STKITIO MOCTI/IOBHICTb M€ CKiHYEHHY KiTbKICTh WIEHIB, BOHA HAZHBAETHCH CKINUEHHOIO.
Harpuictazi, CKIHUEHHOIO € ociioBHicTs aBotmpposux wicer: 10, 11, 12, ..., 99. Bom
CKIAIAETHCA 13 90 eNevenTiB.

UHCIIOBY TOCIZOBHICTh MOJKHA 300pasuTH zpaghiuno. SIKIo Ha oci Ox BiAKIageMc

umena 1, 2, ..., n, ..., & Ha oci Oy — BUIOBITHI 3HAYEHHS WIEHIB [OCTIIOBHOCTI a).
@, ..., G, ..., TO MOCTiJIOBHICTh 300PA3UTHCA Y BHUIMIANI MHOXHHH TouoK 7'(n, a,)
KOOPAMHATHOI IUIoMMEK. Hanmpukiaj, moCTiloBHOCT, 3afani GpopMyTaMu a, _Ll
T
a,=(=1)"n, a,=1+(~1)", nokasao imiosiao wa puc. 11.1, 112, 11.3
- a,
1 : '
/ 2
o] 17712 n
-f
-3
V=777 & 4 4.0 i
Puc. 11.1 Puc. 112
ayl 11,1
2 7
1 Puc. 114
0 “opary E igaggom i,
0 a, 0, aal X
Pue. 11.3 Pre. 11.5
a5 ay a, a, a,

58 yidhe 1Erwnloe slpliscd 1w & > Bk LK

Puc. 11.6




[image: image6.jpg]3rizuo 3 epiBnicTio Bepryw Macko

U zc,,(x +(m|)[

GG"'_"—I]]:G.. +(M+1) Gy = (1) G =(141)G g1 - MG,y (LD

1) Tl n = 1 vepinicns, Ko ae stz a, = d, , wo cnpasesymino. 2) Hexai 1z sepiswicns cnpa-
ajtay+atay
m
nOweHHO 10 Tiici HepinHOCT! HepipricTs (IT11.1), MAENO @) + 3 + it Gy +apuy 2 (M+1) Gy

BeUMBA UK N =m 2Gy o 3BUKA G +ay + .t Gy 2m Gy, Nomasum

Gy 405 F oty ; .
260 ——— 2 Gy, 10 SancpUIC iWyKTIBIC SoDeReHr. PipiicTs RoOATaCTHCE
m

e npy @) = a.

5. Jloneern, 1wto npit 1€ N BHKORYCTHCH HEpiBHICTS [sin 7

nlsiny .
* 1) Tipun = 1 maemolsinf < [sina, wo enpasczmso.
2) Hexait [sin ko <Ksin y , roni
[sin(k+1) x| = [sin oxcos x + cos kv sin x| < [sin kv cos o + cos kvsin <]
+[sin x| < k|sin x| +{sin = (e + 1) [sin o,

fod+

1110 3aBEPIIYE OBeeHHS. *

1.2. Heckinuenna nocniooguicms — ye gynxyin 3 obnacnio eusnadenns N. SIKino us
yHKILiS YHCTIOBA, TO NOCII/IOBHICTL HASHBACTLCS HECKINYEHHOIO WUCI08010 NOLNIOOGHI-
cmio. 3uauenns f(), BilNOB/HE HATYPANLHOMY UHCITY 4, HASHBAETHOS A-M HJICHOM
nocHiOBHOCTI. 3aMicTs f{n) iHOAI MULIYTH @, , X, TOLO.

2+l 3
5 =2,
e G

TIpHiIamH YHCIOBHX TocigoBHoCTel: 1) f(n)=

201
J(100)= 03

ST (PyHKIIO UHCHOBY MOCHIOBHICT MOXKHA 3a/iaTH PisHiMi ciocoGamu. Dopmysia,
SKa 3a/[a€ YHCIIOBY MOCIINIOBHICTb, HASHBACTHLCS Popmynoio n-20 (abo sazanbrozo) wiena.
Camy 4HC/IOBY MOCTIOBHICTL NO3HAYATHMEMO TaK: (a,).

Oyt i3 NOWHPEHHX CIOCOGIB 3a/IaHHs YHCIOBOI NOCIIOBHOCT — pexypenmmuud. Bik
JIA€ 3MOT'Y BHPasHTH GY/b-SIKHii WieH, NOYHHAIOWH 3 JIESIKOYO, Yepes nonepenHi. Hanpik-
na; vexait @ =1, a,, =3a,~1, 100 a,=3a,~1=2, ay=3a,-1=5, a;=3a;-1=14,
TOBTO Bei HIIEHH MOCIIOBHOCTI, MOYHHAIONH 3 IPYTOTO, MOXHA BHPa3HTH Hepea nonepe-
i (amke, w6 sHaiitn Gyp-skuii wieH NOCIIOBHOCTI, TpeGa 3HATH BCi NoNepe/iHi).
JloBezieMo 3a JIONOMOTOI0 METOJTY MaTeMaTHIHOI iHJLyKILi, O 110 NOCIOBHICTD MOXHA

. 2) a, =1+(=1)", a,=0, a, =2, @y =0),..., B3arazi az,.1 =0, az, = 2.

3a]1aTH TaKOI0 (OPMYIIOIO 7-TO WieHa: a,, .;_(3" -y 1) .

1) Tlpu n =1 Maemo a; =

(3“ +I)=l , 1O CTIPABEILTHEO.




[image: image7.jpg]MoskHa Takok 300pasHTH MMCIOBY TIOCHIIOBHICTh HA YUCTO6IH RPAMITL, JUIS HOTO J0-
CTATHLO HA Hilf BIIMITHTH TOMKAMH 3HAYCHHS @1, G2, ... , Gy, ... . Tak, Ha puc. 114, 11.5,
11.6 okasano Ha uHCTOBi# NpAMIE BI/TOBI/HO Ti cami NOCTIIOBHOCT], mo # Ha puc. 11.3,
111,112,

TlociiIOBHICTD HASHBACTECA 3pOCMAIOY0I0, KO Uit GyIb-AKoro n € N BHKOHYETHCA
HEpIBHICTH a, <a,,, .

TlocizioBHICTS HA3MBAECTHCS CrAdKOI0, AKINO YISl Oy/b-AKor0 1 € N BUKOHYETHCS HEpi-
BHICTH a,>a,,, .

3pocTatoyi 1 cmajiHi MOCiIOBHOCTI HA3HBAIOTBCA Moromonnumu. Hanpukias, to-

4 . n . 3
CcIizoBHiCT, 3ajaHa (opmyrol a, = , € MOHOTOHHOIO, OCKIBKH DI3HMIL
n

+1
1
n+2 n+l (n+2)(n+1)
Omke, 111 MOCTOBHICTS 3pocTac.

By A, = >0, 10610 a,<a,, npn Oyab-skoMy neN.

TlocriioBRiCTS i3 aramsmm wienom a,=1+~)" e € MoHoTOHHOIO, 60 a<a, i @, > a3

Tloc/iIOBHICTS HA3MBACTLCA OAMeCeHOI0 36epxy, SIKIIO icHYe wmemo M Take, m(o
a,<M npuneN.

TlocTi IOBHICTE HASHBAETHCS 0OMEICCHOIO 3HU3Y, SKINO ICHYE YHCIIO m Take, IO a,, =m
npu n € N . Hanpuxna, MoCTiIoBHICTS a,, = n 0GMexeHa 3HH3Y, alle He 0OMeKeHa 3BEpXY:
nocifioBHicTs @, =(~1)"-n He oGMexeHa Hi IBepXY, Hi 3HMTY.

TlocnifioBHICTS HABMBAETLCS OGMedCEHO0, SKILO BOHA O/IHOYACHO OOMEIKeHa 1 3BEPXY, i
3HM3Y, TOOTO iCHYIOTh 4MCna m Ta M TaKi, mo m<a, <M wm neN.

Mpuicanan
1. JIOCAHTH Ka MOHOTORHICTS TIOGIIZIOBHICTS, Ja%AHY PRKYPEHTHO:

1

a=3, a,, =—a,+2.

2
* 32 0MOMOFOI0 MTOAY MATEMATHYHOT YKL Z0BEIEMO, 1O @, <4 mpH 11 €N ©
1) @ =3<4;

1 1
2) nexa @, <4 , O @y =5 ay +2<54+2= 4., w0 3anepuIye XoBERGHIA.

1 1
201>2-54=0, omke, @, >a,. neN.

1
Ocximukn @, ==a,+2, T a4,
2 2

Tocniztopsicr 3pocrac i ¢ oBMexer0r0.

: cavae n
2. JloeTiauH noCAAOMHIETL 4, =~ — Wi OBNeKeHicTs.
nt

* Ockizbkn —— :
n+1 n+1

<1, 70 nocrigomHicTs oGMexeta tbepxy. Bona Taxoxk obMexke-

na 33y, 6o a, >0, Orie, 0<a, <1, 70670 s noCAOBHICT, oGMekera. *




[image: image8.jpg]Ha OGMEREHICTL.

r " +1
3. JI0CAiAMTH HOCTIAOBHICTL 4, =~
n+2

2 1 2
*Maewo a,, =§[x— 6n+4] <5 - Ome, mocsionsicrs obuexena epy. Lin nocaizonsicrs

2
obnenena. 60 0<a, < *

1.3. UHeno @ HasMBAEThes 2panuero nocaidoskoemi (a,,) , K0 AL GYIB-HKOTO 10~
JIATHOTO UMCAA € iCHYE HATypalIbHe YHCIo N Take, 1o Uis BCIX #> N BUKOHYETECS HEpiB-
sicts |a, ~a|<e . Lle sanvcyiots 1aK: a= lim a,,, a60 a,—>a . Hocijosuicts, mo Mae

ne
TPAHMITO, HAIMBACTECS 36iocoi0. TIOCTIIOBHICTD, 10 He MAC IPAHMIL, HASMBACTLCS Pos-
Bidkenoro.

3 sicyemo zeamempunuit avicm nowsmms zpanyi nocnidosnocmi. Ha prc. 117 ioka-
3aHO ¢-0KiI ¥MCla @ — 1ie ikTepBar (a—€; a+e).

~a|<¢ pummBac nozpiiiua gz,

HEpIBHICTh a—&<a, <a+& . OTke, KO TOCTi0-

Is epimocti |

BHICTb NPAMYE JIO YHCIA @, TO SKAM OM MaTuM He Puc. 11.7
GyB £-OKUI YHCIIA @, iCHYE Take HATypaThHEe YMCIO
N, 0 Bei WieHH a,, 3 HOMepaM, GUIbIHMY 3a N, NOTPAIUISHOTS B £-0Kin tHcia a. Posrs-

HEMO TOC/TLI0BHICTS 13 3arallbHUM WIEHOM @, i nokaxxemo, o a, —» 0 . HepisHicts

<€y JaHOMY BHIIAJKY Mac BHITIAJ

1 >
0}(!: , a60 —<&, IBiJIKK u>-‘— Hexait
n

n €

.’\'x{l}(uma yacTHHa 4 ) S n>N 10 u>|ii}.mm:. nz[-l-}tb—“ l<s;.
€ £ 3 € € n

Hanpuraz, sxmo €=0,1, 10 N
s B e-oki Hyns. Sk €=0,01, 0 N=1001T 1

10 i Bel WieHH, NOYMHAIONH 3 OJHHA/IIATOTO, TOTPa-

Teopema 1. Axuyo nocnidosricms 36ixcHa, Mo 60Ha 0BMedceNa.

* Hexaii lim a,,=a . BuGepemo £>0. 3a 03HaMEHHSIM IPaHHII MOCTIOBHOCTI iCHYE

meno N rake, mo npu 1> N |a, - a|<e . Omxe, ipu 1> N Macmo a+a|

a|+[a| <|a| +&. Tosmanno uepes C HaiiGitsime 3 umcen |a] . |as|, -
<Cnpu ne N, 10610

ful e+

1o |a,|<Crpit n=12,..,N, i |a,,}anpu n>N , omKe,

TIOC/TUIOBHICTE OOMEXeHa, *




[image: image9.jpg]* OckiBki ToCTiNOBHICTS (4) oGMexeHa, iciye fofaTHe wicio P Take, wo. |a,<P
s neN . Bubepemo foBLIbHe JiofatHe uMclo €/ P, Toji icHye Hatypambhe N, Take,
o npy n> N, |a,|<e/P. Ovie, ipi n>Ng Maemo

o, @, $(e/P) P=s. 10610 nocninomHicTs (ul, a, ) — HeckinveHHO Maa. *

Hacnifok. Jobymok eKinuenno20 uueia HeeKinuenno Mamux — HeCKiNueHHO M.

L n#
Hanpukia, TOCTIIOBHICT. n,,=( ] . meN , HeckiHueHHO Maia, 60 a,

nann’
(i L

S < 5 s
THOCTifOBHICTh a,=— , c &R HecKiHueHHO Maia, GO CTalia OCHifoBHICTS (c) oOMexena,
n

TocTioBHicTs @, =(~ l)"ll’ HECKIHUEHHO Maa, 60 € /06YTKoM OGMEMKeHOT Ha HeCKiH-
HEHHO MAy.

Jlexa (npo neckinuenno mari). [z mozo wob nocidosiicmy (a,) Mara spaiigio a,
Heobxidno i docmamibo, wjoG suxonyeanacy piswicmes a,=a+0.,, de (&) necxiuuen-
o mana.

* HeoOXianicts. Hexalt lim a@,=a , To4i 4 JAoBUHOrO €> 0 icHye Hatypatbhe

Ntake, mo mpu n>N |a,-a|<e aGo [(U"‘ll)"()|<ﬁ OTKe, TOCTI/IOBHICTS
@, =a,—a HECKIHUCHHO MANa i a,=a+a,
Jloctarnicts. Hexalt a,=a+o,, xe (a,)— weckimemso Mama Maemo

lim a, = lim (a+a, )= lim a+ lim o, =a+0=a . *

Teopema 6. Axyo lim a,=a . lim b,=b.10 lim (a,, b,)=ab.

* 3rijmo 3 eMolo a,=a+a,, b,=b+p,, te a,.p, — Heckimuenno mani. OTie,
a,b,=(a+a,)(b+p,)=ab+ap, +ba,+a,B, . Tlocnizosmocti (aB,), (bet,) Ta (ot,B,)
HECKIHUeHHO Mali, OTke, NOCTigoBHicTs o, +bot, +0., B, =7, HECKIHYEHHO Maia,

a, b, =ab+y, . 3Bijick, ITUHO 3 IEMOIO,  [im (a,, b,,):ab. *

Hacnigok. Cmaity MOJICHG GUROCHMIU 3G SHAK 2panuti.
Jlificro,  tim (ca,)=c lim a, . Maeyo Ha ysasi, wo (a,) — 361KHA HOCIOBHICTE,

oKkpeMa, KO [im @, =a , lim b,=b,10 lim (a,~b,)=a-b.

Jiticko, lim (a, —b,)= lim a, + lim (=b,)=a-b .
f=r) PET )




[image: image10.jpg]Hocnizornicts a, =n po3dikua, Go He oGMeNeHa AJte He Cllij AyMATH, 1O KOXHA
OBMerkeHa TOCIIIIOBHICTS 361KA.

TlocminoBHicTs a,

+(~1)" obMexena, Go 0<a, <2. Tlokakemo, 1O BoHa posix-
na. Hexait 15 nociifosicTs Mae rpanumo a. Bubepemo &=0,1. IIpu joBinbHOMy BHGOpL

YHCIA G B €~ OKLT 1HOTO HHC/IA He NOTParuTh Xoua 6 ofHe 3 urces
OKOZIOM MICTHTBCA Ge3JTi HWieHIB MOCiiIoBHOCTI. [IiHTIUTH CyriepeyHoCTi.

. Omxe, Ti03a 1M

Teopema 2. Alxugo nocnidosnicms 36isicna, mo 6ona Mae mue oduy 2pantsio.

* Hexaif 36ixna nocxiziosuicrs (a, ) mae i rpaimmi: a Ta b. BuGepeno & =%’a -4
£~ OKOJIM MHCeNl @ Ta b He MaloTH CHUTBHEX TOWOK. 11032 €~ OKOOM 4MCIa @ MiCTHTLCH
Geaniy WwieHiB HOCHTiIOBHOCT (a,,) , SKi TOTPAIUIMIOTH B &— okil wicna b, Mu i
cynepeuHocTi. *

Teopesa 3. Byou-sixa ofmesena Monomonna nocaioosuicms 36ixca.

Llio Teopemy HaBOIMMO Ge3 JIOBE/(CHISL.

Sk fim @, =0, 10 HociinorHicTs (a, ) HasmBacTheR Heckinueno manorw. Tlpukita-

S " 3 i 1
JIOM HECKIHUEHHO MAJIO € TIOCHIIOBHICTD a,,=—
n

Teopema 4. Slkwo fim a,=ai lim b,=b, 10 lim (a”+b,,):a+b

* BisbMeMo JIOBUIBHE JI0JATHE YHCIO % Ienyiors naryparbhi uncna N, N, Taxi, njo

<§npu n>N,, |b, —b’<§ pu n> N, .
Hexait No— Ginbme 3 wucen Ny, N, , 1o npu 7> N BHKOHYIOTECS OHOYACHO Iii
obipi HepiBHoCT. OTRe, |a, - al +], - b < .
Bizoso, o ,—a+b, -b|<

(@, +8,)-(a+b) <5

+y2[x+], omie,

+[b, - b|<& . smiaxn

Lle o3navae, mo  Jim (a" +b,)=a+b.*

Hacnijox. Cyma cKiniennozo uucaa HeckinienHo manux — Heckinuenno mana. Ha-
2

3 .
— HECKIHYEHHO MaJli
non

MPUKIAJ, TOCH JOBHOCTI

Teopena 5. fixujo (o, ) necxinvenno mana, a (a,) obwescena nocnidosnocmi, mo no-

cnidoeicny (a,, n,,) HECKIHUEHHO Mand.




[image: image11.jpg]Teopema 7. xwyo fim a,=a, lim b,=b=0,mo lim

Pt it nion b,

Teopema 8 (npo mpu nocaidosnocmi). fAxuo \im a, = lim b,=a i a,<c,<b,,
now | nm@

4,
=

mo lim ¢,=a.

nso

*BisbMeMmo zioBinbie €>0. IcHye HaTypaibHe 4HMCHO 2 TaKe, IO NPH
n>mya-e<a, IcHye HaTypambHe YHCIO m2 TaKe, WO NPH 7 > m2 by < a + €.

BuGpaut m=max{m,m} , ipu n>m MaeMo @€ < aa S ca< b <a +8, OTXe,

a-e<d,<ate;

c, —a|<¢ . 3incn BunUHBAE, WO lim ¢, =a . *

HapezieMo e desiki enacmugocmi 2panuyo:
1) Hexaii |im a, =a>b . TOzi icHye HATYPAILHE YHCIIO /M TaKe, 1O NPH 2 >m a, > b.
ne

* BubepeMo €=a-b>0, ToJli 38 O3HAYEHHSIM IPAHHLI iCHYE HATYpAJILHE M Take,
wo npi n>m |a,~al<e. b=a-c<a,.* 3okpema, skmo a>0, To Bei uTeHH
NOCITIIOBHOCT], MOMHHAIOWH 3 JIESKOTO 71 , AONATHI;

2) mexaii lim a,=a<b ,TOJl icHye HATYPAILHE YHCIO M TaKe, IO NPU R >m a,<b;

3)Hexail |im @,=a, lim by=bi a,<b,npu ne N, 1oz a<bh.

nosws N

1.4. 3naxodoicenns panuyy HUCI06UX NOCRIOOBHOCMEI POITISIHEMO HA NPHKIASAX.

Mpukaaan
. n+d
1. 3uaiia lim
ne 2n
* 1t cnocib. TlomimiBimm Wncembiuk i IHaMeHHHX poby Ha n#0, Macko
. n+4 . 1+4/n 1
lim == lim ——" = 4 lim =
LET R I S ] 2 nsen
— ntd 12 AT .
2t cnoci6. Macwo = = | meckinerio Mana, To ario 3 oMo npo
n n

Lot 1 1
HecKiMyeHHo Mai  lim 7
new dn 2 2

o

.

2. 3naiitn lim —

nsopl |

3

3
* Maenmo

" n
7 =n4——>nmpn n>1. Omke, nocTNOBHICT: He
n-1 n?-1

n*-1
oGMeneHa | posGbka. Bizmoih : rpasimi Hemac. *

L dnt=n+2
3. 3uaiim lim —————.
ns®3n°+2n+1




[image: image12.jpg]* Lo/ THBIIN YHCEILHKK | SHAMEHHHK APOBY Ha 7 , MAEMO
lim (4=1/n+2/n"
ant-n+2  4-Un+2in’ ,,i"q[ ")

lim — = lim -
nso3n’ +2n+l now3+2/n+ln

- Binnosine: + .+
lim (342/n+1/n) 3

2
4. Junw lim (H"—*"}
e

< n(n+1) 142+ 4n n(n+1) T |
* Ockinun 14+2+..4+n= 1o lim ; fim ——— = lim [ =+2—|=—
2 ame\ n? noe 2t a2 21) 2

Bianosias: l &
2

5. Jlonecy, o nocrioBicTh eckitruentio Man.

" B 1 g 1 1 D
R it ol ] e gl e

- Orke, pH 1> 1 BHKOHYETHES HepiBiicTS ©. lim

noln b

3]
n>—ie>
e

6. 3uaiin ":ﬂ(,/m —n).
Jrr=a)({r ) rn 1

* [epeTsopuMo Aas BHpas /MI—J?:( T :m*ﬁ:mhﬁ

(RakyTh. 110 Aanih BHDA3 MO | AOMHOKMAN Na crpsukennit).

$ 1
O, nli'um( /n+l—ﬁ):"h'l'n'(m. Tenep Bpaxyeno, 1o o<m

i
2Jn

: 1 ’
Ockimkn  lim —=—=0 (a#p. mpHKAax 5). TO 31 TEOPEMOK NPO TPH HOCTAOBHOCTE
noroyn

Bignmosias: 0.*

1
lim
v it 44
7. 3uafitu lim ¢" npu -l<g<l1.
nn

*llprg=0q"=

i lim g" =0. Hexalt 0<q <1, Toxi nociizosnicts a,=g" cuiama i oGmexKe-

na, 60 ¢™'<g”i 0<q"<q. Omie, nocninosHicts a,, 36ikma. Hexait lim ¢” =a . 3aswauumo, mo
Py

lim g, = lima,,,, ovke, limg”=limg" a6o lim ¢"=q- lim g".

winn  a=qa.

a(1-g)=0. Ockinoku 1-g#0, 1 a=0, 10610 lim g" =0 npu 0<g<l .
s




[image: image13.jpg]Hexaii ~1<g<0 . voni 0<|g|<1i lim [g" =0 . Orie, anx sovinnuoro &> 0 icuye uarypassue m

Take, o npH n>m||q|" -n| <& abo | "| <&, a e, B cBOIO uepry, oumatac, mo  lim ¢” =0, 10610

lim g" =0mpn ~1<q<1. Bianosian:0.*

"
8. 3uaim Lim(H-l) &
e\

* Lli rpannus BiAirpAc BAATHBY POt B MATMTHNHOMY auanisi. POSIMHEMO MOGTAOBHICT

n+1
b, cnanac. 3rinHo 3 nepiricnio Beprywii b, >1+——>2, 10610 4= by 2b,> 2 . Hocnigosnics b,
n

MOHOTORHA | oG MexReiia, OTke, 307 HA. JIHIIACTECA 3aYBAkHTH, 110
e " "
lim [Hl) = lim [ul) - lim (1+1)= lim (ul) ]
nme\  n wme\ | n)nmel n) ase\  n

Ore, i nocaioniticrs n,,:[n—) aBia. *
n

Snadizery rpasHIo Mo3KAMAIoTS GykBoio . Omke, lim (1 +1J -
P

Yueio e ippartionanie. Ock Horo MpHOTH3HE 3HaUeHHS: € ~2,71828....

