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V nilt KHu3i A X049y MOALTMTHCS CBOIM 6araTopiuHMM JI0CBiIOM BUKJIaaH~
‘Hs MaTeMaTuKH. [IpOTATOM TPHLATH YOTHPEOX POKIB 5 BUKJIA/laB MaTEMaTHKy
B cnenianizosanifl ¢izmko-maremarnunii mkom No 173 m. Kuesa. Marema-
TH'HMIA TYPTOK [i€] KO HEOTHOPA30BO CTABAB NEPEMOXLIEM BEJMKHMX KOH-
KypciB i3 po3s’asysanHs 3anad. JlocBix rypTKOBOi Ta 03aK/IacHOl poGoTH BH-
KOPHCTAHO B il KHH3L

Knura ckranaersest i3 YoTHpLOX PO3ALIiB.

Pozdia I. Tomoxcnocmi 6 mpuxymuuxy

Tyr Buxnaneso 6araro (akris reomerpii TpuKyTHIKa. Hasenero maiixe Bei
TPUrOHOMETPHYHI (HOPMY/IH EIEMEHTADHOI MATEMATHKH.

Po3sdia II. Kombinosani 3adawi na npozpecii N

Apudmernyna i reoMeTpruHa 1porpecii — ¢ OCHOBHI TIOC/IIOBHOCTI, AKi
BHUBYAIOTHCS B IIKOMI. 1

PosrisHyTo Tak 38aHi KOMGiHOBaH! 3a/1ayi Ha nporpecii, B AKUX 3ycTpiva-
10ThCs 0OMBI 1 nporpecii.

OO6uHCEHI CKIHYEHHI CyMn, NOB’A3aHi 3 apU(METHYHOIO | FEOMETPHYHOIO
MPOrpeciiMu.

Po3rnsiHyTi TMTAHHS MOPIBHSHOTO 3POCTAHHS LMX MOCIIIOBHOCTEH.

Po3dia ITI. Memod Maaixosa

VYV upomy po3fiti  pOSMIANAETBCA CBOEPIIHMA METON PO3B’A3aHHSA
wreGpaiTHIX 3aBIaHb HA JOBEACHHS.

V psmi BUNANKiB L€ METOX 3 YCMIXOM 3aMiHIOE METOJ MaTeMaTHyHOi
THIYKLT, KM BAXKO JAETHCHA YUHSIM.

Posdia IV. Hodiasnicms 4uces ma mMuozo4aenis

Tloka3aHo 3aCTOCYBaHHS MOXIIHOI Ta iHTErpasia I0 PO3B’A3yBAHHS 3a1ay Ha
noxisHicTs. HaBemeHO BeNMKy KUTBKICTh TakuX 3amad. Buxian cymposon-
Kyerbes GaraThMa BIIpaBaMH JUTA CAMOCTIHHOTO PO3B’A3yBaHHA (10 BCiX BrIpan
TI0/IAIOTECS BiAMOBIA).

V KiHIi KOXHOr0 PO3AiTY HaBeIEHO CIMCOK BHKOPHCTAHOI Ta PeKo-
MEHIOBAHOI JIITEpaTypH.

3Hav0K * 03HaYae TMOYATOK i KiHEUb J0BEACHHS.

Xouy suciosuty noasxy npodecopy KHY iM. T. I Illesuenka, AokTopy
(piznko-marematiunux Hayk O. I Kykyiry 3a HU3KY CIYIIHMX 3ayBaXeHb.

BUCIIOBIIOK ITONSKY IOJ0BHOMY pesaktopy cepii I. C. Mapkogiit 3a mo-
criffHy ronomory mix gac cTBOpeHHs ui€el mpari.

P. Yuaxos, m. Kuis, 2006




[image: image5.jpg]Pozgin I
TOTOZKHOCTI B TPUKYTHUKY

ToTOXHOCTI [UIA eeMEHTIB IOBUIEHOTO TPHKYTHHKA HA3MBAIOTHCS TOTOX-
HOCTAMH B TPUKYTHUKY abo TEOMETPUYHUMH TOTOXHOCTAMM.
Hait6ire1r BiToMi reoMeTpHYHi TOTOXKHOCT:

i g b ¢
1. Teopema cumycin A e =2R.
2. Teopema Kocunycis a® =b* +¢* ~2bccos 4.
3. ®opmyna kocuHyciB @ =bcosC+ccosB.
1 A+B
_a+h 8Ty
4. TeopeMa TaHTEHCIB T_b:l -5
g o
A-B
cos——
5. Teopema Monsseiize =
sin;

ByaeMo BBAXATH 3aralbHONPHITHATAMY TIO3HAYCHHS:
a, b, ¢ — cTopoHu TpUKyTHHKA ABC;
A, B,C — BHyTpiluHi KyT¥ TpUKyTHHKa ABC;
m,,m,,m. — MeliaHu TPUKYTHHKa ABC;
h,, hy, h, — Bucotn TpukyTHUKa ABC;
l,,1,,1, — Gicextpucu TpUKyTHUKA ABC;
R — paniyc ormmMcaHoro Konia TpukyTHuka ABC;
r — pajtiyc BIMCAaHOrO KoJa TPHKyTHuKa ABC;
7,, ¥y, 7. — Paniycu 30BHIBITMCAHUX KiT TPMKYTHUKA ABC, sIKi IOTHKAKOTLCS
1o cropin BC, AC, AB BinnosifHO;
atb+c
2
§ — ruomia TpuKyTHIKa ABC.

— niBnepuMerp TPUKyTHUKA ABC;
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OckinbKH B TPUKYTHHKY KyTH A, B, C piBHonpasHi i cropou a, b, ¢ piBro-
TIPABHI, TOTOXHICT Y TPHKYTHHKY 3&/IMIIAETHCS CIIPABE/UTUBOIO, SIKIIO 3p06H-
i saminm (4, B,C) - (B,C, 4) >(C, 4,B)i (a,b,c) - (b, c,a) — (c, a, ).

13 TeopeMH KOCHHYCIB JiCTAHEMO LUE ABI TOTOXHOCTI:

b* =c’+a*-2cacosBic’ =a® +b* —2abcosC.
‘Taxa BnacTHBICTH TEOMETPHIHIX TOTOXHOCTE! HAZHBAETHCS LMKIIYHICTIO.

JlonaBuIx MOWICHHO 1t TPH TOTOXHOCTI, MAEMO:

a® +b* +¢? =2ab cosC+2bc cos A+2ca cosB. (€3}
“Teopemy cHHYCIB (DOPMYIOIOTE y BUIUISAI CHCTEMH:
a=2Rsin 4, b=2RsinB, ¢=2RsinC.
Teopemy KOCHHYCIB (POPMYIIIOIOTE Y BUMISA PiBHOCTEI:
b +c*-a’ T4c? b 2+b? —c*
cosA= cosB=a cosC=‘z 248 £

2he' 7 " 205"
SIK paBuiIo, TOTOXHICTh Y TPUKYTHHKY MOXHA 32 JOTIOMOTOK) TEOPeMH
CHHYCIB 3BECTH JI0 TPHIOHOMETPHYHOI TOTOXHOCTI B TPHKYTHHKY.
Hanpuxnaz, i3 popmy/Iu KOCHHYCIB MAaEMO:

2Rsin A:2Rsinﬂ-cosC+ZRsinQ-cosB,

sin A=sin B-cosC+cosB-sinC,
sin A=sin(B+C),
1o cnpaseymeo, 60 B+C=n—A.
DopMy/H KOCHHYCIB, BPAXOBYIOUH UMKIYHICTb, YTBOPIOIOTE CHCTEMY:
a=bcosC+ccosB, |a* =abcosC+accosB,
b=ccos A+acosC, {b* =bccos A+ba cosC,
c=acosB+bcosA; |c? =cacosB+becos A.

Jlonamo npyry i TpeTio piBHOCTI # BiIHiMEMO TiepIIy PiBHICTE:
b*+c*—a? =2bccos A, a® =b? +¢* —2bccos A.
Mt 210BesH TEOPEMY KOCHHYCIB.
Hasesiemo iHIue HoBeeHHS. 3aCTOCYEMO TEOPEMY CHHYCIB:
4R’ sin’ A=4R’ sin® B+4R’ sin’ C-2-4R" sin B-sinC-cos 4,
sin? A=sin? B+sin? C—~2sinB-sinC-cos A. )

JIOBEAEMO 1110 TPHIOHOMETPUIHY TOTOXHICTS Y TPHKYTHUKY.
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* sin? B+sin? C-2sinB-sinC-cos A=
_1-cos2B 1-cos2C
R Amlg
=l—w—lsinﬁ-sinc-cosl4:
=1-cos(B+C)-cos(B-C)-2sin B-sinC-cos A=
=1+cos A-cos(B-C)-2sin B-sinC cos 4.
(Mu Bpaxysamm, o cos(B+C)=cos(n—A)=-cos 4.)
Jani Maemo:

—2sinB-sinC-cos A=

1+cos A (cos(B-C)-2 sin B-sinC) =
=1+cos A(cos B- cosC+sin B-sinC-2 sin B-sinC)=
=1+cos A (cos B-cosC -sin B-sinC)=
=1+cos A-cos(B+C)=1-cos’ A=sin’ A.*

JoBenemo Teopemy TaHTeHCIB.
A+B A-B At+B

.a+b72R(sinA+sinB)_25in o S0 _tg iy
a-b~ 2R(sin A-sinB) A+B _A-B~ A-B°
ZcosT»smT lgT

[uknivHicTs Aa€ 1ie ABi TOTOXHOCTI:
B+C C+A
bre B3 cta ® T3
P i P
e LT
S3aysasicenns, MaeThest Ha yBasi, o a #b, b+ ¢, ¢ # a. Jinst piBHOGEAPECHOTO
TPUKYTHMKA TEOPEMa TAHICHCIB BTPAYa€ CEHC.
Hozsenemo Teopemy Morbseitae.
_ A+B  A-B
,a+b 2R(inA+sing) 2sn—5—-cosTm

¢~ 2RsinC

Zsing-cosi
TlomiTumo, 1o
A-B
. A+B . m-C O aib.
Sln2=sz=COSilc=.c,
sin

2

1o ¥ Tpeba bysio nosecTy.
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Hajani TpanuTees HAro/a MOroBOPUTH NPO TPUTOHOMETPHYHI TOTOXKHOCTI
JOKIHie,

Bupasa 1. Orpumaiite 3 Teopemu MoJibBeiizie 1ie IBi TOTOXHOCTI, KOpy-
CTYIOMUCh LMKIIYHICTIO.

ITokaxemo, KpiM TPUTOHOMETPHYHHMX TOTOXHOCTEH, ILIE O/IMH METO/ JIOBE~
JICHHS TEOMETPUSHUX TOTOXHOCTEH — 3BECHHS TEOMETPHIHOI TOTOXHOCTI 10
wire6paivHoL.

Ha puc. I 306paxeno Komo 3 ueHTpoM /, mo srucang B A ABC.

\

D, E, F — 1ouku l0THKY 11bOro Kona Jio ctopid BC, CA, AB BinrnosiaHo.
Iloknanemo: x= AF = AE, y=BF =BD, z=CD=CE. Toni

a=y+z, b=z+x, c=x+y (x>0, y>0, z>0). 3)
Cucrema (3) Mae eOUHUH PO3B’A30K:
b+c-a a+c-b a+b-c
x= =p-a,y= 57k St e

2 2

JU1s JOBUIBHOL TPIAKK AOAATHUX YMCEN X, ¥, Z ICHYE Tpilika uncen a, b, ¢,
$IKi € CTOPOHAMM JCAKOTO TPUKyTHUKA. L[5 TpiliKa BH3HauaeThest GopmynamMu
(3). Hexait mMaemo anre6paidHy TOTOXHICTE [UIS AONATHMX WHCEN! X, J, Z.
3piiCHIOYM B Hili MACTAHOBKH X = p—a, y = p-b, z=p—c, NicTaHeMo reomer-
puiuHy ToToXHicTs, Tak, 3 anre6paiuHoi TOTOXHOCTI

x(x+y)+ya(y+2)+odle+ x)+ 25z =(x+y )y +2)e+x) “
JICTAHEMO TeOMETPHYHY TOTOXHICT
e(p-a)(p-b)+a(p-b)(p-c)+b(p-c)(p-a)+
+2(p-a)(p-b)(p—c)=abe.
3 anre6paivHoOT TOTOXHOCTI
(x+y+2) (xp+yzrax)=(xty) (y+2) @+ )+ 3002 ()

JCTAHEMO TOTOXHICTh
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2l(p-0)(p-8)+(p-6)(p~c)+(p—c)(p-a)) =abe+(p-a)(p-5) (p-c).

Bnpasa 2. JlopeniTh anreGpaiqni TOTOXHOCTI Ta AiCTaHbTe /Ul KOXHOI
3 HHX BITIOBUIHY rEOMETPUYHY TOTOXKHICTD.

a) xy (x+y)+y2(y+)+zxG@+0)+30z=(x+y+2) Co+yzezx),  (6)
8 ()4 )+ (1)t 2) +(er N x+p) = (x4 342) + 32z ()
8) (x+y)  +(y+2)" +G+0) =2[(x+y+2)" ~xp-yz-2c); (8)
1) Xy 4y 12t =(wtpren) ~2aa(xty+2); ©

By txgt 4z 1%t v 1yt =0(xey) vy raxerxl  (10)

©) xp? +x’ 43" +yx? +2x? 42t = (x4 y )y +2)e+¥)-220% (an
X) x(y+z)1 +y(x+z)2 +z(.7:+y)I =(x &y)(y+z)(z+x)+4xyz; (12)
3) x* +p° +2° =3xyz=(x+y+2)(x? +y? +2° —xy-yz-x); (13)
W) X 4p° 42 =(x4y+2)” -3(x+y+2) (x4 yz+2x) 430z (14)

AGeTka reoMeTPUYHMX TOTOXHOCTEN
Bupasumo enemeHTH TpUKyTHUKA ABC 4epes X, ¥, Z.

_a+tbte
o

S=pr=p(p-2)(p-8)(p~c) ={(x+y+2)0z;

s

P [xiy+z

=x+y+z;

r=

_abe (x+0)(#2)etx)

R 4(x+y+z)xvz :
28 W(x+y+z)oz

e = i

y+z

5 5 AGeyra)ae
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2R be (xt2)(xty)
paci-a’ 22 +(xep) -(r0)’
2B 2(z+x)(x+y) %

_2x 4 2ap42xz-2yr  px-yr
20e+0)(x+y)  +x)(x+y)

wA_ [T _,l"_P‘:L_LYZ_
sin= 2(lfmsA)— 2[1 (z+XXx+y)]v Gelie

Bnpasa 3. Busenits dhopmymn:

a) cosﬁz St SR
2\ (xty)xt2) N

2,
) tht VA0
PX-)T

A_|»
B) g5 —Jp_x.
1
1) m, =5 apx+(y-2)";
2 px(x+y)x+2)

2X+y+z g

4px-y2) vz,

(x+y) (x+2)"

cosA=

nl, =
¢) sin2A=

(px-y2)’ ~4pz
(x+y) (x+2)

KopHCTyioumch IHKITIYHICTIO TEOMETPUYHUX TOTOXKHOCTCH, MAaeMo:

25 _2(xtyrduz - 25 W(xty+doz ¢

b z+x e T x+y %

*) cos2A=

h,=

1 1
m, =2 apy =)' m, =5 Jape+(x-p)'s
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o

w

v

’ :2\/;(}”‘1)(}%::)' W 2\/pz(z+x)(z+y).

4 2y+x+7 e 2z+x+y

\/(x+y+z)xyz \/(X+y+z)xyz d
3 Ol e ITn

b e Z

JHosenemo 3a IOMOMOT0I0 ABETKH JIeKi/IbKA FEOMETPHTHUX TOTOXHOCTEH.

.a*=b" +c* ~2bc-cos A (Teopema KOCHHYCIB).

pPxX—)yz

*b* +e? ~2be-cos A=(z+x)" +(x+y)’ ~2g+ N x+y) —
( (x+y) Nx+y) Cd o)

=2 +y? +2x? +2xz4+2xy-2px+2yz=

=(2* 1252+ J42x(x+2+y)-2px=(z+y)* =a»

. a=bcosC+ccosB (popmyna kocunycis).

P g pedyhpy-

*bcosC+ccosB=b- 7 - %

_(z+y)p-x) alp-x)
i a ST/

sza.‘
AL B
.S=r’-ctgictgiclgi.
AL SRR 1
‘r’-ctgictgictgizr‘ % %J%:r’p é:ﬂp;:,p:s_*
8
=i £
b A
lg2

A
lg?

<
-atbsy c? +4ab cos’ 3

* 3rizno 3 AGeTKo0,

\J¢? +4ab cos’ %:1 ? +4nb;—’Z =\c? +4pz=
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11

=(p-2)’ +4pz=|(p+2)’ =p+z=xtytzrz=aib*

(a+b+c)’
R R
2a| ctg 2 +etg +ctgz
(a+b+c)‘
Zn(clg +clg fctg Za[( f JE]
AL i R SO L
I reptmety -’
2a(.x+y+z) 2“P*;
2be A B C
7. h, =7-c037~cos2~cos2 g

B A B C ‘/E Pz 2bc p,/ 28
be ac

* 5=.cos S c0S >+ COS —=—— iy <00 Sy EOS, 2D -
!

Bupasa 4. JIoBeiiTh TOTOXHICTh Y TPUKYTHHKY:

A B
a) p:4Rcosi-c052 cosz,
6) (p-a)(p-b)+(p-b) (p-c)+(p-c)(p-a)=r@R+ry;
asinE sin(—:
cos

C
OFA =(p—a)c(g5‘,

s roxhy
oy &

3

2p BIC
) h, == —te5 1871853

S
x) 1, = 3
(b+c)sin§
r(n-r) r(n+r.)
3)a= =

.frr, r(r,+n,) Jrnnroenr’
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A
05 =(p-) (p-cletg 2

TPUroHOMeTpU4HI TOTOXHOCTI B TDUKYTHUKY
Sixmo A, B,C — kymv A0BUIBHOTO TpukyTHHKa, TO A>0, B>0, C>0,
A+B+C =m. 3pincu BUIUIMBAE, 1O LIS KYTiB A, B, C IOBiIBHOrO TPHKYTHHMKA
BHKOHYIOTLCSL TOTOXHOCTI:
sin(B+C)=sin 4, cos(B+C)=—cosA, tg(B+C)=-tgd,

S BiC T LA B+C___4‘B+C_(£
sin—==cos 7, cos——=sin 7, tg——=clg

JloBeaeMo 1ie IeKiTbKa TOTOXHOCTEIH.
1) sin(4+B-C)=5in2C. *A+B-C=A+B+C-2C =n-2C. Tomy
sin(4 +B-C)=sin(n-2C)=sin2C.*
2 +f_c =cosC. ‘% = ;lfC. Tomy
A+B-C
2 :sm(

2) sin

sin g«C]=cosC.‘

A+B-C
3) ctg S g0 (C#90°).

2

u A+B-C
*Iijcro, ctg +2 = ctg[% —C] =tgC*

4) cos(nB+nC)=(-1)" cosnA. *ITomitumo, wo nB+nC =n(B+C)=nln - A).
Tomy cos(nB+nC) = cos(nm —nA).

Teriep Po3MISHEMO IBA BANATKA:
a) n=2k. cosinB+nC)=cos(2kn—2kA)=cos2kA =

=cosnd =(-D* cos2kd =(~1)" cosn4;
6) n=2k+1. costnB+nC)=cos((2k +Dn ~(2k +1)4) = cosim —nA)=
=—cosnd=(-1)"**' cosnd =(-1" cosnd.*
Bupaga 5. JloBeliTh TOTOXHICTB!
a) cos(4+B-C)=—cos2C;

6) cos Afisl =sinC;

v

A+B-C
B) 1g 2 =ctgC;

1) sin(nB+nC)=(-1)""" sin nd;
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1) tg(nB+nC)=—tgnd (M:%Hrk, ne N, keNy;

e) ctglnB+nC)=—ctgnd (nA#mk, n€ N, k € N).
JloBedeMo JeKinbKa TPHTOHOMETPUIHUX TOTOXHOCTEH Y TPUKYTHUKY.

A B
l.sinA+sinB+sinC=4cos~2~-cos-2—-cos§. (15)
Jlosedennusn 1
‘sinA+sinB+sinC:25inA+B-cos ; +sinC =

‘2 C A-B 2 (o) 2—2 C 4-B  C
€055 -cos——+ sm2 €085 =2 Cos 7| cOS 5 — me2
L IC AR LB G A B
s C052 cos 2 +cos 2 o= 6052'8032'6052.
Josedennn 2
*3rimHo 3 AGeTKoI0,
25 28 2 25 4pS
SInA+smB+smC—~+ —S——(a b+c)=-p—.
ac ab abc abe

3 inizoro Goky,

4:(:05ﬁ - €Ot 4 b ‘]‘ JE— Ll i )
2 be Vac Vab abe  abc

Mu 38en11 0GHIBI YACTHHH TOTOXKHOCTI 10 OIHOTO H TOrO CAMOIo BUILALY.*

e ol B G
2. cosA+cosB+cosC=1+4smi-smi-smi. (16)
A+B A-.
‘cosA+cosB+cosC:2cosT+~cos—2——+cosC=
ST IR L C( A-B _C\_
A?sm2-cos 2 +1-2sin 3 1+Zsm2[cos—2 _szji
s A Gl ATER AN R G S
=142sin7| cos——=cos—— |=1+4sinsin 7--sin
3, cos” A+cos’ B+cos’ € =1-2 cos A-cos B-cosC. a7

1
* cos’ A+cos’ B+cos’ €= (+cos2 A +1+cos2B+1+c0s2C)=
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=%(3+2 cos(A+B)cos(4—B)+c0s2C) =

1
=i(3_2 cosC-cos(A—B)+2 cos? C-1)=

=% (242 cosClcosC-cos(A—B) = %(2 ~2 cosC(cos(4+B)+cos(A—B)) =

1
=i(2 ~2cosC-2cos A-cosB)=1-2 cos A-cos B cosC.*

4. sin? A+sin? B+sin® C=2+2 cos A-cosB- cosC. (18)
* sin® A+sin” B+sin’ C =1-cos’ A+1-cos® B+1-cos’ C =
=3—(cos® A+cos? B+cos? C).
BpaxoByioun ToroxHicts (17), Maemo:
sin? A+sin® B+sin® C=3-(1-2 cos A cos B-cosC) =2 +2 cos A -cos B-cosC*.

A B c A =B C
5. ctg;ﬂ:tg;ﬂ;lgi=ct57-ctg5-clg5. (19)

MHosedenns 1
* BHKODHCTOBYI04M (OpMYITY
ctgo.-ctgf -1
s ctglo:+B)= clga+cigh

i piBHiCTBH

4B C_ 1
HE e T T o
c(gi

JicTaHeMO:
1 ctg 2 ctg 7
G 4 B
ctg 7 cig E+ clg i

B € A ()
3sicu clg +ctgz+ctg5-ctg2 ctgz ctgz

JMosedennsn 2
* 3rinHo 3 AGeTK0I0, MAEMO:

A B ¢
cm7+ctg;+cm7=\/§+‘g+‘/§: )i("*y”):%
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Siﬂmoroﬁuxy,
x [py [Pz gt
h st ol
A
6tg2 tg +tg lg +tgzt =1, (20)
Josedenna 1
¥ A,,E)_ (ol T
o e
32 2

¢ sl A B
3sincu (g 2 tg2 Hg2 tg 2 g 2 lgE:L
Josedennn 2
* 3rigno 3 AGeTKo10, MaEMO: v

AL B, BAaC S C . A
g5 gy tigy ey gy gy =

EEEREE
Py Py \PZ \pPZ \PX p P P

" sin® A-sin’ B =
7.sinC= ) (A#B).

1-cos2A 1-cos2B
‘sin’A~sin’E_ T A )
sin(A-B) sin(4-B8)
c0s2B-cos2A 2 sin(B+A)-sin(4-B)

= = =sil =sinC.*
S RRRAL B C aEnAEL i A

sin A sinB sinC
i sinB‘sinCJrsinA-sinC+sinA~sinB—2(C(gA+Cth+c‘gC)‘ @n

sin(B+C)  sinA

. Sl 5
cteB+eteC = B sinC ~ sinB-sinC
B sinC
ctg"”msc:sinC~smA’ iy sinA-sinB°

J101a1098 MOYIEHHO 11i TPH TOTOXHOCTI, AICTAHEMO MOTPIGHY TOTOXHICTb. *

1 1 1 1

‘ . = . 2

sinA-sinB " sinB-sinC sinC-sind . A_ B __C &)
2sm~2—-sm5~sm7
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. 1 i 1 h 1 _sin A+sinB+sinC
sinA-sinB" sinB-sinC " sinC-sinA  sin 4-sinB-sinC

=M/

BukopricTaemo ToToxHicTs (15) i (opmyny moagiitHOro aprymMmeHTy

4 Al cusg
o €087 C08 7 - C0S % 1
N v PR, b i o B AR AL
sin>--cos5-2sin-cos 5 Asiny -cos 7 2sinsing sing
il gl (RO (o B 3
10. sm(A+2J+sln[B+ZJ+sm(C+2 ]H—
AzB 4eB-C C-4
:4505—4—»cosT-cos—T4 23)

* IMTomiTumo, 10
n( B) . 24+B  A+(4+B) . A+n-C
sin| A+ |=sin 5 =

2 2 =S8 2 sin-= 2
b Gadyey Cad,
=sin| 2" 2 =cos 2
UM VORI € o S o e e e
AHWIOTIYHO, Sin| +2 =Cos 2 1 8in| +2 =Cos il

Omxe,

in| A 51 o B4 esinf €424 1= b0 S os AR cosEC 41
sm( +2‘+sm 2 +Slnt +2 +1=cos ) COs' 2 +cos’ 2 +1=
C-B C+B-24
TR

=2 cos +2 cos® g—lﬂ:

- Cc-B C+B-24 C-B i C-B C=4 A-B
=2cos~, (co RN L ST ot s P TP o T
11. a cos(B-C)+b cos(C— A)+ccos(A-B) =

=2acos A+2bcosB+2ccosC. (24)

* BUKOPHCTOBYIOUH TeOPEMy CHHYCIB, TTONAMO JaHy TOTOXHICTS Y BUI/LAI:
2 sin A-cos(B-C)+2 sin B-cos(C - A)+2sinC-cos(4-B) =
=25in2A+2sin2B+25sin2C.
Tenep maemo:
2sin A-cos(B~C)+2 sin B-cos(C~A)+2 sin C -cos(A-B)=
=2sin(B+C)- cos(B~C)+2 sin(4+C)- coslC~ A)+2 sin(A+B) - cos(A-B) =
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=5in2B+sin2C +sin2C +sin2 4 +sin2 A+sin2B=
=25sin2A4+2sin2B+2 sin2C.*

12. a* cos(B-C)+b* cos(C—A)+ ¢ cos( A—B)=3abc. (25)

* BHKOpHMCTOBYIOYH TeOpeMy cuHyciB, e a=2RsinA, b=2RsinB,

¢+ 2RsinC, nicraHemo:

sin’ A-cos(B-C)+sin® B-cos(C~ A)+sin® C-cos(A~B)=3sin 4-sin B-sinC.

