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Bin aBTopis

‘f.

NIOB! OAUHARLATUKNACHUKMA!

V npoMy HaABYAJIBHOMY POIll BH 3aKiHUyeTe MmIKoay. Mu maemo
gazniioo, 110 BA HE pPo3YapyBaJMcs, OOpaBIIM HeJerKUH IJIAX HaBya-
THUCH B MATEMaTUYHOMY KJaci, 1 cnoiBaEMOCS, 1[0 OTPUMAaH] 3HAHHSA
cTaHyTh JJIS BaC HAAIMHUM MIAIPYHTAM B ONaHYBAHHI MalOyTHBOIO
npogeci€ro.

Y 11bOMY HaBYAJIBHOMY POIIl BH IPOJOBXKUTE BUBYATH MATEMATUKY
za noraubsenow nporpamox. Ille He npocto. IloTpibro OyTH HaMO-
JIerJIMBHM 1 3aB3ATHUM, YBAXXHUM 1 aKypaTHUM, [IPUA IIbOMY HauUI0JIOB-
Hillle — He 3aJuliatTucsa 0auay)KXUM 0 MaTeMaTUKH, a JIOOUTH IO
kpacuBy Hayky. CnogiBaemMocs, 1110 BU 3 iHTepecoM OyeTe 3aCBOIOBATH
HOBI 3HaHHA. MaeMo Haji0, 1110 IbOMY CIPUATUME IIJIPYYHUK, AKUU
BU TpuMaeTe. O3naiioMmrecsa, OyAb JlaCKa, 3 MO0 CTPYKTYPOIO.

TekcT mMiaApy4YyHUKA PO3ALJIEHO Ha ciM nmaparpadiB, KOKHUH 3 AKUX
CKJIAZAETHCA 3 NMYHKTIB. ¥ IYHKTaX BUKJIAAEHO TEOPETUYHUMN Ma-
repiays. OcobnuBy yBary a3BepTauTe Ha TEKCT, BHJALJIEHUH KHPHHUM
wpugpmom. Taxkox He 3ajuIIaANTe 11034 YBArow CJI0Ba, HAJPYKOBaHI
KYPCUBOM.

3a3BHYal BUKJIAJ TEOPETUYHOI'0 MaTepiajy 3aBepIIyVEThHCHA IIPU-
KJIaJlaMu PO3B’sA3yBaHHA 3amad. Ill samucu MoMKHA pPO3rIsAgaTH SK
OIUH 3 MOXKJIMBUX 3pasKiB ohopMJIeHHA PO3B’ A3aHHSI.

1o KOKHOT0 NYHKTY mifgidpaHo 3ajgavi A caMOCTIHHOIO po3B’ -
3YBaHHA, NPHUCTyYIaATH N0 AKHUX PajguUMO JHIIe IIicJid 3aCBOEHHA
TeopeTudyHOro marepiany. Cepen 3aBiaHb € K IIPOCTI M cepenHi 3a
CKJAJHICTIO BIPaBM, TaK 1 CKJAJHI 3azadyi.

AKNIo nmicasg BUKOHAHHSA JIOMAIIHIX 3aBAaHb 3aJUINAETHCA BlJb-
HUM 4ac 1 BU XoueTe 3HATHU OLIbIEe, TO PEKOMEHAVEMO 3BEPHYTHUCH
no pyvopuku «Koam 3pobneno ypoxku». Marepian, BUKJIaJeHHHA TaM,
€ HelpocTuM. AJie TUM IliKaBimie BunpodyBaTyu cBoi cuiau!

Baxxaemo ycnixis!

LWAHOBHI KONEMA!
. Mwu 3HaemMo, IO OIArOTOBKA A0 YPOKY B KJaci 3 IOTrJIHOJIeHUM
BUBUEHHAM MaTeMaTUKU — pobora Hemerka. Opranisanis Taxoro

HAaBYAJILHOI'O IIPOIECY BUMArae BeJIUKUX 3YCUIb YUUTEJISA, AKUN DOop-
Mye HaBYAJBHUI MaTepias 1o Kpuxrax, 30Mpamoun Horo B 6araTbox
nocibEuKax. Mu conoaiBaeMocs, IO LeH MIAPYYHUK CTaHe HAJAIHHUM
IIOMIYHMKOM V Ballliil HeJIerKid 1 nmuIAXeTHiN mpaili, i 6yaeMo mupo
pajl, AKIIO BIH BaM CIIOA00a€ETHCH.
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Bin asTopiB

Y kHu3i ai6paHo oOmUpHUHE 1 pi3HOMAHITHMN AUIAKTHYHHU
marepian. IIpore 3a omuH HaBYaJNbHUM PiK yci 3amadi pos3B’A3aTH
HEMOJXKJIMBO, Ta B IIbOMY ¥ Hemae norpedu. Pazom 3 Tum Habararo
3py4YHillle NIpamnoBaT, KOJHA € 3HAYHUN 3anac 3aga4d. lle mjae MOXJIH-
BICTh peaJsil3yBaTH INPUHIMIOUA PiBHEBOl audepeniiamii.

Ocob6auBYy yBary 3BepHeMO Ha 3aJayvi AJIgd MaTeMaTUYHHUX I'YPTKIB
i (hakynpTaTuBiB, AKI momiuveno (*). I1i sagauyi ckiagai. PaguMo BU-
KOPHUCTOBYBATH 1X 3 0COOJIMBOIO 00EPEKHICTIO, KEPYIOYHUCH ITPUHIIAIIOM
IHAUBIAVAJIBHOIO IMiIX0AY B HABYAHHI.

HepBoHMM KonLOPOM MO3HAYEHO HOMEDH 3a/ad, 10 PEKOMEHIY-
JOThCS AJIA JOMAIIHboI poboru, CHHIM KonbOopoM — HOMEpH 3ajady,
AK1 3 ypaxyBaHHAM 1HJIMWBIAYaJbHUX OCOOJMBOCTEH VUYHIB KJiacy Ha
po3cyl yYuTeasd MOXXHa PO3B A3YBaTU YCHO.

HaszBu onosizans aasa mosakygacHol poboru (pybpura «Koaum
3po0JIeHO YPOKH») HAAPYKOBaHO 3@JMeHHM konropom. Ileir marepiad
He € 000B’A3KOBUM IJId BUBUEHHH.

BaxxaemMo TBOpYOro HATXHEHHSA ¥ TePIIHHA.

-' YMOBHI No3Ha4YeHHs -

<

n 3aBJaHHs, 0 BIANOBIAAIOTH MOYATKOBOMY 1 CEPEeIHHOMY PIBHSAM
HaBYaAJIbHUX JOCATHEHD;

n' 3aBaHHsA, 10 BIANOBIZAIOTH AOCTATHLOMY PIBHI0 HaABYAJbHUX
JOCATHEHb;
n' 3aBAaHH#A, 10 BIANOBIZAKTH BHCOKOMY PIBHIO HABYAJBHHUX JO-
CATHEHb;
n* zazadi Aas MaTeMaTUYHHUX I'VPTKIB 1 PakyJIbTATHBIB;
O—w 3azadi, y AKX OTPUMAHO pe3yJbTaT, 1110 MOXKe OYTH BUKOPUCTAHUM

Np¥ po3B’A3yBaHHI IHINIUX 3a/a4;
3aKIHYEeHHS JIOBEJAEHHA TeOPeMH;

3aKiHYEeHHS PO3B’A3YBaHHA NPUKJIALY;

pyopuka «Konu 3pobiieHO ypOKH »;

migpyuauk «A. I'. Mepsnak, B. B. ITonorcekuit, M. C. HAxkip.
«Anrebpa-9» Aunrebpa. Iligpyunur ana 9 kiacy 3 norubJIeHMM BUBYEHHAM
maTeMaTuKu. — Xapkis: Iimuaszia, 2009. — 384 c.: in.»;

nigpyunuk «A. I'. Mepaasak, 1. A. Homiposcskui, B. B. ITosou-
cekmit, M. C. fAkip. Anrebpa i mouaTKy aHAAI3Y: MIAPYYHHAK AJIA
10 xnacy 3 moryiubjieHMM BHUBUYEHHAM MaTeMaTUKH. — XapKiB:

'iMmrazia, 2010. — 415 c.: ijg.»