Jlorapum 3 OCHOBOIO € HAIMBAIOTH HATYPAIBHUM JIOTapH(MOM i TMOIHAYAIOTE
log,a=Ina.

9. 3uaiitn lim Yn -

* Posrasmeno n somarmax wicen: .o L1

Py

Alpsi=iswl2inl g aul . g s
n ]

n 4

0., 0Tke, 32 TOPEMOIO Mo Tpi ociiziopkocti lim ¢ =1. Bixmosias: 1.*

L Srigso 3 uepisicrio Komi sacwo

2 -2
B/ Resfn) Bk
=





[image: image14.jpg]10 3uaiiru fim —= .

o 2
* oxasemo, Mo NOCILOBHICTS @, =— cnazae: —>—r 1 . 2n>n+], WO CTpAREHBO M
P PR
LG =0y 03 >0y >a, ... Tocrinonsicts a, oGweeia, 6o 0<a,,slz.iﬂlwml<m:\5im-
: ! : [ S
mes Hexait lim a,,:hma,,,lza Macno lim = lim o oo fim —-=— lim = lim -
s ™ o2 A g o0 dnesn 2 a2
Omke, a =ai a =0. Bianonias:0.*
11. Jlopecrn, molim JJa, =va .swxwo a,20i lim a,=
heek e
*3rigo 3 nemoio mpo  meckimwenwo Mani  a,=ata,, e lim a, omke,
It Java, =Ja- i Ja JI+7, , ne v, -0 Buesmumocs, mo npw 7, >~1 uac micue
1

; v ! :
nomwitina HepipmicT: |+27" <17, <11, - Tosi ariano 3 Teopenoio 1po T mocaizomsocti
"

s
saemo lim Iy, =1, orke, lim Jfa, .mfl..n ,/1+y,, =Ja.*

nsa noo s

12. TlocaitoBHicTs 3a%aH0 pekypenTHo: & =v2 . a,,)=y2+a, . Jlobects, wo nociigosiicts.
a, Giracrics, Ta waitTi i rpasmAito.

* Mokaskeno, 1o 4, <2 :

1) q=42<2;

2) Hexa a,, <2, TOM Gy, =20, <J2+2=2, oTke, 0<a, <2, TOGTO NOCAOBHICTS 06~

mekeia. Kpim T0ro. BOHa SpocTac: a,.; >4, i 244, >a,, 2+a,>a) . (a,+1)(a,~2)<0. wo
cnpaseuno npw  0<a,<2 . [llocrizowwict, a, kA i Mac rpanmmo a. Ockimukm

lim a,.,,= lim a, . Macwo

a=\Ja+2, [a?=a+2.
a>0 a>0 a

il
8

Bianosiny:2.¢

§ 2. Tporpecii

2.1. Apughmemuunoio npozpecicio HA3MBAETHCS WHCIOBA TIOCILOBHICTD, Y SKOT PI3HMILS
MK KOXKHIM “WICHOM, TIOYHHAIOUH 3 JPYIOT0, i TOIEPe/HiM € CTAION BESTHUHHOI.
Ore, apudMETHUHY NPOIPECIIO MONKHA 3a/aTH GOPMYIO.

A e e




[image: image15.jpg]Yneno d HA3MBACTBCA pisnuyeio apugmenuunol npazpmr 13 hopmymn (11.1) nocniziosro
nicraemo: ax —ay = d; ax—ay = d; ai-az = —dp1=d.
JloAamo TIOWwIEHHO BEi 1 PIBHOCTI:
a,—ar =d(n-1), aboa, = a +dn-1). (11.2)
Dopmya (11.2) HA3HBAETBCS PopmynoIo n-20 wiexa apugimemusnol npoepeci.
BishbMeMo TPH TIOCTIOBHIX. WICHH APUDMETHUHOL TIPOTPECiy: d,,_y, @y, @,y (m22)

OCKUIBKH. @, =4, —d, @y, =@, +d,T0 G, +0a,,| =20, , B
i
2:

Pipnicts (11.3) HA3HBAETHCA Xapakmepucmuunow0 enacmusicmio apuOMETHUHOI porpe-
cii. Hexaf feska mocnifioBsicrs Mae miactupicts (11.3), Tomi 2a,=a,, ,+a,., i

11.3)

=0y =0y =y, BURMIPH =2, 3, ... JUCTAEMO @y —0) =0ty =ty =0y =0 =... =0, ~
Omxe, aHa MOCTIZIOBHICTL 3a O3HAYCHISIM € apHpMETHIHOWO Tporpecieio. Hexaii S, —
CYM TIEPIIMX 11 WICHIB apH(METHIHOI TIporpecii:

S,=ay+ay +.+a,=a +a+d+.+a+(n-1)d=na +(1+2+..+(n—]))d

Is mpuxnagy 1 (rema 11, § 1, 1. 1.1) Bigomo, mo 1 +2+ ..+ (n—1)=

Teriep Maemo

S, =na, + (4

( 71)”4#‘ n(2a, +(n-1)d !
2 4
Slkino Bpaxysari dopamyny (11.2) n-ro wiena apudmerHuHol nporpecii, To
a +a,)n Ai5)
S 4
3a dopmynamu (11.4), (11.5) nifpaxoByiOTh CyMy NeEpHIMX n WICHIB apuMeTHHOT
nporpecii.

M pukaagn
1. Posrianemo nocHi0BHicT: g, =4n+3 Macso ay=7,ay=11,a3=15,....a, ;; =4(n+1) +3=4n+7.

Teniep 3nalifieMo PIHINO a),,) —a,=4n+7—(4n+3)=4. Omke, 3a O3HAUCHHAM faHA NOCAIOB-
HICTL — e ApH(MeTHYNA IpoTpecis.

2. Jlaso aprmernuiy nporpecito 2,5, § ... . 3alit corwii wien niei nporpecii.

* a=2,ay=5 Onke, d=5-2=3 3a dopuyzoro (11.2) suaiiemo -1 wien mporpecii:
+3(n—1)=3n-1.
1100-1=299. Bianosins: 299.*
3. Bitomo /s wieHs apuueTHanoi nporpecii: ay =10, ay =46, naiit a0
* BuxopHctosyloun (oMY A-T0 Wield, MACMO dy=aj+d=10; ay =a,+10d=46. Onke,
=10-4=6, o =a; +999d = 6+

Jazi MaeNO aygy

ayy =y =9d =46 10, 3iakn d = 4. Jlai HAX0KHMO a1 = a3~
+999 -4 = 4002. Binosizs: 4002 *
4. Bitomo sia wnenn apumeTHssof nporpeci: ay=7, s =19, 3uakth Si0.




[image: image16.jpg]* 3rim0 3 (POPMYIIOIO A1-rO "WieHA APHOMETHINOT Tporpecii a5 =y +4d. OTke, 19 =7+ 4d, wia-
00 (20 +99d)
w0t d = 3. 3 dopuynoio (11.4) 3Haxomumo Sjg0=

nizn: 15550,
5. Futadiis cyMy BCIX TPHIHANHHX WHCST, ki ZLTHTHCS A 7.
* Hallvetinie TPH3HA4NE YHCIO, Ske MMKTLCS B 7, dopiviioc 105, a naGimume — 994. Bei 1pi-
aHAuHi wHCHA, SKi AUIATHCA HA 7, YTROPIOKOTS apH(MeTHiy nporpecio 105, 112, 119, .., 994, y skoi
a1 =105, @, =994. d=7. 3rinso 3 dopynoo r-ro wiewa 994 = 105+7 (n— 1), 3wt n = 128.

105+ 994
Ternep. wrKkopHcToByioun dopyy (11.5). 2axonnmo S g5 = ————— 128 = 70 336, Biano-

Bine: 70336, %

2.2. ['eomempuunoio npozpecieino Ha3MBACTLCS HCIOBA HOCIIIOBHICTD BIAMIHHKX BI
HYIIS MMCEIL, Y SIKi# YACTKA Bijt MNEHHs GyIb-AKOro WieH, TIOMMHAIOMH 3 /IPYIOro, Ha fiore-
PeHiH € CTATOK BETHIHHOIW.

TeoMeTpHHHY NPOrpeciio MOKHA 3aaTH (HOPMYIOI0

g, q#0, neN, (11.6)

JIE G — IHAMENHUK 2eamMempuynol npozpecii. )
Dopyna n-20 wnena zeavempunnol npozpecir:
ay=a g, (1.7

xapaxmepucniuuna anacmusicms:
a2 =0, Gy (11.8)
BupejieMo opMyIty CyMU NMeEPIIHX 7 WIEHIB TeOMETPHYHOI MPOrpecii:
S, =a +a,+.+a,=a +aq+.+aq"".

JlomHoNuBIM OGHB] YaCTHHM 1iel piBHOCTI Ha ¢ # 0, MaeMo S, g=ag+ag’ +..+ay
wigw S, -S,q=a,-a4q".a60 S, (1-q)=a (l~q")»

Sano g = 1,710 a, = @) npu n € Ni, orie, S, = nay. o g # 1, 1o
(11.9)

IBIKH (11.10)

Hpwicaazn

1. TocnizonnicTs sanaio popuyoio a,=3". Maewo ay =3, @ =9, a3 =27, ., ape1 =3""". Jua-

9n+1

Xommo —-=3. OTie, 32 03HAYEHIAM AaHA NOCTIOBHICTS — lie TEOMETPHYHA NpOrpecis.

2. Miok uncramn 1 81 3naitaimh Taki TP YKCIA, SKi 6 PA3OM 3 JAHHMH YTRODIOBAIH TEOMETPHAITY
nporpecito.




[image: image17.jpg]BixopucTosyious opmyny (11.9), Macyo
g %
S:lima,ll 4 i - jim 99~

nso | g nawl-g nowl-g

6o limg"=0 npu0<|q|<1 (ms. Temy 11, § 1, . 1.4, npuiciaz 7).
OCTATOHHO AiCTaHEMO

(11.11)

Mpuxaaxu
1. TlepeTnopuTy sieckinuenH il nepionw kil ecxobwi Api6 0,4 (13) y swuaiinmit.
*3rinuo 3 (hopaynoio (11.11) Maemo 0.4 (13) = 0.41313.. = 0,4+ 0,013 + 0,00013 + .. = 0.4 +
0013 4 13 409 _. 40
+——=—— Bianosine: —. *
.01 10 990 990 990

S g 2 2 : 3
2. Fuaitrv TP e HECKIANSHNO CTIHOT FeONGTPHYHOT TPOTPECil, EYNA AKOT A0piBIOE. . &

1
pyrai wnen — =

* 3010 3 YMOBOIO CIIAAAENMO CHCTEMY PiBHSIL s

o _3
3
1
ag=-3:

. : : St
Tonimsumn nowsewo Apyre piBwsmAA HA nepme, Aicranewo g(1-g)=-—. 3sinc maco
i 4! =z

T 5 4
@== ®=7 Inasenon g; we nizopurs, 60 |aaf>1. omxe, ¢

1 v
=5 Mani suaxonumo ay =2,

2
10610 a3 =, 3:2[-11 B T
S 4T 3

3. Posn’saH pimiiitis

1

! 3
—Hxtx x4
x

* Jlonanio 1o 1 710 060X HacTHH piBHAHIS:

1 2
—4lexex4x 4
x

J1iBA 9ACTHHA HOROTO. PIBHANNA — I CYNA HECKIHYEHHO CHAVIHOI FeOMeTpHANOI mporpecii, y AKOD

a= % g=x (3 ymonoio | x| < 1). Buxopucrosyious dopuyary (11.11), Maeno

4 2, 95 -9x+2=0, x,=l. x,:i.
x T

Bianosian: xe{





[image: image18.jpg]* Hexail @y, as Ta ay, — wyKkani aucna. Maexo reoMeTpuuity porpecito 1. as, as. ay. 81. 3rimio 3
Qopmysoto -0 wiena 81 =1+ ¢, snimcn g=+Y8T=+3 Tenep macwo asa sumakw: 1) g = 3, Toni
a=3.0=9.a,=27:2) ¢ = 3.70m ¢ = -3.a; - 9.a= -27. Bimnowins: 3:9:27a60 -3:9; -27%

3. HoTHpH HACTIA YTROPIOIOTL FCOMETPHIIY NIPOrpeciio. SIKIILO A0 ABOX 1EPUIKN Hcest A0ANTH 10 1,
2 /10 TPETLOTO | YeTBEPTOro — BiMOBIAHO 4 i 13, 10 AicTaHeMO apupMETHUHY Hporpeciio. 3naimv i
anca.

* Hexail wykani unena ay, a1, aq’s aig’s Toi wncna a; + 1, ayg + 1, axg* +4 1a ayg’ + 13 yrmo-
PIOIOT, apHMETHUNY npOTpeciio. BHKOPHCTOBYIONH XapAKTEPHCTHANY BAACTHBICTS apHOMETHIHON
IpOrpecii, CKIAEMO CHCTEMY PIBHAHS:

2 2
2(a|q+l)=a|+l+a|q +4, e (q,l) =-3

2(ag? +4)=ag+i+ad 413 |ag(g-1)=-6.

Ockinuiit g # 1, MOAUIHMO Jpyre PIRIAIL CHCTEMH HA niepte i AicTaneno ¢ = 2. lai uaifziewo, o
a1 =-3. ke, myxani uncna -3, -6, ~12 Ta ~24. SO 10 NCPUIKX JBOX WHCES AOAATH 10 1, 0 70
TPeTSOrO | ueTREpTOro — BiMOBiAHO 4 i 13, To JlicTanemo apudMerHKy nporpeciio ~2, -3, 8, ~11.
Bianosias: -3, 12, -24.¢

2.3. Heckilyenta reoMeTpuusa nporpecis, y scoi 0 < | g | < 1, HasuBaeThest Heckin-
YEHHO CNAOHOIO 2eOMEMPUUHOI0 NPOZPECi€l0, HATIPHKIAL:
RO .

Ragpe g

=2

1
o

1 sin 107, sin?10°, sin*10°

3 2 o .
BHACTIZIOK MepeTBOPEHHST 3BUUAKHOro Ipoby ~ B JICCATKOBHI JICTAHEMO HECKIHUCHHMH

JiecaTKoBHI repioruit Api6 0,222... PO3IIgHEMO HECKIHYEHHO CIa/[Hy TEOMETpPHHHY
nporpeciio 0,2; 0,02; 0,002; ... (1yr a1 =0.2, ¢ =0,1). 3uaiiaemo cymy Nepumx n wickis
ni€i nporpecii

OI—] 9.9
Bigomo, mo lim'0,1" =0 (. Temy 11, § 1, n. 1.2, npukran 2). Orxke, npu HeoGMexe-

- : 2 .
HOMY 30UTBIIEHHI 72 CyMa S, CTaE SK 3aBrOJHO GIH3BKOIO JI0 MHCIa i Tleit daxr BiGHBa-

2
= 3BepHITE yBary, IO B TiBii acTHHI 1€l piBHO-

ernest y sarmuey 0,2 + 0,02 + 0,002 5

©Ti HecKiHYeHHa KibKicTh lojanKis. Juciao 5 HA3MBAETLCS CYMOIO HECKIHUEHHO CTIATHOT

TEOMETPHHHOT HPOrpecii.

Osnauchus. Cymowo S neckinuenno cnaduoi zeomempuunoi npozpecii HASUBAECTLCS
TPAHMILL, /10 SIKOT PAMYE NOCITI JIOBHICTS CyM MEPIIHX 71 HWIEHIR 1iei Nporpecii npu n—» o :
§

~lim S,




[image: image19.jpg]Bnpaeu
1. JloBecTH MeToRoM waTenaTHSIHOi InAyI pintiocri:
0 1442744 n(n+1)=n(n+1)'s

1 1 n

9 35v5t T2 2(ne)

) P43 4504+ (20-1) =§n(2n—l)(2n+l).

1011 [nJ" (1)”
1)t =t =] =1-|[=]
2748 2 2
n P24 end= 2(..4»1)

2. JIOBECTH METONOM MATEMATHYHOT {RUIYKILT HepitiocTi:

ay|Sla|+[ag|+ ..+

6) e +af oot a sla|+fag].+)

3. Jualth nepmi WAL wieHiB nocHiA0BHOCT T obpusmin T rpadiuno: a) /(n)=vn:

1) 1
{ ”) 3 1)@= 4, 2200~ 2) =L Gy =+

S x, =14
n+l

T ——

~ . 1=2n=n? 4n’ -3t +5
B lim 2= 6) tim 2 b) lim Sy g =3
nma2ntT O aman-1 " nne ni+10 ' we2n+n—dn

» l|mwe) hm(,/rT o hm(,n T rr) ®) hm(vr ¥}

noe byn™ by 4

”2 ’lJ
) Jim — w) lim
2" " e gt

5. a=V3, a,,;=B+a,; novectw, mo nocxinoHicTs G6ikHa i 3uakth i rpanHo.

6. Jano apmeTHitny nporpecito 2. -1. .. FHallth ayz, d T dyee.
7. Jlauo apwipmerwiny nporpeciio, fe as = 10, ays =~ 40. Inairy (GopMyIy n-ro wien.
8. B apumeTuniil nporpecii @y + d + iz + dys = 224, Faiiry Syp.

9. Posn"ssatw pinmsi (x - 1)+ (x + 2) = .+ (x +26) = 145.




[image: image20.jpg]10. CKiThKH BCHOTO iCHYE I STHIRAMHIX HCEA?
11. ualiti CLOMAH "WieH reOMETPHHHOT mporpeci, Ko a; = 81, as = 3.

12. JIaHo FeOMETPHYIY TIPOrpeciio, e az = 0,1, a; = 1/320. 3ualiTi opMyay n-ro wicHa.

13. JI0BECTH, 110 V1% TEOMETPRYHOT IPOTPECii CTIpABE/UTHBA PIBHICT S (St — Saa) = (Saa - Sn)’

14. B apudpmersunii nporpeci 11 wienin. Tleputi, n*srii Ta oAHMAMUTHH wieRH wici nporpecit
CKIAIAIOTS TCOMSTPHUIY NPOrpeciio. 3HailTi cywy MepIIAX UICCTH WieHiB apHPMCTHYHOI nporpecii,
KO az = 27,

15. Tpr HHCTA CKAQAAIOTS TeOMETpHYIY NpOTpecito. SIXINo Apyril wien 36UTLIKTA Ha 8, To JicTa-
HeMo apihMeTHIIy TPOrpeciio. IGLTLIIHBIIN MiCA ULOFo TPETill Wiei Ha 64, 3HOBY MATHMEMO FeoMe-
Tpusiry nporpecito. 3aiT i wHeaa.

16. 3raifTH SHAMEHNHK HeCKiRUeHIO CTAZHON TCOMETPHYHO! Nporpecii, cyMa skof Zopisiioe 9, a
cyma kBaapatia i wiewis AopiBHioe 40.5.

17. Posw'samn piskanns 2x + 1+ - x* +x' — . = 13/6, ne|x| < 1.

18. [lepernopuTy HecKinuSUHT NEPIOMHUHI IecHTNOB] JPOGH ¥ 3wuuaiini: 0.5 (14): 1, (3): 0.0 (41);
0.81(4):3.61 (28). 0.4 (5).

Bianosizi 20 Brpas
§2. 4.0 -%: 6) Hemae rpanuii; B) ~1; 1) 23 1) %: )0; ) %; ®) 0: 3) 0; W)O.

5 _’*;/E 6.-31; ~112; -2995. 7.2n+4. 8.1064. 9.x=2. 10.90000. 11. 13, 12. 0.2:2'".

14.162 aGo 189. 15.4; 12: 36 aGo i: -B: Aﬁ. 16.1. 17. xe: —1‘.1.
9 9 3 92

509 1 41 733 6067 41

990" 3" 990" 900" "9900° 90




[image: image21.jpg]Tema 12. TPAHHIIS 1 HENEPEPBHICTh ®YHKIIL

§ 1. Ipannns pysuii

L.1. Yucno A HaMBAcTLCH 2panuiyero gynkyii f(x) TIPH x, 1O IpMye Lo a (x # a),
Ko 15t Gyb-s1xoro & > 0 fcye wwcrio § > 0 Take, 1m0 i3 HepiBHocti [x - a <8 BurmBac
HepIBHICTS. | f (x)rA| <g. 3ammcyiors e Tak: lim f (x):A . 3'SCYeMO IeOMeTpHMHMiL
IMICT 1(BOr0 TOHSTTS. TTpoKaOTHIt 3-0Kist TOUKH @ — L& 3-0Kil TOUKM @, 3 SKOTO BHIYHeHO
TOuKy @, T06T0 te MuowiHa M =(a—38: a)U(a; @ +8) 3rimmo 3 otmaven s Gym-

AKoro € > 0 icHye uneno d > () Take, 1O AK TUILKH YHCIO X [ONAe B HPOKOJOTHIA B-0kii
TOUKH a, TO HHC/0 f (x) TI0razie B £-0Kin yucna A, orke,
i3 YACTHH4 Ipadika, 10 BIWIOBI/AE [POKOTOTOMY 5-0K0Ty

A+E u-fty TOUKH @, JICHKHTE Y CMY3i MK ropH3oHTansMit y = A — &
4 Tay=A+e(puc. 12.1).
e 3ayBajkuMO, 1110 3HaueHHs (yHKIi /' (x) B camiii To-

Ml @ HAC He WiKABHTH, 30KpeMa (BYHKIA B TouIli @
Moxe GyTH He BU3HAYEHa.

HasesieMo iHINE PIBHOCHIBHE O3HAYEHHS IPAHHIL
(yHKIii B TOW: YMCIO A HA3MBAETHCS IPAHMUCIO
= ysKnii £ (x) Mpu x, IO UPSIMYE 10 @, AKIIO ISt Gy/tb-
e AR 5 ol aGiKol o a moenizosrocti {x, }, nei mariensst

S|

SKOi BiAMIHHI Bif @, BUNOBLHA IOCTIOBHICTH
Puc, 12.1 {/(_‘“)} npamye o A.

Ile 03HAYCHHS IBOMMTH IHTAHHS! 361KHOCT] QYHKLLT B TOUIL 10 361KHOCTI AesKoi uuc-
JIOBO TOCITi/IOBHOCT, TOMY NPHPOJHO, 110 OCHOBHI BJACTHBOCTI I'paHuill (YHKILI B TOMIH
AHAJOTYHi BIACTHBOCTSIM IPAHMLIL MHCIOBOT MOCHI0BHOCTI .