Iepesipre, 1O CNpaBEIMBI TOTOXHOCTI:

sin2B+sin2C sin2C+sin24
cos(B-C)= S5 , cos(lC—A)= 2508
sin2A+sin2B
W gdacn

Jana ToToXHicTs HaGyBa€ BUIIIsIAY
1 1
Esinz Alsin2B+sin2C)+3 sin® Blsin2C +sin2 A+
1
+isin’ C(sin2 A +sin2B)=3sin A sin B-sinC.
Ilosnaunmo iRy YacTHHY OCTAHHBOI TOTOXHOCTI yepes M:

M :%(17c0s2AXs'm2B+ sin 2C)+%(l—cos2B)(sin 2C+sin2A)+

+%(l—cos2CXsin2A+sin2B)=%[2 sin2A+2sin2B+2sin2C—
~(sin2B-c0s2 A+cos2B-sin2 A)~(sin2C - cos2B+c0s2C -s5in 2B)—
~(sin2A-msZC+cosZAvsinZC)J=%(2 sin2A+2 sin28+2 sin2C—
—sin(2B+24)-sin(2C +2B)+sin(24+2C)) =

1
=Z(2 sin2 A+2 sin2B+2 §in2C +sin2C +sin2 A +sin28) =

3
=4—(sin2A+sin2E+sinZC).

Jani nomitimo, 1o
sin2A+sin2B+sin2C =2 sin(4+B)- cos(4-B)+sin2C =
=25inC:cos(A-B)+2sinCcosC =2 sinC(cos( A - B)-cos(4+B))=
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Maremariiri enogw. Kniara 1

N e N
13, r=4Rs1n2 -smz-smz. (26)

Josedennn 1
absinC _absinC _ 4R’ sin A -sinB-sinC
2 2p “atbic 2RsinA+sinB+sinC)

b i

e AN R 6
2 Rsin A'sinB snC 2R-85m?cosi-smi-cosism?cosi
S AR SCk TUF L e *
4cnsi-cosi-cosz 4w57‘ms5-cos—2—

s B . C
SABEREEE 2 gt
-4Rsml sin-sin

Josedenns 2
* 3rigno 3 Abetkoio,

4Rsin§<sin—-sin

:4(X+y)(y+z)(z+x)"! »” J X J TR,
fGryigme VGrn)ard) Va0 (zry) V(r+x)(v+2)

= =r
X+y+Z

14. (p-a)’ sin? "21+(P4b)1 sin? §+(p—c)l sin’ g:

*

A A R
=2r(4R+r)sin 7 singsing. Q@7
b+e~ + B-C
* p-a=""2=% = KsinB+sinC-sin A)= zsinnz—ccosT—smA]:
NN e -y W \ RN | 0 - A
=R 2cos’-cos——-2sincos - |=2Reos 5| cos—5——cos—— |=
ARG
=4Rcos3-sm2-mn2.
LiuxrivnicTs fae me ABi TOTOXHOCTI:
Byt € O s
p—b—4)h:o:;2 sin-sin7, p—c-4Rcos2 siny-sino.

Jlaua ToToxHicTs HaGyBae BUNTALY:
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16R” sin’ %-cos’ 5~sin‘ ?sin’ 5 ¥

B B A C C C AsbasTB
¥ Gea i il Bere g 2. i Bt e e e AN
+16R" sin 208 5 sin’ o-sin 2+16R sin® 5 -cos® --sin” 2-sin’ 5
Ay B C
=2r(4R+r)sm2 sin-sin s

TTo3HaunMO JIBY MACTHHY TOTOXHOCTI uepes M.

A B c A B c
12 200 2020 G T e 2 25 L)
M =16R" sin 2 80 osin 2[cos 3 TC0s; 5t cos 2) )

1
:'z-rz(lﬂ:osA+l+cosE+l+cosC):

1y oA B O e A Bl C
=3" [3+1+4sm2-sm2-sm2)—2r 1+smz<su:2-sm2 =

2 2 2

e C VA Y
= sm2»5m2<sm2+rsm2-smz-smzj-

’[ A B C
w2 rtrsin—-sin>sin -

:2K4R+r)sin%«sin§‘sin§.‘
Bupasa 6. Jlosénits TorokHicTs:
a) sin24+sin2B-sin2C =4sinC-cos A -cos B;
06) sin(A+B-C)+sin(B+C-A)+sin(C +4~B)=4sin A-sin B-sinC;

8) cos(A+B-C)+cos(B+C —A)+cos(C+A—B)=1+4 cos A-cos B cosC;
B 2 (4 ¢ n A-B n A-B
r) smA+smB+<:052 —40052 -cos[6+—4 ]cos[é——-4 )

sin A+sin B-2 cosg c
2
T o T
cos A+cosB-2 sin;

: ) A-B

sin A+sin B+2 cos c

e) —ﬁbﬂgz 7
sin A+sinB-2 cos——

*) (a+b) cosC+(b+c)cos A+(c+a)cos B=2p;

P
0 e
) R A g e

Ap e
") r=m;tx;t37; e
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Marematuyri eriogn. Kinra 1

AL B
¥)S=pltg tey 853 f

4Rer A B C
1) 5 =tgy ey g

M) a’ sin(B-C)+b* (C~A)+c’ sin(A-B)=0.

ITia Yac KOBEACHHS TPUrOHOMETPUYHUX TOTOKHOCTEH y TPHKYTHHKY MU HE

BUKOPHMCTOBYBAA YMOBH, w0 4>0, B>0, C>0.

€nunoto ymMoBolo 6yna pishicTs A+B+C =T.
Sanposagumo nincranosxi: 4, = £, (A), B, =£,(B), C, = £,(C).
3amucyerscs e Tak: (4, B,C) - (A, ,8,C, )
Sxiwo A, +B, +C, =, T0 3106yTa TOTOXHICTL 6y/1e CrpaBeIHBOI0.
Hexait

c

o A tl 3 o
4,=90° =, B, =90° -5, C, =90° .

3po6UMO MiICTAHOBKH
A o Blass O
(A,B,c)—{% 55005 =790 2).
Toni i3 ToroxHocTi (2) picraemo:

A B c B 2C
i M 3 = ATy
cos” 5 =Cos 2+<:os 3 chos2 cos-sin

LHKiMHICTS Ja€ Me ABi TOTOXKHOCTI:

Y o o e gty
Cos 2— 0S 2 cos 2 0052 C 2 Ell’l2

S,E_C zé)fcos’gﬂ icosé in -
€O 2— 08’ 2 2 (:OS2 2 smz.

Jlomaiouu TpH OCTAHHI TOTOXHOCTI, JCTAEMO:
B

gy L B oo £ 0 BN B s GO A LR
CcOoSs’ 2 COSs’ 2 0 2— C()S2 COSZ‘Slnz‘* COSZ'COSZ sm2+

4 2 €
+2 COS7+COs = -sin -~

2 2 2
3anpoBajMBIIN Ti XK caMi MiICTAHOBKH, icTaHeMO 3 ToToXHOCTi (17):
c

A B C A B
£ Sl i R SR P e el
sin® -+sin® —+sin 2—1 251n2 sin s£n24
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3po6umo mincranosku: (4, B,C) — (180° ~2.4,180° ~2B,180° -2C) (spa-
Xyitre, mo 180° -2 4+180° ~2B+180° —2C =180°).
I3 TotoxHOCTI (2) micTaemo:

sin’ 24 =sin® 28+sin’ 2C+2sin28sin2C- cos2 4.
[ukorivnicTs fae me IBi TOTOXHOCTI:
sin? 2B=sin? 2C+sin® 24 +25in2C-sin24-cos2B

sin? 2C =sin’ 24 +sin® 2B+2 sin24 -sin28-cos2C.
JoiaBIIK MOWICHHO OCTAHHI TPH PIBHOCTI, AicTanemo:
sin? 24+sin 2B+sin’ 2C =
=-2(sin2 4 -5in2B-c0s2C +sin 2B5in2C cos2 A +sin 2C sin2 4 cos 2 B).
3anpoBanuBLIM Ti X caMi MiACTAHOBKM, JlicraHeMo 3 TOToXHOCTi (15):
sin2A +sin2B+sin2C =4sin A -sin B-sinC.
I3 ToToxHOCT (16) AicTaHEMO TOTOXHICTH:
—©0524-¢c0528-c052C =1+4 cos A-cos B-cosC.
I3 ToroxHoCTi (17) AiCTAaHEMO TOTOXHICTB:
cos’ 2 4+cos® 2B+cos? 2C =1+2 cos2 4 -cos2B-cos2C.
I3 ToToxmHocTi (21) micraHemo:
sin2A4 sin2B sin2C
§in2B-5in2C ' sin2A-sin2C ' sin2A-sin2B
I3 ToTOXHOCTI (22) MICTAHEMO TOTOXHICTB:
1 1 1 1
sin2A-sin2B " sin2B-sin2C ' sin2C-sin2A 2 cos A-cosB-cosC’
Bnpasa 7. TTposenits y ToToxsocTsix (2), (15), (17), (21), (22) nincranoskn
(4,B,C) - (180° - 4;180° - B;~C);
(4,8,C) —(24,2B,2C-180°), (4, B,C) —(A+45°; B+45°;C-90°).
¥ Takmit cnoci6 MoxHa ficTaT Geatiy TPUIOHOMETPUYHHX TOTOXHOCTEN
¥ TPHUKYTHUKY.

Janposanumo nixcranosky (4, B,C) = (n (n+1)-nA,~nB,~nC).
(3Baxre Ha Te, 1O

(n+1)-nAd-nB-nC =n(n+)-mA+B+C)=n(n+)-nn=n.)
Tenep i3 roroxmocti (15) Maemo:

—2(ctg2 A+ctg2 B+ctg2C).
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nn-nA nB nC
2

_sin(n(n+1)-nAd)—sin nB—sinnC =4cn{%+—i— -COS——+COS— 7,

sin(fm~nA)—sian—sinCn=—4sinﬂ;—n£-cos%n-cos—nz£,

-nA B C
sin(ﬂn—nA)+sinnB+sinrnC=tlsi111m2 -ccs%—-cos%—. (28)

13 ToToxkHOCTI (28) MaeMo:
npu n=2

—sin2 A+sin2B+sin2C =4sin 4- cos B-cosC;
npu n=3

3 B 3C
sin3A+s‘mSB+sin3C=—4cus—;-cos%‘wsT; (29)

Tipu n=4

—sindA+sin4B+sin4C =—4sin2A4-cos2B:cos2C.
Bupasa 8. [loseits TOTOXHICT
a) sin 2k +1)A+sin Qk+1)B+sin Qk+DC =

Qk+DA Qk+DB Qk+DC
08 =R IRICOs < | GO e
Bxasiexa. TIOKIacTH B TOTOXHOCTI (28) n=2k+l;
6) sin2nA +sin2nB+sin2nC =(-1)""4sinnA sinnB-sinnC."
Bxasieka. BUXOHATH B TOTOXHOCTL
sin2A+sin2B+sin2C =4sin 4 sin B-sinC

mizeranosku (4, B, Cc)- (nA, nB,nC —n(n-1);
A S B Sl G eE A n-B n-C
B) cos 5 +C0S 5 +COS = C0s™—+Cos——-COs

r) cos(2n+1) A+cos@n+1)B+cos(2n+1)C = 1

Q@nDA _ @niDB . Qn+DC ‘
e T I T |

) cos2nA+cosZnB+cosZnC=-1+(»l)“‘4 cosnd-cosnB-cosnC;

¢) tgnA+tgnB+ignC =tgnA-tgnB-1gnC 1

(M:%H:k, nB;el[-Hrk, nC;eLmk, ne N, ke N); {

=(-D* 4

—14+(-1)" -4sin

2 2

%) ctgnd-ctgnB+ctgnB-ctgnC +ctgnC - ctgnd =1 (nd#mk, nB#mnk, nC#nk,
ne N, ke N). ¢
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JloBezeMo 1ue OfHy UiKaBy TOTOXHICTh
4 B C 34 3B i
T ind pLgn3 oo e I . o4 T
sin® A+sin® B+sin C-Jccs2 €057 +C08 5+C08 5=+ COS 5=+ 008 2
* 3rigHo 3 ToToxHocTMHU (15) i (29),
34 3B 3

SONE O T e
0052 0052'5052 cos 2 -COs 2 -COs ) =

:z(sinA+sinB+sinC)—%(sin3A+sin3B+sin3C)=
I . L5k = 1
:3(3 smA—sm}A)+2(3 smBAsmlBﬂz(J sinC-sin3C)=M.

1
Bizomo, mo Z(Bs‘meksini!m):sinJ o
Orxke, M =sin® A+sin’ B+sin® C.*

FeomeTpusHi TOTOXHOCTI, SIKi MICTATE BenMYMHM P, r, R
Bijtomo, 1110 BeMuuHEY p, r, R MOBHICTIO BU3HAYAIOTH TPUKYTHUK (IMBHCH
[2]). YacTo reomerpudHa TOTOXHICTB MOAETHCS YePe3 CUMETPHIHI MHOTO-
‘Wienu Bix sMiHHMX a, b, c. Binomo Takox (auBucs [1]), mo KoXHUH cHMeET-
MUK MHOTOWIEH Bill 3MIHHNMX @, b, ¢ MOXHA BHPA3NTH Yepe3 eleMEHTapHi
MILOTOSIeHH:
M, =a+b+c, M, =ab+bc+ca, M, =abe.

Bupasumo i MHorowienu uepe3 p, r, R
M, =2p, M, =4SR=4prR. Tlepeni THM SIK BUDA3HTH M, , BADA3NMO CHMET-
PWAIHI e/ieMEHTADHI MHOTOWIEHH 4epes p, r, R.

s? b

x+y+z=p, wz=(p-a)(p-b)(p-c)=

Gty +2) Cptyetax) za(aey)(p+a)esx)

Xy+yztazx=

(Bukopucramm Totoxsicts (5).) Tenep i3 Toroxuocti (7) aicrasemo:
M, =ab+bc+ca=p’ +r’ +4Rr.

Maiors micie ToToxsoCTI:
1. a® +b% +c* =2(p* -r? -4Rr).
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Maremarvyi eriogn. Krinra 1

2. x2 +yt 42 =p* ~2(r? +4R).
5, Lrhiphicaia i et iy
TR 2R
11 1 (r+4R*-2p*
4.x—,+y—,+z LA TS
* 1. a? +b* +¢* =(a+b+c)* —2ab+bc+ca)=

—ap? ~2(p* +r* +4Rr)=2(p? -r" -4Rr).

2. x* 4y 42t =(x+y+2)’ ~(w+aziax)=p? 20" +4Rr).
a+h b+n+c+a _abla +b)+bclb+c)+calcta)

¢ i a b abe
3rigHo 3 ToToxHicTIO (6),
abla+b) +bclb+c)+cale+a)=
—(a+b+c)ab+be+ca)-3abe=2p(p* +r* +4Rr)-3-4prR=

=2p’ +2pr’ ~4prR.
a+IJ+_b+c+c+a:Zp’+2prz ~4er=p’+r’ ~2Rr
3 a B 4prR 2rR A
ot 2 +x' +xty?

xyiz

(yz+xz+xy) ~20(x+y+e)

Xyl

(r +4Rr) 2prp r(r+4R)’ -2p'r? (r+4R)2 29,
o't 2! pirt 3

Bupasa 9. }loncnin TOTOXHOCTI:

r +p +4Rr
4prR g

(r* +p* +4Rr)’ ~16p> Rr
¢ 16p*r’ R? .
1) a’ +b6°+¢’ =2p(p? ~3r* -6Rr).
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25
Brasiexa, Bukopucrati TotoXHicTs (13) abo (14);

1 1 1 4R+r
WS +—= 3
xyz pr
o LIE, T x4y

x y z

Jlani niemo 3a Takoto cxemolo. Hexaik tpeGa foBecT UM CKOHCTPYIOBATH

T0T0KHOCTI 3 BUCOTAMH TPUKYTHUKA ABC. 3HAXONHMO e/leMEeHTapHi MHOTO-
AWICHH JUISL BHCOT.

ab

2 1
h, +h,+h, ——s+%+ﬁ-2 [l l)

o r’4p’ +4Rr 1’ +p* +4Rr.
3 4prR | R

457 452 2
hohy +hoh +hh, = +L+4L4

ab  be  ca
g2 0tbre oo 20 2pS 2pr.
2 abe RN R g

by DS A8 2pirt

U

abc~ 4prR = R
Tenep maemo:

B2k +h2=(h,+hy+h.)’

~2(h,hy +hoh, +h.h,)=
»[r’ +p* +4Rr]’ = 2p‘r

" 5 [(r +p* +4Rr) -16p7R7].  (30)

AL B R
BRI RIS RMER?

(hll,+hh +h.h, ) 2k hyh, (h, +h, +h)

hihih}

pirk 211":Z r’+p’ +4Rr

PR 2 SR P -ri-4Rr @y
4p‘ 2

I'g
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Maremaruyni emoau. Krinra 1

R i L8 S i) Bl
hhy hoh, hh, AR,

pi+ri+4Rr 2p'r" P’ +r! +4Rr

2R SR 4p’rt G2)

Bupasa 10. [osexits 'm'mn{ic-rb‘

a) (h, +h, )(h, +h. )k, +h ), (p +r2+2Rr);

h,+h, h,+h, h +h, 7p +r? =2Rr.
S T i T

h,+h, +h,+h, h.t+h, PR

b bve s chgloRT

Jins paniycis 30BHIBIMCAHMX KT MAEMO!

e L fe A 1 4R+r
R =—+—+—=S[~+~+—]_S ———=4R+r.
o s Sei BT RN "
ke . X+y+z P
’.’»*’.',+",’;=;+;+;=S‘-—xy;—=Sz»p7=Fz
gaLTAR
ht o pr? =pr

JHani Maemo:

rrerd+rd =(r, +n 41, Y -2(rn, +1yr +rr, ) =@R4r)? -2p. (33)

(r,45) (41 ) (n +r,)=S(—E+ﬂ-s&+%}s[i+ﬂ=

(x+y)(,v+1)(z+x) abe _p’r' 4Rpr
R yiZE = i T
i) pir

=4p'R. (34)

Buopasa 11. JIoBe/iiTh TOTOXHICTS:
) SN (I VT

f—d—— = —ar
Rh LG b P

L G I B 4R-2r
6) = ——
2 ’l Ty r

B) 12 41 +r} =@R+r) -12p’r.
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Jnst cuHyciB BHYTPINIHIX KyTiB TDHKYTHHKA MacMo:

sinA-sinB+sinE-sinC+sinC-sinA=%+;’Tex+%:

ab+be+ca p +r*+4Rr

4R’ ARURT
abc  4prR o
sin A -sin B- smC:W:?RT R
3pizcu gicraemo ToToXHoCTI (Mepenipre!):
pl-r'-4Rr
sin? A+sin® B+sin? C=T; (35)
1 1 1 p+r’v4Rrr
sind sinB SnC 2o :, (80)
d + L ) 4k 37,
sind-sinB " sinB-sinC ' sinC-sinAd_ r &7

BesuKy KinbKicTh Takux TOTOXKHOCTEH HaBe/eHO B KHusi [2]. Ha sasep-

WICHHS PO3ALTY PO3B’SKEMO 3a1aydy, 3aNpoNoHoBaHy Ha YKpaiHChKiit onimmiani
1987 p.

JlOBECTH TOTOXHICTB Y TPUKYTHHKY:

245 +c* Xa+b+c)

(sinA+sinB+sinC)(ctgA+clgB+clgC):w
2abe
Josedennn 1
*BUKOPUCTOBYIOUH TCOPEMY CHHYCIB, 3BEAECMO TOTOXKHICTb 10 TAKOL:
sin® A+sin® B+sin® C
cteAtcleB+clsC =T A sinB-sinC

& sin(4+B) sinC
HIOMITUMO, 0 Cled OB~ eI E  Sin A-sin®
sin B

SiEhicC s sinC-sin A"

in A
;ﬂ o ctgC+ctgd =

Orxe,

ctgd +cigB+ctgC =% [(ctgd +ctgB)+(ctgB+ctgC) +(cteC + ctgd) | =

_1 sinC sin 4 sinB
2| sinA-sinB sinB-sinC "sinC-sind |~
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N

! ol

3

sin® A+sin® B+sin’ C
sin A-sin B-sinC

ot
2
Josedennn 2
3a JIOTIOMOTOI0 TEOpEMH CHHYCIB 3B€[EMO TOTOXHICTb 210 Taxoi:
Rla? +b* +¢?)
ctgA+ct35+c(gC=T.
3rizHo 3 AGETKOIO,

—yz4 py—XT+p2—
my+cth+cth=M—"“;s’”ﬂ=

_p(x+y+z)—(xy+yz+u) P +4Rr)
5. 25 3 25 -

3 inmoro GoKy,
R(a’+b’+e’)_R~2(p’-r’*4Rr)Ap’—r’74Rr‘
abe £ 4RS AL

nNirepatypa

. Boamswcxui B. T, Burenun H. . CummeTpns B anrc6pe.— M.: Hayka, 1967.

. Coaman B. I1., Meiioman C. H. ToXnecTBa i HEPAaBCHCTBA B TpeyronbHuKe. — K-

nes: lunnnua, 1982,

Taiiwmym O. I., Yuaxoa P. I1. Tpuroxomerpis.— K.: Marictp S, 1997.

@ypceno B. B. JIeKCHKOTpadHueCKOe HIIOKEHHE KOHCTPYKTHBHBIX 33/1a4 reomeT-

pHK TpeyTonsHNKa // MaTeMaTHKa B LKone (Mocksa).— 1937.— Ne 5, 6.

. Yuaxos P. IT. KOHCTDYIOBaHHS Ta LOBC/CHHS FCOMCTPHYHUX TOTOXHOCTEH 38 A0MO-
Moroio anrepaiunnx // Y cpiri Marematixi.— T. 9.— Bum. 1.— K, 2003.

. Tamapenxo IO. C., Yuaxoe P.IT. TPUrOHOMETPAYHI TOTOXHOCT] B TPHKYTHHKY //Ma-
Temarika.— 2003.— Ne 17, TpaBeHb.




[image: image30.jpg]Posnin I1
KOMBIHOBAHI 3AITAYI
HA ITPOT'PECII

KomGiHOBaHUMM 3a7a4aMM Ha JIPOTpecii HA3MBAIOTH TaKi 3a1adi, B SKHX
ineThes K IIpo apuMETHYHY, TaK i PO TeOMETPHYHY MpOTpecii.
3a3sHayMMO OCHOBHI (popMyIM Tporpeciif:

Apudmernuna nporpecis TeomeTpuuna nporpecis
PexypentHa dopmyna
4,,=a,+d by =b,-9 (520,420
Dopmyxna n -To WieHa
a, =a,+d(n-1) b, =b-q""

XapakTepucTHYHA BIACTHBICTH

GG, b =b,

Cyma mepumx n wieHis

: ) 'E(,,I +a,)n :%[Za, +d(n-1)]n

JMeski kopucHi dopmynn

_4-4, L
k-» b,
PR B=b b,
2 b,b, =b,-b, sKmO m+n=k+p

o, +a, »a,+a,.nmom+n:k+p

Skuo uncna a, b, c... yTBOPIOIOTh apH(METHYHY NPOTPECiio, TO MO3HaYa-
W v a b, c..
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Sk uncna a,b, c... YTBOPIOIOTh TeOMETPUHY NPOTPECiio, TO MOJHAYa-
10TB: # @, b, €. N
3axava 1. Tpy uncna, cyMa SIKMX HOPIiBHIOE 26, yTBOPIOIOTE TEOMETPUHHY
npPOrpeciio i € BIANOBIIHO TIEPIIMM, APYTHM i T’ ATAM WIEHOM apudMeTHIHOL
nporpecii. 3HaiAiTh Ui wCNA. 7 ¢ goxnnd
* Hexait +a,a+d,... a,=a, a, =a+d, a; =a+4d.
3rinHo 3 YMOBOIO, ,a+d,a+4d.
3riHO 3 YMOBOIO i XapaKTePHCTHUHOKO BIACTHBICTIO TEOMETPHYHOI MTPO-
rpecii, CKIAIAEMO CHCTEMY PIBHAHB!
ata+d+a+4d=26, (3a+5d=26,
{(aﬂi)’ =ala+4d), |d*-2ad=0.

MoxuBi B2 BUTAJKH:

26 26 26 26 o ]
l)d:l),a=3.lllyxald\mcua. 333"
2) d=4, a=2. Illykani wcna: 2, 6, 18.

6
Bionogide. 5724 2 abo 2, 6, 18.*

3.234-%
3agaua 2. Tpu pisHi uncna x, y, Z yTBOPIOIOTE ¥ BKa3aHOMY TIOPSIKY Ieo-
METpHYHY TIDOTPECiio, & WHCA X+, ¥ +Z, Z+X YTBOPIOIOTh Y BKA3AHOMY IOPS-
Ky apuMeTHIHY IPOrpeciio. 3HaiiiTh 3HAMEHHUK TCOMETPUIHOL TIporpecii.
* 3r{HO 3 YMOBOIO, # X, Y, 2(x #0), + X+, y+Z, 74 x. BUKOPHCTOBYIOUH Xa-
DPAKTePUCTHYHI BIACTHBOCT NPOrpPECiii, YTBOPIOEMO CHCTEMY DIBHAHB:

¥ =X Y=z by b s
2(y42)=x+yrz x| yHe=2% H AR

st

MaeMo CHCTEMY IBOX PIBHSAHB 3 TPHOMA HEBIIOMHMH. AJie MM IIYK3EMO He.

PRENRE s b4 : K
cami HeBiIOM X, , Z, @ BUMHOMEHHA 2. BUKIII0YAI04H Z i3 CUCTEMM, AICTAHEMO:

4 P
- Ll L Z Po,
yi=2x xy(x} =2

€ npa pumanku: 1) %:L Lleit BHTANOK HEMOXIHBHIK; 60 33 YMOBOIO mawm#

I

3

x i y pisHi; 2) §=—2.