«Anrebpa-10»




[PAHULLA
TA HEﬂEPEPBHiCT b

GYHKMII

u\ Mpannua pyHkUiT B To4UI e

Posranssemo ¢dyuKLii f, g, h, rpadiku aKux 300paKeHo Ha PUCVH-
Ky 1.1, 1 Touky x,. HesBakarouu Ha Te 10 NMOBeAIHKA X QYHKILIN

y TOYI[l X, 1CTOTHO PI3HUTHLCH, YCIM IM IIpUTAMaHHA TaKa BJIACTUBICTH:

AKIIO 3HAYEHHA apryMeHTy odupaTu Bce OIuiKuYe U OJIMKYe 00 YHca
X,, TO BIAIIOBI/JIHI 3Ha4YeHHA (PYHKIIll BCe MeHIe ¥ MeHIlle BlJIpi3HA-

TUMYThCA Bl UMcCJa a.

HNABEARTEEEBRBESREAEER S
...............

............

- —— ——— ———
- —————

[HImIMMHu cJaoBaMM, AKINO AOBLIBHA MOCJIAOBHICTE 3HAYEHb apry-
MEHTY, BIAMIHHHUX B1J X,, IpAMY€ OO 4YHCJa X,, TO BiAmoBigHA TO-
CJILIOBHICTh 3HA4YE€Hb (DYHKIIII NpAMYE I0 YHCJA 4.

Y TakoMy BHIAAKy YHUCJIO 4 HA3UBAIOTh 2PAHUUCI PYHKYIL
6 mouyl x,. llen dhaxT, Hanpukaan, jis QyHkuil y =f (x) 3anucyoTh
Tak: lim f(x)=a (BMKOPUCTOBYIOTH TaKOXX 1 3amuc: f(x)—>a npu

X = X

X —3%a )



§ 1. paHnuA Ta HenepepBHICTb PyHKUI

Hanpuknang, 3a 1omoMorox0 pucyHka 1.2 MoykHa 3poOMUTH BHCHO-
BOK, 110 limsinx =0, limsinx=1.

n
x -0 .

AKIo 3BepHyTHUCA 10 PHUCYHKA 1.3, TO MOKHA 3anucaTH:
lim arccos x=0, lim arccos x = .

x—1 b |

Y = arccos x

+ -
- 0 1 X
Puc. 1.2 Puc. 1.3
s |
Ha pucynky 1.4 3obpakeno rpadik pyHKUOil y= - Bagyumo,
x_.
. ox*-1 |
o lim =
221 -1
yA
2 {----
......... , o
Puec. 1.4 Puc. 1.5
, 1 ! .
Posrnsaemo ¢yskuio f(x)=— (puc. 1.5). fkio nocaigoBHicTs
X

3HaYeHb apryMmesTy x npamye o 0, To 4jieHH BiANIOBLAHOI OCIiZOB-
HOCTi 3Ha4YeHb PYHKIII cTaTh yce 6inbmumu u 6iapmumMu. Tomy He
icHye 4mcia, 10 AKOro NIPAMYIOTH 3HaYeHHS QYHKIII f 3a yMoBH, 110
3HAYEeHHA aprymMeHTy npamyoTs a0 0.

1

Orxe, byaknia f(x)= = He Mae rpasuni B To4ui x, = 0.




1. paHuus DyHKLUIT B TOML

PosrasaeMo GyHKLi0 [ (x)=—". IIpu x > 0 orpumyenmo f (x) = 1,
x

npu x < 0 orpumyemo f (x) = —1. I'padik dbyHknii f 300pakeHo Ha
pucyHKy 1.6.
Axmio 3Ha4eHHA aprymMeHry x, ge x # 0,

npsaMyTh 0 0, TO HEMOXJIMBO CTBEPIIKY- v4

BaTH, 110 3HaYeHHs (YHKIIl [ NpaAMYIOTH J0 16

AKOTOCh NeBHOTO uucaa. CnpaB/l, KOJH ITOCHi-

JOBHICTh 3HAYEHb APryMeHTyV IIPSAMYE 10 HYJIA 0 ;
i 11l 3HAYEHHA € Bil’EMHUMU, TO BiANOBIIHE  c—t —1
[IOCJIJOBHICTh 3Ha4Y€Hb (QDYHKIIII OPAMYE [0

-1, a KOJIX OCJI1JOBHICTh 3HAYEHb apryMeHTY
IpAMY€ A0 HYJA 1 Il 3HaYeHHA € AOJaTHUMU,
TO BIJINOBIJHA MOCJIIJOBHICTh 3HAYEeHb PYHKILIL
npsamye go 1.

| x|

X
Tenep, KOJIX BU OTPUMAJH YABJIEHHA PO 'PAaHUIIO PYHKILII B TOY-
11i, chopMyJIIOEMO CTPOre O3HAYECHHS.

Tomy dbysKIia f(x)= y Touui x, = 0 He Mae rpaHuIi.

Posriasinemo GyHKIio f 1 TOUKY X, A/ AKOI ICHY€ ITOCTIJOBHICTH
BIAMIHHMX BiJ] X, 3HAYEeHb apI'yMeHTiB, KA 30iraeThbCs JO TOYKH X,.
JloniyibHO IPUUHATH TaKe O3HAYEHHS.

Osmauenms. 1MCIO @ HABMBAIOTL rpanKu el Gyuxuii fy Tou-
i x, AKULO LA Oynb-saK01 301KHOI 10 X, MMOCJITOBHOCTI - J S

X , .. 3HA4YeHb aprymenTty (yHkuii f 'ralcnx, oo x # X, A BCiX
n € N, BIANOBIIHA NMOCJIIAOBHICTS [ (x), f (x,), ..., [ (x), ... 3HAUECHD
¢hyHKII] 30iraeTbCca 10 YMCIA A.

3BEPHITH yBary Ha yMOBY X # X B O3Ha4eHHI rpanuni. Ia ymosa
O3HaJae, 110 'PaHUIA (PYHKIL B TOULl X, HE 3aje’KUTh BiJl 3HAUYEH-

HA [ (x,), a TAKOXK 03BOJAE PYHKIII MaTH PPAHUIIO B TOYIi, V AKIN

BOHA He BU3HaueHa (npukgagamMu € GyHKIii, rpadiku axux 3o00pa-
KeHO Ha pucyHKy 1.1).

Taxosx 3a3Ha4YUMO, 110 301KHiCTE mocaizoBHOCTI (f (x)) mus Oyov-
AKOL TIOCJILJOBHOCTI (x ) € ICTOTHOI YMOBOIO. fKIIIO MOXXHA BKas3aTu
Xo4a 06 OZHY IOCJIIZOBHICTB (X ), K€ x # x,1 limx, =x,, gna axoi

n—<wx

BIAIIOBiAHA mocaifoBHICTE (f (x )) He Oyxe 36iraTuca Ao ymucaa a, TO
[le O3Ha4YaTuMe, [0 YHUCJO0 a He € rpasuner ¢Gpysaxmoii f y rouni X,



§ 1. paHnuA Ta HenepepBHICTb DYHKLYI

| —— —— —— | — — e ——

Ha pucysky 1.7 300pa:keno rpadik YA

o L r
neakol GyHkmil. asa Touku x, 3 obiac- ’
|
Ti BU3HAYEHHA He iCHye 36ikHOI 10 X, / :
v v . . . |
[OC/i JOBHOCTI BIMIHHNX Bifi X 3HAUEHD & : >
x

aprymeHTiB pyHKIil. Ias Takux QPyHK- 0
i} TPaHUII0 B TOYLi X, HE 03HAYAIOTH. Puc. 1.7

Ha pucynky 1.8 Touka x, Taka, 10 npasopy4 (aiBopy4) Bif Hel
HeMa€e TOYOK, AKi HajexaTh 001acTi BU3HAUYEHHA (PyHKILT f.

Seomall et st 200 —0—-0- >
Ol x,,(-— X
Puc. 1.8

Y KOXKHOMY 3 BHII4JKIB, 300paXeHUX Ha IbOMY PHCVHKY, IJd
OyAb-AKOI IMoCcailoBHOCTI (X,) aprymMeHTiB pyHKuil f, e X # X, NI

Bcix n € N i lim x_=x,, BignoBigHa nmocaigoBHicTs (f(x,)) 3HauYeHb

n-—»%
byHKLII npaMye a0 uyucia a. lle o3Hayae, 10 YHUCIO @ € 'PAHUIIECIO
byHKuil [y TouLi Xx,.