1.2. Ocnoeni enacmusocmi zpanuyi GYHKLIi B TOI TaKi.

1. Slkmo ‘Iixn’ J(x)=4, 10 icitye §-0Ki1 TouIH a, B AKOMY yHKLIis /() OOMENRKEHA.

2. Shkmo (yHKLIS M€ TPAHMINO TIPU X —> @, TO TUTBKH O/Hy. DyHKILis f(xX) HA3MBACTL-
51 HECKIHMEHHO MAITOIO TIPH X — @, SKIIo lim /(x):() Hanprcnaz: /(x) = x npi x — 0;

(x-z)’ npu x — 2

3. Cyma CKIHUEHHONO YHMCId HECKIHYEHHO MATHMX [IPH X —> @ € HECKIHUEHHO MAIOI0
npHx - a.

4. JIoGyTOK HeCKIHYEHHO Maloi NIPH X — a HA OOGMEXNEHY € HECKIHUEHHO MAJIOIO TPH
x—>a

5. J1oGyToK CKIHUEHHOIO HHCIIa HECKIHUEHHO MAJIMX [PH X —> a € HECKIHUEHHO MAIo0
npux—a.




[image: image22.jpg]6. Ocrosna meopema npo HECKINHEHHO Ma/t,
Pisuicms lim f(x)= A pienocunvha pienocni S(x)=A+a(x). e ofx)— necxin-

UeHHO Mana npu x — a.

7. Stio lim £(x)= 4., lim gfx)=B, T a)}Iﬂ(f(x)+g(x))=A+B,6)H(j(x)-g(x)):

= 4B,5) i) o4 po
—ag(x) B
8. Slxano lim /f(x)=4 , npitomy A0, o icye npokonoti 8-OKiI TOUKH @, B AKOMY
3a

yrcutis £ (x) Mac Toit camuii 3HAK, 0 i WCIO A.

9. Teopema npo mpu gynkuit. Axwyo lim f(x)=lim g(x)= A, npusamy icuye npo-

xa xa

Konomuil -oxin mowku a, & sxony f(x)<@(x)< g (x),mo lim @(x)=4.

10. SIkIo B MPOKOOTOMY 8-OKOi TOUKH @ BHKOHYETHCS HEDIBHICTH S(x)<g(x)i
lim f(x)=4, lim g(x)=B,10 A<B.

1. Hexait lim /{x)=4 i icHyc npokononyii 8-0Ki Towid a, B AKOMY Ostiavietia ynk-

uis 4/ (x), ne N.roxi th':m=ﬂ

PoISTHEMO NIPHKTAM FHAXO/DKEHHS TPAHMLI GYHKLT DK x — a
T pusca
1. 3uairma lim x.

¥

* Hexafi & - nosimnie fonamie weno. Hoxmanemo & =5, Toni is nepisoeri ~|v—a|<8 nanmsac,

mo [x—a|<e, a ue  osmasac, mo lim y=a. *
e

2. 3uadima lim x”, neN.
xa

* 3rigo 3 pracTuBicrio 76 Maemo fim x" = lim x- lim x--- lim x- (Iun x]
s

xsa x>0 x-a \x-a

3. 3uaiitu lim V. a>0.
ra
* Ocximkn fim x=a, ariawo 3 pnactusienio 11 lim Vi =Ja. *

3-x+4x

a-x
* BUKOPHCTORYIOUH BIACTHBICTS 7, MACMO

4 Juaimn. lim

: A A7
fim (3-x+x?)  lim 3— lim x+ lim x’

et B ) Im3-lmrtnd S

lim LEL e g = =y

51 4-x lim (4-x) lim 4~ lim x 4-2 2
a2 Pt Rt
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Iepersopuno Aaumii Api6 Opn x#2 (NpHTajaliTe O3NAYCHMA rpaHMUI): ‘——~—
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2) ;
el X ome lim S -
“Ges) ()* Tx+s 1223 $3x-10 x22x45 7T
 fivax-1
6. 3ualit lim Y———
2ol xHl

0 ¥
* Macsto wenasenicn, Ty . Tlepernopuo A pi6 npn x L

prar-1_(B+2e-1)(5+2x+1) Tt 3

X+ (er)(3ez ) (cr)(Braxel) JBraeel

F+2x -1
Orxe, lim *———= li i u

i e
-l x4l -l [342x 41 2

3 LT lim 3+ 2% = f3+2(-1) = , Ak 3.4
aysaxenns. Te,mo lim (~1) =1, moa nosect Tak camo, K i B npHKIAAL

c 1.3. Posrmstemo hm— L rpamus winirpae

BaOKIMBY POTTh B Mmeuzrmﬂomy aHamii.

Jema llpu 0 < x < 72 euxonyemves nodsiina
Hepignicm sin x < x < tg x. Ha prc. 12.2 nokasato
omMHKyHe Koo 3 mewtpoM O (0 0). Posmmemo
Touku A (1; 0), B (cos x; sinx), C(1; tg x). Maemo
81<8<8,, ne Si— mioma AOBA, S— ruioma
cextopa OBA, Sz — mroma A OCA. Ockimpku

S=asinx, S=1v 8,
k

1 ds
—1g¥, TO MAEMO —sinx<
2 2

Pue. 122

1
SR Lig v, swiman sinx<x<tgx.

sin. »
3 JleMy BUITTHBAE, 110 TIpH o<x<§ cosx<22% <1, 3aypaxkumo, mo 1-cosx=2sin
2 x

2
<2-(l) Lomie, 1-Z-<cosx mpu O<x<X.
2 2 2
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1.4. Unicnio A HasuBacThes 2panutjeio Gyuxyit f(x) npu x —» +oo, SKIIO W15 GyB-AKOro
&> 0 ichye wmcno ¢ > 0 Taxe, 1o jj(x)—AI«: TpH x> 1.

e o3HaveHHs Harajlye O3HAYEHHS MPAHMIN YMCIOBOI MOCIIOBHOCTI. | He AMBHO, GO
HHCIIOBA TIOCIAOBHICTE — te Qywkuist. TlosHAvAETECA 1y rpariLyl Tak: A= lim f(x).
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JIEKMTH Y LiH cMy3i.

Ocnosni anacmusocmi epanuyi yuxyii npu x — +eo TaKi cami, K i y FPAHKI YHCITO-
BOY T10CITIIOBHOCTI.

1. Sharo. lim J(x)=4, o iciye IpoMROK (p; -eo), a KoMy yiis £ (x) oOMeKera.

2. Oynkuisn He Mo¥e Maru Gumbiue opiei

A’: rpaEMui mpu x — oo, Slino Jim_ 11 (x)=0.
A / yHKILis [ (X) HABMBACTLCS HECKIHYEHHO MAJIOIO
mvi St TPH x — +o0.

7 3.Cyma CKiHYEHHOr0 YHMC/Ia HECKiHYEHHO
MATHX TIPH X —+00 € HECKIHYCHHO MAIOIO TP
x>,

4. JI0GYTOK HECKIHUEHHO Mol MpH ¥ —+%0
[ X  Ha OOMeXeHy € HECKIHUEHHO MANOl [pH
x> oo, ’
Prc. 123 5. JIoGYTOK CKIHYEHHOrO MMC/IA  HECKIHYEHHO
MATHX DK X —>+00 € HECKIHUEHHO MAIOI [PH
x> +oo.

6. Ocnoena meopema npo neckinuenno mani. Pisnicmo lim f| (x): A pignocunsna
X0

piswoemi [(x)=A+a(x),0e lim o(x)=0.

HaBeaeMO NPUKIAjM HECKIHUCHHO MATHX [PH x — +o. /(x) j‘(,\-):i_
x
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16)=(2)" e
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Xt

ymaii f(x) 36iracrsos 3i uarom umcna A.
9. Teopesa npo mpu dynxuit. o lim f(x)= lim g(x)=A. npuuomy icuye u-

e p >0 mare, wo npux>p f(x)<@(x)sg(x), mo lim‘w(x):A_
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xorvol=8x el x—

lim (1+3/x)
4 xava 401
3 BIACTHBICTIO 7, MaeNo I Y

2
2.3 lim i
50 3~ x43

* Bpooyioms mo lim_f(x)= lim /(). sicrwiewo

xP 41

x>0 3y

3. Fnadirn ’lirnw(m -Vx).

. 111.3‘((¢:+2-J?)=11.'.\3“/X_+—:+F. Oy _!(x):% heckinueiiio Wana nph

1
x>+ 13 nosiiisoi Hepinuocti AL Sy P o dymeaia 2(5+2+x) b
[

Taeds

HecKiIHO MATa IpK X —> <, OTe, lim
save

4 Juafrn lim [‘/x’n—,]x’n .





[image: image27.jpg]TloninuBus YHCEMBHHK | IHAMEHHHK

. x[l,,’:(‘/x Fx- el = fim_ ,[x’T:::/:’_-H]

/
ApoBy Ha x # 0. macmo  lim Ll el

N ln“ 040 2

3nepuirs ynary Ha e, mo npu x>0 1< |+l<|+2i. ore, lim fI
x x

1.5. TIpama y = ke + b HAIMBACTLCS: acusnmomoio zpagpika dyyuxyit [ (x) TpH x — +o0,
SIKINO PisHELL f (x) — (kx + b) — HECKIHHEHHO MANA TPH X —» +00.
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oo
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HiHHS y = b. BOHA HAIMBACTHCA 20pU30HMANBHOK ACUMITIOTOO. SIKio k#0), ackmirrora

HA3HBAETHCS NOXUNOI0.

*Ockimn lim f(x)= lim 7(x) % VKU MaE TOPHIOHTATbITY. ACHMITTOTY y=% npu
C
X—>+© TampH x->—w, *
wl-s
2. 4
ey
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§ 2. Henepeppuicrs gpymicuii
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Ha B UiH Toug i lim f(x)= f(a).
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OTIBLA Bijt nariepy.
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pmcanamn
L f(x)=x
* Maewo Ay=f(x+Ax)- f(x)=Ax lim A y= lim Ax=0, ovke, hymia y = X Henepepuna b
Prais Sagaroit
Gyab-Kii Touni 1, T0670 a et yHcOBIF MpaNii. *

2. y=x". neN.

Y Gyan-miih ToULI MackO A
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Orke, crenenena dysain y=x", neN, Hemepepsia Ra Beili THCAORR IpAMiA. *

x| lopux>0,
|~ 1npwx < 0.

*Ha rpadixy (puc. 12.5) Touka x =0 — ue Touxa pospusy
{ywitii, 60 BoHa B Wi TOUNI HepHIMateHa. SIKIO MOKMACTH
7(0)=0, 1onicranemo pinomy ynxuino y=signx. Ane it
y wiei gynkuii x=0 — Touka pospmsy, 60 B mifi Toun
Ay=lnpuAx>0 i Ay=-lupsAx<0, ome, pismicrs
lim A

He BuKoHyeTRCs. * Puc. 125
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2.2, HenepepsHi (yHKItii MaloTs Taki anacmueocmi.

1. slkimo dyrriis f{x) HenepepsHa B Touni a i ffa) # 0, To icHye S-OKUIIOMKH @ TaKHii,
IO [ist GYib-AKOT0 X i3 1HOr0 OKoiTy 3Havents fx) Mae Toif cayii 3uax, mo i fla).

2. Shiio pynxigis [x) Henepepena Ha npomixky [a; b] i p Gyms-sie wmcro, sk re-

KT MK umcami fla) a f(b), 1o ta npomixay [a; b] ichye Touxa ¢ Taka, mo fle) = p.

Hacninok. Axuo gynryia f(x) nenepepena na npomisiexy [a; b] 1 npuiimae na iiozo

KIHYAX SHAUENNHR PisHUX FHaKi6, mo icnye mouxa ¢ € (a, b) maxa, wo fic) =0 (puc. 12.7).
3. Stxmo dymxuii fx) i g (x) HelepepBHi B TOHI @, TO HENEPEPBHHMM B Uil Towll €
1)
£(x)
Lo BIACTHBICTS JIErKo JIOBECTH 3 JIOTIOMOIOIO BIAITIOB/IHIX TEOEM T1PO TPaHHLY (yHKLUHA
pHx —> a.
4. Sl pyruis f(x) HeriepepBHa Ha TPOMIAKY
[a: b]. 1o Boma mocsrac Ha upoMy npomiNky Haii-

Takox i Qyxuii f{x) + g (x), flx) g (x), (3a ymoBy, 10 g (a)  0)

GUIBLIONO TA HAHMEHIIIONO 3HAYCHD,

5. Shkmo dymxiis y=g(x) HenepeppHa Ha
TpOMDAKy [ay b], & i sHaterIS HA UHOMY TIPOMiX-
Ky BXOJISTH JI0 OGIIACT] BH3HAUCHHS HEIEPEPBHOI Ha
it obnacti gyruii y = f(x), To cknajea QyHKLis
¥ =/(g (x)) Herepepsra Ha mpowixy [a; b].

6. Oynxiis, obepHeHa HerepepBHiH (ymKuii,
HETIEpEPBHa. Pre. 12.7
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2.4. Ha BnacTvBocCTi 2 TPYHTYETHCS TAK IBAHHIT 3a2a/bHuil Memod pose 'S3y6ania ne-
pisnocmeii.

Teopena. Ao na desxamy npavizexy dywkyia Henepepena i He Mae Kopenic, mo
sona 36epi2ae INGK HG YbOMY NPOMINCKY.

CripaBeUTHBICTS Iii€i TEOPEMH BHILTHBAE i3 HACIIIKY BIACTHBOCT] 2.

Hanpuinag, epiphicrs /f(x)>0 (/ (x)<0) PO3B'A3YEMO B TaKiii IOCIIAOBHOCTI:
1) 3HaxoMo D (f); 2) SHAXOIMMO TIPOMIKKH, Ha KOKHOMY 3 SIKHX (IYHKL{ist HerlepepBHa it

HE Mae KOPEHiB; 3) BUSIBISEMO 3HAKH (YHKLHT HA KOWHOMY 3 LMX MPOMIKKIB i NHIEMO
BLTIOBIIb.

Biomit semod inmepeanie, WO 3aCTOCOBYIOT TPH PO3B S3YBAHHI PAIIOHATLHUX He-
PIBHOCTEH, € OKPEMHM BUITAJKOM 3ar&THHOTO METOTY PO3B’3YBAHHS HEPIBHOCTEI.




[image: image33.jpg]x?=5x+550,
x>0, x#1,

anizn x € (0; 1)U|

)£

1) Fnaxonumo D (f) is cucten [

2) Poaw’msanm pisssmna log, (x’ = 5x+5)= 1, x?~Sx+5=x, MamuMeno xopeni dymkigii ¥, =1,

X, =5, TlepenipKoio BIEBHIOEMOC, 1O MAXONHTS TLALKK KODiih X = S, skt poaGHBAC OBAICTS BH3HA-

serns wa 4 npowixn; (0; 1)[ ‘r] [”f;s] T (5 +o0).
1 3
3) j{;):lugm 1;—1(0, [(L1)=logy; 0,71-1<0, f(4)=log,1-1<0, f(10)=log;g55-1>0.
Bixmonizs: xe(0; l)U[k #}u[# s} 3

1-sinx

sin 2x 3

— s 3 —sil
*Maowo 12822 A3 £0)=2805 L 11y gy nepiopmaa 3 fiepionom T'= 2x,

sin2x 3 snzx f3°

Tomy poss’myemo HepipicTs i npombicky [0; 2x)

sin 2x0,

1) 3uaxomnio D (7) 3 ywosn {05xs o, A0 D([)=[0. g)u(% x)u(x, 37")U (37" Zn)

2) Kopeni ¢ymmii JAXOTHMO 3 PiBHSHIS
1-sinx

sin2x J‘

Tomun sin x=1, Macwo 4r* =1 ~61+3=0, (46 -1)-3(2-1)=0, (21-1)(e=1)(2 +343)=0.

3 (1-sin x)=sin 2x, 3(1-sinx)" =sin? 2x, 4sin’ x—sin’ x~6sinx +3=0.

g
e pimas wac e 153 Alcis kopen =1 Ta t; == Bianosiano acko
) sinx=1. Koperi soro piBRAHI e BXOZTS b 06acTs RHaHasenti D(f);
51

6 sinx:% Ha nponiexy [03 2x] aexars s kopesi whoro pissis: % n

e v ,
TIGpesiproto BETAIOROEMO, W0 KOpith =~ e WIAXOZHTL (CTOpONHF Kopit, 3 ABHBCA BIACHIOK
. " hd
iuecera OGOX wacTHI pivANNA 70 Knanpar). OTAE, GyUKIiA Mac i wopint, x=—. Lk

/ o [0 2), (% 2) (2 o). (= 22). (35
NR——— Y O [ BT AT E)

3) Biunneno anaxt (hymKLil 1A KOAKHOMY 3 LM TIPOMIKIS:

1@ [ 6 [ & [ e [&9

fx) + - = + 0





[image: image34.jpg]T pricicaane

Posn’mah Hepimicts.

1. 3-x>3 *

* [lepenumemo 10  HEPIBHICTL  Tak: x43y/1 3<0 i FAAHEMO HKLIHO
epe: ep pos y

Sx)=x+

1) Fnaxomo D (7) iz wepisocrs 1-x* 20: D(f)=[-1 1}

2) Kopeni hynuii /(x) amaxonumo is pisnss 3-x= rz). 1022 -

—6r=0, %20, %, =06 HepenipKoso BiIchiIOEMOCY, 10 0GWba Kopeni X0, Kopeni dpynkii

posGuBatoTs, 0BAACTS Ti BUAHATeHHS Ha TP HpoMiaas [1: 0), (03 0.6) 1a (0.6: 1]. Ha Kowuomy 3 twax
TpOMiKKiB yHKitA 1Gepirae JHaK.

3) 7%)=-%+3E73<0, omwe: npn xe[—LO)/(x)<0,]{%) ;+3€»3>0, npu

xe(0:0.6) /(x)>0; £(1)=1+3-0-3<0, mpu x (0.6:1] /(x)<0. Bianonins: xe[-10)U(06:1] *

2. [sx-x?-4>2x-5
*ummemo nepimwion, y wurmazi 5t
F(9)=\3x-22-4-22+5.

1) 3naxomumo D () i3 nepismocri Sx—x? ~420: D(f)=[k 4}

~2x45>0 i poammeno  (ymkaito

2) Poss'smamu pisnanus 4 S 2=, Sx—x?—4=(2x=5)", 527 ~ 250+ 290, 3mali-

25435
10

X
oMo woperi (bywKtii x5 =

_ 25435
T

. [lepeBiproio BIEBHIOEMOCE, 10 NLAXOAHT TbKH KOPiHS

zsuﬁ] %
0

x

zs+3‘/?_4
1077
3)Macmo  f(1)=0-2+5>0, omxe:

npH xe[l;M] 1(x)>0; f(4)=-8+5<0; npu xs[

1

it posBuBac 0BCTL BiIRateHI YHKINT HA JBA HPOMDKKH: {1;

10

25435 |
0

Bignosian: 1<x<

3. log, (x’ —5x+5)<l_

*Jamumemo  HepimsicTs y  BMI xag,( —5x+5)7l<0 i posrmmemo  dymkuito

(x)=tog,(x* -5x43)-1.




[image: image35.jpg]BpAXOBYIOH HIepiORHUHICTS (BYHKIIL, Macwo BiAMOB i1b:

xe [%4—2101; %+2m] Uenm x(H-Zn]) U[JT"nm, 2n[l+n)). .

Bnpasu
1. Jlonects Henepepiicrs dysKuii:

0 S =L xe (0 ) 6 f(x)=yFTrxrl, xeRi w) f(5)=3sin’ xsdcoszix, xe R;
0 7= [0 2] ) fl2eT5, e[}

2. 3ualiTH TOMKY POSPHBY Ta BEpTHKATLH] ACHMITTOTH rpadikis QyRKILiH:

3. 3naiin rpaunui:

Paverd

2% —x+1
o tim Y= ) ’Iin:a(, x +dx - x).
4, Posu ' A3aTH 3 Z01OMOFOI0 JATATLHOT METOY HepiBHOCTI:

a) Je3<[x=1+x-2; 6) ,jx’-4x>x-3, 8) [sx—2<|x+1]; r) sin3x<sinx.

Bizosizi o Bpas

$1.20%0 -5yt 0L w-% 9w LnLe 3w %: N %; P
& 2 ¢ .x)-—l 3) - 5 n) —. 4.2)2;6)-13;8)0; 1) _-, 02 b‘,’ €) 0; €) e icuye. 5. —% T

S6N x——% y=—%; 6 x=%.y=‘%— B) y=x—L ) x=-4, y=6 mpux->+0 Ta

5 "

16"
1

=50 ¥=0nprx— 0.

§2.2.2) x=05.6) x=0, 8) x=0 3.2)/2:6)2.4.2) xe(J?‘, +a>];5)xe(-u 0JU(45: +ed).

) xe(—’ 3) " xs[ +1xn;L"um)u(nzm;5—"+2nn)u(7—"+2nn; 2n+2ml),
6 4, 4 4 4 4




[image: image36.jpg]Tema 13. HOXITHA

§ 1. O3nadenns i OCHOBHI BJACTHBOCTI TOXiAHOT

1.1. Hexaif Matepianbha ToUKa PyXacTbesi HPSMOTIHIAHO B OIHOMY HAIPAMI 34 3aK0-
HOM § = / (1), Aie t — yac, § — NUIX, SKH# TouKa MPOXOJMTD 3a Hac 1.
3a jiestKuit Hac fo TOUKa TPOXOUTH IUIAX So = /' (fo). BH3HAUMMO IUBH/KICT Uy MaTepi-
AIBHOT TOMKH B MOMEHT fo. 3a uac 1 = fo+ A ¢ (A 1 — NpHpICT Hacy) TouKa Mpoiie mumsx
S=f(t+Ar).
Omxe, 3a IPOMDKOK 4acy A 1= 1 — fo TO4Ka IPOXOIMTS IIsiX A S =8 —So= f (fo + A1) - f(to).
AS

Hexait v — cepes MBUIKICTS PyXY 3a yac A f. OuesuzHo, v—KX—

TIBAACTIO U B MOMEHT Hacy f HA3MBACTHCH TPAHHIS CEPENHBOI MBWJKOCTI O TIPH

At 0, Tobro
fo+AL
vy = lim 22 AS _ m M
A0 AL A0 At \
Jlo 3HaXOJUKEHHS TPAHMIL TAKONO BHY 3BOUITHCS MMCITEHH] 3aiaui (HANPHKIAK, 3 NpH-
POJIO3HABCTRA).
Tloxionow gynxyit y=f(x) B ToUIi Xo HA3MBACTHCS rPAHMIL
Xo +Ax)= [(x
i A e LD
Ax>0 Ax  dx-0 Ax

(SIKILIO LSt PPAHHMILS iCHYE).

g . . . df
Toxizsa hysai y = /(x) 1 Touud xo nosmamaerses ra: f*(xy) a6 ' (%), aGo d.l
Wlees,
Tl pymwii f(x) Mokwa oGumCTIOBATH TIOXigHY B pisHRX Towkax x. Hexait L —
MHOXHMHA BCIX TaKMX 3HaueHb X. [IpABMIIO, 3a SKHM KOXKHOMY x € L BijroBifac moxi-

ma f' (x) B 1i# TOULH,— Ite ZiesKka QyHKILs, BU3HaueHa Ha MHOXHMHI L. Hasupaetscs

4

BoHa noximoro ymuii f(x) i nosuauaerses Tax: f(x), abo y'(x),a6o o

AS
SIk Gyno 3’sicoBaHo pamiie, v= lim i 1le o3mavae, 1m0 MBUAKICTIO ¥ NPAMO-
810 AL

JIHIHOrO PyXy MaTepiaibHoi TOUKH B MOMEHT ¥acy ! € IOXijHa Bifl MUBIXY § (!). 6o
AS oo B E e
lxmuA—=S (r)- B momy nomsirae exarivmitit 3uicT noxiuor.
410 At

Oniepauiio o6uMCIeH S OXIIHOI HA3KBAIOTL Qudbepenyineannam. SIKIO NOXiHA
(pynxgii /| ( Y TOML Xg ICHYE, TO (DYHKLUSH HASHBACTECH Oudpepentyiiiosnolo 6 mouyi xy.