X,-2X,4X; + —X,2X,5X. et WUSTIND Bt €l




[image: image32.jpg]Poagin Il. KomGinosawi 3anasi Ha nporpecii 31

3anava 3. 3HailTL OTHPH LUTHX YMCNA, 3 SKUX NEPLI TPH YTBOPIOIOTH
I'COMETPHYHY NPOTpecilo, a OCTaHHI TPM — apHdMeTHUHY, TPHYOMY CyMa
Kpaitrix uncen nopiHioe 21, a cyma cepenix 18,

* Hexait x, y, z,# — myKaui wncna. Togi + x, y, 2+ ¥, 2,5 X+ =21, y+z=18.

BpaxoByioi XapaKTepUCTHYHI RIACTHBOCT NIPOTPECiH, YTBOPHMO cHeTeMy
PiBHAHD

yl=xz, O
2z=y+t, @)
x+t=21, (3)
y+z=18. @)
Buxmouaiou f 3 pisHsHb (2) i (3), icTanemo:
x=y-2z+2L (5)

I3 pipnsiHs (4) Maemo: z=18-y. Tenep i3 pisranuz (5) micraHemo:
x=y-2(18-y)+21, x=3y-15.
I3 piBasinus (1) Maemo:
2 =(3y-15)X18-y), 4y* ~69y+270=0,
45
¥ =63, =7

¥, He TixomTs, 60 32 YMOBOIO y — wiife wncio. Otxe, y=6. [ani sHaxogumo
Xx=3,z=12,t=18.

Bidnoeids. 3, 6, 12, 18. *

3anava 4. Cyma nepumux TpoX WICHIB apudMeTHIHOI porpecii iopiBHioe
15. Sxio no Hux nosaTv Binosiako 1, 4 i 19, To nicTanemo Tpu TIepILIHX Wie-
MM reoMeTpUYHOI nporpecii. 3Hainits ui yucna.

*+ag,a+d,a+2d
a+a+d+a+2d=15, a+d=5
# a+l;5+4;a+2d+19, # a+1,9,d+24,
60 a+2d+19=a+d+d+19=5+d+19=d+24.
BHKODHCTOBYI04H XapaKTCPHCTHUHY BIACTUBICTb TEOMETPUYHOI POrpecii,

YIBOPHMO CHCTEMY DPiBHAHB

81=(a+1)(d+24),

{a +d=5.

13 uiel cucremu Maemo:
1) a=26, d=-21
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Ilyxani yucna: 26, 5, —16;

2) a=2, d=3, llykani ynacna: 2, 5, 8.

Bidnoeids. 26, 5, —16 a6o 2, 5, 8. *

3anava 5. 3HaiiiTs wucHa X, y, 2, /, AKIO BOHH € TIOCTIIOBHUMH WIEHAMH
apudMeTHaHoi nIporpecii, a wncna x+5, y+2, z+1, £+4 € MOCTIIOBHAMH WieHa-
MH FCOMETPHIHOI Tporpecii.

*+x, 9,5t x=a, y=a+d, z=a+2d, t=a+3d.

3rigHo 3 YMOBOIO = a+5, a+d+2,a+2d+l, a+3d+4.

KOpHCTYIO9HCh XapaKTEePACTHYHOIO RIIACTHBICTIO FEOMETPHUHOI mporpecii,
CKJIAJAEMO CHCTEMY DiBHSHB:

{(a+d+2)’ =(a+5)a+2d+1), {d’ -6d-2a=1,

(a+2d+1)* =(a+d+2)(a+3d+4); |d* ~6d-4a=T;

a=-3,d,=,d,=5.
Axuwo a =-3, d=1, uwucna a+5=2, a+d+2=0, a+2d+1=0, a+3d+4=4 ne
YTBOPIOIOTH T€OMETPHYHOI nporpecii.
Sxmo a =-3, d=5, Maemo wacna x=-3, y=2, z=7, 1=12. Yucna a +5=2,
a+d+2=4, a+2d+1=8, a+3d+4=16 yTBOPIOIOTH FEOMETPHYHY MPOIPECiio.
Bidnosids. x=-3, y=2, z=7,1=12.*
3axaua 6. 3pocraioui apupMeTUIHA T2 TEOMETPHYIHA NPOIPECii MalTh 0/1-
HakoBi Tepwi ABa wWiekn. JIOBEAITh, MO KOXHHA WiEH reOMETpHYHOI Npo-
Tpecii, MOYMHAIOUN 3 TPETHOTO, GibIIMH 32 BiIOBIHMH WieH apudMeTHaHOT
mporpecii.
* Cnoci6 1 (Memod mamemamusnor indyxgii)
Hexait + a,a+d,..., = b,bg...3a ymoBoio a=b, a+d=bg=aqi d=a(q—1).
3a ymoBolo 06mBi nporpecii 3pocraioyi, otxe, d>0, ¢>1, a =£—1>0.
Josenemo, mo
by >a, & bg* >a+2d & ag* >a+2a(g-1) & ¢* >142(g-1) = (g-1)" >0,

10 CIpaBe/UHBO, 6o ¢>1.
Hexait b, >a,, T06T0
ag* sa+dk-1 o ag*' >a+a(g-1)k-D e ¢ >1+(g-1)(k-1. (5)
Tpe6a noBecTH, MO

b, >a,, ©ag* >a+dk < ag* >a+a(g-Dk = q* >1+(g-1k.  (6)

JloBenemMo JOToMiKHY HepiBHICT:
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—¢*' > k(g-1)-(g-1)(k-D). (7)

Tlomitimo, mo (7) ¢ ¢* (g-1)> g1 ¢*"' >1, mo cnpasewmmso, 60 g>1.

Tenep nonamo nowieHHo Hepisocti (7) i (5) i gicranemo HepisHicTs (6).
Cnoci 2

a, <b, = a+d(n-1)<aq""

"o avalg-1)n-D<ag™" &

o1+n-D(g-1)<g™ e n-1< & ~

@ n-l<l+q+g’ +..49" 7,

1o cripaseyBo, 6o ¢>1 *
Bapaua 7. € nBi 3pocrawoui nporpecii: apudmeTHuna a,,a, +d,
d>0, Ta reoMeTpruHA b. 10,4, 5,50, g>1 S1Ka 3 HuX 3pocTae LBMALIE?
* ApudmeTiina nporpecis Mac saransimit wien a, = a, +d(n-1), a reomer-
puuna — b, =b ¢"'
Posrnanemo BigHOMICH S

a, >0,

a,, a -tdn
b by )

nr

Ockineku ¢>1, TO JE>1 i ,/E:Hy, ney >0.
3a HepiBHicTIO BepHysni

(Ja)" =(1+y)" 21+my > ny.

Bpaxosywouu (8), Maemo:
L +dn

bs 5,(a)" b(m)

TakuM YHHOM, MA€ Micle TOIBiHA HepiBHICT:

o a,, a -+dn
b,., "y

a, +dn Bl
Oclcuu»x.uhmb ,v,_o TO i lim =0.
i

Bidnoeids. leoMeTpHHA MPOTPecis 3pOCTAaE WBKIILIE, HiX apudMeTHyuHa. *

3anava 8. Heckinuerua apudMeTHHa MPOrpecis CKAAAETHCS 3 HATYPAI b=
HHX yucest. [JoBeNiTh, 110 BOHA MiCTHTL HECKIHUEHHY TeOMETPHYHY IIPOIPECiio.

* Hexait a,a+d,a+2d,... — HeckiHYeHHA apu(MeTHUHA NpPOrpecia, Bei
WieHM #fKOi HaTypanbhi umcna. [TOCHINOBHICTH i3 3araiibHUM  'WIEHOM
b, =ald+D"", ne N, e reomeTpruHOK Nporpecieio. 3 iHmoro Goxy,
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b, =a(d™ +(n-Dd"* +.. +(n-Dd+1)=a+dm me N.
OTxe, BCi WieHH NOCiNOBHOCT {b, } HaJleXaTh AaHii apud)mernuHiif mpo-
rpecit. *
3anaua 9. O6uncnite cymy Z‘hb“ nie a,, b, sinnosinHo wienwn apud-

METHUHOI Ta reOMETPUYHOI NPOIPECii, MPUUOMY 3HAMEHHHK reoMe'rpu'mm
Hporpecii He J0piBHIOE ONMHHILI.
* Hexait u, =a,b,. Toxi

u,, —u,=a, b —ab, =(a‘ +d)qbk -a,b, =
=a,b, (g-1)+dgb, =u, (g-1)+dgb,.
TMoknazaioun y 3106yTiit piBHOCTI k =1,2,..., /i, MAEMO:
u, ~u, =u, (g-1)+dgh;, u; ~u, =u,(g-1)+dgb,, ...,

u,., ~u, =u,(q-1)+dgb,.

Jlonamo mowieHHO Bei i piBHOCTI i icTaHeMo:

/

Uy =y :(q—l)g,u,‘ +dq§b,(,

b= _dab(g" 1)
= ¢-1  ¢-1f = -1 N

Lo dopmysry MOXHA MEpPeTBOPUTH:
a,.b,., -ab dqb(q —1)

el nsl

C (a-1)"
_( +dn)b,q" ~ab, dgh (¢"-1)
: gl ) e
_aba"-D) dnbg" dab(g"-1)
g 4T glneiig=tte

_ab (@' -1) dnbg*(a-1)-daby (" -1)
TR (¢-1)’ <
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ab(q"-1) db, :
et S (n-Dg"* +
P PRy ((r-Dg™" —ng" +q).
Omxe,
=1 dbl ael " *
é‘ ah ok 1 ) [(n-Dg"*" —ng" +4]. ©)

3anaua 10. O6umCiTs CyMy § =1-2+3—4+..+(-1"" .

* 8= DMk =—Y (-DF k.
k=l k=l
Maemo cymy noGyTkis @b, ae @, — apucdmeTHIHa mporpecis, b, — reo-
MeTpHYHA.
a, =k, a,=1,d=1;b, =(—D" b, =-1, g=—1. 3rizHo 3 dopmyroio (9)

- 1) (=D
.
2( D k=1-(-1)— (_1_1),

[(r=D 1! =1y 21]=

=(—_l—)2—:1-%[(n-l)(—l)"‘ +n(-D" -1]=
P21 1 18
== —4[(2,,41)(4) -1].
Octaro9H0 MaeMo:
1D D™ @n-D-1
i l p— %
o ;,‘ AT 4 :

3apava 11. [ocixoBHicTs {u, 5 n<l} 33J@HO  PEKYPEHTHO: U, =a,
u,, =qu,+d, n>1, npudomy d #0, g#1. 3Hainite Gopmysy 3ararbHOrO wieHa
Ta CyMy 7 TIEpIIMX WIEHIB i€l mociioBHoCTi.
* lara nocnigoBRicTs Npy ¢ =1 NEPETBOPIOETACA HA apUQPMETHYHY, & PR
d =0 — Ha reomMeTpuyHy nporpeciio. Tomy ii HaauBaoTh apUPMETHIHO-TeOMET-
PHYHOIO TIpOrpecicio. Beenemo HeBM3HAYCHUH KoeillieHT A Tak, 1100 BUKOHY-
Banach piBHICTH U, | ~A =q(u, ~1.). Toni U, =qu, +h (1-g), sBinku

A(I—q):dil:ﬁ.

OTxe, NaHa TIOCITOBHICTh 3A1AETHCA PIBHOCTAMM:

AR M g ) e
Uy = = s A2l
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Tloknasmm  y, :u,—g, MAEMO: ¥, =qy,. ToMy nOCHiIOBHICTE

{ Vi nzl} € TEOMETPUIHOIO MPOrpeci€io 3i 3HAMCHHMKOM ¢, OTXe,

SO (WO (5) (S
' l_q— ulfl_q -q .

calil ST
+ ‘(a l—q)q +l—q' (10)

BuxopucToByiouu (OpMyTy CyMH T€OMETPHYHOI porpecii, MaeMmo:

B e 1-¢" L-
—l_q]gq + _[a— } e (1)

1-q ) 1-¢q
Haﬁe}muo YHCTIOBHI TIpHKJIan,. -
TlocninoBHicTs 3a1aHo peKypenTHO: u, =23 u  =2u, +1. 3naitmirs
u, =f(Wis,.

* Y upomy Bunanky ¢ =2, d=1. I3 popmymm (10) picraemo:

u, =(27_i1]2"" +L, u, =32"" -1

I3 dopmymu (11) gicraemo:

Bapaui ans camoCTIHOro Po3B’A3yBaHHA

1. Mepruwit, Tpetiit i OAMHAIUATHI WICHH apudMeTHyHOI nporpecii € noci-
JIOBHMMH WICHAMM TeOMETPHIHOT Iporpecii. 3HaiiTh 3HAMCHHHK Hiei porpecii.

Bidnogids. 1 abo 4.

2. Apu)MeTHUHA i FeOMETPHUUHA POrpecii MAloTh OAHAKOBI MepIi WICHH,
sIKi IOPIBHIOIOTE 5, TPeTi YiCHN TakKoX PiBHi, a Apyruil wieH apudmeriiHoOi
nporpecii Ha 10 GimpiImii Bix Apyroro WieHa reoMeTPHUHOL nporpecii. 3HakiaiTs
PI3HHLIO APUDMETHIHOT | 3HAMEHHHK rEOMETPHYHOI IIPOrPECiid.

Bidnosios. d=0, g=-1a6o d=20, g=3.

3.V reomeTpuuHii riporpecii mepuumii, TpeTiit i n’sTuit wieny € BixmoBinHO
NEPUIMM, YETBEPTHM i LICTHAZUATMM WICHaMH apu(MeTH4HOi nporpecii.
3Haiifite yersepTHi WieH apudMeTHHOI nporpecii, sKwo il nepumit wWieH
JIopiBHIOE 5.

Bionogids. 5 abo 20.
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4. Cyma TpbOX 4MCeJ, 110 CKIANAIOTh apUMMETHIHY MPOTPECiio, AopiBHIOE
30. SIKIO Bix MEpUIOro UMCNA BiHATH 5, BiXl APYroTo 4, @ TPETE JanMimTH Ge3
3MiHH, TO 3106yTi YMCIIa YTBOPSITH FeOMETPHUHY HpOrpeciio. 3HaitaiTs i uncna.

Bidnoeids. 17, 10, 3 abo 8, 10, 12.

S. Tpu umcna, cyma AKX 93, YTBODIOIOTH 3DOCTAIONY TEOMETPHUHY NPO-
rpecifo. Ili uncna MOXHA PO3MIAAATH 5K TP, APYTHIE Ta CHOMMI WIEHH
apudmeTHaHOl nporpecii. 3nalinite ui umcna.

Bidnosids. 3, 15, 75.

6. BHaliNiTh YOTHPM LUTHX YHC/A, 3 AKKX TIEPIHi TPH YTBOPIOIOTH apHbme-
THYHY TIPOTPECilo, & OCTaHHI TpH — reomeTpuuny. Cyma ABOX KpaifHix umcen
JnopisHioe 37, a 1BOX cepeiHix 36,

Bidnosidw. 12, 16, 20, 25.

7. B apucdmernuniit nporpecii apyruit wiex aopisrioe 14, a tperiit 16.
3HaitAiTe reOMETPUYHY INPOrpeciio, 3HAMEHHMK SKOi JOPIBHIOE pisHMLL
apudMeTHIHO] TIPOrpecii, a CyMa NepIIMX TPHOX WIEHIB € OIHAKOROIO LI 060X
nporpeciif.

Bidnosidw. 6, 12, 24.

8. Yucna x, y, Z yTBOPIOIOTH T€OMETPUYHY IIPOTPECiio, a unena x,2,3z —
apubMeTHyHy, 3HAHNITL BUIMIHHMIE Bil OXMHMII 3HAMEHHMK TEOMETPHYHOT
nporpecii.

Bidnosids. %

9. Tpu uncna YTBOPIOIOTE 3pOCTaI0Ny TCOMETPHHHY NpOrpeciio, SIKINo apyre
YMCII0 3MEHLIMTH Ha 4, a nepiue i TpeTe He 3MiHIOBATH, TO 3106YTi YuCHa yTBO-
PATb HOBY '€OMETPMYHY MPOIPECiio.

Slxmo Tperiit wieH HOBOI mporpecii 3MCHWMTH Ha 9, a Mepimi aBa He
3MiHIOBaTH, TO JicTaHeMO apudmeTHyHy nporpeciio. BusHaure ni uucna,

Bidnosids. 1, 2, 4.

10. Tpu umcIa YTBOPIOKTL TEOMETPHUHY MpOrpeciio. SIKIO Apyre “MHCIO
3OUIBIIMTA HA 2, TO TIPOTPECisi CTaHe apUOMCTHYHOIO, @ AKUIO ITiCHs LBOTO
30UIBIIMTY OCTAHHE YMCIIO Ha 9, TO MPOrpPECiA 3HOBY CTAHE TCOMCTPHYHOIO,
3uaiinite ui yncna,

; 4 16 64
Bidnoeide. 4, 8, 16 abo 25725725

11. Pisuuua apudmernyHoi nporpecii pinMinna pin Hyms. Yucna, wo xo-
PiBHIOIOTH OGYTKY MEpUIOro wieHa Hi€i nporpecii Ha APYrwii, Apyroro wiexa
Ha TpeTiif i TpeThOro WieHa Ha NepiIuii, yTBOPIOIOTH ¥ BKa3aHOMY MOPSUIKY reo-
METPHYHY Nporpeciio. 3Haiiits ii 3HaMCHHUK.

Bidnoside. —2.
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12. 3uaiinits cymy:

a)ik-q‘;
5)225,

=i

) ):(2k+1)-3'.
k=1
2

sl
q-(n+1g"" +nq 62— n+ Lo B)" et
() 2

13. TMoc/nOBHICTS 3aNaHO PEKYPCHTHO: 1, =0,u,,, =3u, ~2. 3malinitbu, iS,.
1-3"
Bionosiob. u, <1-3""; S, =g tn

Bionosios. a)

Niteparypa

1. Matynun M. H. Matemarua st ocTynaionyx s 5y3sr.— M., 1999.
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: METOJ MAJIIKOBA

¥V xypHani «Maremaruka B mkose» Ne 5 3a 1979 pik 6y/10 BMimeso 3amiTky
[1]. ¥ niit #imutocs npo oiuH METO/1 PO3B’A3aHHA anreGpaidHUX 3a/1a9 Ha NOBe-
JIeHHSA, KNIk 3aMiHIOE MeTo/l MaTeMaTHYHOI iHaykuii. [loGpe Binomo, 1110 MeTon
MaTeMaTHIHOI IHIYKILT BaKKO 3aCBOIOETHCS YUHAMM. Y 3rajlaHiil 3amiTiti npo-
TIOHYETECS MCTOJI, 33 SKOrO B 6araTh0X BUNANKAX MIDKYBAaHHS CIIPOUIYIOTECSH
i craloth GUTBII ZOCTYITHUMK TIOPIBHSHO 3 METOIOM MaTeMATHYHOI iHIYKLL.
PosrnsseMo 1eit METON y TPBOX ACTIEKTax. .

1, ToximsHicTs.

2. [loBeneHHs TOTOXHOCTEH.

3. loseneHHs HepiBHOCTEI.

1. Po3g’a3yBaHHs 3aa4 Ha NoginsHicTs

PosrsnaTumMeMo TUTBKH Uit Yucaa. Z — MHOXHHA uimx unces, N —
MHOXHMHA HATYPAILHHX WHCeN.

N:{l,l,S,..}, N, :{0,l,2,3....} — MHOXHHA LUTHX HEBLL'EMHHX “MCesl.
3anuc 720 o3nayae, wo ne N,.

Osnavenns. [line yucno a ainuTbes HA Uine YuCIIo b, SKILO icHYE wine
YHCI0 7 TaKe, IO & =bt.

3anmcyloTs 1ie TaK: 3Hak : noaHavae HiHApHE BITHOLICHHS, 4 He orepa-
uito. Tomy 3amucu (@ +b):cia+b:c 03HaYaloTs OfHE i Te caMe: Cyma uncen aib
JUITMTECS HA YMCIIO ¢, AJUKE HE MOXHA JI0 MMCIA 4 I0/IaTH OiHapHE BUIHOIICHHS.

Bupasa 1. JloBexiTh Taki BIaCTHBOCTI MOAUIBHOCTI:

a) a:a (pedieKCHBHICTD);

6) sKmo aibibic, 10 aic (TPaH3MTUBHICTE);

B) AKINO @icibic, To a+bicia-bic

1) Ko @b ibia, 10 a=b abo a=-b;

1) skuo atbh i a 20, ro|a|>|b];

e) sixuio ath i|a| <|b], T0 a=0;
X) Juist Toro 1106 @b, HeobXiAHO i f0cTaTHBO, 1106 |n|E|b|,
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T Teopema 1. Hexait € YMCioBa TOCHIIOBHICTh {a,,nzo} i HarypaibHe
aucenio m. Simo
1% a’fm(pe N,)i
2. a4, ,~a,imupu n=p, 10 a, :m NpH Beix n> p.
* 3rinHo 3 ymoBoio, 1° @, =tm. I3 yMOBM 2° Maemo:

a,, -a,ima

Omxe, iCHYIOT Uini WHCNA 1, 1y,...,1,_, Taki, 10

pea G, M @, —a, im.

a =t,

w1 o

—a, =t ma,,, =y =t,m; ...; a,—a,

241
Jlonaioun BCi i piBHOCTI, AicTaHeMO:

B3 =(/I by +...+1,,,,)m=lcm,

ae k — wine wcso.
Orxe, a, =a, +km=tm+km=gm, ie g — uine IUcIO.
Ile o3navae, Wo a,:m pu n > p. 3okpema, sxuio p=0,710 a,:mnpu n=0.*
Hpuxnan 1. Hosenits, mo a" ~1ia-1npn n20, a € N, a22.
* Hexait x, =a" -1, n20,a€ N.
1% xp=0:0 -1
2. %, -x,=a""-1-(a" -D)=a"" -a" =a"(a-Dia-1 3rigxo 3 Teope-

Mo 1, x,ia—1 mpu n20.*
Bnpasa 2. loneiTs, 1110
+lia+l

1) a’ +la+lnpu n>1;
) (a+D"-lia npu n>0,a € N.
Hpuknan 2. a, =(n-1)* +n’ +(n+1)°. Joexits, wo a,:9 npu n=0.

(41 +(n4+2)° (0D +0° +(n41)) =
=(n42)* ~(n-1)° =9n* +91+9:9.

3rimHo 3 Teopemoo 1, a,, 39 ipu n=0.*
aysancenns. a,:9 i npu Gyns-axomy uitomy sin'emMuomy n. JilicHo,
mincrasisioun y Gopmyiy a, (—n) 3aMicTb 4, Maemo:

(=n-1)" =n* +(=n+1)’ ==+ =n* ~(n-1° =—a,.
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Ockinsk# a, 19, T0 i (Va,l ):9. Otxe, mHorowIEeH
S0)=(x-1® +x* +(x+1)?
ALHTECA Ha 9 npu GyAB-IKOMY LIUTOMY X.
Tpuxnaa 3. a, =m" —(m—1)n-1, m22. Hosexits, Wo a,(m-1)?* npu n>0.
* 1% a, =0i0m-17.
258 a, = ~m=-D(n+D-1-(m" ~m-Dn-1)=
=m" m—D~(m—1D=n-Dn" 1.
3rizgHo 3 npukiagom 1, m" ~1im-1, orke, a,_y ~a,}(m-1)*. 3a Teopemoio 1
a,i(m-1)* nipu n>0.*
Bupasa 3. Jlosexits, mo npu n>0:
a) 3" -2n-1:4;
6) 4" ~3n-1
B) 5" —4n
1) 6" ~5n
) (&2 +)" —k*n-1ik*, k22;
) 10" -9n-1:81.
Tpuknaa 4. a, =2m"" ~(2-m)" -1, m>2. Josenits, wo a,im-1npu n=0.
* 1% @, =2m-2im-1.
2. a,,, -a, =2m"*~Q-m)"" -1-Q2m**' ~-@-m)" ~1)=

=2m"" (m=D+Q2~m)" (m-1).

~a,im-1npu n>0. 3a Teopemoio 1 a,im—1 npw n>0.*

Otxe, a
Bnpasa 4. [losexits, mo npu n20:

a) 24" —(-2)"-1i3;

6)2-5" —(-3)" -1:4;

B) 26" -(-4)" -1i5;

1) 2m"-Q-m)" -Im-1;

) 2k —Q2-k?)" -1k -1, k>1;,

€)2.9" -7 -1:8.

Tpuknan 5. a, =n-m""' ~(n+Dm" +1, m € Z, m#1. Josexits, mo a,i(m-1?*

mpu n20.
* 1% a, =0i0m-1?.
2. a,, ~a, =(n+Dm"? 2(n+2)m™" +1-(n-m"* ~(n+Dm" +1)=

nel
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=(n+D)-m" (n? +1)-Qu+2)m™" =(n+Dm" (m-17.
Orxe, a, , ~a,:(m-1)* npu n>0.
3a reopemoio 1 a,:(m—1? npu n>0*
Bnpasa 5. [losenite, o npu #20:
a) 2n-1-3"+14;
6) Bn-1-4" +1:9;
B) (4n-1)-5" +1:16;
) D" QD4
) DT 2 G
) (-1)"" :3"(dn+1)+1:16;
*) 2n-D3" +(=D""' 2n+1+2:8.

Bupasa 6. a, =n—-bXm+1)" +b, me Z, m#0, m#-1, b € Z. losesirs, mo

aim,

m Oanavenns. Muorowren 3 uimmu koediienramu P(x), 1o He € Hyib-
MHOTOWICHOM, HA3UBAETLCH M-TIOAUIBHHM, SKIIO U GYAB-AKOrO
uinoro unena x, P(x, )im(m & N). Hanpuxiaz, MHOrowien

PO)=(x-1"+x* +(x+1)’ =3x* +6x
€ 9-TIoniNBHUM (AMB, TIPUKIAN 2).

:T‘ Teopema 2. [Uisi Gy/ib-5IKOTO HATYPAIBHOTO /M iCHYE M-TIOAIBHUI MHO-
6 TOWIEH.