MPUKNALA 1 3uaiizits rpasunio lim Y8x+1.

x—10
Po36’a3anHs. PO3riasaemMo JOBLIBHY IOCHIOBHICTE (X ) 3HAYEHD
aprymeHTy GyHKOii f (x)=%48x+1 rakry, mo lim x,=10 i x # 10

n-—»x

nna Beix n € N. Toxi BiamosigHa mocaigosHicTe (f (x,)) 3Ha4YeHb

byHKIIl 3agaeTbca (HoOpMYJI0IO f(xn)=§/8xn+1. CropucTraBlIINCH
TeopeMaMHu npo apudmMeTwyHi Ail 31 30LKHMMHU IOCJIIJOBHOCTAMHU
1 TEOPEMOIO IIPO I'PAHUILI0 KOPeHdA, OTPUMYEMO:

lim f (x,)=1lim 4/8x, +1=4/8-10+1=3.

n-—»e n-—» %

OckinbKu moCTinoBHICTE (X ) 00paHO IOBLIBHO, TO

lim ¥Y8x+1=3. @

x—10

8




1. TpaHnua hyHKLIT B TOYL|

- - . 9x” -1 . 1
nPMKﬂAAﬁ SHaUAITh rpaHUuLI0 QYHKIL y = - B TOUYNl X, = 3"
“ ™
Pose’azannsa. PograsiHeMO NOBIIBbHY MOCIIAOBHICTH (X ) Taky,
' S 1 ; L oy : .
mo lim x, =§ ¢§ niasa Beix n € N, Toxl BignmosijgHa OCJiIOB-
. 9x” -1
HICTH (yn) 3H&4YeHb (QYHKIILI 3agaeTbcA (POpMyI0I0 Y, = 2 - T
xn_ -
Maewmo:
, . Bty 1
limy, =lim ——=lim@x +1)=3-—+1=2,
n —» o n = o 3xn _1 n =00 3
OckinpKu mocaizoBHicTs (X ) 00paHo AOBLIBHO, TO OTPUMYEMO, 110
. 9x° -1
lim =2. ®
csr Sx—1
3
APUKNAA HoBexits, mo (pyHKHOIA f(x)= l—-l- He Ma€ TI'paHHMIIl

x
B To4ni x, = 0.

Posze’'sazannsa. PoarngHeMO IIOCJHIAOBHICTL 3HAYEHbL apryMeHTY
(-1)"

n

dbyskuii f, 3agany GOpMyJIOI0 3arajJbHOIO 4jieHa X, = . OueBnp-

HO, mo limx, =0 i x # 0 gua sBcix n € N.

[TocrizoBHicTE BignmoBimHMX 3HaueHb QYHKIIT 3amaeTbesa GopMmy-
(_l)n
X (=1)" (1)

n

aow f(x,)= =(—1)". Ilsa nocaifoBHiCTL He Mae

n
rpaHMILl.

Mu HaBesu HpuKJazg 301KHOI A0 HYJIA IOCHLZOBHOCTL (x,), ZAe
x, #0 pnsa scix n € N, Taxoi, 110 BiANIOBiJHA NOCIIOBHICTH 3HAUYEHD
dyuxnii (f(x,)) He mae rpasuni. Orxe, QyHKIia [ He Mae rpaHUILi
B Touui x, = 0. @

; : b= L i
APUKNAL 4 Hdosenirs, mo ¢yskuia f(x)=sin— He mae rpaHumni
) X
B Touli x, = 0,

Poszé’sazannsa. PodrasgsaeMo HOCAILOBHOCTI (@) i (b) 3HayeHDb
aprymeHTy (yHKOil f raki, mo:

1 1

an = ? bn - 3
lt+27m —TE+2nn

2 2




§ 1. [paHnLs Ta HenepepBHICTb DYHKLII

OueBupHo, mpo lima, =limb =0 ia #0, b +# 0 gra Bcix n € N.

Ockineku f(a,)=sin (§+2nn)=1 ns1 oyae-axoro n € N, To mo-
craigoBHicTh (f (@ )) € craumionapuor mocaigoBHicrio: 1, 1, 1, ... ¥
. . (8 )
Ockineku f (b )=sin (-§+2nnJ =—1 pua 6yns-axoro n € N, To mo-

caifoBHicTs (f (b)) € cramionaprol nocaigoswicTio: —1, —1, —1, ... .
Maewmo: lim f(a )=1, limf(b,)=-1.

n—wx n—o

Mu BHaBenum npuKJIaZ ABOX 301KHUX J0 HYJIA IOCJIiLOBHOCTEH,
YWIeHU AKUX BlAMIHHI Big Hyad. Bigmosigri IM mocJifoBHOCTI 3HAYEHb
dbysxnii f maroTe pisHi rpapumi. OTke, GQyHKUiA [ He Mae I'paHUIL
B TOYII1 X, = 0. @

. e . 1 et
I'padir dyHKIil f(x)=sin—, mobymoBaHUH 3a HOIOMOI'OIO
%

KOMII'IOTepPHOI ITporpamMmu, 300paskeHo Ha pUCyHKY 1.9.

—
ey . x
T 27
Puc. 1.9
—_ | ,
NMPUKNAA 5 3naiizaiTe rpasunio GyHKHili f(x)=xsin— y roumi
i X
x, =0.
Posé’'azanns. PosrasiHeMO NOBLIBbHY MIOCIILOBHICTH (X ) Taky,
: ; . , .1
mo limx =0 i x # 0 gna seix n € N, Ockinbku |sin— (<1, To mo-
n-—»w b &
; : . |
CJ1I0OBHICTB (yn), ne Yy, =sin—, € o0OMexeHOIo.
X

n

10




1. TparuLLa DYHKUIT B TOYLY

; . 4L .
IToc1iloBHICTH (xn sin — | sBAgEe cobo MOOYTOK HECKIHYEHHO

Xn

MaJIoi TTOCJIiIOBHOCT1 (x )1 o6MeskeHol mocigoBHOCTL (Y ). Ot1xe, 1IO-
caimoBHiCTE (X ° yn) ¢ HEeCKiHUYeHHO MAaJIolo, TOOTO

lim (xn sin —1—) =0.

n—w
xn

OcKiTbKY IOCHIOBHICTE (X ) OyI0 00paHO AOBLIBHO, TO 1€ O3HA-

: .
gae, mo limxsin—=0. @
x—0 o

: D "
'padix Gysrmii f(x)=xsn—, mobymoBaHUNA 32 JOIMOMOTOIO
X

KOMIT’ JOTEPHOI IIpOTpaMu, 300paskeHo Ha PHUCYHKY 1180,

v

Puc. 1.10

Bripaau

1.1.° Tlo6ynyBasmu rpadik QyHKIII f, yRaxiTh (6e3 OOrPyHTYBaHHA),
gy Mae QYHKIiA [ rPaHUAIIO B TOYIIL X'

Df@=2x-1,1=-1 4 f@=" %="2
X
2) f)=2"0 %= 1s 5) 1(2)=—) %,= 0
3) f@W=2" x,= 2 6) (=221, x, = 2.



(6e3 obr'pyHTYBaHHS),

1.2.° lloGynyBaBmu rpagik dyukmii f, VRaMXiTE

§ 1. [paHuLA Ta HenepepBHICTL PyHKLIT

O.

3) f(x)

YU Ma€ QYHKUiA [ rpaHUmio B Toumi x.

? xo :—3;

-9
x+3

9 f(x)=121]

X

1)f(x)=2x+1,x0=1;

2

, %, = 1.

x—1

9

xX+3
1.3.” 3a gomomoroxo rpadika pysruii f (puc.

X

2) f(x)

iTe (6e3 06-

ACYHUTE

1.11) 8’

91 Ma€ (PYHKIIA [ rpaHUIIO B TOYI X .

N

0
i

I'PYHTYBaHHSA),

-
s 3

————— —

Puc. 1.11
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1. paHnUs yHKUIT B TOYU

1.4." Ha pucysky 1.12 sobpaxeno rpadik pyskuii y = f (x).

1) Yomy AopiBHIOE 3Ha4YeHHsA QYHKUII fy Touni x, = 17

2) Yu icuye rpaHung Qysknil f y Touni X, = 1?7 ¥V pasi no3uTUBHOI
BiIIOBI/I1 3aIIMIIIITh 3 BUKOPUCTAHHAM BIAIIOBIIHOI CUMBOJIIKH,
YoMy BOHA JIOP1BHIOE.

3) Yu icuye rpa"unsa QyHKHii fy Touni x, = 2?7 ¥ pasi mo3uTUBHOL
BIIIOBI/Il 3aIIUIIITh 3 BUKOPHUCTAHHAM BiIIOBIAHOL CUMBOJIIKY,
YOMY BOHA JOP1BHIOE.