[image: image37.jpg]Stxmo dynxuist pdepeniiiioBHa B KOXHil TOULI JESKOro MPOMIXKY, T0 BOHA Ha~
IMBAETHCS Ougpepenyitioanow Ha yboMy npomixexy. Hanpuknan, sik Gyae nokasaHo
nam, Gyskuis y = 8x + | andepenuiiona na Beift wncnopil npamiil, gpynxuis

=X — namuoxui (0; +00), aymiais y=|y— na muoxuni (-e0; 0)U(0; +0).
Teopema. Skwgo pynxyis I(x) Ougpepenyitioena & mouyi xo, Mo OHa Henepepena &
yitlt mouyi.
* [To-nepiue, (yHKLis BH3HAYEHA B TOULI Xo, 60 icHye /()q,) Mani nomiTHMo, 1Mo

Ay:ﬂ-Ax‘ oTXe, hm Ay_ lim Ak hm Ax=0, aue o3Hayae, Lo GyHKLUIL
Ax Ax0 Ax Ax-
HenepepBHa B TouLl xo. *
OGepriena Teopesa He crpasepumsa. Hanpukna, pynkuis y=|x| nenepepsna B
Toyui xo = 0, ane He Mae MOXiAHOI B Wil ToHLi.

Tpuxaann
1. f(x)=3x~1. 3uaiitu /(1)

* Ap=f(1+83)-£(1)=3(1+Ax)-1-(31-1)=3Ax, i?\l ELLEES f(l)*Al;m“A—;:

= lim 3=3. Biznosits: 3. %
Ax—0
2. f(x)=1-2*. 3uaiitn f'(2).
. Ay=f(l+Ax)—_I(l)=l~(2+Ax)z—(1722)= 4A,\'—[Ax):; %:—«Ax. J2)=

= Jim (~4-Ax)=—4. Bimnosims: —4. *
Taxs0

3. TEr0 By R ATMIE TpRM DB 10 e SAXOBOM S(l)=%gll, 3uaifTH WBMIKICTS PYXY B MOMEHT

: As:s(2+m)—s(z):lzg(uu(m)’) As—lg(um) 5()= jim -g(um) 2.

Bignosims:2g.*
4. 3uaiirn noxigay pysxuii y=8x+1.

* Jlns xoxsoro. gixconaoro x maco A y=8(x+Ax)+1-(8x+1)=8Ax, 10670 %ﬂi,
x
omke, lim —’Z—— 8, abo (3x+1) =8. 3posymino, wo L = R, 60 3nauenns x noime. ¥
5. 3naiitn noximy dymkuii y=/x.

a Ay
* JUis GiKCOBAHOT0 AOXATHORO ¥ Maco A = ¥+ Ax — | x= lim —%=
‘lx+AY+, " Ax-0 AX

’ 1 1 e
S P A R T




[image: image38.jpg]6. Jlonecri, mo 5 Towttix = 0 ymxuisn y=|x]| He mac noxizwoi.

* Ay=lo+Ax]-0=|ax

Ax  Ax

A_y:M:{

1 np Ax>0, A 1npu Ax>0,
p i G e
1 npu Ax<; 4320 Ax |1 mph Ax<0.

Fnijtc BIABAE, o el rpanA e icHye, ToGTO GynKuia = x| He ac noxizol B Tou x = 0. *

Jaysakenns. 3posymino, uo dynkuia f(x)=|x| mae noximmy n Gyme-siii Toui x # 0, mpuso-

sy f'(x)=1 npw >0 1@ f'(x)=~1 npu x<0.

Puc. 13.1

1.2. 3'5CyeMo 2eomempuynuii smicm no-
xidwoi. Bisbmemo 1ouxu To, Ty Ha miockii
Kpuiii (puc. 13.1). Biapisok upamoi T 7
Ha3uBacTHCS ciunol. TlouneMo pyxaTu
TouKy T B3OBK KpuBoi (Touka 7o ikcona-
Ha). CivHa 3MIHIOBATHME CBOE ITOMOMKEHHST
(To Ty, To Ta, To T3 i T. 1), TIpunyctiamo, mo
iCHYE rPaHKHYHE TIONOKEHHS CIMHOT — MpsMa 1,
ska Mae raki Bnacrusocri: 1) T € t,
2) Ko Touka T, pyXarouuch B3N0BK KpHBOL I,
HeoGMEXEHO HaOMIDKACTLLS 10 TOUKM T, TO

KyT MDK IpsiMoio  Ta ciunoio 7o 7 npsamye o Hynst. Taka npsiMa f HA3HBAaeThest domun-

Ho10 D0 Kpusor | B oy To.

Hexait rpagyix Heriepepsrof ¢ymai f(x) mae B Touni Ty (xn. f(xn)) HEBepPTHKAb-
Hy Aotiuny (puc. 13.2). Lis joTuna yTBOpIoe 3 Biccio Ox KyT O, OTHKe, Mac KyToBHH
xoepinient k =tgo. BuGupacmo na rpagixy immy touxy 7 (x+Ax. /(% +4x)) i

npoBouMo ciuny To 7. Hexalt 1 citma yreopioe 3 siccio Ox kyt . Kyrosuii koediri-
en ciunoi k, =g, 3 puc. 13.2 Buao, mo TP = Ay, ToP = Ax, 7P || Oy, ToP || Ox,

orue, £ TToP = B. 3 Tpukyruuka 7ToP

Sxmo Ax—0,10iAy—0, Go pyn-
kutist f(x) Heriepepsra, o, Toka 7, py-
XalOUHCh B3ZIOBXK rpadika, HECKIHHEHHO
HaGmwkaerses o Touke To. Tlpn usomy
CciuHA HeCKIHYeHHo HaGOKAETLCS 110 A0TH-
YHOL, OTKE, Alin—:o =t aG0, BPaXOBYIOH He-

IepepBHICTh TAHTEHCA, Iim“ tgf=tgo,
ey

lim ﬂ=tgu=/'(x.,)

Ax20 Ax

(13.1)

of Xe  %*8X X

Puc, 13.2




[image: image39.jpg]OmKe, KyToBHH Koe(ILIEHT HEBEPTHKATLHOI AOTHYHOI o rpadika GyHKIi B TOY-
i (xo, f (x0)) AOPIBHIOE 3HAYEHHIO MOXimHOi QyHKiii B Touwi xo. ®opmyna (13.1)
3" SICOBYE TeOMETDPHHHMH IMICT MTOX1JHOT.

1 HaBIIAKH, MOXHA JIOBECTH, IO KOMH (QYHKILA Ma€ TIOXifHY B TOYI Xo, TO B TOHIL
T (xo, f (x0)) 7o rpaixa QyHKiii MOXKHA POBECTH HEBEPTHKATBHY NOTHHHY.

Hpuscanmn

1. B il Touni rpacpika ymuii y=1x? +x+1 RoTH4HA 20 HBOTO NApAZeNbHa oci Ox?
* Slxamo pomwana 1o rpadika napaiensiia oci O, To if pisHARES y=c, oTke, i Kyrosuii Koedii-

ent k=0 Hexal mykawa Towra mac abeuwcy o omi ' (x)=0; 2xp+1=0; x.,‘_.;.,

2
et ) 1,3

=(-=] ~=+1==. Onte, b [~—. ~). B : (_,; _}'
Txo) ( 2) == myxaa T Tp| -2 ) Biamosian: -2 =

2. Jlownna 20 rpagixa gynxuii y=y/x Mae Kyrowuit xoedinienr k=1 Juairu KoopuuaTH To-

KH JIOTHKY.

“Hesuh T(x.)Fg)— wyama rowa, toni y(vo)=l. Ocximn (ﬁ): 1

;T

2

B

1 LTy 1 IJ
=1 xg=—. II =] === Bi T .
NS ixy 7 [pH oMy f(xn) - iAmoBiaL: (4 2

1.3. loxioni o6uucioiomb 3a neanirm npaeuaam.
Teopena 1. o dyniyil u (x) ma o (x) saioms noxioni ¢ mowi x, mo i dynwyis

u (x) + U (x) Mae noxiony & yiit mouyi, npuuamy (u (x)+ ll(x))’ = (x)+0' (x).
* Hexait y=u(x)+o(x), 101 Ay=u(x+Ax)-u(x)+o(x+Ax)-v(x)=Autdo,

10610 ' = lim AEAL_ iy AU iy AO e ()
A Iy Aa

Teopema crpaBejyTuBa. /yist Gyp-AKOTO CKIHUEHHOTO MMC/a I0JAHKIR:
(o () ()t (5) = () ()t ()
Teopema 2. Axugo Qynyil u (x) ma v (x) Mawoms noxioni ¢ mouyi X, mo i gynkyis
1 3]0 ) e naxiny @ i mova, npusany (<)o) =1 (sJo(x) +¢f (u(x)
* Hexait y=u(x)o(x) Hamamo 3mitnifi x reskoro mpupocty A.x, o (yratist u (x)

MatiMe TIpUpicT, mpuuoMy Awu= u (x+Ax)-u(x), mimu u(x+Ax)=u(x)+ Au
AHaorivHo v (x+Ax)= v (x)+ Av, TO6TOA y = (u(x) +A u) (u(x) +A v) —u(xp(x)=

=u(x)Av+o(d)A W)+ Audo, omxe, y'= lim ““’&‘ Srranse.
i 5

=uf) tim o) tim 2% 4+ fim A% i Ao

il v e e s R G Gl





[image: image40.jpg]Ockisky QYHKIs ¥ (¥) MAe TIOXLBY B TOMIL X, BOHA HETlepepBHa B 1iiff Toul, OTxKe,
lim Av=0. Octatouno y'=u'v+uv'. *

Ax—>0

Cvu(x))y =c-u'(x).

Jiino, (c-u(x)) =e'u(s)+e-u!(x)=0+c-u'(s) 3okpena, (u=v) =(u+(-0)) =

)

Teopema 3. Axwo ¢ mouyi x Gyukyii w (x) ma v (x) maiome noxiowi i v (x) 0, mo
dynin 161 n noxiony 6 yiti mowyi, npunamy [1@] LA
o(x) o(x) ' (x)

« o y="C). o a o ME)FAY_ () p(bu-u(ar o

W) ™A@ ae o) o@E@ AT
ZEa) Au oy Av
lim 2¥ = im ( )A(x) () 0] (‘ Bl ("? *
Ax0 Ax  Ax0 v(x)( (x)+Au) o (x)

[py noBefieHHI BPaxoBaHo, Mo (GyHKIS v (x) Mac NOXijHY, OTHKE, HeNMepepBHa B
Touli x 1 lim Av=0.
250

Hacninox. Cmany Moocna gunecmic 3a SHax noxionor:

=u'+(-v) =u'~0"

Teopema 4. Hexai y= j(g(x)) — cxnadena dynwyis. Axuo dywryin g (x) mac no-
xiony 6 mouyi x, a dnkyin [ (g) mac noxiony y aionosionii mowyi g(x). mo cknadena
dyvnyia y mae noxiony & yii moui, npuuony y'=['( 2(x)-¢' (+)

Hacuigox. Hexait [ (x) ma @ (x)— asaemuo obepneni dynicyii, npusany dynxyis f

Mae noxiony 6 mowyi @ (x), modi wwyin @ Mae noxiony ¢ mowyi x, npusory

g 1
b S e sy

7w

* JlidcHo, ocKibki QYHKIIT / 1 ¢ B3aeMHO oGepHeRi, T0 f| (q; (x)):x, 3pijcH, 3rigHO
3 Teopemoto 4, Maeno £ (p())- 9 () =1, omie, ¢ (¥ :,;. :
( ) ( () 7 (‘p(x))

Tpuscaann
1. f(x)=x". Snasm £'(x) = (1)

© Ap=(e ) - =2xaxe(ar)s LY gvsax, f(3)= Jlim (24 a3)=25, 1°()=2

Bianosiae: 2x1a2.*




[image: image41.jpg]2. f(x)=x" 3nairn f'(x).

*1)Tpu n=1 maemo f(x)=x,

Hexan (+" ) =mx"" upu xeR, meN. m>1, roni (=) = ex) = (=™ ) 1+
S = 1) 7. Mronon aTeMaol ity zonegero, o (<) = nx!
mpu neN, xeR*

3. y=2¢" -3’ +4x—2. Inaiimn ' (x)

* BHKopHoTORYIONH NPABMIA O6WHETENI MOXITHOT CYMH | AOGYTKY KifbKoX (ByWKL, Macwo
y={or -3 +ae-2) =(26) (3+%) +(8x) ~() =62 - 6r-+4-0=6:>~6x+4.

Bianosins: 6 ~Gr+4 *

-2 : .
4= e Juaiim y'(x) 1 y'(0)
*3riguo 3 NPABMIOM IHAXOUKSHNA [OXINOI Bid MACTKM ZBOX GymKuif, Maemo
‘()= (r-) (ar-)-s-) (-3) o mpw x#05  dowpews y(0)=1
(2e-1) (2x-1)
A3 11 1 1
Bianosias: ﬂ g xe = 1. *

5. Jlosecn, 1o bick Ox ¢ AoTinoi0 10 rpabika gyl

2
X ; )

*3 pivumnin =0 Gauo, mo vick O Nac 3 AnAM TPAiKON cany cainy Toury (0;0)
Sy

2x(x-1)-2 x-2x

[

(0; 0) napaensia oci Ox, ananurs 1w AoTHRA i € biceio Ox, mo i TpeGa Gyo iosects. *

madinemo noximy ¥ (x)= *(0)=0. Omxe, notwuma 1o rpadixa s Touwi

: et

o
6. Fnudir moxiny B dyRKuii: a) y=y X2 +x+1; 6) y= ( ] o 8) vl (4x’+7_x+3) ;

*a)Hexai x?+x+1=wu(x), i y=u 3riauo 3 popmysolo moxiznoi cxmanenoi dymwuii
2x+1 y. 2x+1

it sy (e ——.
)= 2 +x41 ok 2x7 x4l
2 eafh v =09

<l 12e3)-2(-2) fx-2) 7 _z)(x—z)"“t_i
20 s J(W] SRR

wacwo y'(x)





[image: image42.jpg]8x+2
(4" 42043)

.

0 y(©)=(@) " ne u(x)=ax? 42043, y'=-1(u(x)) " u

7. JloBecTH, o NOXiAHOI HenApHOT (ByHKIE, KO Bowa icitye. € dyHkiis napia.

[t b2 flm)_ oo f(“ﬂ)"/(""n“"‘)=f»(,,u) oms, f'(x) —

Bx-0 Ax
napia (BYHKIIIA (MACTEOR M YBasi, IO SIKINO NOXIAHA ICHYE B O Xo, TO BOKA iCHye i y ToULi (~x0)). *

T,

Bnpasu

bx—
1 y= i 37 (x), »'(0)
gy )

2 yme x40, Inaima ).
=

3. Posn'smam nepisnicrs f(x)< 1 (x), f(x)=
4.V Toukax nieperuny rpadixa dymkuii y=1-x" 3 siccio Ox nposesieno AoTHuHI 110 WHOro rpadi-
k. TTiZl AKHM KYTOM MepETHHAIOTLC 11 JOTHYHI?
5. y=sx'-6x’+4x? ~3c+1 3uanm y'(1)
1-5x
H x+7

6 y . 3maiiru y'(x) T y'(0).

7. Jlovesth, wo s Ox ¢ A0mwono 20 rpadina dymkai y=——.
x

3
8. Fuaiirn noxizny via ymkait: ) y=/1-x7, x e (-1, 1) 6) y=[3A *41] )

177y

9. JlonecTs, 10 MoXiAHa NapHOT yWIKIIi, SKINO BoIA iciye, € Hemapiiolo dyHKIiCio.

§ 2. Moxizmi enementapuux dynwuiit
2.1. Moxidua cmanot gymeyity =c, Maeso Ay = 0, Touy %:0, ame, (¢) =0.
P

Iloxiona cmenenesol gyuryii (x") =nx""'.neN, xe R, mo JoBesieno y npuiciaj 2

(m. § 1,1 1.1).
[Moxioni mpuzonomempunix dyynryiie:

(sinx)
Ly

! Z Ax) . Ax
* Hexait y=sinx, Ay=sin(x+Ax)-sinx=2 [+—) —; y'= lim
y=sinx, Ay=sin(x+Ax)-sinx=2cos| x 3 s s Jim o

1

sinx, (tg.x) i

cosx, (cosx)

(ctex)

sin(Ax/2]
= lim cos(n»E—) lim (—l:ws»l:wsx. TIpx JoBe/IeHHI BHKOPHCTOBYEMO
850 2) a0 Ax/2




[image: image43.jpg]HETePEpBHICTh QYHKI y =cosx Ta BLIOMY IPaHMLIO hm 2005 Bpaxyemo, mio
a

(32
cosx=sin| ——x|.
2
3riHo 3 TEOPEMOIO NPO MOXIJHY CKIIa/IeHoi (yHKLi MaeMo

o -3 (55 v

3rijH0 3 TEOPEMOIO TIPO TIOXI/HY Bijl HACTKH ABOX (YHKLLH MaeMo.

e :(sinx];(sinxicosx{wsx)l sinx_cos?xesin’x 1

cosx, cos? x cos’ x cos” x

(mgx),{c?sx]':(cosx)’ sin)f—;(sinx)’ cosx _ ._11 “
sinx, sin? x sin? x

Hoxioni ofeprenux mpuzonomempuunux Gyukyin SHAXOMMMO, BHKOPUCTOBYIOMH Ha-
CIIJIOK 13 TeopeMH 4 (Ipo roxijHy oBepHeHoT dyHKuLii), 5a skunm (s, i 1.3):

(A SR — :
sin’ (aresin x) ~ cos(aresin x) J]_

mpu xe (-1 1)
() o G ——
cos'(arccony)  ~sin(arccosx)  J1-x'

npi xe (-1 1);

1
7> *€R

, . o
s(m“gx)—]ﬂg’(arctgx) T+x

(nwc(gx)' =[§ —arctg x) i

1+x*
mpH x € R.

Toxiony nozapugamiunot grynyit y = In x 3HAXOMMMO TaK: MacMO

Ay:ln(x+/sxj—lnx=ln(]+£],

il Ayt Lln[l ﬂ)=_ o ]n(l+Ax/x! l.n 1+a!

ax0Ax Ara0Ax X 450 xu..u

l 1pu x> 0.
x

In(l 4
MovkHa 10BECTH, 110 limn-‘—(ﬂﬂ, orKe, (ln x) =
a0 g




[image: image44.jpg]Hexait y = log, x. CkopucTaeMoch TotoxkuicTio log, x =¥. Tenep Maemo
a

(log, %) =

Ina’
Hoxiony noxasnuxoeol pyukyii y = €' IHANOMMMO, JIOrapUPMYIOHH OGHIBI HACTHHYI
1€l piBHOCTI: Iny=he’=xhe=x.

Bepemo moximy i 060X uacTdn 1€l pisHoctis y'=1 mimM Y=y, T06T
v

g -(.rlnu)’ =a*lna

. Shato y=a*, 10 y=¢'"" a>0,a%l, xeR.

mpu x e R.
Tloxidny emeneneeor gynxyii 3 JOBUILHIM JificHiM nokasiuxoM y=x*, e R, x>0
JHAXO/IMO, BPAXOBYIOUH, Mo x* =e®"*
¢ .
(es™) =e* (atn ) =x® L =gt N
x

npy x > 0. 3pincy npu o€ N jicraemo Bizomuii pesymsrar i crermeresoi (yHkiii 3

HATYPAITLHHM TIOKASHHKOM.
2.2. Jlozapugpminne Ougpepenyiieanns 3aCTOCOBYETLCS TOMI, KOJM 3PYYHO CIIOMATKY
npoorapud)MyBaTH (QYHKIIIO, a TIOTIM JHAKTH IOXi JIHY CK/IafeHOT (yHKLLT:

(i 7() Jf' ((;‘)), i 1 (x)=£(x) (i £ () -

Dopmyna (13.2) Ha3UBACTLCA GopryIolo nozapugiminnozo dudrepenyiosanis.

(13.2)

Hanpuian, y=x", 101 Iny=xinx. orke (Iny) =(xlnx) Brif e
X

3a opmyitoro (13.2) Maevo (x) =x*(Inx+1)

2.3. [loxioni nopsoKy 6uuge nepuio2o Ha3MBAIOTLCH NOXIOHUAN GUIUX NOPAOKIE.
Hexait ynxuis / Mae moxigny /7 Ha gesxidt Muokuni AL Sxmo Qymxuis f* (x) Mae
TOXi/HY Ha MHOXHHI M, TO sl IOXi/HA HA3MBACTBCA [IOXiJAHOIO APYIOrO COPSAKY
(ynkuii £ na Muowmui M, aGo Jpyroio mnoxiaHoio. IlosmavaeThest Jpyra moxifHa
cumBontoM /7 (x) aGo y * (x). Omxke, f* (x) = (" (x))"

TloxizHa BiJ NOXi/HO] APYTOIO TOPSIIKY HASHBAETLCS TIOXIIHOIO TPETHOTO MOPSIKY, 400
TPETBOIO MOXi/THOIO. TTo3HAYAETHCS TPETS TIOXijHA TaK: /7 (x) abo y ' (x).