* Hexait a, =(n+1)(n+2)-...-(n+m).
1. ag=m!im.
2.a,, -a,=(0+2)(n+3)-..-(n+m+1)~
(D (n+2) (k) = (n+2) (n+3)-..-(n4m) (nem+1-n-1) =

=(n+2)(n+3).....(ntmdm.
Omxe, 2 —a,imopu n20. ‘
3a Teopemoio 1 a,im npu n>0. OdeBuIHO, MHOTOWIEH
P(x)=(x+1D(x+2)-...-(x+m)
JUTHTBCS HA M NIPY LIOMY Hegii'eMHOMY x. Tenep oBezemo, 1o P(x, )Emim-
i, ko X, — uie pix’emne wicro. Iixcrasumo B Gopmyny a, (~n) samicts .
b, =U-m@2~n)-....(m=n).
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1°. b, =0im.

2. b,,, =b, ==nU-mQ-n)-...(n~n-D-1-n)Q2~n)-...-(m~n)=

=A-mQ@=n)-....m=n-D(-n-(m-m) =A-mQ@=n)-...-(m~n-1(=m).
b, ~b,im npx n>1, orxe, a,im npu yinomy Bix’emuomy 2. e y croio uepry
o3navae, mo P(x)=(x+D(x+2)-...-(x+m) — m-nopinsHUHA MHOrOYIEH.

Hacnidox. JToGyTOK m NOC/IIOBHUX L{TMX YMCEN AUATLCSA HA m. 3 JIOOMo-
TOIO TeOpeMH 2 JIErko AicTati m-TIoAimsHi MHOrowieny. Tak,

P(x)=(x+D(x+2)=x* +3x+2 — 2-TOXINLHHH MHOTOWICH.

P()=(x+1)(x+2)(x+3)=x +6x’ +11x+6 — 3-noninsHuit (erko Gawuty,
o ueif MHOTOUWNEH 6-TIOAUIbHMIA).

P(x)=(x+D(x+2)(x+3Xx+4)=x* +10x> +35x% +50x+24 — 4-moniTBHU
MHOTOWICH Tomo.*

Bupasa 7, loBesits, mo:

) P(x)=x" —3x — 2-NOAUIbHMI MHOTOWICH; >

6) P(x)=x’ —4x — 3-mopineHuit MHOTOWIEH;

B) P(x)=x*-2x" +3x* -2x — 4-noAUTHUI MHOTOWIEH;

) P(x)=x" +4x — S-nofinbHumit MHOTOWIEH;

1) P(x)=x" - x — 6-OmiTBHUI MHOTOWNEH;

e) P(x)=3x’ +24x — 9-NOAUIBHHI MHOTOWIEH.
3 M-

Tpuknan 6. Jlano Muorounen P(x)=a,x" +a,x" +.4a,xt0,

mu xoedivientamu, a, #0. 3HalniTs HeobXiIHi Ta KOCTATHI YMOBY TOTO, 106
P(x) 6yB 2-NOALTEHUM MHOTOWIECHOM.
* Heobxionicms. P(0)=a, , oTke, g, i2.
P)=a, +a,+..+a,+a, 2.
P()-PO)=a, +a, +...+a,.
Ockineku P12 i P(0)i2, To i P(1)-P(0):2.
Omxe, HeobXiHi YMOBH TaKi: @, i2; g, +a, +...+a, 12
Hocmamuicmo, Jovesemo, mwo 1i x cami ymoBu € i mocrarnimu. Hexait
Al =2pi a +a, +.+a, =2k (p i k — uini uncna). Toai

a, =2k-a,-a,—...-a,.
P(x)=(2k-a,-a,-..~a,) x" +a,x"" +.+a,x+a, =
=2k -a,(x" =x"" )-a,(x" -x")-..~a, , (x" ~x*)-a,(x" ~x)+a,,,.

TlomiTaMo, o x™ — x*:2 npu x LinoMy i HatypansHux m i g. liticro, sxuio
X TapHe YMC0, TO YMcHa x™ i x? naphi, sKiIo X X HenapHe wicno, To x™ i x*
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nenaphi. B ofox sunankax pismuus x" -x’ — mapme wmcno. Orxe, npu
Oyb-sKOMy HitoMy x x™—x""i2, x"—x' vy X" —xi2 i pasoM 3 THM
P(x):2 (amxe a,, i2).

Bidnosids. Jlnst Toro mo6 Muorownten P(x)=a, x" +a,x"" +..+a,x+a,

|

nil

GyB 2-nofiiibHUM, HEOBXITHO i JOCTATHLO, 106 BUKOHYBANMCH YMOBH

91 *
a,4i2ia ta+.+a,i2 |

Brpasa 8. Un € 2-noAiibHUMY MHOTOWICHH: ]
a) P(x)=2x"+x;

6) P(x)=x"+x" +x* +..4x;

B) P(x)=-2x° ~11x° +3x* —x* —5x? +13x+2;

201

1) P(x)=x¥" +x¥" . +x2 +x, n21?

Bionoeids. a) Hi; 6) Tak; B) Hi; r) Tak.

IlikaBo POSMMHYTH IUTAHHS NPO HARMEHIIMI CTETiHb M-NOAUILHOO
MHorowieHa. HaBoauMo 3aMiTKy 3 XypHaty «Y CBiTi MatemMaTHKi»,

OpHa uikasa npo6rema NPo 3Ha4EHHA MHOTOMIEHIB

0. I. Kykyw, P. Il. Yuaxos
3adikcyeMo HaTypaIsHe THEAO Mm>2.

m Osnavemns. Muorownen P, (x) 3 uimmu koedilientaMu Ha3uBaeTsCA
M-TIOAUTLHAM, SIKIIO TIPH GY/b-SKOMY UUIOMY & YHCI0 P, (k) nimarest
Ham 6e3 ocravi.
Tpuknag, P,(x)=x"-x, P(x)=x"-x, B(x)=x"-x.
Meuorowien P(x)=x’ —x € TaKoX 6-TIONTEHAM, 4 MHOTOWICH
0x)=(x*-1)(x*+2x)
€ m-TioaiIHNM TIpU m=4 Ta m=8. Jlerko GauuTH, MO Npyu GyaAb-SIKOMY m>2
muorowieH R(x)=(x+1D(x+2)-....(x+m) € m-noninsHIM.

',15 Teopema. Hexaii m — npocre uncno, Toai P(x)=x" —x € m-NOAULHIM
MHOFOWICHOM.
Josedennn
Sikuwio k=ml, ! & Z,10 PU)=k (k™ ~1)=ml (k™" ~1), mo abmmrscs nam.
Ao x k#ml, | € Z, 10 uncna k Tam B3AEMHO TIPOCTI i 3TN0 3 MAIOIO TeO-
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pemoio Mepma k*™' ~1 mimurhest na m. Tyr ¢ Om) — ue dynxuis Eitiepa, mo
JOPIBHIOE KUBKOCTI HATYPANBHUX YHCEJ, MEHIIMX 32 7 Ta B3AEMHO NMPOCTHX
3 HUM.

bt npocroro m @(m)=m-1. Tomy npu k #ml

PU=k (k™ 1) =k (k"™ =1)im.

TIponosyemo mpobiemy: ULl JOBUIBHOTO HATYPATBHOTO Mm22 SKOMOra
TOYHILIE OUIHUTH 3BEPXY TA 3HU3Y HAMMEHIIMI CTeMIHb M-TIOAUIBHOrO MHOTO-
wieAa i3 B3acMHO npocTHMK KoeditienTamu (Uit unena ag, @, ...,d,, HasuBa-
JOTECA B3AEMHO NPOCTAMM, AKULO iXHili HAHGUMBUINA CHUILHMA AUTBHUK
zHopisHIOE 1).

30KpemMa MOXHA [OBECTH, LIO JUIs MPOCTOro 4ucaa m et cTenine 10~
PiBHIOE m.

(Y cairi marematnku.— T. 7.— Bun. 1.— 2001.)

Teopema 3. Hexait € unciiosa NocnigoBHICTE {a,,nz(}} i HATYpaAIbHE
wueng m. Sxino

1°.a,im (pen,).

2. a,,, —ka,imnpu n>0(k € Z), 10 a,im 1pn n>p.

* 3a ymoBowo 1°. a, =sm, ne s € Z.

3a ymooio 2°. a,, —ka, =tm, a,.,-ka, =t;m a,, ~ka,, =t;m, ...,

a, —ka,,=t,_ . ma,—ka, =t,muet,t,..l, , — W W4CIa.

JIOMHOXHMO TIEpIIy 3 LUX PiBHOCTEN Ha k™", apyry — Ha k" Tpetio
Ha k"%, ..., mepesocTanHio — Ha k. Toai Aictanemo:

k" =kt =t k" m,
pl ’ 1

n-p-2 el —4 pnp-2
k (R =l B ,

»

K 2a,,s —k P a) ) =t,k""7m,

ka,, ~ka,,=t,_, km

n=p-1
@, ka3 =r,:,m

Jlofalouy MOWIEHHO BCi 1t PIBHOCTI, AiCTaHEMO:

e -5t n-p2 n-p-3
akt —m(tl-k"‘ kP kT A »k+r,,,).

’

3pifcu MaeMo:
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a, =k""-sm+mt=qm

(5,4, ¢ — uini yuca).
Omxe, a,im*
Teopemy 1 nicraeMo 3 Teopemu 3 mpu k=1 |
pnxnazx 7. Josezits, mo a*'~ +6*ia+b (a i buini, a+b#0, n>1). |
* Hexait a, =a®" +5",
1".a =a+bia+b. |
2°. BuGepemo k=b’.

a, =a¥ 4pin

nel
o —ba, =a™ b1a? = g (a2 -5 a 4, ¢
3rigHo 3 Teopemoio 3, @,ia+b npu n>1*

Bupaga 9. JloBe/iTh 32 JOMOMOT0I0 TeOpeMH 3, mo mpH n>1:

a) a"-b"ia-b;

6) ™' —b"""ia-b;

B) @™ b " a+b;

1) (a+b)" -b":a.

a

Tpuknan 8. x, =at" +Kt-a-b)", ne t, a,b — uini wucna, t#a-+b, a+b#0.

Hosezits, wo x,:a+b npn n=0.
* 1% x, =a+bia+h.
2. x,, =at™' +b(t-a-b)"",
X,,, 1%, =bUt—a~b)""! ~tb(t-a-b)" =
=blt—a-b)"(t-a-b~)=-b(t—a-b)"(a+b).
Orxe, x

w1 —1%, i@+ Tipu n>0.
3a reopeMoio 3 x, ia+b*

Bnpaga 10. JlosesiiTs, mo mpu n>0;
a) 5" +2"1:3;

6)2.7" +3-2"i5;

B) 3.9"+4.2":7;

1)3%H 14 43

) 752 +12-6":19;

o) S* I 117,

x) 5" 265" +82*1 159,
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Tpuknan 9. Mosenirs, mo npu n>0
{ P 4 (p-1)" 102 -p L (pe 2).
s p (1) = (02 ) +(p-) (p-1)".
1‘ Toknanemo: p=a, p* =t, (p-1)" =b, Toni
\ t-a-b=p-1, atb=p’ —p+l
Brinso 3 npuknanom 8,
p(p?) +(p=1)'(p-1)' ip? - p41*
Bupasa 11. losexits, o npu n=0:
a) K (kD™ +(k+Dk" 1k? +k+1;
6) (k+2)*"' + k2 (3k +2)" ik* +k+2;
B) K (k4D +(k+3)(k-2)" 1 k* +k+3.
Bupasa 12. [losegits, o npn n>0:
a)4.9"+3.2"i7,
6) 5:25" +9-11" i14;
B) 9:4"-2(=3)"17;
1) 16:9" -3(-4)"113;
1) 16-(-10)" 22"+ 1145
€) 9-(-3)" -2 37
x) 16-5" +7.2":23,
Tpuknan 10. x, =(a-Dt" +b(t-a—b)" +(t+a+b)", ne t,a,b — uini uicna,
t#+a+b, a+b#0. losenits, o X, a+h.
*1° x, =atbia+h.
2. x,,, =(a-D"" +bt—a-by""! +(t+a+b)"",
x,,, —tx, =blt-a—b)"(t—a-b-1)+{t+a+b)"(t+a+b-1=
=-b(t-a-b)"(a+b)+(t+a+b)"(a+b).
Onxe, x| ~&x, ia+b. 3a Teopemolo 3 x, ia+b npu n20*
Bupasa 13. Jlosesirs, wo npu n=0:
a) 8" 3" +13"15;
6) 9" +3:4" +14":5;
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8)2:10" +4.3" 4177 17; Y |
415" +7-37 4277 112; /
1) 397" 43.27 416737, /
Bupasa 14, [Tosezits, 1o npy n>0:

B (p 1) (p+1) " +(p+1)p" +(2p2+3p+2)" i p+ ptl (k € Z, k£0, k21,

Brasiexa. Toknanits y npuknani 10; a=p?, b=p+l, t=(p+1)1;

6) p*(3-3p)" -2 (p-2)" +(2p7 -5p+5)"ip ~p+1 (p 2). /
Bkasiexa. TToknauits y npuknani 10: I
a=1-p,b=p*,1=(p-2)".

Bupasa 15. [losenirs, mo npu n20:

a) 8-16" +4.3" +29" 113;

6) 16(~9)" -4 4177113,

Mpuxnan 11, a, =(m+D*" -m* —2m-1, ge m e Z, m#0, m#-1.
Hoseaits, mo a, i m(m+1)2m+1) npu n=1.

* 1. a, =0, orxe a, : m(m+D@m+1).

2% a,,, =m+1)’"? —m*? —2m-1,

a,  -m’a, =m+1*"? —m* (n+ D ~2m-142m* +m* =
=(m+ 0 Q)+ Qm 1) 1) = QD +1 (4D +m—1),

Ockinsku (m+12"" =13 m, 10 # (m+1*"" +m—1: m. Orxe,

a,  ~m'a,:mm+DQm+D).

ne1

3a teopemoio 3 a,, i mOn+1)Q2m+1) npu n21*
Bupasa 16, [osenits, wo npu n21

a) 9" -4"-5: 30;

6)16" -9 -7: 84;

B) 25" 16" -9: 180.

Mpukaan 12. a, =(n+Dm"*? ~k(n+2)m"™ +k™*2, ne mk — ini, m#k.
Josenith, o a, : (m—k)* npu n>0.

1% ag =m-k)*  (m—k)*.

2. a,, ~ma,=m"*~km"? +k"* (k-m)=
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\

\ =m" 2 m=k)- k" m-k) =(m=k) (m"*? ~k"*2),

| Ocximkum"? —k"*im-k,10a,, -ma,:(m-k)* ia, m-k) npun>0*

| Bupasa 17. [losexits, wo npu n20:
\a) (Bn+4):2™" 41" i 9;
16) (5n+4)6™ 41 25;
B) Gn-D7e 44,
1) (Gn+7)-3"1 (122 125,
Hpuxnan 13. a, =(n-2)m" —k*nm"? +2k", ge m k — uim, m#0, k=0,
m#k. Jloseits, w0 a, | (m—k)? npu n=2.
1%, a, =0: (m—k)%.

2.a  -ma,=m""' -k’m"" +2k" (k-m)=

=m" (m? —k*)-2k" (m—k)=(m—k) ("~ (m+k)-2k" )='
=m=k)(m" k" +k(m"™ ~k")).

Ockinbku m" -k" im-k i m"' —k"' im-k, 1o it a,, —ma, ;i (m-k)*. 32
Teopemoio 3 a, | (m-k)* npu n>2.*

Bupaea 18. JlosesiTs, o npyu n>2:

a) 2-3" +(40n-98)- 7" 1 16;

6) 2-3" +(911-200)-10"*

B) (15n—32)-4"2 +2-(— l)"zs

3anava 1. 3HalniTh HaliMeHmE HATYpaIbHE 4MCIO b Take, IO
a, =B3n-1-4"+b39 npu n>0.

*a,, -a,=9(n+D4".

Orxe, a,,, -a,:9 npn n20, 10670 BHKOHaHO BuMOIy 2° Teopemu I
a, =—1+b. HaitMeHIe HaTypaibHe b, IIpH AKOMY @, : 9 — ue b=1. TIpu usomy
BUKOHAHA BUMora 1° Teopemu 1. Takum ynHowm, (3n-1)-4" +1: 9 npu n20.

Bidnosids. b=1*

3anaua 2. Un icHye wize uncno b ake, wo a, =3"*' +5* +b nimaTees Ha 7
npu n=0?

*a,, -a,=2-3" +24.5%".

Skuo a, 7 npu n20, 10 @, -a, i 7 npu n=0. Ipore npy n=0 Maemo:
a, —a, =2-3+24:1=30, otxe, @, ~a, He JThes Ha 7.
Bidnogids. Takoro umcna b He icHye.*
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2. loBeieHHS TOTOXHOCTEN .
Merox ManikoBa U1sl IOBEAEHHS TOTOXHOCTEH IPYHTYETBCS Ha JIBOX TEOPEMax;

?f Teopema 1. Hexait {u, ,nz()} -ra{b”,nz()} — i moeninosHocTi. fxio
BUKOHYIOTECS IBi YMOBIL: /

/

1. a, =b,, p20. |
2. a,, -a,=b,
* 3a ymoBoIo 1° BUKOHYETHCA piBHICTE @, =b, /s meHoro p 0. Hexaii
nzp+l 13 ymosu 2° s k=p, k=p+l,..., k=n-1 micranemo piBHOCTI:
a,,-a,=b,,~b,,0,,-a,,=b,,-b,,,..a,-a,, =b,-b,,
Honaioun nowieHHo Bei 1 piBHOCTI, NiCTAEMO:
a,-a,=b,~b, a6o a,~b,=a,-b,.
Ocxinbku 3a ymosoio 1° a, =b,, 10 a, =b, wist Beix n=p.*

ko by A7 BCIX K2 p, TO @, =b, Mt BCiX n=p. [

T Teopema 2. Hexait € nsi mociizoBHOCTI {a,,nzo} Ta {b,,nzo}, ne
a, #0,b, #0,i=0,1,2,..., . SIKIO BUKOHYIOTHCH /Bi YMOBH:

18 e=h s

b,
2'.—‘:3’~=—'1wm BCiX k2 p, T0 @, =b, ans Beix n2 p.
i :

* Hexait n=p+l. 3 ymosu 2° wist k=p, k=p+l,..., k=n-1 gicranemo

piBHoCTI

3a ymosow 1° a, =b,, otxe, a, =b,.*

TpupozHo Teopemy 1 3acTocoByBaTH [Jisi IOBEAEHHS TOTOXHOCTEH, B AKMX
€ CyMa, a TeopeMy 2 — UL 10BEeleHHS TOTOXHOCTeH, B SKHX € A0GYTOK.

Ipuknan 1. loBenith TOTOXHICTh

1+2 +3+...+n=%n(n+l).

1





[image: image52.jpg]\ Poapin lll. MeTos Manikosa 51

1
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1
Vg =P =L, b =5 12.27 =1 g =,
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(i
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4

Otxe, a,,, ~a, =b,,, ~b, npu k>1. 3a reopemoio 1 a, =b, npu n=1*
Tpuxnan 4. llow:(m, TOTOXHICTH

e | 1 m o

TR TORT R T s L

s 1 1 2n
. =i R Ly

Hewta o U2t s T g, an O S
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7

=
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~a,=b,,,

~b, npn k>1. 3a Teopemoio 1 a, =b, npn
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1. @, =—1+2* =3, p =1-3=3.a, =b,.
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=—Qk+D? +Q2k+2)? =4k+3,

by, =b =(k+DQk+3)-kQk+1)=4k+3.
Orxe, a,,, —a, =b,,, -b, npu k=lia, =b, npu nz1*
Tlpuxnan 7. Hosenits, mo mpu n=>1

2.4, -0

kel

1 o117 1
& (ak-b)alk+D-b) " a\la-b" aln+D)-b)’
ne ak#bnpu k€ N, a#0.

1 1ifc) 1
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1 1 1 1
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3a Teopemoio 1 a, =b, mpu n21*
Bupaga 2. }Itmeni'n:, mo npu 221

by

kD n+|’

n
) 2(2/: DGk+D ~ 2nel

n
L) g‘(ak DOkD 3nel

n
n ,S..(sk DGk 3onid)

Ipuknan 8. TMocninoeHicTs {an,nzl} — apudmernyHa Tiporpecis. Jlo-

BeAiTS, 1O al‘ +a;+as+..4a,,
* Hexait u, =a, +a,+...+a, ,, b, =na,.
1.u =a,b =la =u,.

oy, Uy =ay,,, =0, +2kd,
b,., b, =(k+Da,,, ~ka, =(k+1)(a, +d)-ka, =

kel
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=a, +dk+D=a, +dk-D+dk+D=a, +2kd.
Orxe, u,,, —u, =b,,, ~b, npn k=1
3a Teopemoio l u, =b, npu nz1*
Bopasa 3. l'lommoaﬂim{a, i nzl} — apumerryHa porpecis. JoBeiTh,
WO @, +, +8g ot Gy, =N-A
Tipuxnan 9. [1osenith TOTOXHICTL
1 n(n+3)
& kD k+2) ~ 4t D(n+2)

3 n(n+3)
* Hexait a, im " TA D (D)

1 145

npu n>1

T k+2)(k+3) 4{k+])(k+2)

1
“4k+D(k+2)(k+3)
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7 (3k- 2)(3k+1)l3k+4) 8Gn+D)(3n+4)
l'[pmunu 10. S, =3' +3%+3° +...+3*. [lopenits, 1m0

1
S, +8, +8,+. 45, =Z(3m ~6n-9) nput nz1.
* Hexait a, =S, +S, +...+5,, b, :%(3"“ ~61-9).

e, =5 =3,p :%(3’ -6-1-9)=3=a,.
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b b, =41(3M ~6(k+D-342 +5k)=;(243“ —6)=E(3"" -1).
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Bopasa 5. 5, =2' +2? 427 +...42*. [losenits, mo
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1
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Bupasa 7. [losenits, mo npu n>1:
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= 4
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=b, -q*(a, +dk)=b,,,a,,, =%,,, ~%, TP k=1

3a teopemoio 1 x, =y, mpu n>1*
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Orxe, a,,, —a, =b,,, —b, npn k=1
3a Teopemoio 1 a, =b, npu n=1*
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1. ¢, =sina,

a(gsina-sin2a)+sine  sina(g? -2gcosa+l)
i 2 = 2 =sinae=a,.
g’ -2gcoso+l g* -2gcoso+l
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Bupasa 12. O6umcnits rpaHuo:
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) }'l'-‘[]z 23" n(n+l)]’
(S 1
7 }L".‘(l 23234345 n(n+l)(n+2)J’

1 1 1
B !’i’i[l 234 235 n(n+1)(n+2)(n+3)]'

1 1
Bidnoside. 2) 1; 6) 7: 8) 1o

Tpuxnan 19. Hosexirts, mwo npu n>1

k+p-1 1
Elen) 2 gyt 2V
* Hexait g, L il L—*l—.
T(k+p)’ " P! (np)!
i P b=-L 1 pHl-l  p
TG " TR (e (o)t Gt
DRI
B O T T
b, ~—l~ ;f—kif -a, mpx k=1,
WU ey p) (ke p+1)t (ke pel)! el

3a teopemoio 1 a, =b, npu n=1*
Bnpasa 13. [{oenits, mo nipu n21:
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Bnpaea 14. O69uciTs rpaHuilio
” k+p-1
lim
v & (e p)!

, peN.

Bionogidb. %
Bupasa 15. [Tosenits, mo npu n>l, pe N
k+p-1 l
=1 (k+p)' T

Tpaxnax 20. Josexits, mo npu n>1

z(pl +ap+1)-pl=(n+a)n+D!~a, a € R
=l

* Hexait a,, =2(p’ +ap+1)pl, b, =(n+a)(n+)!-a
#=l
1% a, =2+a,b =(+a)-21-a=2+a=a,.
2. a,,, —a, =((c+D? +ale+D+1) (e+D1=(k* +Q+a) k+a-+2)(k+D},
b, b, =k+a+Dk+2)!-a-(k+a)(k+D!+a=

(k+ D!+ a+D (ke +2)-(k+@) =(k+DU(K* +Q + @)k +a+2)=a, , -a,.

3a Teopemoio 1 a, =b, mpu n21*
Bupasa 16. Jlosenits, mo npu n>1:

a) E(pz +1)p!=nn+D}

2=l

6) E(p' —p+1)p!=(n-D(n+D1+1;
pel

1) 3 (0% +p+)pl= (s Dns D11,
el
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Bupasa 17. JloBeaiTs, 10 npy n21:

Sj(p —1+a)!  (n+a)

s (p-1) “la -y

2a+)-p  2n+a(n®+3n)
—————=—————— g€ R
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Bupasa 21. [loBe/iiTs, 110 npy 21
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Jlonaiouu nowieHHo Bei Ui HepiBHOCTI, MicTaHemO;
a,~a,2b,-b,,6,-b,2a,-b,.
3rigo 3 ymosolo I°, a, 2b,, otxe, a, b, npu nzp*
w Teopema 2. Hexait {a,,,nzl} i {b,,nzl} ~— JIBi YUCIOBI MOCTIZOBHOCT
3 JONATHUMH WIeHaMH. SIKIIO BUKOHYIOThCH YMOBH:
I". a, 2b,

25 - npu k> p, 10 @, 2b, TIpE n>p.

* TlocninoBHO MACTAB/LTIONH B HEpiBHICTH 2° k=p, k=p+l,.., k=n-1,
JCTaHEMO HEPIBHOCTI:

i nicranemo: /

a,
S b >1 onxe,rzlla =b, npu n>p.*
3ayeancenna. Sximo B mynkrax 2° reopem 1 i 2 ¢ToATH CTpOri HEPIBHOCTI, TO
a,>b, npn n22.
Tpukaan 1, Toseaits noapiitHy HepiBHiCTb

3rizHo 3 ymMoBoIO 1°

3n 11 1 1
Ll s R TR
2n+1_1’+2‘ +'“+n’ <2 nnpu ne N,
3n 1.1 1
T
Jisa wacmuna. Hexait b, = prmilitn +z,+ 27 W

1" b =1, a, =1 Orxe, b <a,.

W) 3k 1

2k+3 2k G

3k+DQk+D-3k2k+3) 1 57 1
ChRRED Skt & kAR D S D

& 3k? +6k+3<4k® +8k+3 & 0<k? +2k,

110 CTPaBeIUTHEO.
3a teopemoio 1 b, <a, npune N.

2., b <a,, -0 =
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Ipasa wacmuna. Hexai

1°. b, =1, a, =1. Otxe, b, <a,.

2.b, b <a,, -0, =

Liise, ‘_(2,1),: e, | W Lol
G 2Tk T8 G Sk kT oD - KD

1110 CITPaBe/TMBO.
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LTI B (L i 522
PO T T YT e
X 14 s 1 :
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1 5 1
1. b= “13, 4, =3 q5=1g Ome, b, <a.