Pnc. 1.12

1.5." 3a monoMorow 03HaYeHHSA 3HAUAITH rpaHmuo ¢byHKIII B TOYIL:

1) lim (2x+1); 3) lim = _9
x—-1 X588 3

2) hmx . 4) lim 2x+2
152 x4+2 x>-2x2 _x-6

1.6." 3a nomomoroi o3HAYEHHS 3HAUIITH rpaHHmo (hyHKIII B TOYII:

1) lim (3x+2); 3) lim © 2.
x—2 x==2 249
2) lim x;+1 4) lim gl
=~ 2%+ % x>l x% _4x+3
1.7." Busnauena Ha R ¢dysknia f raka, mo lim f(x)=0 mna xKoxHO-

ro x, € R. Hu mosxHa cTBep/KyBaTH, 10 f(x)=0 107 KOXKHOTO
x € R?

O=w 1.8.° Nlosexits, mo lim c=c¢, e ¢ — mesKe YUCIIO.

x—)xo

O=w 1.9." Nloseznirs, mo lim (kx+b) = kx, +b.

1.10." Hasexite npukjgan Taxkoi dyHKIil f, mo:
1) lim f (~x+2)=-38; 2) lim (f (x)+cosf (x))=1

x—0 x—>2

1.11." Hagenite mpukaan Takoi Gyskmii f, 1mro:
1) lim (2f (x)+3)=0 2) 11m f(x) \/f (x)+1=2.

xr—>3 x—-1

13



§ 1. 'paHnLA Ta HenepepBHICTL YHKLT

1.12." 3ganigiTe:

1) lin}\/;; 2) lim v/2x +1.

x-—-0

1.13." 3gaiinirs:

1) lim 52 +2; 2) lim /3x - 2.
5 : ; -2 : .
1.14.” HoBexnirts, 1o ¢pyuxiia f(x)= | s 2] He Ma€ IpaHHUIll B TOYIIL
x_
x, = 2.
- . ; |x+l| . .
1.15.7 oBexits, mo pyurnia f(x)= : He Ma€ rpaHuIll B TOYIIl
-‘ X+
x,=—1,
1.16.”" HowexiTe, mo (GyHKIiA f(x)zl He Ma€ TPaHMUIl B TOYI]
X
x, = 0.
- - . 1 . .
1.17.7 Hosexirs, mo ¢pyskiia f(x)=cos— He Ma€ I'PaHUII B TOYI
X
x, = 0.

1, ,
1.18." Nosexits, mo dyuxuia Hipixiae D (x)= I
0, akmo xeR\Q,

He Ma€ I'PAHMUIIL B XKOLHIN TOYIII.

1

1.19.” IoBexiTs, m1o lirré x cos—=0.
x— x

1.20.” ITosenirts, mo limx® (x)=0, ge ® (x) — dyuruis dipixie.

x—0
1.21.”" ®yaxnia f raka, mo D (f) = Qi f (x) = 1 gna 6yas-axoro x € Q.
Hu mae pyrxuia f rparumio B Touni: 1) x, = 0; 2) x, =27
1.22.” ®yukuia f Busnavena Ha R i lim f (x)=1. 3naiigite rpapuio

x—0
. x
i (3}

1.23.” ®yukuia f sBusgavena Ha R i lirrg f(x)=1. 3HaigiTh rPaHHUILIO
lim £ (Va? +1-1).

1.24.* Yu icrye pyuknia f raka, mo D (f) = R i pyuruis f He mae rpa-
HUII B )KOAHIN Touli X, € R, aje npu npomy GyHKIiA ¥y = sin f (x)
Ma€ IPaHUIIO B KOXKHIN Toumi x, € R?

1.25.% Bigowmo, mo Gysknia y = | f (x) | mae rpasuio B KosxHi#i Toumi °
x, € R. Hu npaBunbHO, 110 GyHKIiA y = f (x) Mae rpaHumio xouya 6
B OHIA Touli x, € R?

14




O3Ha4eHHA rpanunLi yHKLUIT B TouLi 3a KoLwi

1.26.%* Ym icaye Taka pyuruia f, mo f(x)>0 pasa Bcix xeD(f)
f(x)

i pnsa Beix p € N cnpaBmKyeThbCA pPiBHICTE lim ——p——:O?
x—>0 4

1.27.*% IIpo BusdHaueny Ha R ¢yHKIIIO [ BifoMO, 110 AJIsd JOBiJIBHOIO

x € R mocmipoBHICTE (¥,), Ze Y, =f[£), IpAMYy€E€ 00 HyJadA. Um
n

00oB’a3k0oBO lim f(x)=0?

x>0

KOJIN 3POBJIEHO YPOKWU

O3HaueHHsA rpaHuui yHKWiT
B Toyui 3a Kowi

O3HauyeHHs, HaBeJeHe B II. 1, HA3WBAIOTh O3HAYEHHAM TI'DaHUILI
dyukmii B Touni s3a Ieitre'. IIpoTe MOKHA BBECTH IMOHATTS I'DAHMIL
(yHKIII B TOYIIl IHIIMM CIIOCOOOM, HEe BUKOPUCTOBYIOUM I'DAHUILIO
IOCJI1IJIOBHOCTI.

Ha pucyrky 1.13 3o0paxeno rpadik ¢pyHKIII f 1 Ha ocax abcuuc
i opAuMHAT MO3HAYEHO BiANOBIAHO TOYKH X, i a, #me a=}i_)r£10 f (x).
3asHauumo, mo f (x,) # a.

Hexant ¢ — mesake gomaTHe uucgo. Ha y4
ocl opAuHAT PO3rJIsiHEeMO iHTepBaJa (@ —&; [ (x“);s- ----- . v = f(x)
a + ¢). Ha oci abcuuc iomy Biamnosigae " | AR, ki
ihins o BB Locoswnnun - T
TaKuUi iHTepBaJ I, SIKMU MICTUTH TOYKY X, g4g b i __

mo muA Oyae-sikoro x € I N D (f), x # x,, o ———
BiZITOBiAHI 3HAUeHHA (HyHKIII [ HamexaTh
IPpOMIXKKY (a — &; a + €), ToOTO BUKOHY-
IOThCA HepiBHOCTL a — ¢ < f (x) < a + .
IammmMu ciroBaMu, Aas Oyab-aKoro x € I N
N D (f), x # x,, BAKOHYETLCA HEPIBHICTH
| f(x) —a|<s.

3BY3MMO IIPOMiKOK Ha Oci opamHar, Puc. 1.13
TOOTO PO3IVIAHEMO iHTepBal (a — €5 a + &),
ne 0 < g <e. Toxl nua ymcrna €, MOYKHA BKasaTU Takuu inrTepsas I,
oci abcuuc, AKUA MiCTUTb TOYKY X, 10 st Oyab-axoro x € I, N D (),
X # X,, BAKOHYEThCA HepiBHICTS | f (x) — a | < ¢ (puc. 1.13).

fu—

Inrepsan I

' Teitue, 'enpix Exyapn (1821-1881) — mHiMensKuii MaTeMaTUK, YJIEH-

rKopecrioHieHT IIpycepkoi i T'erruHrenchkoi axkazemiit Hayk. OCHOBHI HOTO
3M00yTKU — y rajyasi Teopil pyHKIiNA, MaTreMaTU4YHOI (DI3UKH.
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§ 1. ['panuus Ta HenepepBHICTL PyHKUII

- S — ——— —

Ha pucynky 1.14 3o0pakeHno rpadik rakoi pyskuil f, mo x, € D (f).
Pucynox 1.15 Bignosigae dyuxnii f, ana axoi f (x)) = a.

: y = f(x) i y = f(x)

Iarepsan / Iarepsan I
Puc. 1.14 Puc. 1.15

Y KOXHOMY 3 BUIIQJIKiB, 300pakeHux Ha pucyHkax 1.13-1.15, ansa
byab-sikoro £ > (0 MOXHA BKasaTH TaKuM iHTepBana I, AKUH MICTHTH
TOYKY X, 10 JuisA BCix x € I N D (f) i x # X, BAKOHYETHCS HEPIBHICTE
| F(x) -a]<e

Haseneni mipKyBaHHSA JO3BOJAIOTH JATH TAKE O3HAYEHHSA I'PAHUILI
dyukuii f y Touni x,.

Osamavenma. Yycno ¢ nazusarors rpanune Gpynxuii fy rou-
ui X, AKIO i OYyAb-AKOTO J0JATHOrO YHCJA £ ICHYE TAKHH IHTEp-
Baa I, AKHM MICTHTH TOUKY X, WO AasA Oyab-axoro x € I N D (f)
i x # x, BUKOHy€ETHhCA HepiBHIicTS | [ (x) — a | < &.