AHATIOTIMHO MOXHA PO3IIISIATH TOXI/THI YETBEPTOTO, I1'SITOTO, ..., 21-0 TOpsKy. TToxis-
Ha 110 TIOPSKY TosHadacThest Tak: £ (x). Orxe, £ (x) = (/7™ (x)).
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1. y=2sin3x. uaiim 3" (x)

* Cropicraemocs (opMynolo mOXiHol cnazeoi ymkuii: y'=2cos3x-3 = 6 cos 3x,
6(-sin3x)-3
Bixe: ~S4cos3x. *

~18sin3x) , To6T0 3’

18sin3x, ' =-18c0s3x-3=-54cos3x. Biano-

2.4. PoarnsHeMo MeXaHiMHui Ta reoMeTPHHUHKH 3MICT Jpyroi roxijmoi. Hexait Marepi-
IbHA ToMKA PYNACTHCT IPAMOTIFITiHO 3a 3aKoHom S =S (7). Slk Gyio 3'sicoBaro panie,

o(t)=S(r). Posrmsmeno mpHpicT MBWIKOCTI v 34 ¥AC Bifl MOMEHTY f JIO MOMCHTY
t+AL Av=0(t+Af)-o(r). Bemwoma a, =% HATMBACTBUSL CEPE/IHiM TPHCKOPEHHSM

PYXY 38 MPOMIKOK yacy Af. [TPHCKOPEHHS @ B MOMEHT PyXY { — i€ TPaHHILT CEPEHbOro
nprckopentst mpit A £—0:

. . Av
i =lim —=0'(1).
e =l )

Bpaxosyiow, mo =5 (1), macno

a(r)=2'())=5"(1)
TakuM UHHOM, MPHCKOPEHHS MPSMOMIHI/HOTO PyXy TOWKH — Ii¢ JIpyra foXijHa Bil
Ty,
M pmicnan

1. Touka pyxacTies npamoiifiso 2a saxorom S=gr? (g — crana). uaiime npuckopeHis py

MoMeHT £ = 2.
* §'=2gt, §"=a(f)=2g. BHXONHTL, IO NPHCKOPHHA PYXY B AAHOMY BRIAZKY — CTAIA BEIH-
auna. Bignosiar: 2. *

Osuauenus. Oynxiia f, BusHadena i mudepeniifiopra Ha npomixy (a; b), nasusac-
THCS! OITYKIIOKO JIOHH3Y (ZIOrOpH) Ha I(OMY TIPOMIKKY, SKITO if rpadik posMillieso He Hivkye
(He BMIIE) AOTHYHOI JIO Ipa-
(bika, TIPOBEJEHO B IOBLIEHIH

¥ ttoro tont. Ha puc. 133, a, 6
e Tiaa BITIOBI/IHO NOKABAHO TPadiki
dpymKagiii onymx JoHUY Ta

JOropH.
Slio. (yHKtis Henepep-
BHA Y TOMI Xg i 3MIHIOE Xa-
1 paKTep OMYKIOCTi NP Tiepe-

) b a 0l

5 X Xoji uepes 1o TOMKY, TOMKA
Xo HAIMBACTHCA TOMKOIO [le-
Pre.13.3 PeTHy.





[image: image46.jpg]Teopesa. [jns mozo w406 gyuxyis y= [ (x), 3adana i dsiui Ougpepenyiniosna na npo-
Minexy (a; b), Gna onyknolo donusy (0020pu) Ha yboMy NPOMIJICKY, HeobXioHo | docmam-
b0, 1406 01 Gyoe-sio20 x e (a b) euronysanacs wepiswicms 1" (x)>0 (" (x)<0)

3aysamenns. Tlpomikok (a;b) Moxe Gyt i meckinuewuwn. Hampuwiag, Hexaii

y=x%, y'=3x, y"=6x. Gyuxuis y=x* onyxm soropu upk x € (~<: 0), 60 y"<0. Lix ynkuin
onywa sonmsy npu x € (0: +w), Go y”>0. Touka x=0 € TouKol0 Heperuiy.

M pucaann

2. 3uaiin noxiauy six mHorowtena f(x)=agx" +ax” '+ +a, x+a,

* f(x)=agnx" ' ay(n=1)x""? +..+a,_,. Toxinuolo Miorowiea € Takok MHOFOUASH, CTe-
Mith KOO HA OHHHIIO MeHnIHi. *

% y=25in(xz—37c*l) Suaita ' (x).

* 3a hopMyIoto ToXiHoT cKeHol dy KK MacMO ' =2 cos| (x’ —3x- 1)(2:4)

Binnonizu: 2(2x-3)eos(x?~3x-1) *

4 )r=|g(lfx+xl—x3) Fuaiirn y' (0). .

cos? (1-x+x

5. y=arcsin(1-3x). 3uatimn y'(x).

(—Hzx—zx’), onke, 3 (0) 5

- Bignmosiae: —

cos?1 cos’1

. 5 ER o 2
* Omem awomaeusa gyl oo i nozaifnof uepipioer ~1$1-3x51, 860 0<x<=

O, D y):[u: ﬂ

Qymxuis  aupepenuifionia  wa  npomiky (

5 d -3 -3 2
e e 30) o e Binnosine: npu xe((k—-) +
Ji-(-3) ¢ Jox-9x Jox-9x7 3

6. y=SMXHCSE ot y(0)
P

sinx

* 3a NPABWIOM SHAXO/UKEIHA TIOXIHO! HACTKH B0 YHKAT MACMO

,_ (sinx o0sx) (s x—cos)~(sin x—coss) (sinx4cosx) -2

-2
b sl
(sinx—cosx)! ey O
Bianosian: *

7. y=hnjx. x#0. Snaliru ¥ (x)

*Maemo y=Inx npu x>0, orke, y'




[image: image47.jpg]5. y:log,(7x’ —x—z) naittn ' (1)
1 l4x-d ) e
= , omre, ¥ (1)=——. .
7i-x-2 W3 s Blnenins

b

9. y=2TH Suairy 3 (x).

* p=2""), ne ulx)esinx+ecosy, y' =24 In 20 (x) =25 % . In 3 cos x~sin x).
Bianonins: (cosx-sinx)ln2:25" % «

10. y:kF—HZT. Buaitru y'(x).

* y=3c¥~2"2. 3a dopmyoto noxiawoT CTemeneBor (ymKuii 3 AoBiMLHHM AiciiM MOKASMH-
KOM Maemo 3"

7:”’~z(~3/z)x'“=;‘/T«+3x”-" Binnosine: 45543725 npu x>0.%

11 f(e)=tns. 2(s)=x" uaion (4{e(s)) m (<)
* fg(®)=mx'=3mx, omxe, (}‘(g(x)))‘»

P
= x>0 g(/(0)=(nx), ore,
(slr)) (T TR T R SRR L

P * P

12, y=(sinx)". Jnakimu y".

N h . xcosx
In y=xlnsinx, I sin x+

o
¥ sinx

. = y(retgx+ insinx)
Binnosins: y'=(sinx)* (insinx+xcigx) npw x e (2nk, (k) kez*
13. Jonectn, wo byskuia y:Zcos(lv—%) 3a70B0bHAE CHiBBiHOMEHHS y"

. y'=2[4m[3x—§)]3=—6=in[3;— 3) y":—6wx(3x—%)]— 18cos

100 # TpeGa Gyio fonecTH, *

14, y=In(cosx). Inaitrn ",
1

cosx

sinx)=-1gx; outy Hposyino, wo noxiaua icuye TiauKk 1o, Ko

smr)().mﬁrmllpnlﬂrlf§<x<§+2m. neZ Binnosige:

e

\:051 X
neZ.*
15, y=e*sinx. Jualimu 3"

© y'=e"sinx e cosxme” (sinx+eos ), ¥ =c* sin x-+cos ) e* (cos £~ sinx)=2e* cos

y"=2(e" cosx-¢"sinx). Binmowins: 2¢* (cosx-sinx) *




[image: image48.jpg]16. Touxa pyxactues 3a sakomom S(¢)=4t> =3t +20+1. JualiTn MBWIKICTS | IPHCKOpEHAA PYXY.
* o(t)=8'(1) =12 =6t +2, a(t)=v'(1)=241-6. Binnosias: 126 ~6¢+2 241-6.*

17. 3uaditn n-y noxinmy sia pysxuii y=x", ne N.

=,y

(n)

—1)x""2,.... Tiponosayionn nai, snaxomano 3\ =n(n~1)(n-2)..2:1=n!

Binnosixs:n!*
i ) g [
18. Jlosectn, mo (sin x)\"” =sin S HEpneN.
* J{0BeteHH TDOBETEMO METOZOM MATEMATHSHO IHUTYKILi.

1) {sinx) =cos x=sin [gu} wo crpasezo.

2) Hexait (sinx)(")ﬂin( . n], Togi

o )

10 3aBepiIye foBeACHHS.

(am w %
+x)=xm (—+—+x] =sin (m(m+ l)+x].
2 .3 2

19. Jlocizuy wa omykricts dyhkii:

y=2c1—dx+1; 6) y=—o—;
o2 gt ST

*a) y'=dx—4 y"=4>0. Onie, hyHKilis onyKa JoHH3Y Ha Beili YHCIOBIH npsbil;
¥ ¥ i x —

3l-3(x-1) 4 -

:——(Z—)z 5 npa -, y'=4(-2)(3x+1)
(r+1)’ (e 3

OcKiABK WHCCABHUK U6Or0 APOBY BiA’eMAHi, IHAK APYTOT MOXIANOT 0NEKHTS BiA IHAKa 3Ha-

MernuKa:

9y

~24(3c+1)” ll'pnxél-%.

(3x+1)°>0 npn x>, omke, npn x>—= »”<0 i hynxuis omyscna AoropH;

(3x+1)° <0 mpu x<—§. o, npn x<—§ Gy ommykna oHR3Y;

(ﬁ +1)4 zé]:%ﬁl

)y (x’n)"‘ y':—(x’ﬂ)’:-lz, y”:—Z((xzﬂ)»!f

"
o4

yHKNiA Oy ZIORH3Y Ha KOAHOMY 3 NPOMERKIB (—m, -

+mJ, dyHKuis OmyKIa TP Ha TPONKY [—L; -j?]

)

Ipadbix hyHKiii Ma. 28i TOUKH neperiny:
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1. 3uadfrs noxiauy (ki | BCTANORHTH 06TACTS iCHyBAHIS NOXIAION:
x-2

a) y=3x® —dxS+5x — 67+ 7x —8x+9; 6) y=4—;
x+3

B) y=

1 .
(x-4)(x+2)"

oy (x2—4x+l)(24}»x2+;+zj;

2. Touka pyxaerhes npaMosinifino 5a sakouom § (1)=201 =3¢ +51+2. Juaittn wemaxicrs 1
TIPHCKOpEHHS PYXY.

3.0) y=3cos(2-dx+x7) Inalima 5 (0)
x+2 P
6) y=4cig™ . Suaim ' (0)
») y=3arccos(1-5x). Jmaiima y'(0,2);
inx—cos x

- . 3uaiita ' (0).
Sinx+cosx

4. 3naiity noxinwy pyvkuii:

a) y=dsinx-3cosx; 6) y=21gx+3clgx,

B) y=4cos? x~2c082x+fsinx; 1) y=2tg

s.4) )‘=\0g7(su11x—smx+2) Fuaitn y'(0)
e
6) y=3""". 3uairw y'(1}

5 y=25in[1n X“J. uaiim y'(2).
T2

6. Jonectn, mo ynkitia
7. f(¥)=yx. 8(x]

8. 3 zonoMoroI0 AorapuMitHOTe AMepennitoBanKA SHaRTH nOXIANY dyHKUiT a) y=
6) y=x"=*.

sin (2x =/ 6) sazosonbnse cnivsinomenna y' =4y,

052, u(x)= /(2 (x)), ©(x)= g (/(¥)) Fmatn 1(x) T o' ()
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§lly(x)f( )Zy()—— 2. -2 3.xe(04)  doacigdd 57

—x  =39(x+)) " ~(4x+1)

e -2 (e-4)" (2x? +x+4)

6 y'=-39(4x+7)", y(()):—-—

§2.1.2) 185°20x" 4207~ 187 +14x -8 upw  xeR; 6) 14(x+3)7 uwpn x2-3

—2x yor on | A
2B e e oy T S bogle 12 40

(7-2x-3) (,(-‘+x+z)2

Xe R o) 10x* -36x> +21x2 ~6x—7 npu x€R; ) (x’—wx—z)(axhxn)’l 1 xeR;
=5x2 43 e+ 2 P - H6x 249
=

b R o 2w e L 2]
npi x>0, x# Y 974; u) 6(x 2)(.\7 4x+|) npuxe R i) 4@ mmeeli ottt
1+2 Z‘
mpr xe (oo —4)U(-3; ) ) R R
8 [x (o4 y7) x5+ 7

pw x50, 2. v (1) =602~ 61+ 5 a(1)=120-6. 3. a)12sin 2; 6) 4fsini) % )15, 1)2

®) 206305 4 2x 24 2x P24 x50, 3)

0 35(x+4)7

2
4.4) 4cosx+3sinx, x € R; 6) —,—AL, np X222 neZ;  w) ~12sin6x-+dsin2e+
coslx sin 2 2
4ng,
J1-37 cos? 1=

e _sinz‘/T
Joos2z

Sln

opa v € (2m w(2n+ 1)} 1) = ~1<x<l 8.2) ~05(in2) " 6)

- 8.a) ! (2lnx+1) 6) x“‘“[m”
x

8) l,Scnxln%. 7 *M"X‘HXJ
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§ 1. lormema

Ha puc. 14.1 jomwma jio rpadika dyrkuii y = /(x) nposezena y Tounti A (xo, /(xo))-
BizioMo, 1m0 PIBHAHHS IPAMOi Mae BUNISLL ¥ =k x+ b, Jie KyToBH KoeirieHT mpsimoi
k=1g ot (0. — KyT MiX IPSIMOKO i JofarHIM HarpsMom oci Ox). STk Gymo IoBeeHO pani-
1me, k = f* (xv). O, PIBHSHHS JOTHUHO MA€ BHITIAL

y=["(x)x+b. (14.1)
g
v/
A
ol |
[ X ;i
Phe. 14.1 i Puc. 14.2

Ockinbkd Touka A JeKdTh HA JOTHUHIA, TO ¥ (xo) =/’ (xo) Xo+ b, 3BiAKHM
b=y (x0) —f" (xo0) xo. [liICTABAAIOUH Lie 3HAUCHHS Y PiBHSHHA (14.1), MaEMO PiBHSH-
HS JOTHMHOT

Y=y @) =f" (x0) (x— xo). (142)

Ha puc. 14.2 nokasaro ayry rpadixa yruati y = /(x). Lia dpymxuist supepenmifiosa
npu x & (a, b). Postnsmemo xopay AB uiei ayru, ae A (a; f(a)), B (b, f(b)). Hexait
AD 1 BD, £ BAD = ., k = tg o. — KyToBuii koedirient npsioi AB, ot

8D _/(b)-f(a)
e

3 yeixX MpAMHX, NapaenbHuX Bipisky AB, BuGepeMo pAMY, MO JOTHKAETBCS 10 I'pa-
dika Qyruii y gesxii Toui C (¢, f(c)). Bpaxosyioun reoMeTpHusmit MICT TIOXiZHOI,
MaeMo f” (¢) = tg o, abo

tga=

£(6)-1(a)
PEPRITY

1la popmyna Hasusaersest popmynoro Jazpanoca, a Bupas [ (x) Ax — mudepentianom
ymatii y = f(x) | nO3HAYAETHCA TAK:

dy=y’Ax=/"(x) Ax. (14.4)

JI'(e)= (14.3)




[image: image52.jpg]Ocximska s Gyskuii y = x Maemo y ' = 1, 10 dx = Ax i popmyny (14.4) Moxua 3amm-
CATH Y TAKOMY BHITISZL:
dy=y‘dx=f'(x)dx. (14.5)

Shano nosuasuT X2 — X1 = Ax 1 f(x2) —f (x1) = Ay, 1o Gopmyiy Jlarparska MOXHa 3armca-
‘TH y TAKOMY BUIISUL:
Ay=[f'(e)Ax, ce€ (xx). (14.6)

Hexait x—xo = Ax. Ilpu manoMy A x matumemo f(xo+ Ax) = f(x0) +dy, orxe, A1 Ha-
Gmikerix oG\HcIeHs

S @) =f(x0) + ", (x0) Ax . 147

T puxaami

1. 3anmcary piBHARMA AOTHYHOIL, SKY MPOBENENo A0 rpadhika (ynKuii y =3 ~2x - 4x* y Touni 3
abeiicoio xp = 1.

* BH3HATHMO OPIHHATY TOUKH Z0TH
xomumoy’ =—-2-8x, y’(x0)=f"(x)=-2-8
anoi: y— (~3)=~ 10 (¥~ 1), a60y =—10x + 7. *

2. B skili Touni rpadpixa dymkmii y = 4x° — 2x* - 3x + 2 Tpe6a NpoBECTH JOTHINY 3 KYTOBHM Koe-
iiexTon & = 57 3anucaty piBHAHHS liel A0THYHOL

* Juaxomumo y' = 127 —4 x — 3. Ockimbis k = ' (x0), Maewo pissstist 12 5 ~4 x — 3 = 5, aizat
2/3. Nani snaxomumo y (1) =1, y(-2/3)=52/27. Omke, MOKIHBI /IBI TOYKH JOTHKY:

~2-4=-3, omke Touka AoTuky A (1; -3). 3ha-
~10. 3a oopuysioso (14.2) iCTAEMO piBAMILS 10TH-

1) T B(-2/3;52/27). BiInosifio MacMo Apa piBHSHES AoTWuHO: y—1=S5(r—1) abo y-—
~5207=5(x+23).*

3. Sanwcatw pisuAnEA f0THHOT A0 rpabika KLl y = In X, 7Ka NPOXOTHTS epe3 Touky O (0; 0.
1

g ¥ 1
, PIBHANHA OTHYHOI Mac BHIAS y — In Xo = —— (x ~ Xo), fie Xo — abcuHca To-
x *o

* Ockisnbkh y ' =

kK A0THKY. OcKUTSHH ROTHYRA TpoXomiTs wepea Torky O (0; 0), AicTasieno piswicrs — Inxo =—— (= xp),
Xy

460 In.xo = 1, 3mizs xo =, y (x0) = Ine = 1. Omike, 4 (e, 1) — ToKa AOTHKY, T PBHSHAS AOTHIHOT
x

wac suran y - 1= (x-)a6o y=
e

4. Fuakiru nabmokero /37,
* Hexait y=/x , Toni

. 3a Gopuyiioio (14.7) Maemo Vx =¥,

Ax. Hexait

1
2J/x
%036, &x =37 -36 = 1. Tozi V37 =36 + ——-

2436 12

=64 nbi0838

&, Jundirn naGuwkeno Y 8,5

* Hexatt y=4/x , Toni y'=(i“)’=%x’".3l¢owynm’o (14.7) maewo Yx =Y, % (o™ Ax.

BuGepeno x, = 8, 101i Ax=0,5. Jlari Macwo 8,5 ~¥8 +o,s-%(s)’"’-z +%uz.04v *

6. JIOBECTH, WO U MAJHX 3HANCHE AY BHKOHYETHCH HabmwkeHa pisicts (1+A%)'= 1+ nAx,
neN

* Hexalt /(x) = ', xo= 1, To8i £/()= <™, £*(1)= n. 3a dhopmynoto (14.7) Maemo "~ 1 + n Ax.
Bpaxonyioun, mo x = 1 + Ax, nicranemo: (1 + Ax)"~1+nAx. *
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Teopema. Sxwo y Koowcnits mouyi npovioky (a; b) euxouyemvcs wepianicomy
769 > 0, mo gmyia y = [ (x) spocmae na yvamy npomincxy. Axuo v Koxeniit mouyi
nponiixcky (a; b) cukonyembes nepienicms () < 0, mo dynkyin y = [ () cnadae na
YBAMY HPOMIDICKY.

* Hexait a <x <x;<b. 3a popmynoio Jlarpaika icHye Toxa ¢ € (x1, x;) Taxa, 1o
o Ll)rlm)

%38

3sizicu micTareMo f(x2) — f(x1) =f7(c) (x2—x1) > 0. Taxum YMHOM, i3 HEpIBHOCTI X1 <X
npu f’(x)> 0 gicraemo HepiBiicTs f(x)) < f(x2), 10610 (ymKgian 3poctae. Ananoriune
JoBeerns i mipu f1(x)<0.*

Slkmo moxiaHa foxaHa A Beix x € (a3 b), 10 f'(c)>0.

T pasena i

1. JualiTy npoMiAKH 3pocTais | cnazams pymkii f(x) = x—2x".

* Ila (ynkiia Bisnavena i uepenitionua npw x & R, f(x)= 1 - 8", Jani poas’myeno nepin-
sicm, f7(x)> 0, aBo 1 -8 > 0, abo & < 1, 3piaku x < 0,5. Ananoriuno 3uaxonHmo, mo f'(x) <0
npi x >0,5. BiAnowis: hymKuia spocrac npi x € (—o0; 0,5), cnatae npi x € (0,5, +<0). *

2. JlocniTH Ha MOHOTORHICTS YKL y

f(x):%r‘u; 3.

* Juaxomumo f*(x) =% + 2x ~ 3. Jlasi poss asyemo uepipticts f(x) > 0, a60x" +2r 320
Poss'smok wiei Hepinnoci: x € (- w;-3)U(1:+ ). AHANOTIMMMM 4MMOM 3IHAXOAHMO, WO MPH
¥ € (-3; 1) dynkuia cragac. Bianosias: gyusuia spocrac npi x € (- o0; -3) a x € (1; + ), cnazae
npux € (-3; 1) *

3. JlonecT, mo pisuAnHA 2x + 05 x = 0 Mac CAHRHIN KOpiih: Xo € (~%; o].

+ Posrasmeno dymKiiio f(x) = 2x + cos x, 3naxoaumo f(x) = 2~ sin x. Ouenwano, wo f'() >0
1pi x € R, omke f(x) 3poctac mpw x € R. ToMy BOA. tie MOKE MATH Gilne OAHOrO Hy:. OCKUToKK
F(-1/2)=-n<0, a f(0)= 1 >0, xopius pisusnus f(x)= 0 IHAXOIHTHCH HA MpoMiAKY (-2; 0)
(dbysmin f (x) Henepepnia). *

§ 3. JlokabHuii excTpemMym

Osnauenns. Touka xo HATUBAETHCS MOUKOIO NOKANBHOZ0 MAKCUMYMY (MIHIMYMY)
@yuryil f(x), SKIO iCHYE TPOMIKOK (X0 — Ax; Xo + Ax), Jie BHKOHYETHCH HEPIBHICTH
() <f(x0) (f()2f (x0)), Tpwiomy  piBHiCTS
JlOCATaETHCA THINE NPH X = xo. Ha puc. 14.3 30-
GpaeHo rpadik jesKoi pyHKui mpu x € [a; b].

Lt hyHKLGis MAE JIOKATbHI MAKCHMYMM Y TOUKAX
X1, X3 Ta JOKATBHMI MIHIMyM y Towi x2. 3armic
TAKMIE Y (¥1) = Voax, Y (X2) = Yiny Y (X3) =Vimax.
ToUKH TOKATHHOTO MAKCHMYMY Ta MIHIMYMY (yHK-
Puc. 143 Ui {HO HA3UBAIOTh MOUKAMU NOKATLHOZO EKCTI-





[image: image54.jpg]pesymy (Bt NIaT. extremum — KpaiHii). 3uauerns GyHKIii y TOUKax JOKANBHOTO eKeTpe-
MYMY HASHBAIOTBCA eKCIIPEMAALHILMU SHAYEHNAMY.

Jaysaxenns. Kinni pispiska [a; b] te MOKyTS GYTH TOUKAMH JIOKLILHOTO SKCTPEMYMY, OCKib-
K IPOMIZKOK, K MICTHTS KieLb BIAPI3Ka, He HUISKHTL BIAPIZKY.

Teopema ®epma. Sxugo xo — mouka NOKanbHO20 excmpemymy gyuxyii [(x) i y yit
mowyi icuye noxiona, mo.f (x5) = 0.