8 41276

1 1 1 1 1
S UrD? “2KkD 20+ 0Kk+2) < et D ke Der2)

1o cnpaseuBo. 3a Teopemoio 1 b, <a, mpu n>2.*
Tpuxnax 3. Jlosenite HepiBHICTH

2l 1 1
m<l+2+ + npu n>2.
2n Bl 1
* Ba o o
Hexait b, il O itz +n
. 4 3
1. b, =3 by b,<a,

Ak 2k L 2k+2 2kl
k42 kH k1T k2 Sk

& (k+DQ2k+2)<(k+2)2k +1) & 2k +4k+2 <2k* +5k+2,

2 bA~I _bk <a!bl 7ak £

1o cnpaseuBo. 3a Teopemoio 1 b, <a, npu n>2.*
TIpuxnan 4. [loBe/iTs HepiBHICTH

1'.22.3% 0" <Vn" ™Y npu n>2.

s A (§_ 1 ]
S W) 4 2kDk2) (4 2kk+D)
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Jlojaioyn NowIeHHo Bei Hi HepiBHOCTI, AicTaHeMo:
a;~a,=b,-bya,-b, 2a,=b,.

3rigso 3 ymosow 1°, a, 2b,, otke, a, 2b, npu nzp.*

w Teopema 2. Hexait {a,,n>1}i{8,,n>1} — i aucnosi nocrinosocti
3 IOATHUMHY WIeHAMH. SIK1110 BAKOHYIOTBCA YMOBH:
I'.a,2b,.
20, AL abrl Satil k)
ay. by
* ToC/MNOBHO MiACTABITIONH B HEPiBHICTL 2° k=p, k=p+l,..., k=n-1,
ZCTAHEMO HEPiBHOCTI:

npu k= p, T0 a, 2b, npu n>p.

TlepeMHOXAMO nmcrmo Bei ui HepisHocTi (amwke ay, >0, b, >0, k=12,..,n)
i ricranemo: :

a a
3rimHo 3 ymoBoI0 1°, —- 21, oTXe, bv'zl ia,>b, npu nzp*
A "

3aysaxcenna. Sxmo B nyrkrax 2° reopem 1 i 2 crosTh cTpori HEpIBHOCTI, TO
a, >b, mpu n22.
Mpuknan 1. [{oBesits moaBiiHy Hepinuim
Inat cI 1
2n+1S1‘+2’ tRk T T 52——npnneN

* Jliga wacmuna. Hexait b, = 3” Shal 1
=l T
1.6, =1, a, =1 Orxe, b, <a,.
W) k1
R T e R Tt bl
3UADQk+D-3K2K4D) 1 3 i
ChrNRED SktD? © @kCkAD S R

=3k +6k +3 <4k +8k+3 = 0<k* 42k,

IO CrIPaBe/UIHBO.
3a Teopemoto 1 b, <a, mpune N.

2.5, -b,<a
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v X
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Ipuxnan 2. JloBeAiTh HEPIBHICTE

Ll e i rac 9
VAR S nan S
1 1 1
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Ot O SO T S G T2 Dk +2) (& 2Kk +D)

1 1 1 i 1

S WD 2kt D 2GA Dk +2) S GrD? kD20

1O crpaBe/UBo, 3a TeopeMoio 1 b, <a, npu n22.*
Tpuxnan 3. JloBeniiTh HEPIBHICTb

Sedl e el
[Tyt oM n22.
2 L1 1
'Hexaﬁb,,:nvfl =it +—
4 3
15 b,:g, a4 =5 b, <a,.
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kv2  ktl kAT k42 kel O
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10 cripase/uBo. 3a Teopemoio 1 b, <a, mpu n22.*
Tlpaxnan 4. JloBeaits HEPIBHICTH

11223 ..n" <Vn"" npu n>2.
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*Hexancb, =1' 2% .3°% .n", a, = [y
Ib,=2* =4, a,=V2*’ =8.b, <a,.
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) S n’ ntl W
25710 W2 ls an "PHAE
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" Ao di, Ll
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1 1
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o, T b TRl kD 4k G A A

1 i 1 1
7 12 D2 el 1= e

10 cnpase/uIkBo. 3a Teopemoio 2 a, 2b, mpu ne N.*
Tpuknan 6. JoBemiTs HepiBHICTS

(10, ) (142, )i (4.2, ) 2148, 4%, 4oty

1=

e (I+x, )>0, i=1,2,...,n, IPUYOMY BCi UHCIIA X, MAIOTH ONUH i TOH CaMMif 3HaK.
* Hexait

a, =(1+x, ) (142,) oo (14, ), B, =1x, o, 4.4 %,
I.a, =1+x, b =l+x =a,.
2.4, -a, :(l+x‘ )(l+x,)'A.A-(H»x‘)(luM )-
—(1+~xl )(l+x, )-“.-(l+xk)=
v =(14x, ) (143, ) (2, )%, b=l
a,,~a, 2, ~b, & (143, ) (1+x,) (153 ) (14, Vxe 2%, 0D

Moxuisi TpU BUTIAJKK:
1) x, >0, Toni HepisHicTs (1) piBHOCHIBHA HepiBHOCT




[image: image74.jpg]Posgin lil. MeTon Manixosa 73

(l+x, )(1+x,)<.4.-(l+x,,)2l,

10 cnpaseuuBo, 6o 1+x, >1;
2) x, =0, nepisHicts (1) HaGysae Bursay 020, WO CNPaBeTHBO;
3) ~1<x, <0, HepiBHicTs (1) piBHOCHILHA HepisHOCT >

(14x, ) (14x, ) .o, ) <1,

1o crpasemtuso, 60 0<1+x, <L

Orxe, a,, -a, 2b,,, —b, npu k1. 3a reopemoio 1 a, 25, npu n>1*

3ayeaxcenns. TIoKTanaiouu B JIOBCACHIH HepiBHOCTI X, =X,
nictaeMo HepiBHicTh BepHyni

(1+x)" 21+nx. 2)

==X, =X,

(S1. Bepuymri (1654—1705) — wseiuapcekuit Matemaruk). ¥ Hepissocti (2)
x+1>0, n21L
PipnicTs y HepisHocTi (2) socsraeThes e mpy x=0 abo n= l
Bupasa 1. [loBeniTh HepiBHICTS:
2 153505 2n l 1

246" 2n 3n+1’n€N;
1
1

T oaf

1 1
6) 7 +1+3+ +2 l,n,neN

1 1 1
B) PR +...+m>l, neN;
r) 2n+1<2" npu n23;

(n+1)!

|

b4} <1!+2!+...+n!<(’:|+_11)' pH n23;

o) |x, +x, b, <%, [yl %, ) me &
B2y

x)z—,<[§] npu n>7.

S3ayeawenns. 13 HepiBHOCTI 0<ZL,,<(§] BUIUINBAE, LIO I.m:Z =0, 6o
.2
!L".’[g) =0

3) lsin(a‘ +0., +...+a,,)|s|s‘mot, |+|sinax|+.“+|sinn,|, neN.




[image: image75.jpg]74 Maremarwini eriosu. Knvra 1

Tpuknax 7. Jlosenits HepiBHICTH
n(n-1)

2

(14+x)" <l+nx+ x* mpu-l<x<0, ne N.

s
X%, =1<x<0

nln—
* Hexait b, =(1+x)", a, =1+nx+

2
o l7I =l+x, @, =l+x. b\ <a,.
2. b,,, b <a,,-a, =
(k+Dk Kk=1)
MM —(Lx)* <(+Dx+ ; el el =il

e +x)f x<x+x? k.
Bpaxoyioun, mo -1 < x <0, Maemo i3 octanusoi HepisHocti (1+x)* 21+kx,
1O CMPaBEUIMBO 3TiAHO 3 HepiBHicTio Bephysuii.
Orxe, b,,, ~b, <a,, —a, npu k=1. 3a Teopemoio 1 b, <a, npu ne N.*

Bupasa 2. Jlosesits HepiBHicTS:

i
a) (14+a)n sl+% mpu 1+a >0, n>1;

10"
6) [2—;) >nmipu n>1.

Brasiexa. 3actocysati HepiBHicTh BepHysuti.
Tpuknan 8. loBenite HePiBHICTS:
n(n-1)

a) (L+x)" 21+ ax+ x?, x20, n21;

2
nn=1 , n-D(n-2) |
6) (1+x)" 21+nx+ 7 * +—T—x , 1+x>0, n21.

n(n-1)
x*, x20, n=1.

* a) Hexait a, =(1+x)", b, =1+nx+

1. @ =1+x, b =1+x. a, 25 .

2.a,, -0 2b, b e

1+ ~(+x)k 21+(k+])x+(k;”k x* —(l+kx+(k;w‘ xt ] =

S0 x> x+hx? & Q+20% 21+kx

(amxe x20). Mu gicranu nepisnicts Bepuyii. Orxe, a, b, npn n>1*
Saysaxcenin. [losenena moiHO HepiBHICTS, AK i HepiBHicTL BepHys, npu
x>0 surumBac i3 Gopmysn 6inoma HeloTona
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n(n=1) ,

1+x)" =1+nx+ x4

(n-D , n(n=Dn-2)
*6) Hexait a, =(1+x)", b, :1+nx+%x’ +""—6"~—x’,
1. @, =l+x, b =1+x. a, 2b,.

3

k(k-1)
2. a,, -a, b, ~b, &1+ 0" x2x+kct i 7

3)

Po3srisHeMo ABa BUTIALKH!

1) x20.
k(k-1
(3) & 1+0* 21+kx+ (2 )x’,
10 CRIPABE/UIMBO 3riAHO 3 MPUKIAIoM § a).
2) -1<x<0.
k(k-1) \

3) < (1+x)* sl+lo:+Tx’ 5

IO CPaBe/UTHBO 3riHO 3 MpuKAanoM 7). 3a Teopemoio 1 a, >b, npu n=1*
Tpuxaag 9. Tosenits moxsiitny nepisnicts Henepa.

"
25(1+-—J <3, n21
n

(Henep . (1550—1617) — mIOTIAHACHKHUIT MATEMATHK)
* Jlisa wacmuna. 3ringo 3 nepibHicTio BepHyui,

i3 1
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n n

Mpasa wacmuna. Cnocif 1. 3aCTOCYEMO HEpiBHICTH i3 npukiany 8 6.
L
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1
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a) TocninosHicTs a, 3pocraioua. [Ipu k 22 maeMo:
18 1y En fesl)*
a,,<a, & 1+a < 1+; L kD e
ELL (B2 1Y doba et
Ldeal e elp<ll-o7].

OcTaHHs! HepiBHICTb BUTUIMBAE 3 HEPIBHOCTI BepHyIuT, KO X =—

n=k.
6) IocninoeHicTs a, 0GMexeHa 3BepXy. JIOBEAEMO 1i€, He BUKOPHCTOBYIO-
uy HepiuicTs Henepa. Po3risiHemo mociioBHicTh

1y
b,,=(1+—J =l
n

Tlocninosuicts b, cnamna. Cripaspi, npyu k=2 maemo: A

s m]"‘ L)' LSRN 1]*
e <b,, & X <k—l < k<k’—1 m+k<(+k‘—l‘

1
P k=2,

3a wepisnicrio Beprymuni

3pocTaioya MociIoBHICTE {a, n 21} ofMmexeHa 3sepxy, 60

ot
a, <[l+—] =b, <b =4, n21
n

(My BHKOpHMCTAIN CTIAZIAHHS TIOCLIOBHOCTL {s,, nzl}.)
Orxe, nocnizosricts {a, ,nal} 36iraernes. Ii rpanuio nosxavakoTh site-
PoIo e Ha YecTs LiBeinapeskoro Maremaruka JI. Eitiepa (1707-1783)

lim(l+%J =e; e=2,71828...

[

— ippamioHANBLHE YHCII0.
3ayBaxuMo, 1O MOCIIOBHICT {IJ,,, n 21} TaKoX 36iraeTses 10 e:
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1 n+l 3 1 " 1
lim| L= | =lim{1+- | lim |14 |=e-1=e.

I3 spocranuss mocioswocti {a,,n>1} Ta cramamms mocminoHoCT
{b,,nzl} BUILIMBAE IOABIHA HepiBHiCTH

1 =
[l+—] <e<(l+7] ,nzl (5)
n n

Tloxaxemo 1mIe ofMH crioci6 ynenem-m uucna e, PO3risHEMO NOCTIIOBHICTE

1 1 gj¢
a, =1+ +2|+ + ‘,n

1la mocninoBHiCTS 3pocTaioya. JloBesemo, 1o BoHa obMexkeHa 3Bepxy. Mae
1 1
Micre HepiBHICTb 4, SJA;. Hexaii b, =37;, nzl

1°. a, =2, b, =2. Orxe, a, <b,.

1 1 1
2 @y, ~a, Sb =b, @mﬁl&—mf(féfa]m
S b 1 e
= Gl <t et S Gerlt =
11O CTIPABE/UTMBO TIPH k 2 1. 3risHo 3 Teopemoio 1, a, <b, mpu n21. 3pocraioya

1 =t2<k+l

1
nocnizosnicts {a,,n21} obmexena 3pepxy, 60 a, <3-—1<3. Omxe,
TIOC/TIOBHICTE {a, ,nzl} 3GiraeThes. Y MaTeMaTHYHOMY aHNIi3i HOBEACHO, 1O
TPaHHLEIO TIOCMIZIOBHOCTI {an i nzl} € YHCNo e.

1
llm(l+l,+2,+ i J

V HacTynHOMY TIPHKNANI BUKOPUCTOBYIOTHCA BCi BUKJIAneHi BiZoMOocTi npo
YHUCTIO e,

Ipuxaan 10. losenirs, mo mpu # € N BHKOHYETLCSA HEPIiBHICTb

]‘I[H-;TJQ"

k=l

* CKOPHCTAEMOCS TEOPEMOIO 2.
Hexait
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Jliga wacmuna

!
= 1
‘,bl=l+5;

L 1y
a, <b e’ <l+i=e<[l+i) i3
1O CHIPABEIMBO 3riaHO 3 (5).
o Zaan Gra UL e L e
2 b, > 5 wl+2,ﬁl >e =>1+2M>e &
3rigso 3 (5),
{1 e B AV
R e
25

OCKUTBKH Npyt k+1=m
S ST O L)
VIRl L iy L L e T L
1O CrpaBeyIMBo. 3riHO 3 TEOpeMOIO 2, NiBa YAaCTHHA TIOJBiHHOI HepiBHOCTI
CIPaBe/UTHEA.
Ilpasa wacmuna

2

bign likse: 7 ks
2 Lol oy < < 1+ <e?
b, "¢ LR 2

1 gt 1y
1.5 <¢ ¢$1+5<e| s m(H—] <e, IO CPABeUIMBO 3riaHo 3 (5).

=y (H*] <e, ;e
m

m=2"", Ocranus HepiBHicTs cripaseinBa 3rinHo 3 (5). Tomy 3a Teopemoio 2
i mpaBa yacTHHa TIOMIBIHOI HepiBHOCTI CripaBe/LTMBa.*

Bupaea 3. [loBefiTh, 10 WIS JOBUILHONO HATYPAILHOIO 1 CrPABEANTMBA
TIO/IBi¥HA HepiBHiCTE

k=l

TIpuknan 11. JloBexiTh HepiBHICTH

: V2D <Dy m2L
* Hexait b, =m, a, =(n+D!
1".5,=2,a,=2, b <a,; b, =6, a, =6, b, <a,
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Chy e PR kD) k42
2. b, < . = D G s(kﬂ)!a Z(k”)[lulj Ski2e
k k
2] <(k+2)? Q:Z[ki) <k+2 &
k+1

k+
ml(ki-l)[m

k+2)! s (k-«—Z)z
@Z[k 1} _(k+2)—<=1[1+k+1] S

1y
TomiTimo, 10 [H;——J <e arigHo 3.(5). Orxe,

1y
2(l+ﬁ} <2e<6.

3 inmoro Goky,
(k+2)?
k+1

10 CHpaBeUIMBO NPy k >3, (Haranaemo, mo st k=1, k =2 jaHa HepiBHICTH
cripaBeyBa.) TaKuM YMHOM,

>6&k* -2k=2>06 (k-1 >3,

alxvl

b,
bSa.

npu k >1. 3a Teopemoio 2 b, <a, npu n=1*
Tpuknan 12. osenith HepiBHiCTL

ﬁsms[%l] L n2l,

+1)"
* Hexait a,, :\/;:, b, =nlc, :(nT) ,n2l

Jliga wacmuna. 1. a =1, b =1. a, <b,.

(k+De!
kA

k
<k+l=p(l+ ) (k+D<(k+)? &

N
ﬁ[la»;) <k+l,

" A
1O CIIpaBe/VIuBo, 60 (l+%) <e<k+lnpn k>2. Orxe, a, <b,.
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Ilpasa wacmuna
b=l o=l <e.

b
gt g il @k+15(
LA

k+2( 1Y S P o
S kils—= 2 (l+k J u(k+l)(1+k IJA 2 [Hk-kl) =

1 kel
&2 <(l+-—) >

k+2) k+1]‘ pap 2
a2 Jt| T JURRS Srnes

k+1

110 CTIpaBe/UTMBO 3rifHO 3 HepiBHicTio Hemepa. Otxe, b, <c, .*
Tpuxnan 13. {oseniTs HepiBHiCTE

" el
(1] <n!<e-("—+l] , n2L
e e
A 1y
* Hexait a,, =[;) ,b,=nl, c,,=e-(”—) , n2l

Jisa wacmuna’
1
I q =5 b =1 a, <b.

f1 poh
2 a‘—"<b‘;'ﬁ(£ﬂ) :(%) <k+le

a, " b e
K+l (1Y 1)
< ] ‘(HI] <k+1ﬁ[l+ﬂ <e

1O CTIPaBE/UTMBO 3rimHo 3 (5). Omxe, a, <b, npu n=1
Ilpasa wacmuna

2) 4
1tc; =e-(—) ==>1=b.
o) A
2 ¢ ko2 kel
2. ;u PRt «:k+1<[k:2) {lﬁl] &

TR ¢

klﬂllbl llnz
= k+l< - +’C+l e e< +k1 .

mel
Toknapmm k+1=m, Maemo: e<(l+;) , 10 CIPABEUTHBO 3TifHO 3 (5).

Orxe, b, <c¢, npu n21*
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Bupasa 4. JIoBeiTs HepiBHOCTi:
a)2" <n!, n24;

6) n" <3":n!, n21;

B) n" <), n23;

1) 2™ >+, n23;

» [g] <n!<(§}”, nz6.

Hepisuicts Kowi-Bynakoscekoro :
(0. Kouri (1789—1857) — (bpaHiy3sKHuii MaTEMaTHK,
B. 5l BynsxoschKui (1804—1889) — yKpaiHChKuil MaTeMaTHK)

(9, %29+ 4% 74 )’ <(x? +xl ol V(v 4yi+.49? i

e X, ¥, — HOBUIBHI mivkcui guca, 1<i<n.
* Hexait

a, =(x, 0, %29, A XY, )z, b, =(xll axlaxt )y 4y 4y} )
1oy =(x,y.)i,b, =x|‘yl’. a, <b,.
2. ay,, — 4, =(x| Yy %Yyt A X Y F X Vi )1 >
_("v"n XYz et Xy Yy )I =2xy, Vin ("l Y AXYy ke AX Yy )“‘:uy:u;
by, by =(x x4k xl 42l YO 4y oty +E, )-
—(xI’ wxl 4 txt ) (9} 92+ )=
=52, (7 493wt Yook (3 el ) oxl Vi
‘Orxe,
a,,,~a, $b,,, b & 5, (1 +yi+.ri) -
PR O3 R S R L (x2 422 4.4} )20

2 2 2
(et ) H(Ear2m ) et (e m) 20,
110 cripaBeInBo. 3riHo 3 Teopemoio 1, @, <b, npu n=1*

Bupasa 5. Josexits, 1o B Hepisrocti Koui-ByrsKoBcsKoro PiBHICTB 10~
CATAETHCH JIMILE B TAKMX JIBOX BHIAMKAX: !

)y, =y,=.=), =0
6) X, =V, Xy =y 500s Xy =W
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KopeHi MHorounexa

Po38’513y104H PIBHSHHS BHIIMX CTEMEHIB YHCETLHAMA METOIaMH, 3HAX0-
JATh TIDOMIXOK, Y SIKOMY JIEXaTh yCi AiCHI KOpeHi MHOTOWIEeHa. 3 IOMoMo-
rowo HepisHocti Kowi-ByHskoBcskoro MoxXHa 3HaiTH Le# TIPOMIKOK.

Teopema 3. Hexait P(x)=x"+a,x"" +a,x"?

+.-a,  x+a, — MHOTO-
WieH 3 AificHuMK KoedillieHTamu a,,a,,...,a,. Toxi Bei Ailicki xopesi

Muorounena P(x)nexats B inrepsani (~;b), 1e

* Hexait milicHe 4ucio x, € xopekcu MHorowicHa P(x), To6to P( x,)=0.
sxno x, =+1, 10 He Bei xoe@lmerrm a,,a,,...,a, AOPIBHIOIOTH HyMO, 60 inak-
e P(x)=x" i x, =+1 He ¢ Kopersmu Miorowiena. Toni b> 1 itle (~b;b). He-
xait Temep x,#+l Maemo: -x] =a, %" +a,x;7 +..+a, X, +a,. 3rimo
3 HepisHicTio Konti-ByHAKoBCEKOTO, | t

2
2 _ -t -2
X, »(a,xa +a,x, +...fq”_lx,+a_) <

x3"-1
x -1’

<(a? +a} +..+a? ) (k2043424 4 xd 1) =(a? vad 4.4 a?)

x5 -1 ek xﬁ‘(x{:l)

<al+aj+.+al.

1
2 2
x; =1+ >x; -1,
T

orxe, x; ~1<al +a}+.+a}, spimki

|<val ¥ais.wa? i x, & (~bib)*

Bupasa 6. 3a gonomoroio HepibHocTi Komi-ByHAKOBCHKOTO JOBEMITE He-
piBHOCTI: *F<w g 82wl

a)lacos x+bsinad S¥a? +b73 ! oo o

6) (a, +a, +...+a, )’ <n(a} +a? botal)

B) I,ja|2 +al t..tal b7 +b} 4. +b}|<
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<la, =8, |+la, -8\ +...4la, -5,];
r) (sirwtI +sinal, +...+sina, )1 +(cosu, +CO80L, +...+COSCL, )2 <n’.

Hepisnicts Komi

%
zfa, a;-..-a, s;(a| +a, +.. a8, ), ne a; 20, n>1.

* Sxuto nipyu sKOMYCh i @, =0, TO HepiBHICTL BUKOHYETHCS, 60 NiBa YacTHHA
nopisuioe Hymo. TIpu n=1 Maemo pishicts. Hanani eaxkatumemo, mo n>2,
a, >0,1<i<n.

Jlema 1. Mae wmicue Hepisricts x" +n>nx+1, ae x>0, ne N.

* Hexait a, =x" +n, b, =nx+1, n>1, x>0.
1. @, =x+1=b,. Otxe, a, 2b,.

2. a,,, -, 2b,,, —b, & X +k+l-(xF +k) 2 (k+Dx+-(kx+D ¢

o xMoxF iz x e (x-D(x* -1)20.
Mu pifinum cipase/uBoi Hepisrocti. [iitcHo,
a) sikmo x=1, 70 x* ~1=0i (x-Ix* -1)>0;
6) sxmo x>1, 10 x* >1i (x-D(x* -1)>0;
B) siKwo 0< x<1, 10 x* ~1<0 i 3H0BY (x—1(x* ~1)>0.
Otxe, a,,, ~a, 2},

ey —by mpH k=1

3a reopemoio 1 a, >b, npu n>1*
TMoxnanaioun B nemi 1 n=k+1, maemo:
x4k +12(k+Dx+1 a6o x**! 2(k+Dx—k.

1
TosHauumo: 4, :'I;(al +a;+.4a, ), 1<k<n G, =4a, -a,...a,,1<ks<n

G,
IMoxnazieMo B ocTaHHiN HepiBHOCTI x-% 1<k <n-1. Maemo:

3

Gl (G )" G
e SN >Gk|_(k+1) IcJ~(k+l)GM Gt

kel G,
Orxe, a,,, 2(k+1)G, | —kG,.
Momitimo, mo a, —(Ichl)A,M —kA,. Tomi
(k+DA,,, ~kA, >(k+G,,, ~kG,.
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Kpim toro, 4, =G,.
3riHo 3 TeopeMolo 1, CripaBeIHBA HePiBHICTL
nd, 2nG, abo 4, >G,,
mwo i norpibHo 6yn0 KOBECTH.
3’sAcyeMo, Kommu [0CATaeThCA piBHicTh. MOXHa BBAXATH, 1O
0<a <a,<.<a,.

(SIxumo a; =0, T0 PiIBHICTH HOCATAETCA JIUIIIE TIPH a, =d; =..
JOCATAETLCA TUIBKH Y BUMANKY, KOJIM B HEpiBHOCTI eMu |

=(.) PisHicTs

G'—"*l npu k=1,2,...,n-1
G, =1 mpu k=1,2,...,

Jani
= + s =
G, =G, &*\a -a,-..ca,, =Aa, -6, .6, ©a =a a-.. a.
Ockimbkn a, <a, <...<a,, TO OCTAHHS DIBHICTh BUKOHYETHCS JIMILE TOf,
KONH @, =a, =...=a,.
Hepisnicrs Kowi rociziae ueHTpansie Micue B Teopii HepiBHocTel. Bona
Mae 6arato 3acTocyBaHb.

TIpuxnan 14. Josenits HepiBHICTL

(1+a,)(1+a,)-...(1+a,)2(143fa -a, -, ), 21, a, 20, 1<i<n.