Y n1poMy O3HauYe€HHI po3rIAAaThk Taki GyHKUii f i Toukn x,, mo
ans Oyab-AKOro iHrepsany I, KA MICTHTH TOYKY X,, MHOXKMHA

(I N D (f)\{x,} ne e mopoxxkuboro. Hanpukiaz, ansa ¢pyskuii, rpagik
AKoi 300pakeHo Ha pucyHKy 1.7, rpaHumio B Touli X, He O3HA-

YaiOTh.
fAxmo inTepsas I MICTHTh TOYKY X,, TO iCHy€ Take JOfaTHE YHC-
10 &, 1m0 MPOMiKOK (x, — 8; X, + 0) Hasexutsb I (puc. 1.16).
Toai, AKIIO TOYKa X, HAJNEKHUTD iHTepBany I, To e 1HTepBaJ
MIiCTUTh MHOMKHHY, AKa € PO3B’A3KOM
noAsiitHoi HepiBHOCTI 0 < | X — X, | < 3, Iarepsa |
e 0 — JesgKe JonaTHe YHUCJIO. T__—-b—F—A
Tenep HaBejeHe O3HAUYEHHA 'PAHUAIL
hyHKUil [ vy Touni moxxkHa nepedopmy- %,=0 X, %3*0
JIIOBATH TakK. Pue. 1.16
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O3Ha4eHHA rpaHuul hyHKuUI B ToYui 38 Kowwi

Ozmavenns (Komi). Yncno a nazusa- yh

Thrpasuue pysxkuii fy rouni x, [f(x )ro---- -
AKIIO s OyAb-AKOro J0AaTHOIO YHUCJA € :
iCHy€ Take JOJaTHE YHCJIO O, IO JJIA BCIX
x € D (f) 3 nepiBocreit 0 < |x — x| <8  al-ee--
BUILIMBa€ HepiBHicTs | f (x) —a | <&,

y = f(x)

Pucynok 1.17 LrrocTpye ne o3HadyeHHA.

- ———— . ——
- —————————— -~

NMPUKNAA 1 3a monmomMoOrom O3HAYEHHA
Kol rpaauni ¢pyHKII B TOYIl JOBEAITH, Puc. 1.17
11 (0) lflrrll(2x+3)=5.

Poszé’'sazanna. Jlnsa KOXKHOrO JOAATHOTO YHUCJIA € PO3IIAHEMO He-

- - £
piBaicTs | (2x + 3) — 5| < ¢. [lepersopuBmn ii, sanumemo | x—1|< o

OrpuMaHa HepiBHICTH NiJKa3ye, AKMM YMHOM JJISA ZaHOro € > 0 MOXK-
Ha 3HaUTH norpibHe uucio 6 > 0.

=
2
| 2x — 2| < &. 3Bigen | (2x + 3) — 5 | < . CkasaHe o3Hauae, 1110 YHUC-
J10 @ = 5 € rpaHulero GyHKii y = 2x + 3 B rouni x, = 1. @

Hexamn Sz-g-. Toxi 3 ymoBu 0<|x-1|<8=— sBunausae, 1o

NMPUKNAL 2 BuxopucroBywouu o3HaueHHs Koini rpasumi GysKIil

. : : X
B TOYIli, A0BeAiTH, mo (pyHKOia f(x) =|__|
X

He Ma€ rpaHMIll B TOYILl
x, = 0.
Posé’szanns. Ilpuoycrumo, mo rpaHunsa QyHKOIl f y Touni

X, = 0 icaye i nopiBHIOE a. [lokaxemo, 1110, HAONPUKJIAA, JJIdA £ = 1 He-
MOXKJIMBO Tifibparn Take & > 0, mo6 3 HepiBHOCTEH 0 < | x — 0| < §

p . X
BHIIJIMBAJIa HEPIBHICTh |———|—a i1 3
X
Axmo 0 < x < 6, To HEepPiBHICTH u—a <1 nHaOyBae BUIIALY
X
|1 -a|< 1. 3Bigcu 0 < a < 2.
Akmio -6 < x < 0, To HepiBHICTH -I—I--a <1 nabyBae BUIIALY
X

|-1—-a|< 1. 3sigen -2 <a < 0.

OckiJIBKM He ICHYE 3HAYeHb a, AKl 0 3aJ0OBOJILHAJNMA KOXKHY 3 He-
piBHOcTet 0 <a < 21-2 <a <0, To pyskuia f y rouni x, = 0 e mae
rpasHuIl. @

17



§ 1. 'paHuLs Ta HenepepBHICTb yHKLI

> B Teopemu npo apupmMmeTnyHi _ 3 ;bauuuamu
hyHKLIN Yy TOYL

BuBuarwuu rpaHuno ¢GpyHKIII y Toulll, OyageMo BUKOPHUCTOBYBATH
TaKl IMOHATTHA.

O3navennsa. IIpomixkox Buny (x,—90;x,+9d), ne & > 0, Ha3UBaAKTH
0-0KO0JIOM TOYKH X,

Ozamavenma. Muoxuny Buay (x, —0;x,) U (x,; x, +9), ne 6 > 0, Ha-
3UBAXOTh NPOKOJOTHUM O-0KOJOM TOUYKH X,

[ToHATTA 0-0KOJY i IPOKOJIOTOTO 3-OKOJY TOUKU X, IPOiIIOCTPO-
BAHO Ha pucyHKax 2.1 1 2.2 BignoBigHO.

O-0Kia Il poxoaomuii 6-0Kin
O —- —f O ———— e~
X, =0 X, X+ &, =0 X, %8
Puc. 2.1 Puc. 2.2

Y monepeaHbOMY IIYHKTI BM HaBUMUJMUCA OOYMCIIOBATH T'PAHUILIO
¢byHKIII B TOoUlil 3a AOMOMOrow o3HauyeHHs. llojermuTn nmpoiec mo-
INYKY I'PAaHUIl JO3BOJISAITH TEOPEMU IIPO I'PAHHUIID CYMHU, JO0YTKY
1 YaCTKHU ABOX (hYHKILIH.

Y meopemax 2.1-2.3 Oyzemo poarasggaTu PyHKIII, 110 BU3HAUEHI
B OJJHUX 1 THX CAMUX TOYKAX JESKOT0 IIPOKOJIOTOrO 0-0KOJIY TOUYKH X,,.

Teopema 2.1 (rpasunsa cymn). Axwo pynryii fi g maromos
zpanuylo 6 mouyi x,, mo gyuryia y =f (x) + g (x) marxoxu mae
ZPAHUYI0 6 MOUYL X, NPULOMY

lim (f (%) + g (x)) = lim f (x) + lim g (x).

X — X x—x

Hosedennsa. Illozgauumo lim f(x)=a, lim g(x)=>b. Hexam

X — X, XX,

(x ) — nmoBinbHA 306iKHA A0 X, MOCHIAOBHICTH 3HAUEHb aPIyMEHTY
byukuii 1 g, ne x # x, 4aa Bcix n € N, Toxal BinnmoBigHI MOCHiTOB-
HocTi (f (x )) i (g (x )) sHauyeHb PYHKUINA € 30IKHUMU A0 Yucea a i b
BigmosigHO. ¥ cuay Teopemu 46.2 (nuB. «Anrebpa-10») mocaiIoBHICTD
(f (x ) + g (x ) TaKox € 3013KHOI0, IPUIOMY

lim (f(x,l)+g(x,l)):}l£rgf(xn)+1img(xn)=a+b.

OckinmbKu mocaiIoBHICTE (X ) Oyi0 00paBO AOBLIBHO, TO I€ O3HA-
gae, mo lim (f(x)+g(x))=lim f(x)+ lim g (x). &

x— X X~ X X~ Xq
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2. Teopemy Npo apudMeTUYHI A1 3 TPaHNLAMK YHKLIN Y TOYL|

PoariasEemo GhbyHKIII [f(x)= \/; 1 g(x)= \/:; Koxua 3 mux
GyHKII#H Mae rpaHuIio B Touli x, =0. IIpore bysxnia y =71 (x)+g (x)
Bu3HaA4YeHa Julle B Toull X, =0 1 ToMy He Mae rpaHUI B I[i# TOYIIi.
[leit IPUKJIAJ IIOKa3y€e BaXKJIMBICTh BUMOI'M TOrO, 110 GyHKUil f1i g
MAIOTh OyTH BU3HAUYEH] B OJHUX 1 TUX CAMHUX TOUKAX JEeSAKOT'0 ITPO-
KOJIOTOTO O-OKOJIY TOUKH Xy

Teopema 2.1 3aaumaeTsCAa cupaBeaJIUBOIO AJA OYVIL-IK0I CKiHYeH-

Hol KiJIBKOCTL HOomaHKIiB. lleir paxT MOIKHA JOBECTH 34 JAOIIOMOTI'OIO
MEeTOJJY MaTeMaTU4YHOl 1HAYKII].