* Hexalt xo — TOUKA JIOKATHHOIO eKcTpeMyMy QyHKIGT /(x), Tomi f (xo+Ax ) < f(xo),
S (30 +A%)-f(x,)

o <0 mpu Ax>0 i

3simH f(xo+ Ax)— f(x0)<0. Ilpuomy

S (%o +2x)- (%)
Ax
A x - 0, ficTaHeMo CHeTeMY HepiBHOCTEH

> 0 mput Ax < 0. STKimio niepeifTi 10 IPAHMIL y 1HX HEPIBHOCTAX TIPH

IBIKH f(xp) = 0. SIKI0 X0 — TOUKA JOKATLHOTO MiHiMyMy, JOBE/ICHHS aHaloriyHe. *

OGeprena Teopema He Mae Micust. Hanpuiotag, s dymaii £(x)= ¥ f'(x) =322
Posp’ssyemo piksuns £ (x) = 0, 10610 3x° = 0, 38imat x = 0. Ante Touxa x = 0 He € Tou-
KOIO JIOKAJIBHOTO €KCTPEMyMY.

3aynakenns. Lo NPUKIAJ CBITIHTS NP0 Te, WO (BYRKLLs MO3Ke IPOCTATH Ha IPOMDKKY (d; b) He

TimbkK Y BHmaKy £ (x) > 0, ane # y ToMy BRRaKy. Komk f” (x) 2 0, npuaomy f(x)= 0 nmie y cKifi-
WEHHOMY 9HEi TOYOK.

O3HaveHHs. BHyTplHI TOUKH 001aCT] BU3HAYEHHS (YHKINT, /s SKUX TOXijHA 10~
PIBHIOE HYMIO, aG0 He iCHYE, HASHBAIOTECA KPUMUYHUMU MOUKaMY QyHKYiT.

3ayBaj)aMO, IO TOUKA JIOKATILHOTO EKCTPEMYMY € KPHTHUHOIO (alle He HaBhaku). Sk
came Cepeji KPUTHMHUX TOHOK BUJILTHTH TOYKH JIOKATBHOrO eKcTpemymy? Biimosizs Ha e
SAIMTAHHA JAIOTH /IBi TEOPEMH.

Teopena 1. Axwo [ (xo) = 0, npuuamy nobnusy mouxu xo rieopyu 6io nei f* (x)> 0, a
npasopyu 6i0 el [* (x) < 0, Mo X — MouKa A0KAREHO20 MaKCUMNYMY dynKyil:

* 3a yMOBOIO iCHYE MPOMDKOK (¥p— A¥; Xo+ A x) Takui, IO IpH x € (xo— Ax; xo)
J'(x)> 0, a upu x € (xg; xo+ Av) /7 (x) <0, ToGTO, Ha MPOMIKKY (xo— Ax; xo) yHKILis
J(x) 3pocTae, a Ha poMiXKY (xo; Xo+ Ax) criajac. TakuM UMHOM, U151 GyIb-SK0T0 x € (xo — Ax;
Xyt AX) BHKOHYETBCA HepiBHICTD /(%) < f(xo) (PIBHICTH JOCATACTHCS JIMILIE TP X = Xo).
O, X — TOUKA TOKATIBHOTO MAKCHMYMY. *

Teopema 2. flkwo f* (xo) = 0, npuamy nofinusy mouxu Xo nisopyu 6io wet f* (x) <0, a
npasopyy 6io nei f* (x) > 0, T0 Xo — mouKa NOKANLHO20 MiHIMYMY.

JloBe/ieHIs aHATOrIMHE JIOBE/ICHHIO TONIEPE/IHBOT TEOPEMH.

T pasea

1. OGN Ha NOHOTORIICTS Ta EXCTeNYM ByHKIiO /() = ——.
1+x

R e L SURETEL S B e . A gl = e





[image: image55.jpg]Hexait xp < x. 3a Teopemoio Jlarparka 3HAieTsCs WMCIO ¢ € (xo, x) TaKe, MmO f(x)—
~[(x0) = [(e)(x —xo). PiBicts (14.9) naGupae Burmsgy y-—y, = [’(e)(x—x)—
= "(x0)(x = X0) = (¥ = x0) (f"(€) =/ '(x0)). 3a opmynoro Jlarparka

SUe)=f"(xw) = f(er)e~x0), B er€ (xo} €).
3pincu picraneno y -y, = (x—xa) (¢ =x0) f”(er) >0, ocximkut x—x0>0, ¢ =x0>0,
J7(e1)>0. Orae, npu x € (a; b), X # X0 MAEMO ¥ > y,, TOGTO (YHKIis ONYKIIA [OHM3Y.
AHATOTIMHO JIOBOMO OMYKITICTS I0rOPH, KO £ (x) < 0. *

Tipuciame

1. Jocniumy #a onyiicTs (hyHKuiio £ (x) = sin x fpH x € (-7 7).

* 3uaxomumo f(x) = cos x, f () = ~sin x. Jaysaxumo, mo f (x) > 0 mpi x € (- 0) i £(x) <0
1ph x & (03 7). TobTO Npis MepexOAi Wepea TouKky x =0 Jpyra MOXIHA IMIHIOE 3HAK 3 «h HA -, &
oMy x=0 — Touxa neperuny, OTKe, hyHKUi y = sin X OnyKAA AOHH3Y NpH X € (~x,0) i onykma
Joropu mpu x € (0; 7). *

2. JlocimHTH Ha OMyKACTS yHKUiI0 Y =X — .

* Jnaxomimo y* = 1 - 327, "~ 6.x. Jlati Macmoy " = 0 npux=0 y" <0 upu x>0, y" >0 np
X< 0. AHANI3YIOWH 1 PeY/LTATH, OfICPAKHMO BiATIOB A L: (YHKLIS ONYKIa IouHIy mpH X € (~<o; 0),
OmyK:A OropH IpH X € (0; +e0), TouKa X = 0 — TOUKA eperuny. *

3. Jlosect, o dhymKuyia y = xln ¥ onyiia HoRH3y npu x € (0; <o), 3

* 3uaxonumo ' = Iny + 1, y*" = 1x. Ockimbki 3" > 0 npr x € (0; +o), To yskuis y = xln x onyK-
7 fonu3y, wo H Tpe6a 6yio Hopectw. *

§ 5. HoGyzosa rpadika pymxuii

azansha cxena docridcenns gynxyit BOMMTHCH 10 IHAXODKEHHS: a) OGHACT] BUIHA-
verHs QyHKii; 6) HYTIB Ta 3HAKiB QYHKILT, B) MPOMIKKIB MOHOTOHHOCTI Ta JIOKATHHHMX
EKCTPEMYMIB; T') NPOMKKIB OIYKIIOCTI Ta TOHOK [EPErHHY; 1) TOHOK IepeTuHy rpadika 3
OCAMHM KOOP/MHAT Ta IHIHMX 3HAYEHb (YHKIL B OKPEMIX TOUKAX.

V [IeSKHX BHITAZKAX 000amKo6o QOChiONCYEMO: €) CHMETPIio rpadika BiTHOCHO JesKoi
npsAMOi a6 TOUKI, €) TepioMMuHicTs (BYHKIIL, %) ToBeaiHKy (yHKiii Mo6mi3y 0coGMUBUX
TOMOK i KOTH X — = 0.

110 cXeMy 3aCTOCYEMO TIpH JociTipRerHi (yrkitii y = 2 — £ i rioGyzosi ii rpadixa. 3a
CXEMOIO 3HAXO/IMO: a) o6yacTh BusHauennst Gymkiii D (y) = R; 6)y = 2 (2 - x), 3axo-
MO Hylti yHKIGE, T06TO po3B’ssyemo pisksHis y = 0, a6o ¥ (2 - x) =0, 3pima x =0,
X = 2. DynKuis gofaTHa mpu x € (—oo; 0) U (0; 2), Bix’emua 1pit x € (2; +co); B) 3Hax0-
M0 p' =4x -3 =x(4-3x), posw’ssyemo pisrsmHI ¥’ (x) =0, abo x(4-3x)=0,
i x; = 0, x2=4/3. [lpr x € (- o0; 0) Maenmo y' <0, dyHKiist criagae; npu x € (0; 4/3)
v' >0, dymruis spocrac; nmpu x € (4/3:+00) y' <0, dyuxuis cnazgae. TakuM sMHOM,
1= () — TOuKa MIHIMYMY, Vinin = ¥ (0) = 01 & x = 4/3 — TOUKA MAKCHMYMY, Viax = (4/3) =
= 32027 1) HAXOmIMO y'' =4 —6x, PosB’AIyEMO piBHmmA y” =0, T0610 4—6x=0,
asimi x = 2/3. Tlpu x <2/3 Maemo y’ >0, orke, QyHKIis ONMyKiIa JA0HM3Y, 1IpU x > 2/3
" <0, dyHKuis onykia Zoropu, Touka MepernHy x = 2/3; 1) Gyayemo rpadik dymiuii,
BPAXOBYIOUH iH(OPMAIiIO YHKTIB a — T (puc. 14.4).
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( . 106 swsmaunma kpuTHuki Tk Qymsai,
l+x

-2x

(14x7)"
£<0 f7()>0, npu x>0 f(x)<0. Ioien Aicacwo, 10  (0) = Yoes = 1, ymettian 3pocTac npu
x & (caey 0), criazae npw x € (0: +0), *

posn’mreno pismsmas £*(x) = 0, 10610 =0, asigki x =0 (omma KpRTHHA TouKa). TIp

2. JTOGUATH HA MOHOTORHICTS Ta CKCTPEMYM QYHKILIO Y = ’3:9 % F6x.

* Gymatis srsavena i upeperiifionsia np x € R, uaxonumoy’ = ¥ - x ~ 6. Jlai pose’smyeo
pintiansa =0, 10610 X —x—6=0, Wik IWAXOZAMO ¥ =2, ¥ =3 (xpurruni Tomen). Tpn
X € (~o;~2) MaeMo y’ >0, ipH X € (-233) ' < 0, Ipit x € (3; +0) y' >0, Orke, ymits 3poctac npi

x € (03 -2) Tax € (3; +e0), cnazac IPHX € (-2:3), Jimes =y (-2) = -733 Yuia=y ()=-135.%

3. JT0CAi/MTH HA MOHOTOHHICTE Ta eKCTPEMYM (yRKtio y = x* —x v + 1|
* QyuKuia BH3HAYCHA | TMbEPEHUIHOBHA /UL BCIX TOHOK AFHCHOT Oci, KpiM x = ~1. Y Touiti X0 =
NoXiAHOT He icHye, 0Tk, Xo = 1 KpHTHuRa Touka. Kpin wiei suaiiziemo Toukit, e Y = 0. Ockinbki

o x*=x?-x npu x2-1, '
x*+x?4x npw x<-l,

0
_[3x? —2x-1, x2-1,
P = 3x 42041 x<oL
Pipnamss '’ = 0 Mac 1Ba Kopeni: Xy = — 1/3, %3 = 1. Tpu x & (~o55~1) U (=1~ 1/3) maemo 3" > 0, ripu

xe(-1/3;1) y' <0, mpm x € (1; +0) y'>0. 3picn MaeMo y.,.=y(—l/3):~257, Yo=Yy (1)=-1,

ymKiis 3pocTac mpH x € (~<0; ~1/3) Tax € (1; +<0), cnazae npr x € (-1/3; 1).*

§ 4. Onyknicts pysKuil

Y oMy naparpagi posTIAIATHMEMO Taki gyukyii, 018 sKix epagiku € naoKumu
Kpuswvu, TOGTO y KoM ToMILi icHye JOTHUHA (OIHAUEHHS OMYKIIOf (pyHKIi /8. y Te-
Mi13,§2).

Teopema. Sxujo npu x € (a; b) eukonyemnes Hepisuicmy f(x)> 0, mo ynryis ony-
K1G QOHUTY HA YLOMY NPOMIDICKY.

* Hexail xo € (a; b) i f”(x)> 0 npu Beix x € (a; b), 30kpema f(x0)> 0. [orwma,
IO NMPOBEJIEHA Y TOUIL X = Xq, MA€ PIBHSHHS

¥ = () +/ 7 (x0) (x = %) (14.8)
Bi/piMaI0UH TIOWIEHHO 1ie PIBHSAHSI Bijl piBHsims y = f (x), AicTanemo
¥ =3y =) ~f (x0) =/ " (xo)x — X0). (14.9)
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1. Jocrimrs ynKiito y = ‘Ta noGy/tysaTH il rpagix.

x?-1
* 3rigHO 31 CXEMOIO ZOCTLBREHIS HAXOMUMO: a) 06acTh BHaHAverts dymkuii D (v): ¥~ 1#0,

)

apiew x# % 1, rpadix Mac JBi DepTHKATGHI acHMmTOTE: x =~ 1, X = I3 6) ockimuki ()

| |

| |

| |

-1| 0) |1 X

| |
Blasih vt | |

Puc. 14.4 Puc. 14.5

pyHKuis Hemapua, To AocuTs i oCTIANTH 1K x > 03 B) (ymKuis Mac eummit Kopilts x= 03 y < 0 npk

(x’ —1)—2x’ N -(x*+1)
-

7 <0 A Bcix To%OK is 0GMaCTH D (y), OTRe, yHKIA CATAE, SKCTPEMYMIB HOMAE; 1) IMAXORHMO
2x(3+x?)

TR

Y dynkuin onykma fommy Towka mepersmy = 0;

| O limy(x)=lim—"—=0. rpadix yuiii wac
e
I S ropwsowTany acuMiTToTy y = 0. Byayewo rpadix gk
/J uif (pric. 14.5). *

x€(0;1), y>0 npr x € (1; +); 1) 3uaxonumMo y’ = . Ouennymo, mo

Tip x & (0; 1), y"'< 0, dynxuis onykna porops, y* >0 npu x € (15 + =),

2. JlocniauTa ynxuiio y = Ta noGyaysatH if

-4

rpadix.
* yaxoquno: a) 067ACTE BHSMAMEHHN YKl

D(y):x*-4#0a60x#+2 B rouxax x; = -2, x2 =2
(ynKuis Mae BepTHKATMEI ackMmToTH; 6) OCKimbKH
() = - (x). (yHKIis HemapHa, TOMy AOCHTS A0CA-
W i npw x € [03 + 90, @ MOTiM CHMETPHAHO TOYAT-
Ky KOOpIMHAT BifOGpaINTH I, B)3AXORHNO My’

l (ymkui, poss'myioun pisnsmns  p(x)=0, aGo

w5

0, sminkn x=0; y<0 mpu xe (0;2),
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460 & (* ~ 12) = 0, apigin x;, =0, 2 =12; y' <0 npux e (0;2) 1a x & (22 12 ) i ynnis

3> 0 npht x € (2; + ), r) MAXOAUMO y' = i nani poss’sayemo pismamEA ¥ =0

cnanae, y'>0npx x € (V12;+w) bynkuis spoctac, omke, x =12 — Touka MiHiMyMy,
8x(x? 412

(= -4
avizwi x = 0; y* < 0 npi x € (0, 2). dysKnis onykna goropi; y* > 0 npi x € (2 + ), dynxuia
4x

y(12)= =331 m)anaxomuno 3= kTPt RS0,

ONyKNa joWH3Y: ¢) BHKOHYEMO NepetROpemHE ) x+ Ockinbki

4x

lim

=0, omke, rpadix namoi ¢ynkuii mabamwkaerscs o rpadixa dymkuii y=x npu

s
x> @, T06T0 mpAMA ¥ = ¥ ¢ NOXHI0I acHMTToTom. Byayewo rpadix dymkuil y=——
x

(puc. 14.6). *

§ 6. 3uaxoxennn HAGITLMOro i Haiivenmoro snavens Gynxuii

SIkmo jurst Gy/b-s1Koro x € M BUKOHYETHCS HEpIBHICTS f (x) < f (xo), IPHYOMY PIBHICTS
JIOCATAETHLCSI JIMILIE TIPM X = Xg, TO YMCIIO Xo HA3HBAETLCS MOUKOI0 ABCANIOMHO20 MaKCUMy~
My Qyuxyit na muooreuni M. Tlosnauaemo Tak: Tﬁ:;(f(x):/(xu )

AHATIOTINHO BH3HAUAEMO MOYKY aBCOnIOMHOZ0 MiNniMymy GyuKYil Ha MHONCUNI
M(f()2f(x)) i nosmusacyo ak: min f (x)= PlE )

Yacro f(xo) HABMBAIOTH HATUGINBULUM 3HAUEHHAM, 8 [ (X)) —  HARMEHUUM SHAUeHHAM

(ysxuii Ha Mpoeni M. Hanpuiora, minx® =0, max sinx=1, mincosx=-1 i1 1
xeM 40,21 et

3ayBaXkuMo, MO (YHKIsS MOXe He MaTh HAHGLIBIIOro (HaiiMeHIoro) sxavents:. Ha-
TpUKIIAz, T;;(x’ He icHye, n;in 1gx He icuye.
o
ChopMymIOEMO npasuio Ong HAX0O0HCEKHA HANGINBULO20 MA HAUMERWLOZO IHAHEHb
nenepepenor gywkyit npu x € [a; b: a) 3uaiti NOXiAY, 6) SHANTH KpHTWMI TOUKH hyHK-
1ii Ha TIPOMIKKY (a; b); B) 3HaMTH 3HaueHHs QYHKINT B KpUTHYHUX TOuKaX, f'(a), f(b), i
BUOPaTH 3 LMX 3HAYEHE HafiGUTBINE T HaMEHIIIe.

Hpuscsrann
1. Bualiu naGinsme A naliuenme sHaveRHA (bynuﬁly:%x)fl? +3x+1 npu e [0;4].




[image: image59.jpg]* Buaxomumo y' =~ 4x +3, poan’smyeNo pibssmH y' =0 abo x>~ 4x+3 =0, Kopewi sKoro
xi=1, x2 = 3. OBuana Kopeni nanexats npomixky [0; 4]. 3naxommmo ¥ (0) =1, y (1) =73, y (3) = 1,
= i i = i ], ®
y(4)="7/3. Binnosins: ’Tna.:ﬁ]y(x) 7/3, lﬂlﬂ]y(:) 1.

2. 3uaifti HaHGiTLe | Haliverme auauenns ymKmil £(x)=v2x—x* npux e [0;1].

* BaxomNO £/ (x) = — 22X poswwyemo pismmf(x) = 0, a60 2~ 2% = 0, 3vimk x = 1.

2V2x-x

Jlani anaxomumo £(0)=0, f(1)=1. Bianosias: q-ﬂﬂyflf(X)—

§ 7. 3ajaui Ha excTpemym

Pose asyeanns sadau na excmpemym NMOKAKEMO Ha TIPUKIAMAX.

Tpukaann
1. 306pAsHTH ROARTHE THCAO @ Y BHEAL AOBYTIY ABOX AONNTHHX THCe, CYMA AKHX MiHIMATHHA.

a ;
*Hexal x— omal is MHOKHMKIB, ToMi - — mpyrwi MoKmAK Crajaemo dymiiio
>

a

+ posn’smyemo pisanHA f(x) = 0, 1 0, swimkux =z .

7(x)=x+ 2, woni £1(x)=

x x

Tipi 0 <x<ya macwo £ (x) <0, dynxuin cnastae, npu x>+a f”(x)>0, dynxnis 3pocrae, omie,
—romanisivyy, min f(x)= £(Va) =@+ =2/a.
2e{0:+) 7

o0
Bianosias: a=yaya.*

2. Bualftn wHcrio, Cysa skoro 3 HOro KATPATOM HaiMeHIIa.

* Hexai x — Heiztome wnco. Poarzisiemo f() =+, Toni f(x) = 1 + 2x. Jlari poss’ssyemo pi-
g 7 (0)=0; 2+ 1=0, 3sincn x=-0,5. Touka M (-0,5; -0,25) € mepummoto mapaGoi
=x+x'ay sepunsi uici napaGonH A0CATAETEoR HaliMeHle 3HaveHKs. Bianosia -0,5. ¢

§ 8. Jloseaenns nepisHoCTel

Hexait Tpe6a sioBectn HepiBHicTs f(x) 2 0 1mpy x € M. 114 3aj1a4a PIBHOCHIIbHA TaKii:
AOBECTH, 10 min, f(x)=0. Anaroriuno samicTs HepiBHocTi f(x) < 0 MoKHa [10BeCTH,
*

o max /(x)=0. Hampuxraz, foBejieMo, 110 Tpi x > 0 cripapevIuBa HepiBHicTs X" —

-nx+nz2l,neneN

* Poarmmenmo (yHKiiio f(x) =¥ —nx+n— 1, x € [0 +o). Juattnemo £ (x) = nx"™" —
—n=n(¥"" -~ 1) Poss’spkemo pistsmHms [ (x) =0, mimu x= 1. Smo # =1, To nava
HepiBHICTb CrpasejymBa npu Gymb-skomy x. SIkmmo n> 1, 10 f“(x)<0 mpr 0<x< 11
/7 (x)> 0 mpu x> 1. Omxe, mpu n> 1 e{%ﬂn )/(x):[(l)=0, 3BiKM Maemo f(x) = 0,

1o i TpeGa Gyno fopectH. PisHicts jocsraebest mpu x =1 (n> 1) i npu Gyme-sxomy X,
gxmon=1 %
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1. Jlovects nepinmicms €* > ex.

*Hesall /(x) = €~ ex, x € R. maxonumo /() = € ~ &, f(x)=O0mpux=1; f/(x)<0 mpux< 1,
/(x)> 0 npu x> 1. Otxe, rlng:f(x) =7(1) =0, 3piKH i KicTaeMo MOTPIGHY HepiBHicTs.*

2. Jlosects mepinsicTs € 2 1 +xnipi x € R.

*Hexaii /(x) = ¢ ~x— 1. x € R 3naxommo f(x) = €' ~ 1,/(x) = 0 npu x = 0; £ () < 0 mpu x < 0,
/() > 0 mpw x> 0. Omxe, x =0 — Touka isivymy, min £(*)=1(0)=0, swizxn icraemo sanany
nepiBuicTs, PiBHicTs focAacTsca e nipH x = 0. *

3aysaen s SIKI0 NOKIACTH Y NONepeHiA HepiBHOCTI X

-1, zicraneno
&taz (M4.1)

1 Gy ab-s0ro AHACHOTO 2, IPHHOMY PIBHICTS AOCATAETHCR TLMbKH MpH 2 = 1.
Hexal MAEMO HEBIIT'EMHi SHCTA X1, X1, ... Xy, TIO3HAHMO T CePOAHE APHPMETHIHE Yepes a, TO6TO

X, Xy bk,

n

Sxwo y mepibmicts (114.1) NOGTAORHO MIACTABIATH 3HaveHHA

snizn a2 4% %, x, \ 260

Xy bk,

(m42)

n

nexi 20,20, ..., x, 2 0. Hepinsicrs (I114.2) nasusaerscs wepisnicmio Koui.
THOX CIpABE/AMBIOTS HEPIBHOCT BHILTHBAE 3 MOMOTOHHOCT] ACAKOT (YKL

sinx _ siny.
% gha

3. Bizomo, mo 0 <. x<y<— Jlosect, mo ——

sina acosa
Sk

* Posrsstiemo Qywkitiio f (o) -~ g e ( 0: %J Juaxoauno f*(u)

« (- 1g ). Biftomo, mo @ < tga npi ae[u;g). Orike, - 1g &t <0 np ue(o;g) if(@)<0,

dpyninis £ (c0) enagae. 3visicn i AicTasemo sanany HepisuicTs, *
4. Topismrm wiena 17° a 19"

* Posrasmiemo dymKuiio y = ,’. »/=0mpux=e,y'<0 npax>e
x
) ; in19 lnl7
O, mpi > stk cnaae. 3aiacu munmaac, wo o <=L 4o 17119 <19 17, 360

In 19" <In 17", 10610 19" < 17", %




[image: image61.jpg]§ 9. losenenns ToT0KRHOCTEH

Teopena. Hxujo noxiona desxoi gynxyii npu x € (a; b) dopienioe nynio, mo ys gynx-
yin cmana.