* Mpiui 3acTocyemo HepiBHicTs Kouui:
1 1 1 n

+3 g L 2 5
l+a, "1+a, y l+a, =, (lqrax )(1+a, )-..-(1+a,)
dabyiug e e il Sl ]
I+a, lta, Ita, ;(nal )(1+a,)-...(1+a,)

Jonasiuu JBi OCTaHHI HEPIBHOCTI, MAaEMO:
n(lﬂ a,-a, -.A.vn,,)
n2
4 (l+a| )(l+n, )~A..~(l+n,)

3B{IKM BUIUTHBAE TIOTPiOHA HePiBHICTS. *
Tpuknan 15. Busenjirs Hepishics Bepyui 3 HepisHocti Kouri.
*BiseMeMo n JomatHuX uucem: l+ax,l1,...,1; x>0. 3ritHo 3 HepiBHic-
Tio Kouri,
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1 141441
l“+—n—+—2"\)(l+nx)-l"' o

PiBHICTE XOCATAETHCS JHLIE 3a yMOBH 1+nx=1, 10610 X=0.*

= >4l+nx & (1+x)" 214nx.

v
Tlpuxnan 16. JlosexiTs, WO MOCHIOBHICTE a, :(h;) , n=13pocTaioua.

v il 1 2
*PosrisHeMO n+l jofaTHe UMCIO: |+;,1+;,,.4,1+;,l. 3rizHo 3

HepisHicTio Komi, Maemo:

+l 1
>"‘1‘ l+— c:»l+ >"’l {14— } &
n+l
1y
(1+—+—‘] (l+ ] i

CepeniM apHOMETIHAM THCEN @, ,a; ,..., &, HASMBAETLCA THCIO

@ tayt.ta,
T n {
Qmmncm‘emwcmal,a,,...,u, HA3IWBAETLCS YMCIIO
G,=4/a,-a,"..-a,
CepefiM TAPMOHINHHM YACEN 4, ,dy;.., 4, (a; >0, 1<i<n) HAa3MBAETLCA

qucno

110 CripaBe/THBO 3riaHo 3 HepisuicTio Komi*
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Taxum unrom, H, <G, < A,. PiBHOCTI 10CATAIOTECS JIMIIE Y BUNIAJIKY, KOJIM
a,=a,=.=a,.
1 2 "

e L a o)
PRI P

* Posrsemo 7+l foxatHe YMCno: m,n+l,...
ntl ntn+l+.42n 3

H,, T T I e L T Tl
n " 2n
n+l 3n 2m+) 11 1

g bl e —

i e T PR P T

—+
n ntl

1
TIpuknan 17. Joseaits, mo ;+

H!MI <Al‘
+A..+a

AnsD) 2,
Ap B3

3aTHUIAETHCS TIOMITHTH, 1O NIpK n>1

Tpknan 18. Jlosezits, wo lim Yn=1

* BiseMeMO 7 JofaTHUX 4MCEN: a, =a, =n; ay=a, =

2J/n+n-2
n

3rigeo 3 HepisicTio Komi, 1<%/ < . Ockibkn

——ZJEH'—I ——2—+l Z<I+-2~
b e T

2
101<4/n <1+~—. OcKinbKi Lim(HTJ =1, i3 TO/ABIiHOT HePIBHOCTI BUTLIHBAE,
e

mo lim ¥/n=1*
Ipuknan 19. Cepent ycix TPUKYTHHKIB 3 JJaHAM NMEPUMETPOM 2 p 3HANNITH

TOI, Y SIKOTO MUIONA HaHGUTbIIA,
* 3rigHo 3 dopmynoio Tepona,

§=yp(p-a)(p-b)(p-c).

Yucna p-a, p—b, p—c nomathi. 3rixxo 3 HepisHicTio Komi,

AT L Al SO

2 3 g

(o-a)(p-D)(p-c)<Er.

P
Omxe, § | pAF:ﬁ'

PiBHICTb I0CATAETHCA JTUIIE IIPU p—a = p-b=p—c, To6TO pH a=b=c.
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Bidnosids. Hait6insiy 1uiouty Mae piBHOCTOPOHHIN TPHKYTHHK.®

1y
Bupasa 7. [loBeziiTh, IO MOCTIAOBHICTE @, :(]‘n_’] , N2 3pocraioua.

Bkasieka. Po3raHyTH n+] ofaTHE THCIO:

i 3actocysarn HepisuicTs Kouri.
Bupaea 8. [lonari uncia a,,a,,...,a, YTBOPIOOTh apuMeTH4HY PO~

rpeciio. JloBeaiTs, Mo

2fa, a, <

Bupasa 9. [JoBeniTh MOABiiHY HEpIBHICTS

-l -l 2 -l
na 2 1+a+altota
7 T aaps , 122, a>0.
l+ata® +..+a n

Bnpagsa 10. [Iosesith HepiBHICTB:
n+l
a) ¥/nl< o

2
6) 2ftn)’ <%+n, nzl;

10l 1 ]
B) n? S(n| +a,+.+a, ){n—+;—+.4.+7], a,>0,1<i<n, n2l
G G

HepisHicTbh KoL 3 BaroeMmMu MHOXHUKaMMN

[Ta} <$r,a, ©

el

ne n=l, a, >0, 4, >0,1<k<n, 27»1 =L
k=l

115 HepiBHiCTL y3araibHioe HepiBHicTh Koli, sKa yropioeThes 3 Hepis-

Hocti (6) npu A, =A, =..=A, = 2 Jlnst oBe/ieHHA HepiBHOCTI (6) y3arabHHMO
Jemy 1.
Jlema 2. Hexait x>0, u>1 Toni
x“+u>ux+l. ()]

* PosrusiHemo dyHkmio f(x)=x* —ux, x>0, u>1. Maemo:
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[ =wx" —u=u(x"" -1).

OCKIMBKH 4 >1, TO €AMHOI0 KPHTHYHOIO TOYKOI0 (ByHKILT € X, =1, mpudomy
(%) <0, siKmo 0 < x<1ta f”(x)>0, sKino x>1. Tomy f(x) cnanae Ha MPOMIXKY
(0; 1] Ta 3pocrae Ha npometi [1; +). OTxe, HafiMeHIIM 3HAUCHHSM (yHK1LT
Ha npoMikky (0;+e0) € f(1)=1-u. Slkio x>0, T0

S)=x"-uxz1-u,
3BIIKM X* +U 2ux+1*

Hosedenns nepienocmi (6)

* Slxwo n=1, A, =1, nepisnicrs (6) NEPETBOPIOETECH B PIBHICTS.

3adikcyemo n22 i Gyaemo AoBOAMTH HepiBHiCT (6) /LIS LBOTO 71,

Hexait

Aa 4,4, +..4+h,a, : 1
¢ nar BAL A k¥ k A; 2, o
A= GA:(aIA' -a,’-.A.-al‘)*t‘*r b <k<n.

Ay thg tHh,
TMomitumo, mo
M8 =S A —Sedy, ®)
ne S, =k, +A,; +..4+k,, 1Sk <n. Kpim Toro,
Sk
G’ |_g [Gu
et =[ G =G, 5 ©)

M xouemo nosect, mo S, 4, 25,G, . 3actocyemo Teopemy 1.
I8, -4 =ka >) a =5G,.
2°. Ham TpeGa 1oBecTH HEpiBHICTH

SearApy =i, 28,6y ~5,Gp Lsk<n-1 (10)
a60 3 ypaxysanHsm (8)
Glol
24191 204 S 55 |- (11)
&

Buxkopucraemo (9):
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Sia
Gra )*_ Sen S Gau
s pitl s AL ey (12)
( Gl A’hl }‘Atl GA
HepisnicTs (12) yTBOPIOETHCs 3 HepiBHOCTi (7) 32 L0IOMOTOI0 MiICTAaHOBOK

GAH St»l

x= >0, u=—">1
G, Aia

Orxe, (12) BunIMBaE 3 NEMH 2, a Toai MpH KoXHOMY 1<k <n-1 crpas-
kyetses Hepisuicts (10). Tomy 3a Teopemoio 1

S, 4,25,G, a6o 4,2G,.
Sxmo tk + =1, 10 3BiACH AicTaHEMO HepiBHICTE (6).*

Pipkicts y (6) MOCATAETLCA TUIBKH TOi, KON @, =4, = . HiiicHo,
B (7) piBHICTS JI0CATAETECA TUILKM Toti, KoM x=L anomm—m B Hepmﬂovn

G,
(12) pisuicTs Gyze e TOM, KoM —£1 _1260G, , =G,. Tomy npu pikcosa-
G, kel

(
HoMy n>2 8, A, =S,G, Tinsku y BUNAAKY, Ko G, =G, =...=G,. A 1€ piBHO-
CHJIBHO PIBHOCTAM @, =d, =...=4,.

TIpuxnan 20. losenite HepiBHICTh

5 3
(1+1) s[h—’—‘—] ,ael+250, ne N.
n n+l n

* 3acrocyemo HepiBHicTh Kot 3 1BOMA BArOBUMH MHOXHHMKAMH:

LBV (2P <y Bled purpts
) n+l nH T el
e Xy
(H*] (H—) :

n n+l

X
PiBHICTb OCSTAETHCS JIMIIE TOMI, KOIH 1+——=l, To6TO TIpM X =0.*

3BIAKH

Tipuxnax 21. Busezite 3 HEpiBHOCTI NPHKIATY 20 3pOCTaHHs MOCIINOB-

HocTi @, =(1+;) Ta CnajaHHsA MOCTNOBHOCTI b, =(1+;) . (i nocxninos-

HOCTI POITTIAANCA TIPH BBEICHH] YMCIA €.)
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* TloknaBmy B HepiBHicTh 3 mpukany 20 x=1, MaeMo:
1 " 1 sl
(l+—] <(l+—~) 4
n n+l
OTXe, NOCIIOBHICTS a, =[l+;] , n1, spocraioya. ITokmaBu B Hepis-

HicTh 3 npuknany 20 x=-1, Maemo:
1y 1y 1™ " 1y Ly
da =il 14—] = <l==] i+ <lilf===i1"
n n+l " n-1 n n-1

et
Otxe, mocaizoBHICTS b, =(l+;] cnaaHa.*

Tpukaan 22. JloBe/lith HepiBHICTH
nel

a—bra(nﬂ)a—nb, ne nzl, a>0,5>0.

* JlaHa HepiBHICTh PIBHOCHIIBHA HEPIBHOCTL

2 @™ > gt
n+l n+l

3a mepisHicTio (6) Maemo:

1 “
_l_am+ L] (g™ et (b7 Yoot =g,

n+l n+l
PiBHicTp noCsTaETHCH JIMILE NP @ =b.*
Bopasa 11. Busenits nepinicts Bepnysuti 3 HepiBHOCTI (6).
Bnpasa 12. Josenits Hepisics (1+na)* <(1+ka)", ne k,n — Harypansi
yucna, k<n, a>0.
Bupasa 13. [loBeits HepiBHICTE

Mﬂ/h-_xzt.w’ I+x, <l+n,
nepe N, x, >0,1<i<n, X, Xy ot X, =P
Brasiexa. {1+x, sl+%’.
Bnpasa 14. [losentite HepiBHiCTH

p'q’(a+b)??

af b’ < =
(p+g)"*

L PEN,ge N, a>0,5>0.
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Bij3Ha4MMO, 1110 HEPIiBHICTE Komri 3 BArOBUMH MHOXHUKAMY € «pOBOUMM
SHAPAIYLAM» TaK 3BAHOTO TEOMETPUTHOTO MPOTPAMYBAHHA — Tanmysi Teopii on-
THMi3auifHmX 3anad (auBKc [8]).

HepienicTs Fensaepa
(O. Temszaep (1859-1937) — Himemmn MATEMATHK)

L
Sam s(i‘a,] (B
k=l k=1
. e 6
ne n>1, a, >0,b, >0,1<i<n, p>1, ;+E=L
* Hexait 5, = ia:, S, =2b:. 3 uepisHocTi (6) Maemo:
k=l k=1

i‘:ﬂl,kbi 2 f".’ L

1 4 Toar-1
== al +—o— 2 by =—#—=L
*gs, g:“ Pa
SBiucni‘,akb, SS,’ -S,; * Y BunazKy Ko p=g=2, 3 HepisHocri lenbaepa
k=l

picraemo HepisHicTs Komi-ByHAKOBCEKOTO.

HepisHicTe YeGuwosa
(T1. JI. Yebwmon (1821—1894) — pociitchkmit MAaTeMaTHK)
Hexait {a, },{b,} — necnanni nocinosrocri. Toxi npu ne N
+a, +...+a, b +b,+..+b, b, ..+a,b,
a,+a, 4, b ), +. : Sal ), +ayb; +..4a, o) a3

n n n

* 3amumeMo JaHy HEepiBHICTb y BT

(n, +a,+..+a, )(". +b, +...+b,,)sn(a|b, +a,b, +..+a,b, )
Hexait
X, =(al +a, +...+a, )(l&l +b, +...4b, ) Va =n(a‘bl +a,b, +..+a,b, )

1. x, £y, & a,b <a,b,, WO CpaBe/NHBO.
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Vg 2y :(al +ay+.ta;ta, )(”| +b; +..4b, +b,,, )—
f(nl +a, +--»+”k)(b. +b, +,..+b,):
=a,,b,., b, (a,+a, +.+a, )ra, , (b +b, +..4B, );
Von ~Ve =G+ (b, +asb, +..+ayb +a, b, )=
~k(a,b, +ab, +...+a,b, ) =(k+Da,
Hani

)

e T, tayb, 4 4a,b,.

kel
Xt X SV Ve &
8,0+, (al +ay +..4+a, )+aM (I:, byt b, )s
<(k+Da, b,
=a, (bm =h )+a,(b,‘, why )+...+a‘(bM =by )HM (b| —bm‘)+
Fa (b, =bis )+.,.+am (bk - )so.u
ﬁ’(l’m b )("l o 431 )"'(I’m ~b, )(”1 0 )*'“*
+(8,., -6, )(a,~a,,, )<0.

1le cnpaBemeo, 60 (bm =b, )(a, =g )SO, OCKIILKM OOMABI NOC/INOB-
HOCTi HecnaHi.

3riziHo 3 TcopeMoIo 1, X, <y, 1pu # 21 PiBHICTb JOCATAETECH TUTBKH B O/~
HOMY 3 JIBOX BUTIAJIKiB:

a)a =a,

6) b =b,

Axuo {n,, } Ta {b,, } — HE3pOCTaIoYi TIOC/IIOBHOCTI, HepiBHICTS (13) Takox
cnpasemBa. Ko X OfHA 3 NIOCHITOBHOCTEH HECIaaHa, a Apyra — He3po-

craioua, To B (13) MaTMeMo 3HaK «Ginblue abo AOPiBHIOE».
Bnpasa 15. [{osesits HepiBHOCTI:

a) ni ,’S[Za:"]{za;'], neN,peN,a, >0,1<k<n
=

r=i =

+a,b +ab, +.+a,b &

1
L ) ]
6), (%1%, e, JT Sx ey ki, X, 50, 1SI<n.

Bkasiska. —:;(xl kg sk )(lnxX +Inx, +.@lnx,)s
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<x Inx, +x, Inx, +..+x, Inx,.
sino, +sina, +.+sino,

1
B) <—(tgo, +tgo, +.Hga,
)ccsa‘+cosa,+...+cosu~ n(g i )

kL
0<o, <o, <..<at, <33
ad+bB+cC 1
m_ 3 ¢ ‘b, ¢ — CTOPOHH JIOBLTLHOTO TPUKYTHHKA, A, B,

C = #{oro KyTH, BEAMSNHU AKAX BAPAKeH] B paniaHax;
a cos A+b cos B+ccosC <l
a+b+c T

1)

Nitepatypa abid

. Manuxos T. C. PaccyXIeius, SAMCHAIOLIHE METOX MATCMATHHECKOH limlykmmm
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IIOALIBHICTH YMCEJ
I MHOTI'OYJIEHIB

V posnini I Bxe HILIOCH NPO MORUTEHICTL (B OCHOBHOMY — TPO MOMIME-
Hicts yncen). Tenep POIVIAHEMO MOAUIBHICTS MHOTOWIEHIB i AKX HACHIAOK 10~
JiMBHICTS WHCeI.

MsorowieHOM Bin onHiei SMIHHOI X Ha TIONIEM KOMILTEKCHIMX JHCeN Hask-
BaeThes QyHkuin

e k_ n
P(x)—z;nkx =a,+a,x+..+a,x", (n
ned,a,,...,a, — KOMIUIEKCHI YHC/Ia, X MOXE HaGyBaT JOBUIBHUX KOMIUIEKC-
HHX 3HAYeH. SIKIO g, =a, =..=a, =0, MHOrOWIEH HA3UBAETHCS HYITb-MHOTO-

WIEHOM. SIKINO @, =1, MHOTOWICH HA3HBAETHCA 3BEACHUM.

Oznavemis. Muorounen P(x) ITATECS 3 0CTAYEI0 HA MHOFOWIEH flx),
AIKIIO MHOTOWICH P(X) MOXHA IIOAaTH Y BHI/IS]
P(x)=f(x)-Q(x)+r(x), )
21e O(x) Ta r (x) — nesiki MHOTOWICHH, DUIOMY CTENiHb MHOTOWIEHa F(x) MeH-
1uHif 33 cTeniHe MHOrowieHa f(x).
Slkmo r(x) — HyTb-MHOTOWIEH, TOBOPAT, L0 MHOFOWIEH P(x) RUTHTBCA Ha

mHorowreH f(x) 6e3 ocravi (a6o MHorowteH P(x) QiMMTBCH Ha MHOTOWIEH
S(x).

“ Osuavenns. Muorowien P(x) aimuThes Ha MHOTOweH f(x), Ko ichye
Takuit Muorowten Q(x), mo Ax)=f(x)-Q(x). Y usoMy sunazky nu-
myrs P(x):f(x). Bxusaiots Taki maseu: P(x) — mineme, f(x) —
JinsHuK, Q (x) — vacTka, r(x) — ocTava.

BiacTHBOCTI MOALTEHOCTI MHOTOWIEHIB 6arato B YOMY HarajyloTh BIACTH-
BocTi noabbHOCTI wncen. Och Aeski 3 HUX.

1) P(x) : P(x) (pednexcuBHicTs).

2) flxkmo P(x) i f(x), a f(x) ig(x), 0 P(x):g(x) (TPaH3UTHBHICTS).
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3) fAxmo P(x) : f(x)iQ(x)i f(x), To
PX)+0(x)  f(x) i P(x)-Q(x) i f(x).
4) Slxkmo P(x): f(x) i Q(x): f(x), o P(x)-0(x) : f(x).
5) fixmo P(x) i f(x)i P(x) He HYNS-MHOTOWIEH, TO cTenits P(x) He MeH-

it 3a crenink f(x).
JTineHHs MHOTOWICHIB MOXHA 3ILACHHTH JEKUTSKOMA CTIOCOGAMH.

Tipaxnan 1. Tlominits MHorownen P(x)=x* +3x* —4x* ~2x+3 Ha aBowicH
Fe)=%+2,
* 1-ii cnocib. Jiaennsn kymom
x4 +3x° —4x* -2x43|x+2
Txt 2% x* +x? -6x+10
x° —4x?
X A%
—6x? -2x
Ex =12
10x+3
=17

Pesynsrar: x* +3x° —4x7 —2x+3 =(x+2Xx’ +x* -6x+10)-17.
2-ii cnoci6. Memod nesusnauenux Koegiuicnmis
x* 4357 —dx? -2x+3=(x+2) (%7 +b,x7 +b x+b, )+r.

OCKUIBKY CTeNiHb MHOrOWIeHa r(x) MEHIIMIL 32 CTeNiHb AUILHAKA X+2, TO
r(x) — MHOTOWIEH HYJIHOBOTO CTeleHs, To6TO fikech wMcno. 13 ocTammbOi
piBHOCTI icTaeMo cuctemy: 2+b, =3; 2b, +b, =—4; 2b, +by ==2; 2b; +r=3.

TlocninoBHO 3HAXOMAMO: b, =1, b, =-6, b, =10, r=-17.

Orxe,

P(x)=f(0)(x* +x* -6x+10)-17.

3-ii cnoci6. Y BATAnKy, KOTH AUIBHUKOM € ABOWIEH X+a, 3aCTOCOBYIOTH
cxemy Toprepa (Topuep B. [I. (1786—1837) — aHrniiicoKuii MATEMATHK).

o« X % ot %
1 3 -4 -2 3
=2 1 -6 10 -17





[image: image98.jpg]Poaain IV. [MogineHICT YACEN | MHOroUNIeHIB 97

I3 HIKHBOTO psifIKA TAOMII MAEMO BiJUTOBIIB:
P(x)=(x+2)(x* +x* —6x+10)-17.*

Hpaknax 2. IMoainite Muorowren P(x)=3x*+2x’ -4x* +2x-1 Ha jBoy-
el x—i.
* 3acrocyemo cxemy IopHepa.

XY o % i "
3 2 -4 2 el
i 3 2+% “T+2 ~Ti 6

Bionosids. P(x)=(x~1)Bx" +2+31)x* ~(7-2i)x~Ti)+6.*
Tlpuxnan 3. Toxinite MHOrQWICH
P(x)=3x" ~2x* -4x’ +2x* -2x+]
Ha MHorownes f(x)=x> +x+1.
* I-ii cnoci6. Jirenus Kymom
3x® —2x* -4x? +2x* -2x+1|x? +x+1
T3 +3xt 43x° 3x® —5x* -2x+9
—5x* -7x’ +2x?
—5x* —5x -5x’
~2x° +7x* -2x
-2x*-2x’-2x
9x* +0x+1
T9x749x+9
-9x-8
Bionosids. P(x)=(x* +x+1)(3x° ~5x7 ~2x+9)-9x-8.
2-ii cnocib. Memod neeusnanenux xoedivicumia

3% 2x* ~4x? 42x% 2x41=(x? 4x+1)(3x +5,x7 +b, x+b, )+ ex+d.

Po3KpuBalOYM YXKKH i 3BOMAYM TONIOHI B MpaBilt vaCTHHI OCTAHHLOI
PIiBHOCTI, JiCTAHEMO CHCTEMY:

by +3=-2; b, +b, +3=~4; b, +b, +b, =2; c+b, +b, ==2; by +d =1.
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3Bincu 3HAXOMUMO; by =5, b, ==2, b, =9, ¢=-9, d=-8.

Bionoaide. P(x)=(x +x+1)Bx® ~5x% 2x+9)-9x-8.*

Bupasn

1. Mopinits muorowient P(x)=x* -2x* +3x” ~x+2 na aBowier x—2.
Bidnoside. P(x)=(x-2)(x? +3x+5)+12.

2. Topinits Muorowten P(x)=4x*-2x’ +5x* —x~2 Ha ABOWIEH X +i.
Bionosids. P(x)=(x+)(4x* —2 +41)x* +(1420) x+1-i)-3~i.

3. Moninits MuOrowieH P(x)=2x° —3x* +5x° —x* +2x-1 Ha MHOTOWICH

f)=x?—x+1

Bidnosids. P(x)=f(x)2x° ~x* +2x+2)+2x-3.

4. Toxinite Muorowten P(x)=x* -3x? +2x~1 Ha gBowien x-2.
Bionosids. P(x)=(x-2)(x* +2x* +x+4)+7.

5. Toninits Muorownen P(x)=x* -3x* +2x-1 Ha ABOWICH X+1.
Bidnoaids. P(x)=(x+1)(x* —x? ~2x+4)-5.

6. TMoginits Muorowten P(x)=2x"~x* +x* +3x* —x+2 Ha mBOwNeH:
a) x+2; 6) x—1; B) x—i.

Bidnoside. a) P(x)=(x+2)2x*-5x* +11x* -19x+37)-72;

6) P(X)=(x-DQ2x* +x* +2x? +5x+4)+6;

B) P(x)=(x-1)(2x* ~(1-20) x* ~(1+1) x* +(4~i) x+4i) ~2.

7. Moninite MHOrowren P(x)=2x" —4x*-3x’ +x* +x~1 HA MHOrOWICH

f)=x*-2x~1.

Bionosids. P(x)=f(x)2x* ~x~1)-2x-2.

8. IMonirits MHorowien P(x)=3x" ~2x +x* —x—1 Ha MHOTOWIEH:
a) f(xX)=x*-x-1;

6) f(x)=2x* —x-1

Bidnosie. a) P(x)= f(x)Bx? +x+5)+5x+4;

6) P(x):f(x)(%xz —%xH%JféJﬂé‘.

9. JloBeniTs, 1I0:
a)2x° —6x? +7x-3 ix-1;
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6) 3x* +x’ -7x? <2x42 ix*-2;

B) x* +4x? +2x-3 ix? +x-1;

1) 2x* +x* -2x +2x-112x% —x+1;

1) 2x° —x* +2x7 -2x7 +x-2 ix? +x+1,

Hpuknan 4. 3a Akoi ymoRu cyma muorowienis P(x) i Q(x) nimatsca Ha
MHorouneH f(x)?

* Hexait P(x)=f(x)- M(x)+r,(x), a 0(x)= f(x)- N(x)+r,(x). Toni

PO (X)= £ R(x)+1 (x)+1,(x),

ne R(x) — nesxuit Muorowres. Skmo P(x)+Q(x): f(x), o it R ()+1 (%) f(x),
60 f(x)-R(x) } f(x). Oxe, cyma ocTay Bix xinenus MHorownenis P(x)iQ(x)na
MHOrowIeH f(x) — 1Lie MHOTOWIEH, SIKMii AUTLCA Ha f(x).*

TIpuxnan 5. Koxen i3 MHorowieHis P(x) Ta M(x) He AUTATECS HA MHOTO-
wien f(x). 3a sikoi yMoBH iX H06yTOK AimHMTHCA Ha f(x)? Hﬂﬂb}li‘l‘b‘ TIPHKJIA,

* Hexait

P(x)=f(x)-0, (x)+7,(x), M(x)=f(x)-Q,(x)+r,(x).
Toni
PO M(x)=(f(x)-0, (041, () (S0, ()47, () =

=[(x)(f(x)-Q| (2):Q, (040, (X1, (x)+Q, (x)r, (x))+rl(x)«r?(x):

=f(x)-T)+4, (31, (x),

ne T (x) — neskuiit MHOrOWIEH.

Omxe, mykaHa yMoBa MOJATaE B TOMY, 10 A06YTOK 7, (x)-r, (x) nosunen
ninmrues Ha f(x).

Opuknan, Hexait P(x)=(x+2)(x* -)+x-1, a M(x)=(x-3)(x* -+ x+L.
JoGYTOK X MHOTOWICHIB ALTMTECA Ha X* —1, @ KOKCH 3 HHX HE AUTATECH Ha
x2~1*

Bupasa 10. 3naliztits 1Ba TAKMX MHOTOWICHH, IO KOXEH 3 HUX He AUTHTHCS
Ha x* -5x+6, a n06yroK MUTMTECS Ha x? —5x+6.

Hactynna Teopema BETAHORITIOE 3B’5130K MiX MOALTBHICTIO MHOTOWICHIB Ta
TIOALTbHICTIO Yncen.