Teopema 2.2 (rpamnna a06yrky). Axuwo ¢pynryiifi g ma-
oMb 2PAHUYI0 8 MOYYl X, mo pyukuyin y = [ (x) g (x) marox mae
2PAHUYIO 6 MOHYUL X, NPULOMY

lim (f (x) g (x)) = lim [ (x)- lim g ().

CropucTaBIIUCH ie€r0 foBegeHHA Teopemu 2.1, n1oBemiTh 110 Te-

opeMy CaMOCTIMHO.

Teopema 2.2 3anuinaeTbes CIpaBeAJIUBOIO AJ8 OYIb-AKOI CKiHYeH-
HOl K1JIBKOCT1 MHOXHUKIB.

Hacaxinox. Axwo ¢pynkyisa [ mae zpanuyio 6 mouyi x,i k —
dosinbHa cmana, mo Qyuryia y = kf (x) maxoxw mae zpanuyro
6 Mmouyl X, npuLomy

lim kf (x)=Fk lim f (x).

x—>xo x—-»xo

CropaBefyiuBIiCTh HACJHIAKY BUIIJIMBAE 3 TEOPEMH IIPO TI'PAHUILIO
IO0OYTKY.

Teopema 2.3 (rpanmusa wactku). Avwo pyuruii fi g ma-
HOMb 2PAHUYIO 6 MOYUYL X, NPULOMY 2PAHUYA PYHKULL § 610 MIHHA

610 HYna, Mo PYHKUIA Y = ! ((x)) MAaKoHe MA€ ZPAHUYIO 6 MOUYIL X,
. g (x
npu4vomy
lim f(x)
lim AR — 0 :
=% g(x) lim g(x)
x——>x0

CkopucTaBUINCEH iIe€I0 NOBeNeHHA TeopeMu 2.1, HoBeaiTs HMIO Te-
opeMy CaMOCTIMHO.

3a3Ha4YuMoO, IO TeopeMU Npo apudmeruyHi Ail 3 rpaHULAMHU
(hyHKOINA y TOYIl € aHaJoraMu BIJAIIOBIIHWUX TeOopeM s 30iKHHX
nocJigoBHOocTer. Taka BINOBIAHICTE He 0OMEXKYETHCA JIAIIIE Teope-
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§ 1. MpaHW1UA Ta HenepepBHICTb YHKLYI

mamu 2.1-2.3. IIpounTaBmiun ymoBu Brpas 2.11-2.14, Bu BirizuHaere
AHAaJIOT'M 1HIINX BJACTHUBOCTEHU 301KHUX IIOCJIIIOBHOCTEM.

' o . - S
NPUKNAA 1 losexits, 1m0 }HI}O =,

Pos3é'azarnnsa. 3 Kawo4oBoil 3azavi 1.9 Bunnuae, mo lim x =x,.

X —>%,
Toxni, KO QYHKOIO Yy = x® momaTy y BHTIAMI Yy =X°*X, TO MOXHa
3aCTOCYBATH TeOpPeMy IIPO rpaHUI0 HoOYyTKY. Maemo:

lim x* = lim (x-x)=lim x- lim x=x_. ®

x—> X, XX, X — X xX—> Xy

2
NPUKNAR B 3satizirs lim 2 —2%*6

xX->2 x2_4

Poszé’azannsa. Ockinpru lim (x°-4)=limx*-1im4=2°-4=0,

x—2 x—2 x—>2
TO He MOXXHA 3aCTOCYBATH TEOPEMY IIPO I'PAHHUIIO YACTKH N0 PYHKILIT
x* —5x+6 x* —5x+6
f(x)=— . IIleperBOprMO Bupas ; . Maewmo:
x" -4 x" -4

x> —5x+6 _(x=2)(x—8) x-3

> = = , e x#2 Ta x#-2.
x"—4 (x-2)(x+2) x+2

. -3 ; — :
Posrnaaemo ¢pyHKOio g(x)= x—z Ockinbku pyHKIII f 1 g 30i-
X+
raloTbCA IIPU BCIiX X #2, TO lin% fi(x) -—-lin% g (x). BuxopucroBymouu

TeoOpeMHu PO apu@MeTudHl All 3 rpaHuIAMU (QYHKIIN, OTPUMYEMO:

. x®-5x+6 .. x—3 1m(x-3) o g
lim - =lim = = ——=, §
x=2 x" -4 =22 x+2 lim(x+2) 2+2 4

xXx—>2

'
1
x* —2x, AKIIO X # —,
NMPUKNAQL 3 3Buaiigits lim f (x), me f (x) = 5 3
"7 2 AKIINO X = —.
! 2

Posze’'sa3annsa. Posrngaemo (pyHKILiIO
g (x) = x* — 2x. OcKinbKY B 6yAb-AKOMY IIPO-

: 1 -
KOJIOTOMY 0-OKOJ1 TOYKHU X, = 5 byHKLiI fig
gbirarorecd (puc. 2.3), TO liH]l 7 ()= lin} g (x).

Tomy mocraTHBO 3Ha#TH lim (x*—2x). Buxko-

X ——
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2. Teopemu NMpo apvMeTUYHI Al 3 rpaHuUAaMm yHKUIN Y TOYL

pPHCTOBYIOYH T€OPEeMH npo apupMeTuIH] nil 3 rpaHULSAMU byHKIIA,
zanuIIeMo:

2.1." 3HaUITh:

1) lim (2x® —3x—1);

2) lim x*;

x—>—1
3) 1ir%(x3-3x—2);
2.2." 3HaAAiTh:

1) lim (2x*+3x+5);

x—1

92) lim (x® —3x” +2x+2);

x->2

3) lim2 (2x® —3x* +6);

xX——

2.3." 3HaNAITh:

2
: —2x—3
1) hmx2 2 :
x—>3 x° —Bx+6

x® -8x—-2

2y lim——= :

x—2 x _8
2.4, 3HangITh:

x*-8x+2

1) lim

2 ’
x=1 x° —4x+3
x4—3x+2.

2) lim —

2.5." O0uucaiTh 'PAaHMIIO:

1 3
1 lim( — );
) >1\1-x 1-x°

2.6." OouucaiTs 'paHULIO:

1) lim( ! 4 26 );
x>-3\x+3 x -9

e
4)11mx1
x—38 3x —2

x2—3x+5.

-
b

5) lim :
) x>0 x4+ 2x -1

6) lim (xz —l+2x—3).

x—>-2 X

N
4) lim i :
+5 10+ 2

x? -1
8) hm—— :
=0 2x° —x -1

. (1+x)'-(1+4
3) llm( +.1c)2 (14+ x);
x—0 x°+x
5
. x =1
4) lxl_g} I3

2 1
2) lim( — )
x—2\ x? —2x x? _8x+2

; 2 x—4
2) lim > + 2 ;
x>2| 2x°-bx+2 3(x" —-3x+2)
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§ 1. MpanvuA Ta HenepepsHICTL PYHKLT

2.7." Hexaii ling f(x)=2. 3maiinite rparumo GyHKmii = (x)+1)?

y Touni x,=0.

2.8." Hexait ling f(x)=-1. Buaiigits FPaAHULII0 PyHKOIT y = i gx) ; :
x = x°+

y Touni x, =3.

2 :
2.9. Buatinite lim f (x), ge f(x)=4" 2x +2, saxmo x # 0,
x—0 —1, HRIIIO.X'=O.

_pe.
2.10." 3uaiigite lirr; f(x), e f(x)=1 X" +3x, AKIIO x # 3,

s AKIIIO X = 3.
O—w 2.11." IIpo dpyrxuin f Bigomo, mo lim f(x)=a i lim f(x)=0.

HoBenits, mo q=24.

2.12." HoseniTs, O 9HCJI0 a € rpaHuIeo GyHKuii f y Toumi X5 TOH1

1 Jguire Toxi, Koum byHEKRIi0 f MoxHA momarm Y BUTIIALI

f(x)=a+B(x), ne B — raka ¢pyaxmis, o lim B(x)=0.

X —> X,

O—w 2.13." ©Oyuxnii 7 i g Takl, mo f(x)<g(x) mus BCix x e R,

IPUIOMY ICHYIOTH rpaHuii lim f (x)=a, lim g(x)=0o. HoBeniTe,

o a<b.

O—w 2.14." ®yuxuii f, gi & Takl, mo f(x)<g(x)<h(x) mrs Bcix
x € R, npuyomy icuyors rpanuni lim f(x)=lim A (x)=a. Io-

x ‘.) '1.() or ﬁ xo

BEJ1Th, 0 DYHKIIIA £ TAK0K Mae TPaHUIIO B TOYIl X,, IPUYOMY
lim g (x)=a.