* BiseMemo i Toukit xi,x2 € (a;b). 3a dopmynoto Jlarpamwka f () —f (n) =
=£(c) (e —x), e ¢ € (xy, x1). Ockimsian f(c) = 0, 10,/ (x2) = /(1) 1 yrmkuis /(x) crama. *

Tpmaamn
1. Jlosects ToToRHiCTS arctg x + arcelgx = %

L
1+x?  1+x

* Hexall f(x) = arctg.x+ arcetg, Toai /()= 0, ovke, f(x)=f(0)= arctg0+

2. JlosecTs ToTokHicTs
sin? (x + ) + cos® (x— @) ~sin2xsin 2= 1.
* Hexaii f(x) = sin® (x + &) + cos™ (v - &)~ sin 2 xsin 2 ct. Toni f*(x) =2 sin (x + &) cos (x + @) +
+2.c08 (x~ &) (-5in (v~ ) )~ 2c0s 2 X SN2 =Sin 2 (x + &) - sin2 (v~ &)~ 2cos 2xsin2 =
=25sin2 o5 2x-2c0s2xsin2 =0, f(x) = const. Omke, [(x)=/(0)=sin’ o+ cos’ =1, mo it
1pe6a Gy1o osecTH.

Brpasu
1. 3ualiTH PIBHANRA IOTHYHOL, AKA IpoBE/eHa 10 rpadixa dyHKuii y = f(x) y Toumi 3 abeimcoio xo:
)fE@) =3P -x+1, u=1; OfE)=3-5r+22 x=1; ») f(X)=3xr -2 +x-4, x%=0;

DO =£-22 4322, %=1 Df ()= :::;. %=1 &)/ @)=

x=1 H)f()=2'+2% x

9)f(x)=sinx+sin2x%, x=m

i)f@)=xsinx, xo=x.

2. Jlo rpadika dynxuii p=x*+x + 1 npopesiena A0THIHA. 3HalTH KOOPIHNATY TOUKH JIOTHKY, K-
mo: 4) 15 ZI0THYHA NpoViILIA Yepes TIOYATOK KoopaHHaT, 6) kyromuh KoeillienT AoTHuIOl AopiBHioe
nyIio.

3. Maewmo Kollo, piBHAHHS sIKoro X + y* — 4 x +3 = 0. anHcaTH PiBHAMHS JOTHYHOT 10 UEOTO KoA,
10 IPOXO/IHTS Yepes NOUATOK KOOp/IHHAT.

4. Ha rpaipiky pymicaii y=x* ~ 2 x 3 analimy Touxy. b SKill A0THYHA mapaneasia npanifi AB, ne
A(-1.0)iB(4:5).

5. OGucHTH HaGmwkeno: a)v/50; 6) Y15: 1) V63: 1) V120; 1) V1263; ¢)3/126

6. JOGIANTH Ha NOHOTOHHICTS Ta eKCTPRNYAH (ymKli:

Ay=32+x+1; B)y=1-x-2 B)y=22-24-2x 1) y=42-62% a)y=

i3
Oy =vE 2+ Oy =1TE . )y =F+ 3N p=tn(@ -3 wy=ct
1+
7. JualiTH MPOMIKKH OMYKIOGTi Ta ToMKH TIeperHity rpaibika bywKuii:
3x-1
a)y=x-6x+5; 6) y= ; By=2-x ny=
)y ) ¥ il )y )y 7

Oy=xhnxx)y=r+2+J10-x; 3)y=(@-1) e u)y=arcsing )y =2'+2%

3 A)y =sinx +cosx; e)y:x+L'.
7




[image: image62.jpg]8. JlocainaTs ynkuio Ta no6ysysati rpadix:

Ny=3-2-22 Gy=F-27+1L my=25'-2-1 1) y ny=
1 1 1y =
—— _——— =Vx+7 47—
sl g o Ry

=
Wy=G+F et Dy=22 X pue X g,o T, g yexext

(x+2)*

Mp=e+eSu)y= rinxo) y=——,
Inx

9. ualim nakGinbiue i naitvenime Havens dyiknil y 3atanoMy NpoMiskKy:

2) y=x'-32+1; xe[-1;1} s)yzé;?-xkar. xe[-2,2} By=x't4x, xe[-2:2}
4-x?
44x?

xe[S5i-1f ) y=1+v100-27, xe[-6:8} 3) y=x—+:4x610;4]: Wy=4x x| x -2,
x

Ny= L xe 13k )y =x' (8 -x), x € [0, 7] )y = sinx cos’ /2, x € [0; :)ysg 33
x

fel0.3F Dy=xk -1|-55, xe[062 Dy=c-2xk -2 xe(0;25) My=i-2x-
-3+ LSz x € [0,5; 4] v
10. J{oncen nepisrocTi:

a)x’ +(1—x)’aé, xeR;, 6)x-

<n(l+x)<x, x>0; B)x+cosx<y+cosynpa

=
O<x<y<—,
a4 2

11. Jlosecn, mo a) 23*' >31%; 6) 1,3'% < 18",
12. Jlosectn Toroocti:

n

a) arcsinx + arceos x = msl;e)m‘nm’(%"-x]m#(%"u] L5,

Bimnosizi 0 Bupas
11

§9.-1.a)y=5x-2,6)y=1-x:8)y=x-4 r)y=2x72:u)y=%(4—x); =)y=—?xf-i-:

Oy=x-1K) y=2,5-1L5In2(1 +x), 3) y=x—m u) y+ 1=

- rx. 2. ) (1:3) abo

(-1 1); 6)(-0.5;0,75). 3. )’=~% 460 y=— 4. (1,5,-3.75). 5. 2)7.07; 6)3,875; 8)7.9375;
3

5
1)10,954: 2)35,54; €)5,013. 6. a)3pocrac npu xe[—%m—m), cnazae npi xe(f«s;—-%)‘

1

—g]; 6) 3pocTaE pH x € (~ o0 ~0,5), cmajac 0pi X € (~0.5: + %), Y =y (-0,5); ) 3pocrae

ok

npu xs[-m:—%} T npi x € (1; + o), cnagac npu xe[—

)- ym=y[—%]. Yamin=y (1);

r) 3pocTac mpi x & (~0;0) Ta mpu x € (1; + o), cmanac mpH x € (0 1), ¥ (0)= Yimwo ¥(1) = Yo
4) 3pocTae npw x € (i ~1) T npw x € (1; + o), cnanae mpi x € (-1;0) T (0; 1), Yime = (-1,
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§ 1. Mepsicna i HeBU3IHAYEHHIT IHTEIPAT

V' MexaHili 3a JIOTIOMOOK0 JIM(EPEHINIOBAHHS JHAXOMISTh MIBHKICTD, Kori BifoMuit
IULIX, & TAKOK MPUCKOPEHHS, KOMK BIOMA IBUAKICT. 3yCTpiualorsed i oGepHeni 3aayi:
IHAIOMYM MIBKJKICTE, Tpeba 3HaliTH 1isX 6o, 3HAIOMM NPUCKOPEHHS, Tpeba 3HANTH MBI~
KicTs. Taxi 3a/a4i PO3B’S3yIOTh 3a JIOTIOMOT0IO OTepalii iHTerpyBaHHs, ska € 00epHEHOI
[0 JIA()CPEHIHIOBAHHSL.

1.1. Oynais F (x) Ha3MBACTECA nepsicHoio na desxamy npomieiy ons gymiyit f(x),
SO roxijpa GyHKUiT F(x) y Ko TouIi X 1HOro mpomixiy Aopisaioe f(x), T06T0
F'(x)=/(x).

Hanpuxnag, dyskuis F (x) =

x? € TepBICHOIO JuTa GyHKIL £ (x) = X Ha BCi UMCIOBIK

TpsaMiie, 60 (%x’) =x mpu x € R. Oyrkuis F(x)=sinx € nepsicHoiQ il ynxuii
f(x)=cos x Ha Beiif umciI0BiHA NpsMil, Go (sinx)’ =cosx mpu x € R. Ilomitimo, 1o
(ymxagiss F (x) = 3 + sin x Takok € IepBicHoio yi GyHKIGL £ (x) = cos x npu x € R. Omxe,
B [IAHOMY BUTIAIKY 3a/ia4a BiIYKaHHS TEPBiCHOi Mae Garato po3s’sakis (Gyjm-ska dywi-
uist F' (x) = ¢ + sin x, ¢ € R € mepicoIo).

Dyrsaist F(x) = In |4 e nepsicroio s li)yfmnif(x)=% Ha MuosaHi (—o0; 0) U (0; +00),

Go (I ) = mprx =0 (. mprna 6 § 2 Tenr 13),
x

1.2. Teopema. Axgo F(x) € nepsicnoio ona dynscyit f(x) na desxomy npomioiexy, mo
dyuryin f (x) Mae Geaniv nepaicnux i 6ci onu maromy euznad F (x)+ ¢, de ¢ € R.

* Hexaii F (x) — neppicHa st (yKiii /(x) Ha Jesxony rpomixky. Tomi (F'(x) +¢)' =
= f(x) mst Gy/b-AKOTO X i3 IHOFO MPOMIKKY

(F(x)+e) =F'(x)+c' =f(x)+0= f(x).

Orxe, F(x) + ¢ — nepsicHa ma ynkuii £(x). Sxmo ® (x) — neppicka i Gyniuii
[(x) Ha ToMy camomy mpomiiky, 10 (@ (x) - F(x) ) = ®'(x) - F'(x) =[(x)-f(x)=0.
TMoxijiHa Bij cratol GyHKLT A0PIBHIOE HYTIO.

Cripae yiusa i ofepHena Teopema: SKIO HoXiAHa GYHKIHT JOPIBHIOE HYIIO TIPH BY/lb-
AKOMY X, TO 165t yrKutist crana. Omxe, Qyrkuis g (x) = O (x) - F'(x) crana ya posousiysa-
HOMy IpoMiiKy. Maeno

Dx)-Fx)=ci®@)=F(x)+e,

o # tpeGa Gyno nopecty. *
JloBeJicHy TeopeMy HA3UBAIOTH OCHOGHOIO GAACTIUGICHIIO NepaicHol.

237




[image: image64.jpg]=y (1); €) 3pocTae upH x € [2; 5), cnaznae npi ¥ € (5: 8], Jume = ¥ (5): €) pOCTAE TPH ¥ € (~ 2, 0),
cnazae mpi x € (05 + ), Yo =y (0); %) pocTac nps x € (0; + ), cuazae npH x € (-9 0; ), Yo

= J(0); 3) 3pocrae npuxs(fﬁ:Al) mnpuxe(ﬁ;+w). cnazae npi x & (~1; 0, Y =y (-1):

#) 3pOCTaE TPH X € (2,5; + ), Clanae NpH X € (-5 2,5), Yuia = (2,5). 7. a) onykna zoumsy npu
x € R; G)onykna goropu npu x > -0,5, onyim fouusy upy x < -0,5, 8) onywia pouusy npu x > 0,

oftykia A0ropi NpH x < 0. x =0 — To'Ka MeperHy; r) OmyKAA AOTOPH TIpH X € [- onykn

1 1
fs'ﬁ]'
mmm(,n,- '] m[ ! M;],mm,,my,.:-; gt e

1
V3 S

n 3n 3n
norops npw x & 2172w+ |, onywa powsy npu x €| 2w+

in
o e

eperniy x = n — %; &) oyKia oropi npH x <0, ONYKTA AOHH3Y MpK x > 0; €) ONYKIia JOHHSY TIpH

x>0; %) oniykna ioropu fpi x € [-2; 10]; 1) omyka forops npi x < ~1, onyKia AoRH3Y MpH X > —1;
Touka neperuiy x =13 i) OnyKia Koropi mpH x € [-10), onykaa aowHay mpi x € (0; 1], Towa
nepermy x = 0; i) onykia sounsy npk x € R. 9. Tosuaunmo sepes m i M nakisente i HaliGirbime
aitaterst: @) m = -3, M = 15 6) m = ~22/3, M = 53 8) m = -3, M = 24, 1) m = ~5/13, M = 1, ) m =
M= 432; &) m=0, M:%; & m=-108, M= -2 %) m="7, M= 1L; 3) m=-1, M= 06,
W) m=-11727, M= 105; i) m
M=5+15In4.

-38, M= 0,12; i) m=-40/27, M= 105/8; #) m=15n3,
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Pre. 15.1

Teomempuunuin amicm ii Taiuit: rpadixu Beix
neppicHHX yHKii f(x) micTaemo 3 Gyab-sKOro 3
HHX TAPATETHHUM [IeDEHECEHHM B3IOBK oci Oy
(pue. 15.1).

Hanpracray, TpeGa 3uaifty i ymiai f(x) =
=2x-1 1y meppicHy, rpadik sKoi IPOXOJHTH
Hepe3 MoYaToK KOOPHHAT. JIETKo MepeBipwTH, 1o
GyHkaist F(x)=x' —x € nepsicroo 1a dyri
S()=2x—1 ma Beifi wcroBiA psvift. Mlidicro,
F'(x) =(**-x)=2x-1 mp xeR. 3rimo 3
OCHOBHOIO BIIACTHBICTIO NepBIiCHOI Gyjib-sika riep-
picHa dymknii f(x)=2x— 1 mae Bursg D (x)=

=x-x +c. Ockimku toa O(0;0) nexwrs wa rpadiky mei QyHKiuii, TO
0= (0) = 0%~ 0+c, 3simu ¢ = 0. Orxe, mykana epicia O (x) =2 - x.
Osuavenns. Muoiama {F (x)+c} Beix meppickmx (yHKIii /(x)Ha JesKOMY Ipo-
MIKY HASHBACTECA HoguIHAeHUM inmezpanam yict ghywkyil i nostasaeThes Taic: [ f(x)dx.
Orwe, [ f(x)de=F(x)+c, fe F(x)— oma i3 nepsicamx dymkaii f(x), ¢ € R. B wiif

PIBHOCTI 3MiHHY X HASUBAIOTH IMINHOIO [Hmeepyeanns, f(x) — nidinmezpanynolo gyniyi-
€10, f(x) dx — NIOIHMEZPaNBHIM SUPASOM, ¢ — CMIANOI0 iHmEZpYsants.

Tpuscaaan

1 [(x=2)e= 25> ~2x-c. Mepevipa: Gx‘—:xﬂ) —x-2.

2 j%:zﬁw. Hepesipxa: (2\/;-0»{:)’ :%.

3. fsinxde = —cosx+c. Mlepenipka: (~cosx+¢) = sinx.

1.3. Bracmugocmi neeusnauenozo inmezpana:

LJF'(x)dx=F(x)+c.

2. J(£(x)+g(x))dx=[/(x)dr+(g(x)dx

3. [k (x)dx=k [/ (x)dx

4. Hexaii F'— nepsicsa i (yHKutii f, k Ta b — jesixi wmena, npuomy & # 0, Tofi
1
If(lcx+b)dx=IF(/a'+b)+r.
Lli BIacTHBOCTI JIErko JIOBOJSITECA 3 JIONOMO0I0 peperiioparts. Jlopeiemo, Ha-
TIPHKIIA, BIACTHBICTS 3: kim0 F7(x) = [ (x), 10 (kF (x)) = kF’(x) = kf (x), omKe,
[Hf (x)dx=kF(x)+e=k[f(x)dx.
AHAIOTIMHO OBOJITECS ¥ 1HIIL BIACTUBOCTI.
1.4. 3a osaieraM i3 dopmymt F”(x) = f(x) Burumsac sianosigua dopmyna [ f(x) dx =

=F(x)+c.Hanyrpymynmeam6mmepemMm(mﬁmmmo) THTErPyBaHHSL.




[image: image66.jpg]Hanpukiaz, ockimsin ()Y =nd™ neN, xeR), 10 [nx"'dx=x"+c, asimu

Jx" dy = =—+¢. Cxuaxemo TaGIHIIO OcHOGNIX iNmezpanie:
n
catl
[x%dx e, (o#-1, x>0), (15.1)
o
I"X'i":lTa”‘ (a>0, a=l, xeR), (15.2)
fe*de=e* +c, (15.3)
Jsinxdx=—cosx+c. xeR, (15.4)
di
[—S—=tgte, x2s4m. (15.5)
cos” x &
——=-clgrte, x#mm, (15.6)
sin? x
dx
=arcsinx+c¢, xe(Al;l), X (15.7)
[cosxdx=sinx+c, xeR, (15.8)
B _argrac, xR, (15.9)
I+x
[%:m[;hc. x#0. (15.10)
Hpukaaimn
3uadit inTerpan

1 (33— 6" 485 ~x +2) .
* BHKOPHCTOBYIONH OCHOBH BACTHBOCT Ta TABIMIII0 OCHOBHMX N TRTPAE, MAEMo
3]:‘4;~ij’a+31x=4x—1xmzjn=%x>-%x* +§x’—;—x3+21+a
L1 POSBITICY HABHIOK CAMOKOHTPOITIO PEKOMEHAYENO IOGHTH 11E e i pKy:
(lx’vix‘+3x’flx1+2x+c] =3x =6 +8x —x+2. Bimmosimsix' -2 xt 4 Sy
L o 2 )

Ligies
2

2 ][kﬁ—h: +3v/;—%+%] dx.

* anminemo uykaHw# iHTerpan y sH
J(3xY2 ~2x% +3x¥2 2572 4327 )=




[image: image67.jpg]BHKOpHCTOBYIONH OCHOBHI BIACTHBOCTI HEBFSHANEROTO iRTerpara Ta TaGawski irerpams (15.1) Ta

(15.10), Maemo

7 =3[ dem2x dea 3 [x P de-2 ] 5 Videe 3] L m 3y -%—%x’ 4?2025 24
x

+30n[x|+e=1,267 7§x’ +2x! —4yx +3Mnlx+e.

Ipobirs niepenipky camocriino. Bianonizn: 1,2x

%x’ +2x"% —4yx +3h|x|+c.*
3. [(3sinx — 4cosx) dv.

* [(3sinx —4cosx) dx =3sinx dv -4 [cosx de = ~3cosx —4sinx-+c.

Bignosias: ~3cosx—4sinx+c.*

Seige+ 2aresinx+¢ npu x €(=1;0)U(0:1).

Jlai e Gyriemo BKasyBaTH MpOMiKKH icryparuus iferpana. Bianosixe: ~Sctgx-+ 2arcsinx+c. *

sj[z‘ ~L+i]dx. 3
cos’x X
dx & _ 2
*[2%dv-4 +4[—="—=41gc+4In
I I i

Binnosins:2* (In2)” ~dtge+ 4in|x|+c. *
6.[tg?x dv.

* Bpaxoyioun, motg*x =

Jietxdx=] — fdv=tgx-x+c nepenipxa:(tp—nc)'

cos? x

Bianosias gr—x+e. *

1.5. Kpinm Gesmacepednsozo (madnuunozo) inmezpyeanns BIIMITHMO uge dsa cnocobu:

1) savina winnoi;

2) inmezpysanns wacnmunamu. OCKUbKA dy =y’ (x) dx, 10 d (uv) = udy + vdu (u Ta
v — Jesiki depeHiion i (GyHKLT). IHTerpyIoun oGMBI HACTMHM OCTAHHBOI PIBHOCTI,
MaEMO uv = [udv + [vdu, 3BiKi

Judy =uv—[vdu. (15.11)
Llst popMmymTa HABHBACTBCA (POPMYIOI0 IHMEZPYEAHNA HACHUHAML.

T prieaamn
3aliTH {HTErPAI METOOM TAMIHM SMiNIIO.
1. feosSx d.




[image: image68.jpg]*Sixwo waxowatw sauiny Sx=y, 1o dy=Sde i jmxSxdz=]cosy1;i
1 1 o Py
«Liny +c=Lsinsx+c. Bixnonins: Ssinsx-c. *
5 5 5
2. [sin? xdx.
*[sin? xdt=%](l—-cuslx)dx:%x—%sinlx+c (ayr jcosixdx:%sinlx+c).
Bianonins: +x-sin2x+c.t
74
é
5. fa
IX*G

* Iicns sawinn x —a = y Maemo de = dy i |

& o (D ol ro=tofe—d+e
5

x-a

Bianosiav:In|x-al+c.*

)

‘(x~l)(x+l) x+1
1ode _1.dc 1 1 U | I
:Ejﬁ—gjngln;xflif;lnlx+l|+c=Eln|m +e.Bianosias: Sini=—l+c.*
o S anly
x?42x42
o iow savine x4 1=y waewo de=dy | [— 2=
xT42542 C(x41)" 41 1+(x+1)*
& =arctgy+c = arctg(x +1)+¢. Binnosiny: arctg(x +1)+c.*
1+y

6. fcos(3x—4) dv.
* Moknagemo 3x—4 =y, Tozi ddx=dy i dx’é—dy, 0610 J'cw(}x-A)dx:_[corsy?=

150 90 : 1
—siny+c=—sin(3x-4)+c. Bianosins: —sin(3x-4)+c.*
3y ye=ein(3z-4) 37in(35-4)
4x-1
Tt

sz‘—xn

s Axml L
2x% -x+3

* Hexali 227 ~x+3 =y, Toni dy = (4x - 1) dri [

=|n|zx1 »x+3|+c.ommm2x’-x+3>0npuxek sacwio pianonias:In(2x? ~x+3) e+
&

8





[image: image69.jpg]A 1=l ( 1 % dx -
Momitmo, wo [ = dr= [| 1-—— Jdx = fax~ c-arclgr. T
T Ee Rl T s

pisnocri (IT15.1) aicrateno. [ xarctgy d = %im:lgx L 21; + %umgxn, [epenipxy 3po6ims cavo-

2

crilio. Bizmosias: mgxw\-%amgxlenc. .