Teopema 1. fxmo MHOrowreH P(x) 3 mimimu xoediuieHTamMy AVTHTLCS
Ha 3Befienmit Muorownen f(x) 3 uimaMu KoedillientamMu, T0 4acTKOO
€ TAKOX MHOTOWICH 3 LITHMK KoedilieHTamu,

* Hexait P(x)= f(x)-Q(x), ne
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g =Cy,y
a; =c¢, teby,
a,=c, +c,b, +cby,
ay =c,+c,by +c;b, +¢,b;.
3pincu Maemo: £
€y =8y, €, =85 ~C3by, €, =a,—c;h, —¢3b,, ¢g =a; - b, — ;b ~¢\b,,
£, — uine ymcno, 60 a; — uie YuCHo, ¢, — uise UMcKo, 60 g, b, i ¢; — wini
qucna i T A
I3 TeopeMu | BUILIMBAE HACHIZOK.
Haenidok. SIkiio muorowreH P(x) 3 UimMMK KoedillieHTaMn AUTHTECA Ha
3peaenmit MHorowreH f(x) 3 wimmmu koedinientamu, To WA 6yan-AKOrO
uinoro a P(a): f(a).

Hiiicro, P(x)= f(x)-Q(x), ne Q(x) — MHOTOWIeH 3 UMK KQedilienTa-
Mu. Otxe, P(a)=f(a)-Q(a), ne Pa), f(a), Q(a) — nini uncna i Pla): f(a).

' JUist moAiTEHOCTI MHOTOWICHIB BEJIMKY DONb Bilirpac Teopema Besy
(Besy E. (1730—1783) — dpaHuy3bKuit MATEMATHK).
Ocraya Bix giteHHs MHOrowIeHa P(x) Ha IBOWICH X—a fopiBHIoE Pla)
(ro6T0 3HaueHHIO MHOTOWICHa P(x)y Touui a).

* Ockineku P(x)=(x-a)Q(x)+r, 1o P(a)=r*

Hacaidox. Jins toro mo6 uncno a Gyno KopeHeM MHorowienma P(x),
Heo6XiHO i ocTaTHEO, 1106 MHOrOwieH P(X) ZUIMBCA HA ABOWICH X—4.

3anava Ha 3HAXO/DKEHHS KOPEHiB MHOTOWIEHA DiBHOCHJIbHA 3amaui Ha
BiUIYKaHHA HOTO JIHIHIX MHOXHMKIB. "

Akwo a,,a,,...,a, — NOMapHO pisHi Koperi Muorowrena P(x), To P(x)
JUIHTLCS HA J0GYTOK (‘x~aI )(x—a, )«..:(x—a, )

Y HeaKMX BHTIAmKax 3a JOMOMOroo TeopeMu Besy moxma 3HaitTm ocragy
BiJl IIeHHs. MHOTOWICHIB, HC BUKOHYIOYH CaMOTO JUTCHHS.

Tipuknan 6. 3HaiiTh OCTauy Bix AUIGHHs MHOTOWIEHA

P(x)=2x" -4x? +7x-1

Ha JIBOYIEH:

a) x+1; 6) x-2; B) x—i.

* a) 3rinHo 3 Teopemoro Beay, r=P(-1)=-14;

6) r=P(2)=2-2°-4.22+7.2-1=13;

B) r=P()=2i% -4i* +Ti-1=-2i +4+Ti-1=3+5i.*
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e " -1 n-k 2
P(X)=a,x"+a, X" +.+a, X"+ ra, X" +a x+ag,

FO=x*+b,_ x*" +b_,x* 7 4. +b,x" +b,x+b, (n2k).

- n-k-2

Tomi Q(x)=c, ,x"* +c_, X" * e, X" P4 e, 0% 46 Xty

n=k=1
BIXOMO, 10 @, ,, -, @3,d,,@q:b, By 350.,0,by, b, — nimi wwena. Tpe-

6a JI0BECTH, WO €, 4,C, , 1.3, €)5 € — TAKOXK Uit yuea, 3riHo 3 npaBu-

JIOM MHOXEHHS! MHOTOWICHIB, MaEMO CHCTEMY:

Ay =Coy

A+,

12 0 il by

@y =00 gy + Ol +6, B 0By

A, =¢,+eb,  +0,b, 5 +eyby st Fe b,

s cicrema Mae n—Kk+1 paukis, nputomy b, , =0, sxmo k<p.

I3 Ui€i cHCTEMM MOCTNOBHO 3HAXOMUMO KOEDILLEHTH €, 4, €, 4 1 Cokas
1003 €35€, €y« OCKIMBKH KOEDILIEHTH €4 €€y .., €, BUPAKAIOTHCH YePE3 i
KOSDILEHTH @, ,@, | 5.es @y b, 3By 55050, ,0, By 38 NOTIOMOTOIO Al AOAABAH-
H51, BITHIMAHHA i MHOXEHHS, TO # CaMi KOCILEHTH Cy, €, ,C; ..,y — LM
yuena, wo it Tpeda 6yno posecti.*

Jlna imocrpauii TeopemMu | HaBeeMO MPUKJIAL.

Hexaii

P(x)=agx® +a,x° +a,x* +a,x* +a,x* +a, x+a,,
F(0=x> +b,x* +b x+b,,

ne a, (0<i<6), b, (0</<2) — i wucna i P(x): f(x). Ienye Mporownen O (x)

Taxuit, mo P(x)= f(x)-0(x).
Takum YMHOM,

agx® +a,x* +a,x* +a,x* +a,x +a,x+a, =
=(x® +b,x™ +b, x+b, )(c,x’ +e;x* +c,x+c,,)

(65 ¢, €;, ¢, — KoediltienTn MHOTOWIEHA Q(x)). 3rinHo 3 NPaBHIOM MHOXCH-
HS MHOTOWICHIB, CKJIANEMO CHCTEMY PiBHSHb!
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Tipuxnan 7. 3HalAiTh ocTavy Bil ACHHS MHOrOWICHA

P(0)=x+x" +x° +x7 +x™ +x

Ha x-1
*r=P(1)=6*
Bupasa 11. 3uaiinits ocrauy Bil AICHHA MHOTOWIEHA
P(x)=3x" ~x* -4x-2
Ha: a) x-1; 6) x+1; B) x+i.
Bidnosids. a) r=—4; 6) r=-2; B) r=—1+7i.
Bupasa 12, 3maitnite ocTauy B AUIcHHA MHorowieHa P(x)=x’-6x*+
+x-2 Ha gBowteH X—(1+0).
Bidnosids. —3-9i.
Buopasa 13. Muorowren P(x) gimutscst Ha X. [0BeAiTs, IO LeH MHOTOWICH
HC Mae BUIBHOTO WieHa, 10610 ¢, =0.
Tpuxnan 8. IIpn KoMy 3HaUeHHI mapaMeTpa k MHOrOWICH
P(x)=4x* ~kx® +3x-5
IiNATECS HA x—22
* SIxmo P(x) :x~2, T0 3riaHo 3 Teopemoio Besy P(2)=0, 10610
4.2° -4k +6-5=0,
. 1
3Bigku k=8 ¥

Bidnosids. k=8 %."
Bupasa 14. TIpu siKoMy 3Hau€HHi ITapaMeTpa @ MHOTOWIeH
P(x)=5x" —4x” +ax-1
JUIMTECA HA X+27

Bionogids. a=-285.
Bapasa 15. IIpn axoMy 3HaYeHHi TapaMeTpa 4 MHOTOWICH

P(x)=3x> -5x +ax-2
nimaTses Ha x+17

Bionogids. a=-10.
TIpukaan 9. 3a siK0i yMOBH MHOTOWIEH

P)=(x+D)" +(x-1)", me N

AATBCA HA X?
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* SIxkuo P(x) : x, 10 P0)=0, 0670 1+ (71)" =0. s piBHicTh BUKOHYETHC
JIMLIC 32 YMOBH, 1O /1 — HeNapHe YAcIIO.
Bidnoside. m — Henaphe yncno.*
Tlpaxnan 10. Jlosenirs, mo npu n € N:
a) (1-Dx" —nx"" +1 i x-1;
6) nx®" —(n-2)x" -2 ix-1
*a) Hexait  P(xX)=(n-Dx"-mx""+l, neN, (uaramacmo, o
N={0,1,2,..}).
P =n-1-n+1=0
3a Teopemolo besy P(x)ix-1.
6) Hexait P(x)=nx*"~(n-2)x" -2, ne N,.
P)=n—(n-2)-2=0,
omxe, P(x)ix-1* i
3rigHo 3 HacyiakoM i3 Teopemu 1, skmo P(x):ix—1, To P(a) a-1 psi

JIOBUTBHOTO 1i0T0 @ #1.
I3 npuxnany 10 a) Burumsae, wo

(A~1):5" ~n-5"" +1i4; (n-1)-6" ~n-6"" +1:5; (n-1)-8" —n-8"" 4117.

I3 npuknany 10 6) Buumsae, wo
16 —(n-2)-6" 2 i5; n-8"" ~(n-2)8" -2 17, n-13¥" ~(n-2).13" -2 112,

Bnpasa 16. [losesiTs, mo npu ne N:

a) -5 +2n-1)5" -3n+1 i4;

6) n-82"" +(2n-D8" -3n+1:7.

Brasisxa. P(x)=nx*"" +@n-Dx" -3n+1: x-1.

Mpuxnan 11. Bigomo, wo muorounen P(x)=a,x"+a,x"" +..+a,  x+a,
JimTeest Ha x—1. JIoBEMiTS, 10 MHOTOWIEH X

kin kn-2)

-y kn -1) k
M(x)=a,x" +a x +a,x ol Xt Fay

ninutes Ha x* -1 (ke N, ne N).
*P(x)ix-1, orxe, 3a TE0peMOIO Besy P(D=a,+a, +a, +...+a, +a,=0.
Moxnaznemo x* = y. Tozi

M(x)=a,y" +a,y"" +.ta, yta,.

M)=a,+a, +..+a,_ +a,=0,
otxe, M(x):y-1*
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Hpaxnax 12. Muorowren P(x) npu AiieHHi Ha x—-2 fae octady 2, a npH
AineHHi Ha x-3 fae octavy 3. 3HaiiniTe OcTady BiX AiTCHUSA MHOrowieHa P(x)
Ha (x-2)(x-3).

* P(x)=(x-2)(x-3)-Q(x)+ax+b,
ne Q(x) — pesxuit MHorowieH. 3a Teopemoio Besy
PQ2)=2=2a+b, P(3)=3=3a+b.

13 cucTeMy piBHSIHB
2a+b=2,
3a+b=3,

nicranemo: a=1, b=0. Orxe, Hx)=x.

Bionosids. x.*

Bnpasa 17. Muorowien P(x) npu finenni va x-3 aae octauy 2. Kpim Toro,
BisTomo, mo P(x) i x. 3HaiiaiTs octauy Bin Ainentst P(x) na x* —3x.

2

Bidnosidv. 3%

Brpasa 18. Muorowrer Ax) npu AiNeHHI Ha X+2 fa€ octaqy 1, a npu ai-
JieHHi Ha x -3 gae ocrauy 2. 3HaiiAiTh 0cTavy Bii ATCHHA 1{HOTO MHOTOWIEHA HA
x? —x-6.

1 2

Bidnoeids. §x+l 5

Tpuknan 13. P(x) MHOrOWIEH, CTeNiHb SKOTO BUIIE HiK 2. JIOBeAiTS, 10
ocraua Bin ginenns P(x) Ha MuorowicH f(x)=(x—aXx~b) (a +b) sopistioe
P(a)-P(b) a-P(b)-b-P(a)

rx= e Gt
* P(x)=(x-a)(x-b)-Q(x)+cx+d, (1)
sie Q(x) — pesxuit Muorowie. I3 pisnocri (1) sictaHemo cvcTeMy piBHAHD:
Pla)=actd,
{P(b):bc+d,

3 AKOI 3HAXOMMO
Pla)-Pb) a-Pb)-b-Pla)
=l g T
a-b a-b |
Orxe,
_P(@)-P®)  a-P®)-b-Pla),

r(x) R S ¥
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Tpuxnan 14. Muorowren P(x) npu ginensi Ha x—1 mae octauy 2, npu
JieHHi Ha x+1 — ocravy 1, npu gineHHi Ha x—2 — ocravy 3. 3HailiTs ocTagy
pin ginerns P(x) na x° -2x7 —x+2.

* IMomitTnmo, 10
x*=2x? —x+2 =(x-DOx+D(x~2).
Orxe,

P(x)=(x-1)(x+D(x-2)-Q(x)+ax? +bx+c. (1)

Buxopucrosyioun TeopeMy Besy i piBricts (1), nictaneMo cUcTeMY DIBHSIHB:
P)=2=a+b+c,
P(*l):l =a-b+c,,
PQ2)=3=4a+2b+c.

13 cucremu piBHsHB
at+btc=2,
a-b+c=1,
4a+2b+c=3

i sk Ui iidise
JicTaHemo: 0—6, b-z, t—z.

Bidnagide. r(x):éx‘ +21x+ :‘A‘

Bnpasa 19. Muorouwnen P(x) npn ninesni Ha x-3 nae octauy 1, npu ninen-
Hi Ha x+2 — octauy 1, npu xinenui Ha x — ocraty (—1). 3HaiiniTs octady Bin
ninenns muorowiena P(x) na x* —x? -6x.

1 1
Bidnoaids. r{x)= 3 x? e

Tpuxaan 15. Ipy xinenni Maorowiena P(x), creninb SKoro Byume 3a 3, Ha
spownenn x—a, x-b, x-c((a ~b)(b~&)(c—a)#0) AicTaleMo BIIMOBIMHO ocTai
A, B,C. JloBefiiTh, Mo OCTa4a Bift Aitenns P(x) Ha MHOrOWICH

fl=(x-aXx-bXx-e)

JIOPIBHIOE:

. ){ A B c }1
V= b-aXc-a) "(a-bXe-) " @a-cXb—c) *

Alb+e) Bla+e) Cla+b)
(aobXo=p) kb0 G—aXdsBid
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Abe Bac Cab
Ha-btXa—0)  b-cXb-a)  (c-aXc-by
* P(x)=(x—aXx-bXx—0)Q(x)+a, x* +b x+c, (1)

e Q(x) — nesikuit MHorowreH. I3 piBHOCTI (1) AiCTaHEMO CHCTEMY DiBHSHD:
Pa)=A=aa’ +ba+c,,
Pb)=B=a b’ +bb+c,,
P)=C=a,c* +bc+e,,

BUIHOCHO HCBILOMMX @, b, ¢;.

I3 1iei cucTeMu 3HAXOMUMO!
A B C
= + + 5
1 (b-aXc-a) (a-bXe-b) (a—cXb-c)
_ [ AGto Y, Bla+c) b Cla+b)
'~ a—bXa—0) b-aXo-0) ' (c—aXe-b))’
Abc Bac Cab
= + + *
' (a-bXa-¢) (b-aXb-c) (c—aXc-b)
Tpuxsan 16. [Joseaits, 1Mo MHOTOWICH

POx)=14x% 000 keldne2 o (ketdnek

a

[

HinmThea Ha MHOrOWIeH f(x)=1+x+x*+.4x*, k€ N, ne N.

* Cniovatky nomitimo, mo A1 = f(1)=k+1. Orxe, P(1): f(1). SIkmo x #1, T0
3rinHo 3 dopMyIoI0 CyMM WieHIB FeOMETPHYHOL IIporpecii

(L= x)P(x)=]1— x ks DImeket :l‘x“'”‘"'”, (1-x)f(x)=1-x*",
3pigcn Maemo mpu x#1:

Px) 1-x®an

& Lttt g2y G
JEx) | 1-xk®

Tipukaan 17. TIpn AKX 3HAUCHHSX MapaMeTpiB @ i b MHOrOWieH
P(x)=2x*~x’ —4ax? +bx+] ginurbes Ha MHOrOWICH Xx* ~3x+27

* Axmo Ax)ix?-3x42, 10
Px)=(x-1Xx-2)-0(x), (1)
ne Q(x) — pesikmit Maorownen. I3 pisuocri (1) icTaHemo:
P1)=0=2-4a+b; P2)=0=25-16a+2b.
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2-4a+b=0,

" 5 1
I3 cucTeMu piBHAHB {25—16a+2b:0 MaeMo: a=2 g b=8 7

5 1
i 222 p=g=*
Bidnoeide. a-28,b-82.

Tipmxnan 18. 3uaiizite ocrayy Bil AinenHs MHorowneHa P(x)=x" —x? -1
Ha: a) x* +1; 6) x*-L

* a) P(X)=(x? +1)Q(x)+ax+b=(x—i) (x+i)Q (x)+ax+b.
P()=ai+b=i™ —i* -1=1; ~

P(=i)=a(-i)+b=( —(=i)*-1=1.

3naxopumo: a=0, b=1

" . {ai+b:l,
3 CHCTEMM PIBHSAHB At ]’

Bidnoeids. r(x)=1.

6) Px)=(x* -1)Q (x)+ax+b. .
P(D)=a+b=-1, P(-D=-a+b=-1.

a+b=-1,

-a+b=-1

I3 cucremu piBHsHB { 3Haxoaumo: a =0, b=-1.

Bionosids. r(x)=-1*

Buopasa 20. 3HaiiniTs octavy Bin AUteHHs MHOrowieHa P(x)=x"" —x+1Ha
x4+l

Bidnogide. r(x)=—x+2.

Tpuknag 19. P(x)=(x+D*" +x*" +4" +1, ne N.

3a soi ymosu P(x) ix?+1?

* P(0)=(x +1)Q(x)+ax+b.
PG)=G+D™ +i% 44" +1==(1+1)?)"" +(2)" 44" +1=
=@ +(=1)" 44" +1=(-4)" +(-1)" +4" +1.
Sxmo P(x) ix?+1, 1o P(i)=0. Tlomitimo, o (-4)" +(-1)" +4" +1=0 npu
HETIApHOMY 1.

Bionogids. n — HemapHe.*
Bupasa 21. [loBenits, mo npi ne N

(2 2= +(x? =x+1)"" =2 ix? - x,

i BUBEAITH 3BiNCH, 10!
a) 52" 432" -2:2;
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6) 113" +77" -2:6;

8) 197" +13%" 2312,

Bupasa 22. Jlosezith, o npu n€ N (x+D*" —x™ -2x-1:2x> +3x* +x,
i BUBeAiTH 3BiACH, LIO:

a) 32" 2% -5 130;

6) 47" -37" ~784;

B) 72" -6" ~13 :546.

Tpminan 20. Josenits, 1o npu n € N, k € N MHOrowieH

P(x)=(x-k)" (e +1~x)" -2x+2k+1

Ainursea Ha MHOTOWIeH f(X)=x? -(QQk+Dx+k* +k.

* fO)=(x=k)(x~(k+D).
P(k)=-1-2k+2k+1=0; Plc+D=1-2(k+D+2k+1=0.
Omxe, P(x):f(x)*
Mpu k=1 P(x)=(x-D"-Q2-x)" ~2x+3, a f(x)=x? -3x+2.
3rimo 3 Teopemoio 1, mpu ne N i uitomy a (a#l, a#2)
(a-1)"-Q2-a)"-2a+3 ia’ -3a+2,
3okpema, ipu a =4 maemo: 3" —(-2)" -5 :6;
npu a =5 Maemo: 4" —(-3)" -7 : 12;
npu @ =6 Maemo: 5" —(~4)" -9:20 i T n.*
Ipuknag 21. JloBeniTh, 10 MHOTOWIEH
P(x)=(cosq+xsing)” —cosnp—xsin ne
JiMTECS HA X +1 TIDH HATYPATEHOMY M.
* P(1)=(cosq+i sing)" —cosng—isinng, ne N.
3rizso 3 popmysnoo Moaspa (Moasp A. (1667—1754) — anrmilicskuit Ma-
TEMAaTHK),
P(i)=cos ng+i sin np —cos ng —i sin ng =0,
P(-i)=(cosg—ising)" —cosng +i sin np =
=COS NP —i sin #Q - cos np-+i sin ng =0.
3rizHo 3 Teopemolo Besy, MHorowreH P(x) AmMTbes HA X—i TA X+i, OTXeE,
P(x) pimatees Ha (x—i)(x+i)=x? +1*

S3aygawcenns. Bsarami Kaxyuw, Te, uto P(x) AimAThCA Ha MHOrOWIEHH f(X)
1 g(x) me ne o3nauae, wo P(x) gimrses Ha 106yToK f(x)- g(x). Och KORTPIpU-
Knaj.
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Hexait f(x)=x* -1, g(x)=(x-1)*. Muorowrten P(x)=(x~1)(x+1) gimarscs
Ha KOXHMI i3 MHorowiewis f(x) i g(x), ane He ALTMTLCH Ha X JOBYTOK.

TNprauHa B ToMy, WO MHOrowieHH f(x) i g(x) MaoTh CHTBHMIT KODiHB.
K110 X 11i MHOTOWIEHH He MalOTh CIIUIBHHX KOPEHiB i P(X) LLIMThCs Ha KOXEH
i3 Hux, To P(x) ninuTeest Ha ix 106YTOK.

Tlpaknan 22, J{OBE/ITE, 10 MHOIOWICH

Plx)=x"sing—p"" xsin np+p" sin(n-1¢

(p, @ — milici umncna) mimMTHC Ha MHOrOWIeH f(x)=x? ~2pxcosq+p’.

* f(x)=0 npu x*-2pxcosg+p®=0. Lle ksanparse piBusHHA Mac aBa
KopeHi x; =p(cnsq)+isinw) Ta X, :p(cowfi sinq:). Jani Maemo:

P(x, ): p"(cosntp+isinmp)sin(p—p"(cosrp+i sin@)-sin n+p” sin(n-Do =
=p"(cnsmp-sinq;+l sinnQ-sin@—cos¢ -sin n@—i sing .sinng +sin(n-Dg) =
=p" (=sin(n-D +sin(n—De ) =0.

Ockinbky P(x) — MHOrOWIeH 3 AiCHIMM KoedillieHTaMu, TO i YHCIO X,,
CHPSIKCHE KOMIUIEKCHE 3 YHCJIOM X, , € /Oro KOpeHeM.

Orxe, P(X)E(X*Xx )(x-x, ), 10610 P(x) ix* ~2px cosg+p*.*

Tpuknan 23. 3a sKoi yMosu Muorowier P(x) =1+x* +x* +...+ x** pimarscs
Ha MuorowteH f(x)=1+x? +x*+..+x**? (ke N)

* Mlpu x=1 P(x)=PD=k+1i f(x)=fD=k+L

Orxe, P(x): f(x) mpu x=11i k € N. fxmo x#1, To

4k

x

k92 _y

P(x)= l, )=

Tomy tiput x#1
Px) xit ]
F@. XAl

Hexait M(x)=x"*2+1.
M)=i? () 41==(-1)" +1.

M()=0 nume npn mapomy k. 3posymino, mo i M(-i)=0. Orxe,
P(x) : f(x) npu mapHOMy k.*

paxnan 24. 3HaiiiTs octauy Bix minenHs Muorowrena P(x)=x""" -1 na
MHOrowIeH f(x)=x*+x* +2x? +x+L
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* MoMitumo, mo f(x)=(x? +1)(x? +x+1). Orxe,
P(0)=0 +1) (¢ +x+1)-00x)+ax® +bx* +ex+d.

Msuorounen f(x) Mae 4 KopeHi:

ST T W
x, =iy Xy ==k, Xy S+ X, ==g =l

20 22
Ouesnao, X =x; =1 [ani Maemo:

P()=i"™ ~1=-1+i=ai’ +bi* +ci+d=-ai-b+ci+d.

3sizcn
~btd=-1,-atc=L
2
1
Px)=(x2)" 52 ~1=l-x,’—l=[—i+i§) EE
3 43 1 .43 1 43
== 5—17=a.x, +bx] +ex, +d = a+b(—2—i 2) [—E-HT +d.
3pizen Maemo:
113 3 343
a-3 b-z ctd-i P (bfc)——EﬂT.
Ly 3
Orxe, a—ib—ic+d=~i, b-c=1. Maemo cHcTeMy piBHSHD
“hed=-1,
-a+c=1,
b-c=1,
1 3
2b Ec-ni -2

3pincu sHaxomaMo a=-1, b=1, c=d =0. Oxe, r(x)=—x" +x>*

Tpuknan 25. [osexirs, mo muorownen F(p)=(p+1)"" +p™*, ne N,
mimaTsest Ha MHOrowneH f(p)=p? +p+l.

* MHorowieH f ( p) Mae /1Ba KOPCHi:

143 1 A3
», =-E+1—2—1p,=—5—17. !
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Momitamo, wo p,+p, ==L, p,-p, =L, p} ==1-p =p,, pi=p,. Tenep
MAEMO;

F(p,)=(p+1)"" 02 = (i, ), ) " 407 0 =
28 " 2)2 "
==2,(=p,)" 42,0 =2, (8}) " +p: 0} ==ps 5] +P, P} 0.

F( p1)=0’ ocKinbkiM p, i p, — cnpskeHi KomruiekcHi umcna. Orxe,

F(p) L (p'p‘ )(p—pi), TO6TO F(p) ipt+pHl*

Bupasa 23. BUKOPYCTORYIOHH NIPUKIAN 25, AOBEAITS, 110:

a) 31 42707 17,

6) 411 43742 1 13;

B) 521 4412 1),

Bupasa 24. [losezith, mo x™ —1ix? +x+1,

Bupasa 25. 3uaiinits ocTavy Bin minenHs muorowrena P(x)=x™ -1 na
muorowies f(x)=x* +x+L

Bidnogids, x-1.

Bupasa 26. Joseaits, mo (p+g)™"" +p

3BIICH, 1IO:

2) 4> 422! (12 npune N;

6) 571 42%2.3"! {9 npu ne N;

B) 72! +3"2.4"" 137 npune N.
Bupasa 27. P(x)=x"*+x’'+x*2 p g m — wnarypanshi umcna.
JloBexith, mo P(x) i x? +x+l, i BUBEAITH 3BICH, 10 KOKEH 3 MHOTOWICHIB
a) x> +x7+x%, 6) x° +x"™ 1 x' B) x?2 1 x! 1 x'" pinuTeCA Ha X° +x+],

Bupasa 28. [{oBexirs, LI0:

)25 £2M8 258 7

6) 310731000 .3535 313

B) 4" +47 +4% 121

r) 5% +577 4556 3]

Bnpasa 29. [lopenits, wo npu #=3k£l, k € N muorowien Pl)=x""+x"+1
ninuThea Ha MHOrOwIeH f(x)=x" +x+1, i BUBeAiTH 3BiACH, MO:

a) 97! 437 +1113;

6) 16! +4¥ 41121;

8)25°" +57" 4131

o2, gn-

' p?+pg+q?, i Buenith
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Bupasa 30. [lopexits, mo npu n=6k+2, k € N MHOrowieH
P(x)=(x+D"+x" +1

AimnTRCS Ha MEOrowneH f(x)=x +x+1, i BuBeaiTs 3BifCcH, MO:

a) 9-3% +4.2% +1:7npu ke N3

6) 4% 432 4113 npu ke N;

B8) 36-6% +25.5% +1:31 npu ke N,.