.\‘—).1.’0

2.15."” HageniTs [IPUKJIaN TaKkol PyHKIiI f, 1106 masa MicIle piBHICTE:

1) lim (x+2f (x)) = 4: 2) lim 2/ -8x _,
x—1 X —» =2 x+f(x)
2.16.” HaBeniTs npukIan Takoi byHKIIIT f,

100 Masa miclie piBHICTS:
1) lin% xf (x)=2: 2) lim M=5.

°0 o . . e + 1
2.17.” 3maiigite lim xn
o R S, | x +1
A |

2.18.” 3uaiigits lim L Ae m 1 n — HaTypaJbHI YHCIIA.
x—1 20

, 1@ M 1 n — HeNapHi HATYpaJbHi umca.
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3. HenepepBHICTb YHKLIT B TOYL

2.19.” ®yukuil [ 1 ¢ BusHauveHi Ha R. Yu moxxe (QpyHKI1IA
h(x)=71(x)+ g (x)
MaTHA PPAHUIIO B TOYN X, AKILO:
1) dyHKIliA [ Mae rpaHUIIO B TOYI X,, a QYHKIiA g He Mae rpa-
HUI1 B TOYNI X ;
2) pyskuii f i ¢ He MalOTh rPaHULL § TOYII X 7

2.20."” dyukiil f 1 g Buanaveni Ha R, Yu moxke pyHKIIA
h(x)=71(x) & (x)
MaTH TPAHUIIO B TOYIL X, AKIIO:
1) byHKLia [ Mae rpaHuUIlio B TOYLl X, & QYHKIIA g HE Ma€ Ipa-
HUIL B TOYIL X ;
2) dyHKOii f i g He MaThL rpaHULi y TOYUL X 7

!!’ HenepepBHICTb PYHKLUIT B TOYLL

Ha pucysky 3.1 3o0paxxeno rpadikm GyHKOin f 1 g, AKl BU3HA-
yeHl B TOUIIL X, IIpore moBeminka nmux GyHKIINA Yy TOYIL] X, 1CTOTHO
pisauThbea. I'pabdik dyskIil g, Ha BiaMiny Bix rpadixka pyHKIil f,
y Toumi x, Mae po3puB. Taky BIAMIHHICTH IIOBEAIHKYU (DYHKI[IH fig
y TOYIll X, MOKHA OXapaKTepu3yBaTU 3a AOIOMOI0I0 I'DaHMIL.

A
‘ y=r(x) L :
B 5 ® 0! x, x
a 0]
Puc. 3.1

Osmavennsa. ®ynknio [ Ha3MBAXOTh HENMEPEPBHOI B TOYNi x ,
AKIIO O Oyab-AKol 3013KHOL 10 X, IMOCJITOBHOCTI X5 Xyy seey Xy oeo
3Ha4YeHb aprymedTty ¢Qyskmii [ BigmosigHa mocaigoBmicTs [ (x,),
f(x), .., [ (x), ... 3HAYEHb PYyHKLII 30iraeTbesa xo aucaa f (x,).

Tak, axkmio gaa dyHKIiI [ (puc. 3.1, a) obpaTu I0BiIBHY 301:KHY
IO X, IOCHIAOBHICTD X,, X,y +..; X,, ... 3HAUEHb aPIYMEHTY QPYHKIIII,
TO BigmoBimHa mociaigosHicTs f(x;), f(x,), ..., f(x,), ... 3Ha4eHb

dbysknii sb6iraerbca go yucaa f(x,). Takum yuHOM, QyBKIiA [ € He-
[IePepBHOIO B TOYIIL X,.

Pasom 3 Tum QyHKUiA g (puc. 3.1, 0) He € HENEPEPBHOO B TOYIIL X,
CrpaBail, AKmjo odpaTu 3012KHY 10 X, HOCHITOBHICTD X,y Xsy ey X
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§ 1. [paHuLA Ta HenepepBHICTL PyHKLI

3HayYeHb aprymMeHTy (QyHKIiI Taky, mo X, # X, npu Bcix n € N, T0
BiAIOBiAHA mociaixoBHicTe: g(x,), £(x,), ..., g(x,), ... 3HA4YeHb
(pyHKIII 30iraeThca A0 4ucCaa @, sKe He JOpiBHIOE g (X,).

Hageaemo 1e oguH npukjaazn. Posrasaemo dpyaknio f(x)=vx-1
1 TouKy X, € D(f). Ockinbku ansa 0yab-aKoi 3012kHOI 0 X, MOCJiJ0OB-
HOCTl (x,) aprymeHTiB dyHKIiI [ MaeMo

lim f (x,)=lim \x_ -1= ,/xO -1=F(x,),

n—»ow n-—x

T0 yHKIiA [ € HemepepBHOIO B KOKHi#M Touui x,€ D (f), 3oxpema
B Touni x,=1.

3ayBaXMMoO, II[0 B O3HAYEHHI HellepepBHOCTI (PYHKILIL B TOYILL I10-
PIBHSAHO 3 O3HAUEHHAM IpaHHUIll (GyHKIII B TOUIll 3HATO OOMEKeHHA
x, #x, AnA Bcix n € N. Omxe, mociaifmoBHicTh (X ) MOXe MICTUTH

OyAb-AKY KiJIBKIiCTH 4YJIEHIB, PiBHHUX X,, 1 HaBiTH CKJIAJATHUCH JIUIIE

3 YJIeHIB, PIBHUX X,

 BU3HAYEHA JIAIIE B TOYIi

Hanpuknan, dyvakmia g(x)=v-x
x,=0. Tomy icHye eauHA NOCHIAOBHICTH (X,) 3HAYEHb aApryMeHTY
byHkuii g: x,, x,, X,, ... . ToAl BCl 4jieHu nocuaigoBHOCTL (g (x,))

AOPIBHIOIOTH HYJIIO, a ToMy lim g(x, ) =g (x,). Ile o3nauae, mo pyHK-

n—» o0
nifg g € HelnepepsHOI B Touuli x,=0.

Tax camo HemepepBHOIO B TOYIL X, € QPYHKILIA, rpadik sKOl 30-
OpakeHO Ha PHUCYHKY 3.2.

yA
yA i
g el 5
/‘i : E """"""" : ---------- Y
- 49 0 )
1 32 § :
0 % x, %, X |
Prc. 3.2 S Sl

3ayBaKUMoO, 1[0 Koau (PyHKIidA [ He BU3HA4YeHa B TOYIl X,, TO

2
X

BOHA He € HellepepBHOI0 B 1ii Touni. Hanmpuknan, Gyaknia [ (x)=—
X

He € HernepepBHOIO B Touni x, = 0 (puc. 3.3).
HenepepBHicTh QYHKIII B TOYII MOXXHa TAKOX YCTAaHOBUTH, BU-
KOPHUCTOBYIOYM IMOHATTA IPaHUIl (PYHKIII B TOUIL].
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3. HenepepBHICTb DYHKLUIT B TOMLLI

Teopema 3.1. Hexai ¢pynxyia f eusnavena xowa 6 na oonomy
3 npomisckie (x, — 0; x,] abo [xo, x,+ 3), de & > 0. Todi pynkyia f

Henepepera 6 moiyl x, moaz i mmbxu moodi, koau lim f(x)=f(x,).
X - Xy

JloBeAiTh IO TEOpeMy CAMOCTIWHO.
Hanpuxnaag, aad GyHKI f(x)=x"+x MOKHa 3amucaTH:
lim f(x)=lim (x*+x)=lim x* + lim x=x, +x, =f (x,).

Tomy dyHKNiA [ HenepepBHa B Oyab-akii Touni x, € R.
Axmo dysKIia [ BU3HAYeHa Xo4ya O HA OJHOMY 3 IIPOMIKKIB
(x,—0;x,] abo [x,;x,+0), me >0, To 3 Teopemu 3.1 BUNIMBAE, 1110

yMOBY HeIllepepBHOCTIL (DYHKIIIl B 1M TOYI[l MOXXHa BUPA3UTH PIBHIC-
0 lim (f (x)—-f (x,)=0.

b & .!‘0

Bume mu 3’sicyBanu, mo dyHKLIiA g, rpadik AKol 300paxKeHo Ha

pucyHKy 3.1, 0, He € HelIepePBHOIO B TOYIIL X,.
['oBOPATH, IO TOYKA X, € TOYKOI PO3PHBY BUEEERERED
EESEEaNE

Ghyuakuil g. Hanpuknaja, KoKHa TOYKa BUAY
SAneseee

x =k, R € Z, € TOUKOIO PO3PUBY (DyHKIII
y = {x} (puc. 3.4).
Binsmi AOKJAJAHO IIPO TOYKU PO3PHMBY BU
Ji3HAETeCA B HACTYIIHOMY IIYHKTI.
EdbekTuBHUM MeTOAOM AJSA JAOBEJAEHHSA
HermepepBHOCTI (DyHKIII B TOYIl € BUKOPUC- Puc. 3.4
TAHHS TAKOl TeopeMMu.