Bnpasu
1. 3uaiti Taxy nepvicity byHKL £ (x), rpadiK skof MPOXOKTS epea oKy A:
Af() =2 +3x+ LA(1;2);, 6)/()=sin2x%4(0; 1)

B/ =28 -3¢ +x-x +2, A0 f(@)=sinx+ sin2x + sin3x,4(w3; 1).
2. FuaitTd HeBMsHANCHMH iuTerpaT:
a)j(3~21+4x’ —xd2xt )dx; 6) f(Ssinx~7cosx) de;

+4] dx: 1) j[

3. 3italiTH iETerpa 32 AOTOMOTOI0 3aMistH 3MirHO:

®) J[u’ —4xyx+3x-

4)[(3sin8x—dcosSx) de: 6) feos? xdy w)f(1+2x) dei 1) f—Z—;
(3x-1)
& de & 6x-2
) i) 3 € ftgrds; ) 1 3) dx;
e ipaliesn e e
, cosx—sinx
o] v 22

4. 3ualiTH {HTETPAT 33 JONIOMOTOIO {HTETpYBAHHS HACTHHAMH;
a) [xsinxdy; 6) [x* cosxdr; B) [arctgxdx; 1) [xInxdx.

p R O

1+x

5. BreBHHTHCE, 110 |

§ 2.lndepenmianbni piBasnns (M0YATKOBI BizoMoCTi)

YacTo 3akoHH (i3MKK I10B’S3yI0Th 3HAYEHHS BETMUMHH 13 MBUIKICTIO Ta MPUCKOPEH-
HIM 3MIHH L€l BeiumK. Hanpuiiaj, MarepiansHa TOKa MAacoO m PyXaeThest IpsMOolTi-
HiliHO, ML Aieto cum F. 3a ipyris sakonom Hetotona ma = F, Jie @ — NPHCKOPEHHs! pyXy
ToukH. OCKUIHKH @ = S, TO 10 PIBHICTH MOYKHA 3aIHCATH Y BHITIS

mS"=F. (15.12)

BubepeMmo 1104aToK KoOp/MHAT y TouLll piBHOBary. Hexaif cuma F' mportopuiifina Bimxu-
JIEHHIO TOYKH Bi{ TIOJIOMKEHHS PIBHOBATH i HAIDAMITEHA (0 TOUKH piBsoBary, Tofi F' = —kS 1
3 pisrocri (15.12) Maenmo

"

Q €15 13




[image: image70.jpg]cos’ x

,[xm 3 “gx
cos'x

Hex-ihgx =y, Toni dy = L
cos? x

+c=;|g’x+c. Binnosine: -3—|g’x+c ¥
10. [sin* x cosx dv.
* Hexali sinx = y, Tomi dy= cosxdx i [mu"x'cos:dx:]y’d)m%y’ ¢c=%sin' xe,

Bianosias: %xin“x‘rc.' .

3aCTOCYBATH IHTETPYBANHA YaCTHHAMH.

11. [ x cos xdx,

* loxnaemo u =x, dv = cos x d, Toai du =dx i v= [eos xeke = sin.x (cTaura ¢ pizeyrus, Go ockTh
JHATH JTAIIC Oy MEpBicKy). 3a dopmysioio (15.11) Maemo [x cosxdx = xsinx— [sinx de = xsinx+

+cosx+¢. [lepesipka: (xsinx + cosx +c)' :smx+.xcosx SinX =X o8 X.
Binosiny: xsinx+cosx+c.*

12. [In xds.

* Hloknanemo u=1Inx, dv=ds, omi du= 5, y=x. 3a gopmynoio (15.11) Macuo [Inx dx =
x

=xInx-[dc=xInx—x+c. Mepenipka: (xlnx—x+c)=lnx+1-1=lnx
Bianosias xlnx-x+e*
13, fxe*de.

*oknanemo k=x, dv=c'ds, Toai du=ds | v=¢. Ok, [re'dv=xc* —[e'dv=
—xe® —e* +o. Mepenipra: (v — ¢+ ¢)'= ¢ +xe' ¢ = xe'. Biznosiaixe' ¢+

14. [ x arctg xd.

* Moxmuemo u = arclg x, dv =xdx, Toai du =

(Ins.n




[image: image71.jpg]k 2
TlosHaumBum S = y1a — = ©°, AicTAHEMO
m

¥+ ay=0. (15.14)
SIKIIIO TOYKA PYXAETHCA 38 IHEPLIEIO, NPHYOMY NPOTHIA CEPEIOBHING, B SKOMY pyXae-
THCA TOUKA, MPONIOPLIHHA IBUIKOCTI PYXY i HaNpSMIeHa B Gk, IIPOTHIIEKHMH IIBHAKOCTI,
10 F = —kv i, oTe, 13 piBrsHs (15.12) Maemo
"= —kv, aGo mS" =-kS'. (15.15)
Slxmo Bpaxysaty, o S = v’ a §’= v, 10 i3 piBHsHHA (15.15)

k
my’= kv, v’ =-—uv.
m

k
Tlo3HAMMBIIH ¥ =y TA — = A, MAEMO
m

yi=-. (15.16)

Piusns By (15.13), (15.14), (15.15), (15.16) 0B S3y10Tb apryMenT (4ac), (pyHK-
L0 IHOTO APryYMEHTY Ta HOXIHI 1€l (YHKILT (10 JIESKOro MOpSKY BITIOUHO) | HA3HBAIO-
Thes Mepertiansriyiy, HalfBunmait mopsaiok MOXIMHOI IbOr0 PIBHAHHS BUIHAYAE TOPS-
nok pisrsis, Tak, (15.13), (15.14), (15.15) — ne depeHiianbHi PiBHSHES APYroro, a
(15.16) — nepuioro OPAKY.

Po3risHeMo Mpoliec pajiioakTHBHONO posriay. BijloMo, 1110 MHTTEBa MBUIKICTS IMIHK
MacH pajioakTHBHOI PEHOBMHY NPONOPIilHA il Maci B JaHuit MOMEHT uacy, T0610 v =
= —Jom. OcKiTTblon MITTCBA HIBICTE 3MiHiE MACK — 1ie TOXLHA, Ofleppkaie: IBHSHIS MOXHA
3aIHCATH TaK: m '= —km. HapeiTi, IoKaBim m = y, MaEMo Bike Bijiome pipusHis (15.16).

TakuM uMHOM, OfHe W(epeHIfianbhe PIBHAHHS MOXKE ONVCYBATH Pi3Hi MPOIECH.
Po3B’#3K0M JAGEPEHIATBHOrO PIBHSIHES HAIMBACTHCH (YHKLLS, MMCTAHOBKA AKOI B piB-
HAHHS TIEPETBOPIOE HOro Ha ToTosaicrs. Hanpuiotan, yHKIis y = €™ € po3s’smKoM pis-
st (15.16). Jidicro, y’ = - e™ = .

Tokakemo, M0 KOMH (YHKIIS € PO3B’A3koM piBmstms (15.16), T0 BOHA Mae BHIISL
y=ce™ peceR

Hexait (yrkuia v (x) 3az0Bonsise pisusmst (15.16). [okmazemo y (x) = u (x) €7, ze
u (x) — feska pyrKiis; y’ = u’e ™~ he™ u. 3 irmioro Goky, y’ = —hy= —hue ™, ocKibku
y— po3p’a3ok pismEa (15.16). Omke, u’e™ - he™u=—due™, simu u’e™=0 i
u'(x)=0. Ile omawae, mo  (¥)=c, 10610 y = ce™ Oymws y = ce™, c € R— ne
sazansituil pose'a3ok, a byHKHis y = €™ (1y7 ¢ = 1) — okpenmuil po3s w30k mHbepenti-
AIBHOTO PIBHSHHS.

Tpaix po3s’sisky AuQEpeHIiaTbHOrO PIBHAHHS HASMBAECTLCS iHMEZpansiol Kpueoio
1HOTO PIBHSHISL.

Osnauenns. OyHagay = g (x, ¢), ¢ € R H3MBAETLCH 3araTbHUM PO3B’A3KOM JH(pe-
PeHLHATLHOTO PiBHAHHS Y’ =f(x,¥) ¢ ofnacmi M, sxmo: 1) g’(x.¢)=f(x g(x, ).
2) ms Gymb-saxoi TouKm Ao (X0, o) 3 OGmacTi M icHYe €IiMHE HMCIO ¢ Take, IO JTHis
¥ = g (x, co) IPONOAHTS Hepe3 TouKy Ao, T06T0 yo = g (Xo, Co).

Po3p’a30K JE(epeHIiialbHOro PIBHSIHHEA, KU TICTACMO 13 3araTbHOro PiBHAHHA M-
XOM BHGOpY CTaN0] ¢, HA3HBACTLCH OKPEMUM PO36 '43KOM.





[image: image72.jpg]Tokaviemo, TI0 3arambHUH PO3°A30K PIBHAHKS y' = £l Mae BUITSIL y =cx, fe ¢ €R.
x

Toknazemo y (x)=xu (x), nie y (x) — POIB30K 1HOr0 PIBHAHHS, v “= xu’+ u. Tlig-
CTABIAIONM 3HAYCHHS Y’ B PIBHAHHS, MaeMo xu’+ u = u, 38iKH xu’= 0 i, omke, u’=0.
Le osmavae, mo u (x) = ciy = ex.

o Ha puc. 15.2 306pakeH0 MHOMUHY IHTErparbHUX

KpHBIX piBHsTI y' = . Ll npas, orvcait pismsi-

x
HIM ) = cx, ¢ € R, 1m0 npoxoats yepes Touky O (0; 0).
Cama 1151 TOYKA He NIeHKHTh HA HKOIHIH 3 LIAX IpsvMuX, 60

5 y :
X B Hiff Bupa3 — BTpayac cenc. Omxe, iHTerpatbia Kpu-
x

Ba — e npsama Ges Touxu O (0; 0).
Judeperiansie pipus y'' + oy=0 (. pis-
wsHns (15.14)) HA3MBACTLCH  PIBHAMNAM  2GPMONIYHUX
Puc. 152 Kamusans. BrieBHIMOCs, IO (pyHKLisi y = A cos (0 x + @) €
Horo posmioM:  y'=-o0Asin(@x+@), y'=
=— 0’ A cos (@ x + ¢) = —0’y. Moxa 10BecT, 1m0 Gyb-skuii PO3B’SI30K Hepertians-
HOTO piBHsHES (15.14) Mae Burman y = A cos (@ x + ¢).
Bnpasu
1. Tlepenipre, @i ¢ Habeena (hyHKlist pO3’ F3KOM JM(pePERIANEHONO PiBHAHAS:
a)y=5e*y'=-3y, 6 y=10e"y' =4y,

n)y:3c053r.y":79y;r)y:§=’42')‘;)"+2y=e".

2. Chonaimh AuchepemITiaNsHe PiBHSHIA TAPMOHITHOTO KONHBAHKSL Y = 3 cos (3 x ~2).

§ 3. Busnasenmii inrerpan

3.1. PosrmsHemo IUIoNTy KPHBOMIHIRHO] Tparierii 13 3MiHHOIO BepXHbOoIo Mesketo. Hexait
Ha BiAPiAKY [a: b] sajano HemepepBHy HeBiXemHy QyHKUiO f(x). ®irypa, oGMexeHa
rpaikom miei Qynxini, suapiskom [a; b] Ta v
NPAMHME X = @, X = b, HA3UBACTHCS KPHBOLI- P
HIHHOIO Tpaneriiero (puc. 15.3). BuGepemo Ha
TIpoMiZKKY (@ b) JI0BiIBHY TOUKY X i mpoBejie-
Mo uepes Hei BepTMKambHY mpsMy Bona
po30HBAEC KPMBOLHIAHY Tparewiio Ha Bl
yacTHHH. JliBa YACTHHA HASMBAETHCA KPHBO-
NIHIHHOIO TpaNeNiclo 13 3MIHHOIO BEpX-
Kot Mexero x. [Tosnawumo ii rmomy we-
pes S (x). lle gesxa spocraioua (yRKmis; ! i) au
S(a)=0, Tomi S(b)=8— mioma meiei U ¢ xow X
KPHBOMIHIiHOI Tparerii. Puc. 15.3





[image: image73.jpg]Teopema. Ilnowa S (x) kpusoniniinoi mpaneyii i3 IMIHHOI0 6epXHLOIO ZpaHuyeld €
nepeicnoio ona dynxyit f (x), 2pacpix sol oGmescye yio mpaneyjiro.

*Hexait h>01ix+h<b, tom S(x+ h)-S (x)=AS— mwiona KpHBOIiHiAHOi Tpa-
netii MLPN (puc. 15.3). BisbMemo npsvokyTHiK 3 ocoBoio ML i miomeio A S. Bepxisi
CTOpOHA 1BOrO NPSIMOKYTHMKA Teperinae rpaik dymkiii / B Touii 3 abeucoio
¢ € [x: x + h], 60 inaxiue nioma NpsaMoKkyTHUKa Gyjle Menta abo Giibia 3a A S. 3a Bijo-
MOI0  opMyTol0 IUIoma NpAMOKYTHHKA A S =f(c)h, 3Bimku f(c)=AS/h. Ockinbku
x<e<x ot h1o0 Lij’rl)’c:x. ‘3BiJIicH BHACI/IOK HeriepepBHoOCTi (ymiari / Maemo {iﬂ;/’(c):

(m.) 5(x)

=/(x), aco m%:f(x). ane TS <

by Rl om

§'(x)=/(x), mo i Tpesa Gyo ioBecty. * Tpu h < 0 JoBeiekns aHanorive.

Slianio F (x) — nesia niepsicHa (yHKILii f(x), T0 3riHO 3 OCHOBHOIO BIACTHBICTIO TIep-
Bicix S (x)=F(x)+ ¢. 3okpema § (a) = F(a)+ c. Bpaxosyioun, mo S (a) = 0, Maemo
e=-F(a)i$ (x)=F(x)—F (a). 3 ocranmsoi piBrocTi Maemo S = S (b) = F (b) - F (a),

Thnoma KpHBONIHIHHOT Tpanenii — ue pisHMIE 3naueHs Gymb-sioi repsicHoOl dyHK-
i f1a KiHuX Binpiska (a; b].

Tpnxaan

1. 3ualiTh niomy KpHBOMiHiHHOT Tpanewii (prc. 15.4), oBMekeHOT 3Bepxy rpadikom dynkuil
= sinx, a3 6okin — npaMmME x = 0 Ta x = 12,

* Opmicio 3 nepaicai /Ut BRKUIT £(x) =sinx € GyuKigia F (x)= —cosx. OTke, Wykana niouta
nopismioe F (r/2) ~ F(0)=—(cos (m/2)~ cos0)= 1. Binnosia: 1.*

3aysakenns. I3 J0BeCHOI TeOpeMH BHIUMBAE, WO

‘; gesiny Gy-aka HenepepsHa Ha Biapisky [a; b] dymKuin Mae Ha
usoMy Bipisky nepeicuy. Jlificno, KO Hemepepsa

dpyukiia /(x) Heiz’esna na npomixxy [a b], To omico 3
1 NEPRICHAX € IIONA KPUBOIIHIAHOT TPANEILT 13 IMIHHOIO
BepXHBOIO Meskelo. SKINO K Herlepepsia (ymkuis f(x)

[ . % X naGypae ua npoMixky [a; b) Bin'eMHi 3HaueHHs, TO BOHA 38
2 BIACTBICTIO HemlepepBHHX. (yHKLFi OGMEXeH Ha WOMY
Puc. 154 npowiaky. OTike, ichye wHeno m < 0 Taxe, 110 /(x) mi npu

x & [a; b]. Hanpaxnaz, maemo (ymkuito g (x)=/f(x)~ m.
Ockimii g (x) 2 0 ipi x € [a; b], yaiuis g (x) Mac a npowiskky [a; b] nepaicaty F (x). Ponrnarienso dynxitito
@ (x) + mx. Ocxizun @ (x) = F/(x) + m = g (x) + m =1 (x), dynkuiz  (x) € mepichoto s/ (x).

3.2. O3nauenns. Pisuuug 3uavuenn epBicHoi jyis GyHKIii /'y Toukax b Ta a HasuBac-
TBCA GusHAueHUM inmezpanam 1€l QyHKILT Bif a Jio b.

s
TlosHayaeThos Busnader irerpan Tak: [ f (x)dx. UHCIO a HA3MBACTECH HUMCHVOIO

Medicero THTErPYBAHHSL, UMCrio b — eepxnwoio Meviceio. Binpisok [a; b] nasusaeThest ofnac-
mio inmezpysanna.
Orxe, 3a O3HAYEHHSIM

17 (xpe=F(5)-F(a), as17)

zie FF (x) — jesika nieppicia (yHKi /() Ha npoMbkKy [a; b]




[image: image74.jpg]Hexait ® (x) Ta F(x) — i pissi nepicai dyriii /() Ha npomixxy [a; b]. 3rimo 3
OCHOBHOIO BracTHBicTIO TiepBicHuX O (x)=F (x)+c¢. 3piacu Maemo @ (b)- D (a)=
= [F(b)+ ¢ — (F (a) + ¢) = F (b) - F (a) — 15 PisHMIIZ HE 3ANEKUTH Bij BHOOPY .

[Ho/l BH3HAMEHHIT IHTErpall 3aIMCYIOTh TaK:

7 (=P

T prscian
FuaiiT 3uaveHAs iHTerpuna.

$2
1fxan.
d

3 3
’o«umq[x’dxa“?n.m fxtde= 3 71) %. Biamosins: ?.-
d

2. fcosx dx.
o
* Ockitbkn [cosx de =sinx-+¢, 10 foosx dx =sinx|} =sinn—sin0. Bixnosias: 0.
o

3. f(zx‘ ~3xrdl.
3

* Bmaxomano [(2x% ~3x-+4 )i

2
7%’ +xte, omxs, [(257 ~3x+d )

2 ixlnx] =22—(7ﬂ]=“=13.5 Biamosiae: 13,5.*
2 " 6
i
a—=—
3(1145x)
1145x) 7 > -
B o g o i, UCTR RS I VAR
(11+5x%) SRR (u+sx)* 10 s
LS i el bl
=——(67-1)=—. i
10( 1) 7 Bianosins:

5. foin? (3x+x/6) .

* fsin® (3x+n/5)dx=%j[|~m(6xM/x)yx:%[x—%sin(enu/s)), o,

s l[
§ 2

'fsin' (3x+ n/6)ak=zl(x—%ain(6x+-n/3)]

Bianowsiaw: n/6. *




[image: image75.jpg]3.3. PO3rIISHEMO 81GCMUBOCMIE BUSHAUEHO20 THMeZpana, Noe S3ani 3 pienocmami:

1.1/ (xMx=0. iticto | / (x e = F(a) - F(a) =0.
2 ? Slapdx= vi f(x)dx. Tla iactusicTs BHIVIMBaE 3 TOrO, MO

1 (e = F16) (@) (ki =) - 7).
3. Jlmst Gyyib-sicuX. JHCHUX YHCeNt @, b, ¢ CrpaBe/yIMBa PiBHICTH
I (e = 1 (e e s
Jidicro,
e+ (b = () - Fa) )~ Fe) = F6) - Fla) = /i

4 )+ gae=r (o
s,zlg/(x)d.r = kif(x)ix

BracTHBOCTI 4 Ta 5 BUIUTHBAIOTS i3 BiJITOBITHUX BIACTHBOCTEH IIEPBICHOT

Hpuiaann
1. Ha putc. 15.5 saurrpuxonario dhirypy. oGmeeny rpacpikams dyskuiii y = i (x) i y = 3 (x) Ta nps-
MM x = @ ix = b. Buneen hopmysny mwiomi uici irypi.

g

Puc. 15.5 Puc. 15.6

* Hexait § — mykaua mioma. Tozi § =35, -8, se S) — wioma kpusoninitinoi Tpanenii MABN,
8, — mioma kpupoiniliHoi Tpanewii MACN. Omke,

b s »
S=[ (¥ e~ [ de= [(/(x) - £ () dx
Zaysaxken s OYHKUT fi 1 fi MOKYTh HAGYDATH i BULEMHHX THAUCHY, SKILO MPH LLOMY, 7K i
panite, npu eix x € [a; b] fo (X) < fi (x).
2. Jualiti nomy dhiryp# (phe. 15.6), obmesenoi isian y = Y x Tay =

BRI P ST L T e AT




[image: image76.jpg]3 (popary/ioto, BHBeLeH0O Y TpHKIAZ 1, MacMo

W= ,[1 v 1 ,)'
s {(J? x 22 2%

(Mexd itrrerpypanivn 0 1 1 ¢ Kopemsiv piwsma yx =), *

3. 3uaifr rwiomy Girypu (puc. 15.7), obMesenol imiau y =3 +2x -2 Tay = x.

* 3uaiiziemo 3 PiBHANNA X + 2 X — 2 = X aGCLHCH TOYOK HepeTHHy JaHX rpathikis x, = -2, X3 = 1.
Ha npoMiskky (~2; 1) rpadik dymkitii p = x lexuTs Buime rpadixa ymiiii p = x* + 2 x — 2. Onke,

s=_}1(x—(x1+zx»z))a:r= L(Z—z—x’}ix:[—

Binosins 4.5.*

4.f(x) — napHa dysiuis, BHIHAYeHa KA beilf wHCTo-
silf mpaMiA. JIoBecTH, IO /1% GYB-AKOrO @ BHKOHYCThCA
piBiicTs

1f(x)dx=2;;/(x)dx.

*3rigmo 3 saacTHpicio 3 (b, 1.3.3) BRaueHoro
inrerpana

jf(x)dx:}f(x)dx*-z[(x)dp (Ims.2)
Hexait t = —x, Toai dx = —dt, To610
fre)a=r(-0-a)=-Jrepe,

60 (x) — napua (ymKis.
30 BIBCTHBICTIO 2 BHIHAYHOTO iHTerpana (4.

fif(f)imif(l)ﬂ:z/(x)ix.

s pinsocti (T115.2) Macso

Puc. 15.7

1f(x)dx=1§f(x)¢r.

1m0 # Tpe6a Gyno f1osecTh. TeoMeTpHYHHH 3MICT MOTAC B TOMY, IO KOMA f — NapHa byHKILiA, To Bic
Oy noaisie oty KpHBoTiiliiol Tpanen mapin. *

3.4, PO3IISHEMO 81aCMUB0CMi BUSHANEHOZO THMEZPANG, NO8 'A3AHI 3 HePIEHOCMAMU:
1. Slxmo a < b i f(x) 2 0 npu x € [a; b], T0

f1 (20

Jliticko, sKmo F — neppicHa pyHiagi f1 ockimsku F' (x) = f(x) 20, 10 F (x) He cnia-
Jiae Ha MpoMikKy [a; b), omxe F' (b) 2 F (a) i Toi

b
(1 (xpe=F(8)-F(a)20
Hacninok 1. Akwo a <binpux € [a; b], f(x) < g (x), mo

I (ahis< e




[image: image77.jpg]b
Hiticro, J(g(x)- £ (x)px=0,60 g(x)2 f(x).

a

Hacninox 2. Hexaita <b i f— nenepepena na npasisicxy [a; b] gyniyia, mooi
b
m(b-a)<|f(x)x<M(b-a). (15.18)

de m ma M — gionoeiono natimene ma naibinsue snavenns Gyrxyit f(x) na npamisic-
&y [a; b

Hacxifok 3. Hexai a <b, modi

(X)dx

s (s
Jtiiico, /() <|(x) i —f(x)<|Ax)], omwe,
$ e (o s i =7 (o< (o e

<l (o,

s |} £ ()it

1mo i Tpe6a Gyno oBeCTH.

Mpuskann

x
1. Jloneom, xuommxe(l); 7) BHKORYIOTECS HEpIBHOCTE: 2) Cas X > 1 —

S £ . e y
*a) BizoMo, 1o npk £ € (u; ?) sin ¢ < (. 3rizwo 3 wachiaxoM 1 MaeMo

z)'

460 —cosx+1<Lx i 17%# <cosx.

Jintde <fed, nex 2[0:
s .

4 s Sl O v
Jlai maemo — cost|; <;1’

o

6) Ocxikit 1—%:’ <cost npme(o;%),m

i(blr’]dx(fcml d,
ki o

(,_1.1p]
203 Vg

2. [loBecTu, o NpH x > 0 BHKOHYCTHCA HepiBHiCT:

<sint])

e' >l4x+




[image: image78.jpg]* Biztowo, mo nipu > 0 BKORYeTheH HepinicTs ¢ > 1+1. Omke, [e'dt> [(1+1)denpu x> 0.
o 5

FniacH macmo
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