Tpuknax 26, Hosemits, mo Muorowted Plx)=(x+1)*"' —x
n€ N, DiUTECA HA MHOTOWICH S0 =xCeD(x? +x+1).

* P(0)=0, orxe, P(x) ix, P(-1)=0-(-1)"" -1=1-1=0.

Omxe, P(x):x+l. Kpanparumit Tpuer x” +x+1 Mae 8a Kopeti x, i X,.
i Ay

! | nipu

[Momitnmo, wo x; =x; =1, X, +X, =—1, X2 =X,, x] =x,.

P(x, )=, +1)"" et =

_ xz)am oot

Tak camo P(x,):O. MuorowreHn X, x+1 i x* +x+1 He MAIOTh CTITBHAX

X, X350 —x, - x$" —1==-x, —x, ~1=1-1=0.

KOPEHiB.

P(0) ix(x+D (P +x+1)*

f(x) — 3Benenmit MHOrOWIeH 3 UMK Koedimientamu, Tomy Pla) i f(a)
nipu winomy a (a#0, a #-1). 3pincu maemo:

a) 301 2" _1:42 ne N,;
6) 45741 —367¢1 11156, ne Ny;
B) 5% —45"1 11420, ne N,.

Bupasa 31. JloBexits, WO mpH A€ N, Muorowien (x+1)%% —x®% —|
mimTses Ha aiorowien £(x)=x(x+1)(x? +x+1).
Bnpasa 32. [Ipu sKOMY HATYPILHOMY 71 MHOTOWIEH

POo)=1+x" +x* +.. 4+ x27

AimuThes Ha muorowned f(x)=14x+x? +..+x""?
Bionoside. Tlpn n HemrapHOMY.
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[

\ dopmyna Teilnopa Ans MHOroYneHa

\ (Teiwmop B. (1685—1731) — aHrniiCbKMii MaTeMaTHK)

\\Pinnicn

P(x)=A,+ 4, (x-a)+ 4, (x-a)+.44, | (x-a)"" +4,(x-a)" (1)

Ha3UBAETHCS POIKITANOM MHOTOUICHA
|
\

i 2 -l "
P(x)=a, ta,x+a,x* +..+a, x""' +a,x

3a méneumn npouncHa x—a. Jiis muorowiena P(x) koediuientn a,,a,,
Gyyen ,rz Jani, TpeGa 3HalTH KoedinieHTH Ay A, A,, ,4,. Toxnanaoum
B pmnbc'n (1) x=a, maemo: A, = P(a). Bepyuu noxiaHy Bin oBox yacTuH
pisHocti (1), Maemo:

P'(x)= A, +24,(x-a)+34;(x-a)* +..+nA4, (x-a)"".
IMoknanaiouu B oCTanHil piBHoOCTI X =a, Maemo: A =P’ (a). Hami
P(x)=2A, +3-24,(x-a)+...+n(n-DA,(x-a)" .

Tloxnamaioun B OCTaHHIN PIBHOCTI X =@, MaeMo:

P'(a) Pa)
S e
Tponosxyioun aani iei mpouec, AicTaHEMO:
PR R ) WREL) P
SRR S R R A R T
Tenep i3 pisrocTi (1) Maemo:
’( ) P(a) P*a)
P(x)=Pla)+ (x-a)+ 2 %= al +.+ kla (x-a)* +..4
m( ) PY(a)
ALY P(a)+2T,a(x—a)*. @
A=l v

®Dopmyina (2) Hasusaethes hopmynowo Teinopa juist MHOTOWISHA /1 IO CTe-
TeHs.
Tpuknag 1. Posknacti MHOrowieH P(x)=4x’-3x?+x-13a cremeHamu
JpowieHa x—1.
* Tyt a=1 P)=]; P’ (x)=12x* -6x+, P’(D=T;
Pr(x)=24x-6, P"(1)=18, P"(x)=24, P"()=24.

Tenep, 3rigHo 3 (opmynoio (2), MaeMo:
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l E 2 2_4 3 |
P(x)—l+“(x~l)+2!(x—l) +3!(x71) 4 /

Bidnoside. P(x)=1+T(x-1)+9(x-1)* +4(x-1)°.* (
puknan 2. Poskranits Muorownien P(x)=x* +x* +x* +x+13a c‘raneHaAm

JIBOWICHA a) x+1; 6) x—i. ]
*a) Tyt a=-1, P-D=]; [

|

P'(x)=4x® +3x +2x+1, P'(~1)=-2; P"(x)=12x* +6x+2, PD=8)
P7(x)=24x+6, P"(-1)=-18; P"(x)=24, P (-1)=24. {

3rinHo 3 (opmynoro Teitnopa, [

2 8 18
“’()()=lfﬂ(x+1)+ﬂ(x+l)z T

Bidnogide. P(x)=1-2(x+D+4(x+1)? =3(x+1?* +(x+1*.
6) Tyt a=i, P()=1; :
P()=4i° +3i* +2i+1=-2-2i, P"(i)=12i* +6i+2 =-10+6i, P"(i)=24i +6,
P ()=24,
3rinHo 3 opmynoio Teitopa,
PO)=1-Q2+20) (x-i)+(=5+30) (x~)? +(1+4iXx~i)® +(x—i)* .*
Bupasu. 1. Posknazits MHOTOWIEH 1“(::):4):3 +3x? ~5x+2 3a CTENEHAMU

ABowieHa: a) x+1; 6) x—3.
Bidnoeids. a) P(x)=6+(x+1)-9(x+1)* +4(x+1)*;
6) P(x)=122+121(x~3)+3%x~3)* +4(x-3).
2. Poskmaztits MHOTOWIeH a) P(x)=x? +1; 6) P(x)=x" +x+1 3a cTenensamu

24 o f
(x+1? +Z!-(x+l) 3

ZBOTeHa X—i.
Bidnoside. a) P(x)=2i(x~)+(x~i)*; 6) P(x)=i+1+2i)(x-i)+ (x-i)*.
3. JloBeniTh TOTOXHICTE:
a) X =(x =D +6(x—1*+150x~1)*+20(x~1)*+15(x~D*+6(x~1)+1;
6) ax” +bx+c=al( x-x, )" +(2ax, +8)(x-x, ) +axd +bx, +¢;
8) ax’ =a(x—a)’ +3a*(x-a)* +3a’(x-a)+a*.

Teopema 2. Hexaii P(x) — MHOrOWIEH A-TO CTeMeHA, MpHYOMY
Pla)=P"(a)=P"(@)=...= P*"(a)=0 (1 <k <m), Tomi P(x)} (x—a)*.

* I3 dopmynn Teittopa Maemo:

P¥(a) P*V(q) P (a)
i (x-a)* + ] (x-a)*' +..4 p

Plx)= (x-a)" =
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\
\ [ p®(g) ph+D P 1

\ :(x—a)'l- Ll (ﬂ)(x—a)+...+ nla)(x—a)"f‘J:

\ k! (k+D!

\

\ =(x-a)*-Q(x),

Aie Q(x)— neskuit MHOTOWIEH, IO He € HYTb-MHOTOWIEHOM, Go P(x) — He
HYJIb-MHOTOWIEH.
Orxe, P(x)i(x-a)**
Bupaga 4. [losenits TeopeMy Besy sa onomoroio dopmyn Teitnopa.
l'lpmm 3. JloBenith, 10 NP HATYPAILHOMY /122 MHOFOWICH
P(x)=x"-a"-na"" (x~a)

mimatees Ha (x—a)?.
* P(a)=0; P'(x)=nx"" —na"", P'(a)=0.
3rigHo 3 Teopemoio 2, P(x) i(x—a)®.* .
3aysaxcennsi. SIxuio @ uie yucio, MHOrowieHn P(x) i (x-a)* maiors wini
xoedintienTH. Muorowres (x—a)? 3senennit. 3a reopemoio 1 npu mimx a i x,
P(x,) i(x,~a)". 3oxpema npu x,=3,a=13"-2n-1: 4
npu X, =4, a=1 4" -3n-1:9;
npu x, =5, a=1 5"-4n-1:16;
npa x, =5,a=2 5"-2"-3n.2"

39 g
Bnpaga 5. Jlosezits, mo npy #>2 MHOTOWIEH
P(x)=nmx""' —(n+Dax" +a""

nimaTkes Ha (x-a)?, i BUBEAITS 3BincH, WO:

a) 3n-2)-5" +2"*' 19, ne N;

6) (4n-2)-6" +2""' :16, ne N,;

B) (5n-2)-7" +2"*' 125, ne N;

1) 8n-3)-11" +3"*' i64, ne N,.

Bupasa 6. [oseaits, o npu n€ N MHOTOUNER

P)=(n-Dx"—nx"" +1

mimaTsest Ha (x—1)?, i BUBCiTH 3BiNCH, 10

a)(n-1-3"-n-3"" +1: 4;

6) (n-14"-n-4"" +1:9;

B) 4n-5)-5"" +1: 16;

1) (51-6)-6"" +1: 25.
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Bnpasa 7. JloBeits, 1110 TipH # € N, MHOTOWICH |
PO0)=(x-1)"""? ~(x-2""** ~@n+2)x+2n+3 /

nimnTbest wa (x—1)?, i BUBeaiTH 38iCH, 1O /

a) 4272 32 _gn-17:16; 3

6) 522 -4"2 —10n-9: 25.

Tpuxnan 4. Busnaure koedinientv a i b ak, mob MHOTOWICH

P(0)=2x" -nx"? +ax+b

tinuses Ha (x-17 i

* 3rigHo 3 Teopemolo 2, Maemo cucremy P(1)=0, P’(1)=0 abo

2-n+a+b=0,
{2n—n(n~2)+a =0,

3pinku a=n’ —4n, b=-n" +5n-2.

TlepesipTe, 10 MHOTOWIEH

P(x)=2x" —nx"? +(n* ~4n)x—n* +5n-2

nimarees Ha (x—1)* mpu ne Ny.* -
Buopasa 8. {osenits, 0o mpu n>2:
2)2:3"—-n-3"2+2n* -Tn-2 i 4;
6)2-4" —n-4"? +3n* -11n-2:9.
Bupasa 9. Busnaute xoediliienTH ¢ i d TaK, 106 MHOrOWICH
P(x)=x"-nx"" +ex+d
nimases Ha (x-1)7.
Bidnosios. c=n* -2n, d=-n" +3n-1.
Bnpasa 10. [Iosezirs, mo npu n€ N:
a)3"-m3"" 420 -3n-1:4;
6) 4" —n-4"" +3n” =5n-1:9;
B) 5" —n-5"" +4n® ~Tn-1: 16.
Tipuknan 5. BU3HayTe YMCIO @ TaK, 106 MHorowreH P(x)=x"-ax""+ax-]
nimsest Ha (x-1)7.
* 3rigHo 3 TeopeMolo 2, Maemo cuctemy P(1)=0, P’(1)=0 abo
{ a — Byab-siKe AiiCHe YHCIO,
n-a(n-D+a=0.

n
3pincw a=—7>, n€ N, n>2.*
n-2
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Mg S UG gy i M
3ayaasxcenna. Tpu d=== Px)=x X +n_2x 1

Hexait M(x)=(n-2) P(x)=(n-2)x" —nx"" +nx-n+2.
Mrorounen M(x) 3 wimmvu koedinienramu zimarses Ha (x-1)* npu n>2.
Buapasa 11. [Tosenits, mo npu n>2, ne N:
a) (n-2)-4"-n-4"" +3n+2 1 9;
6) 4n-10)-5"" +4n+2 : 16;
B) (5n-12)-6"" +5n+2 : 25.
Tlpuxnay 6. Busnaute 3HaueHHs a i b, NPH AKMX MHOTOWIEH
P(x)=x* +(a+b)x* +(a-b)x* +(a® +b-1)x+a+b+4
nimnthes Ha (x-1)7.
* 3rinno 3 Teopemoio 2, Maemo cucteMy P(1)=0, P’ (1)=0 a6o
{a’ +3a+2b+4=0,
a’ +5a+26+3=0, \
3BiIKH a:%, b;—z?g.*
" Mpuknan 7. Josenits, mo Muorownen P(x)=x —mx"! +nx" —| ginurses
Ha (x-1)°.
* PD=0; P"(x)=2nx*"" ~a(n+Dx" +n(n-Dx""*
P (M=2n-n(n+D+n(n-1)=0;
PAx)=2nQ@n-Dx"""* —n* (n+Dx"" +n(n-1(n-2)x"">;
P (D=2nQn-D-n*(n+D+n(n-1(n-2)=
=n{dn-2-n* —n+n* -3n+2)=0.
3a Teopemoio 2 P(x) i (x-1)* *
Buopasa 12. osenits, mo mpu ne N:
a)9"-3n-3"+n-3"" -1:8;
6)16" -4n-4" +n-4""' -1:27;
B) 25" ~5n-5" +n-5"" -1 64.
Bopasa 13. P(x)=x"""' ~Qn+Dx""' +Qn+Dx"" -1.

Hosegits, mo P(x) i (x—1)*. 3oxpema npu ne N,:
a) 3-9" —(4n+2)3" -1
6) 4-16" ~(6n+3)-4" —
B) 5:25" ~(8n+4)-5" -1 64;
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1) 36" ~(107+5)-6" -1 125,
Bupasa 14. JloBeztiTh, 110 NPH HATYPATLHUX 2 i m (n >m)
(n-2m)x" —n-x"" +nx" ~(n-2m)} (x-1°.

Bupasa 15. P(x)=nx""* -Q2n® +2n-)x""' +(n+1)* x" ~x~1. Jloenite,
mo P(x) (x-1?, i usenirs ssizcu, mo npu # € Ny: !

a) (9n? ~6n+5)-4"~5: 27;

6) (8n> ~4n+3)-5" -3 32 !

Bnpasa 16. P(x)=x"—nx"" +(n’ ~3n) 272 x—(n* -4n+2) 2", Jlose-
Tk, mwo P(x) (x-2)%. :

Tpnaan 8. Tosexits, mo (x+D)%*1 —x*' -1 (2 +x+D)".

* Hexait P(x)=(x+1)**' —x*"' —1, Tpuwien x* +x-+1 mae Kopeni

X, =7’2‘-H 7, X,

Tepesipre NpaBMIBHICTS PIBHOCTEH

%} =3} =1, x txy ==, X} ==l-x, =x,, X} =x.
o
()= () o (U ) i 4
=, (-x,) % —x, % -l=-x, ~x, -1=0.

Asanoriuno mosezemo, mo P(x, ) =0.
P (x)=(6k+D e+ D —(6k+Dx**

P () =G@k+D((x, +1)“ ~x)=
=(6k+D((~x,) " %) =6k+D1-D=0.
AHAIOrYHO JOBEAEMO, 110 P'(x, ) =0, Orxe, 32 TEOPeMOIO 2
P (x-x,) 1 PG (x-x,) .
TakuM YHHOM,
P(x): [(x—xl )7 -(x—x,)l],

10670 P(x): (x? +x+1)".*
Bupasa 17. oseaits, mo npu k € Ny:
a) 381 2651 1 1 49;
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6) 454! —3%%+1 _1 : 169;
B) S g8ty £ aqr,
1) 6% =555 _1 : 961,

flk cknacTu 3apady Ha NoAiNbHICTL MHOrouNeHIB i ynucen

TyT BXITHBY OB Billirpae MeToX HeBM3HAYEHHK KoedilierTis.

Mpanan 1, P(x)=x" —nx"" +ax? +bx+c.

B’mnaumn xoe(bmlehrm a, b, ¢ Tak, mo6 MHorowreH P(x) ninusca Ha

(x=D%

* 3rigHo 3 TEOPEMOIO 2, MAEMO CHCTEMY DIBHSHB:

1-n+a+b+c=0,
P1D)=0, P'(D=0, P"(N=0 a6o {n-n(n-1)+2a+b=0,

n(n=D-n(n-D(n-2)+2a=0. Z

3sincu Maemo:

= —6n? -
a_n 4; +3n ] -Sn,c- 6n2+9n 2'

Orxe, MHOTOWICH
b i
n' =4n’ +3n n' —6n’ +9n-2
P(x)=x"-nx"" ++x’ ~(n* -5n? +5n)x++
nimurses Ha (x-1)°*
Muorowren M(x)=2P(x) mae uini koeinienT i Ti % cami Koperi, 1o
# MHoOrownen P(x), oTe, MHOrOWICH

M(x)=2x"<2nx"" +(n* -4n? +3n)x* -
-2(n® =5n* +5m)x-+n* ~6n? +9n-2

nimatses Ha (x-1)°.
3sizcn gicranemo, wo npu ne N,:
a) (6-2n3"" +4n® 1207 +6n-2: 8;
6) (8-2m)4"" +9n° —30n* +17n-2 : 27.
Bnpasa 1. Bussaure koedillieHTH a, b, ¢ TaK, 1106 MHOTOWIEH
P(x)=x" +ax? +bx+c
nimBes Ha (x-1)°, i BuBexiTS 3BiKCH, MO npn neNg:
a)3"-2n*-1:8;
6)2-4"-9n* +3n-2 1 27;
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B) 5" —8n* +4n-1: 64.

2
n-n -n’+3n-2
Bidnogids. a = 2 AT
Bupasa 2. BusHaure koediuientu A i B rak, mo6 MHorowieH

P(x)=Ax* +Bx’ +1

sb=n®-2m c=

aimscs Ha (x-D?. (k#p)
k

Bidnosids. A=—2—, B=——=.
p-k

k-p
InTerpan i noainsHicTL MHOro4sIeHiB

T Teopema 3. Hexaii Muorowien P(x) AUmaTees Ha (x—a)*, Toni mMHoOTO-

wien M(x)= I P(x)dx nimateest Ha (x-a)*"".

* M(a)=0, M’(x)=P(x), oTxe, M’ (a)=P(a)=0, 60 P(x): x-a.

M”(x)=P’(x), omxe, M"(a)=P"(a)=0, 6o P(x)} (x-a).

Jlani M”(x)=P"(x) i M"(a)=P"(a)=0, Go P(x)} (x=-a)'.

TIpooBXyIOUH Lieil nporec, ‘HapeLITi JiCTaHEMO:!

M (0= P40 ()i MP()= P4 (@)=0, 6o Px): (x-a)*.

Takum unxom, M(a)=M"(a)=M"(a)=
Moto 2, M(x) i (x-a)**' . *

3aysancennsi. Tlin 9ac NOBEACHHS TEOPEMH 3 3acTOCOBAHO HE TUILKH Teope-
My 2, a il TeopeMy, 0GEpPHEHY /0 TeOpeMU 2: ko P(x) i (x-a)*, 10

P(a)=P'(@)=P"(@)=..= P*"(a)=0.

M®(a)=0 i, 3rigHo 3 Teope-

CripaBe/UIMBICTD Li€] TeOpeMI BUILTMBAE 3 opmysm Teitopa uisi MHOTO-
wieHa.

TaKuM YMHOM, 33CTOCOBYIOUH IHTEIPal, MOXHA O/ICpKyBaTH HOBI 3aj1a4i Ha
MOUTEHICTE MHOTOWIECHIB.

Tipuxnan 2. Muorownen P(x)=x"" —nx™ 4 nx"! 1 ninuees Ha (x—1°.

x £
M(x):IP(x)dx:j(x”‘ —mx"™ " 1)dx=
i i

I pene? r‘ PRIt 2t -2
| am T e X}L =2l w2 T e2)ensl)
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3a Teopemoio 3 M(x) i (x-1)*.
Muorowner L(x)=Q2n+D(n+2)-M(x) Maec uini xoedimientn i TaKox
nimnres Ha (x-1*,

L)=(n42)x*" ~n@2n+Dx™? +(n+2)2n+Dx" —
—(n+2)@n+Dx+2n* -2.
3sifcu urumMBae, mo npu ne N, :
a) (n42)-3*""" —n@n+1)3"? +(n+2)2n+1)-3" —4n* ~15n-8 : 16;
6) (n+2)-4"*" —nQ2n+D-4""* +(n+2)Qn+1)-4" ~6n* ~20n-1
Tlpunan 3. Hexait P(x)=Ax" +Bx"" +1.
Busnaunmo xoeditientn 4 i B tak, mo6 P(x): (x-1)?. 3rimvo 3 Teope-
Moo 2, P(D=01i P'(1)=0. MaeMo cucTCMY PiBHAHB
A+B+1=0,
{nA+(n—l)B=0, .

3Biku A=n-1, B=—n. Onxe, muorowied P(x)=(n-x" -nx"" +1 nimurscst Ha
(x-D2.

M= [ PG = [ ((n-Dx" =nx™ 1) dx =
1 1

~1 * n-1 —1
o[ 2t —x"+x]| =g —x"+x7(L4+l]=
n+l |, Tntt n+l

n-1 n-1
= E A S 2
. n+l n+l

3rigno 3 Teopemoro 3, M(x): (x-1)°.
Muorowren
Lx)=(n+DM(x)=(n-Dx"*"' =(n+Dx" +(n+Dx—n+1

Mae Uit koedilienT i Takox aimuTees Ha (x-1)°.

3sincu Maemo npu ne N:

a) 2n-4)-3" +2n+4: 8;

6) Bn-5)-4" +3n+5:27;

B) Gn-7)-6" +5n+7:125i T n.
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Hexinbka 3apay Ha noaineHicTe MHOrouneHis
1. 3HaiiniTs ocTauy Bif AUICHHA MHOrOwIeHa

P(x)=a,+a,x+a,x* +...+a,x" va(x-a)* (k<n).

* 3rizHo 3 Teopemoto Teitnopa,

PR=pl e ( )(x a)+m”)<x bt

P"'”(a) i i
+—U‘—_1T(x—a) +Hx-a)* -M(x),
ne M(x) — pesixuit Mmuorounes. Orxke,
P'(a) P(a) vads PERIE) .
r(x)=Pla)+ m (x-a)+ o (x=a) +.+—g (x-a)t .
2. Plx)= l+ +2, +—,A Uy icHye Take JjiicHe uMCIO @, IO

P(x) i (x-a)*?
* Hexait P(x) ! (x~-a)?. Toxi 3rimo 3 Teopemoro 2 Pla)=P’(a)=0.

a-1 x"

X x
Prx)=142 +2|+ o =P(x)~

Skmo Pla)=P’(a)=0,100= 0——,a =0. Onnax P(0)=10. Otxe, Takoro

yucna He icaye.*
3. Hexa#t P(x) — MHOTOWIEH A-TO CTETEHs 3 LIUIMMM KoediuieHTami.

f’(a) f"a) ")
JIoBeiTS, WO W1 BY/B-SKOTO LLTOro @ cyMa = —+ 70 +..A+T

— uine
YHUCJIO.
* 3rimno 3 popmynoo Teitnopa,
2 PR(g)

P(x)zP(ah—Z#(x— )

=1
Tloxiasuy B Wil piBHOCTI X=a+1, MaeMO:

lk)
Plash= P(a}+2 (”),

PO(a)
3BIIKH 2 k'a — P(a+1)-P(a) — wine wmcno it Gyxp-sKOro uijioro a, 60
k=1 L

MuorowieH P(x) Mae uini koediujentn.*
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4, Tosuaummo uepes S(P) cymy koediuientis muorowiena P(x). TMpu
nitenHi MHorowreHa P(x) Ha x—a wacTkow € MHorowieH Q(x), a ocraua
nopisiioe R. [Josenits, mo (1-a)S (Q)=5 (P)-R.

* TMomitamo, mo S(P)=P1). P(x)=(x-a)Q(x)+R

Toknanaiouu x =1, Maemo:

PD)=1-a)QD+R, A-a)Q(1)= P()-R a6o (1-a)S (Q)=5 (P)-R,

1o 1 tpeba Gyio aoBecTH.*

5. 3uaiimite HAWGLMBIIMA CHUILHMI ALTBHMK yCiX WHCEN  BHIATY
7" +8*"! mpune N,.

* Iosenemo, mo MHOTOWIEH P(x)=x"*? +(x+1)***! ximuTeca Ha TpwwicH
x? +x+1. Lleit TpHsIeH Mae Kopeni x, i x,.

P(x)=xt-xr+(x +l)(x,‘ +2%,+1)" =
=x] "‘1'*(": +1)(x|’ X+, )" <
=xkoxt +(x‘ +l)(0+x, )' =x(xd+x, +l):0,

Orxe, P(x): (x—x| ) AHaIOrYHO foBenemMo, mo P(x) (xﬂ:Z ), otxe,
P(x): x? +x+l

P(1): 7* +T+1a6o 7% +82*! i 57,

Haitmerue wieno sumsuy 7"°* +8*"*! npu ne N, nopismioe 7°*? +8°* =57.
Orxe, HAUGLTBIIHIA CTITBHMI AUTBHUK yeix YMCeN JaHOTO BUTIISLY fopiBHIoE 57.%
6. P(x) — MHOroWwIeH 3 LiuMK Koedinientamu. Binomo, mo uucna P(2)i
P(3) ninsTeest Ha 6. Tosenits, wo uucno P(5) Takox AUMTECS Ha 6.
* P(x)=(x-5)0 (x)+P(5), ne Q (x) — mHOroweH 3 uimmmu KoedirienTamu.
Tomi P(2)=-302)+P(5)=6m i P(5)=6m+30(2), orxe P(5):3. Kpim Toro,
P(3)=-20(3)+P(5)=6p, P(5)=6p+20(3)i P(5): 2. Orxe, P5): 6.*

Nireparypa

1. Bunenxun H. 5. v ip. AnreGpa auist IX—X K1accoB cpeiHuX IIKOJ ¢ MATEMATHYeCKOH
creunam3aimei.— M.: Tlpocsemenne, 1972.

2. Kyaceab A. B. Marematuueckue umnposusaimin.— K.: Buma mxorma, 1983,

3. Modenoe I1. C. C60pHHK 3a1ad 110 CIELUAITEHOMY KYDCY 9/IEMEHTAPHOI MaTemaTH-
Ki.— M.: Buiciias wkona, 1960,

4. Yuaxos P. IT. TIpo noaiibHicTs YMceN i MHOTOWICHIB // MaremaTiKa B IKoax
Vipaiun.— 2004.— No 2-6.