Teopema 3.2 (npo apudpmernuni ail 3 senepepsanMn
byuaxniamu). Txwo ¢pyuryiiy = f(x)i y = g (x) Henepepéri 6 mou-
yi x,, mo 6 yil mouyi Henepepsrumu € i pynryit y = f (x) + g (x),
y-f@g@iy=-12

g (x)

Josedenns TeopemMu mpoBeaeMo guie aad QyHruil y=71(x)+ g (x)

(ocmanns 3a ymosu, uo g (x,) # 0).

(s iHmuX QYHKIOIM AOBEAITH TeopeMy caMocTiiiHO). PoarisHemo
JN0BiNBbHY 3012KHY HO X, IOCJIJAOBHICTBH (X,) aprymesTiB (pyHKIII
y=F(x)+g(x). Ockinbku GyHKUIl f i g € HemepepBHUMH B TOYIIL X,

o lim f(x,)=7(x,) i lim g(x))=g(x,).

BuxkopucroByouu TeopeMy IIpo 'PAHUILI0 CYMHU 3012KHUX IOCJI1I0B-
HocTelt, maemo, mo lim (f(x,)+g(x,))=71(x,)+&(x,). Lle osnauae,

n—»w

o pyHKnia y=f(x)+g(x) € HemepepBHOIO B TOYIl X,. A
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§ 1. ['paHnus Ta HenepepBHICTL QYHKLLI

@aKTUYHO TeopeMa 3.2 CKJIAZAEThCA 3 TPHOX TeopeM, AKl Ha3u-
' BAIOTh TEOPEMaMH IIPO HEIepPepBHICTh CYMH, HellepepPBHICTh 0Dy TKY
Ta HeNepepBHICTh YACTKH.

BukopucroByouu TeopeMy IIpo apudMeTHyHi il 3 HellepepBHUMU

f(x)
g(x)
f(x), € (xX) — MHOro4JIeHH, € HEIIEPEePBHOIO B KOXXHiil Tounl objacTi
BHU3HAUYEHH.

Ao pyHKIIA [ € HerepepBHOO B KOXKHIHN TO4YIl AesAK0l MHOKHUHH
M < R, TO roBOpATH, 1110 BOHA HelepepBHA HA MHOMXHHI M.

Axmo dyskuia f € HemepepBHOW0 Ha MHOxHUHI D (f), To Tary

: ; 1
(PYyHKI[1}0 HA3UBAIOTH HemnmepepBHow. Hanpuknaz, GpyHKIlA y=-

X
€ HeNepepBHOI HA KOXKHOMY 3 npoMizKKIB (—x;0) 1 (0;+x=). Tomy

1 . : .
y=— — HemepepBHAaA GQYHKILIA. ¥Y3arajmi, KoKHa panioHaJbHa (PyHK-

X
nis' € HenepepBHOW0. DyHKIiA, rpadik AKOI 300parkeHO HA PHUCYH-
Ky 3.2, TAKOXK € HellepepBHOIO.

HoBegemo, 1mo GyHKIIA Yy = Sin X € HelepepBHOIO.

GbyHKI1AMU, MAEMO, IO KOKHA 3 QYHKUIN y=f (x) 1 y= e

Jema 3.1. [Ina 6ydv-axkozo x € R eukonyemvca Hepienicms
|sin x | < | x|

Jlogedenna. Axmo x =0 abo | x | > 1, To HepiBHiCTB, AKA LOBO-
AATHCA, € O4EBUIHOIO.

Hexait x € (0; 1). Ha pucynkry 3.5 TOuKy P_OTpHUMAaHO B Pe3yJib-
rati nosopory Touku P, (1; 0) HaBKOJIO moYaTKy KOOPAMHAT HA KYT

p x pazgia”H. Ockiiapku x € (0; 1), To O<x < g
Tomy Touka P 3HAXOJHUTHCA B IEPIIii
YBEpTi.
o [Inoma TpukyTauka P OP, MeHIIa Bij
1 oyl cekropa P OP, (puc. 3.5). Maewmo:

1 ; ;
8, pon = - OP} sin x = , Sinx;

1 1
=EOPo2x=—x.

Puc. 3.5 omer £l 2

L @ . f(x)
VHKIIIO BUAY Y =
g (x)

, e f(x) 1 g (x) — MHOro4JieHH, Ha3UBaIOTh

PaNiOHAJBHOI).
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3. HenepepBHICTb DyHKLIT B TOYL|

1 .
Tomi %sin % < Ex. Orpumyemo sin x < Xx.
Hexait x € (—1; 0). Toxi —x € (0; 1). Moxkna sanucaru: sin (—x) < —x.
3Bijcu sin x > X.
Orsxe, axmo x € (0; 1), To 0 < sin x < x. Tomy | sin x| <| x |;
Akmo x € (—1; 0), o 0 > sin x > x. Tomy |sin x| <|x|. A

Jdema 3.2. Jrs 6ydv-axux x € Ri x, € R suxonyemoca nepie-
nicme | sinx -sin x, |<| x-x,

JTosedenns. Maemo:

% BTN X+ X
9 cos g
2 2

2

<2

sin

2 sin

| sin x —sin %, |=

X—2%
2

%=X,
2

<

3 gemu 3.1 BunmuBae, 1o | sin . Tomy MoKHa 3a-

nucaTH.

X=%a X—Xg =|x—x I A
2 2 2

Teopema 3.3. Pynkyin y = sin x nenepepena na R.

S 2

| sin x —sin x, |< 2| sin

HoeedenHnsa. YCTaHOBUMO HellepepBHICTs PYHKILL y =sin x y
KOKHIM To4yul x, € R. Hexau (x ) — AOBiIbHA MOCHIZOBHICTHL TaKa,

mo lim x, =x,. Toxi lim|x, —x,|=0. ¥V cuuny semn 3.2

n—a% n—=»x%K

—| x, —x, |<sin x, —sin x, <| x, —x, |.
3a TeopeMOI0 MNpO JABOX KOHBOIpPiB (Teopema 45.5 mizpyyHHKa
«Anredopa-10») orpumyemo, 1110
lim (sin x, —sin x,) =0.

n - %

3Bigcu limsinx, =sin x,. Ockinpku mociaizosBHicTs (x ) 06paHO

nn—»aC

JIOBLJIBHO, TO Ile 03HAYae, 0 PYHKIIA y=sinx € HemepepBHOO. A

Teopema 3.4. Pynryia y = cos x Henepepena na R.

Sl ——== 18
2 2

1/Ie€10 JOBEIeHHA TeopeMHu 3.3, MOBEHIThH I[I0 TeOPeMY CaMOCTIHMHO.

CropucraBIIMCh PIBHICTIO COS X —COS X, =—2 Sin

OckinbKku QYyHKIII ¥y = 8in X 1 y = cOS X — HeNnepepBHi, TO 3 Te-
OpeMH IIPO HelepPepBHICTh YACTKHM BUILIMBAE, 10 (PyHKUII y = tg x
1 y = ctg x TaKOXK € HellepepBHUMM,

-
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§ 1. [paHuLA Ta HenepepBHICTL GYHKLI

Bu 3naere, 1o rpadiku B3aeMHO 00epHeHUX (hYHKILIA CUMEeTPUYHI
BIIHOCHO IpAMOl y = x. BoHu € piBHUMU (hirypamu, a OTKe, MAOTh
faraTo OJHAKOBHX TIeOMETPHUYHHX BJIaCTHBOCTel. Mae Micue Take
TBEPI KEeHHA: AKINO 000poTHA (GYHKIIA [ BH3HaYeHA Ha JIeAKOMY
IIPOMIKKY Ta € HellepepBHOIO, TO o0epHeHa 0 Hel (hYHKIIA € TAKOX
6yae HelepepBHOIO .

Sk Oys0 BCTaHOBJIEHO BUllle, QYHKIIIA iy = x‘e HerepepBHOIO. Tomi
i1 o6opoTHA hyHKIiA f (x) = x°, D (f) = [0; +o0), € HemepepBHOIO. OTXKeE,
obepHeHa N0 Hel QyHKIIA g (x)= x/a_c TaKOXX € HelepepBHOIO.

MIipKyouHu aHAJIOriYHO, JOX0JAUMO BUCHOBKY, 110 GYHKIIA Y = Q/J_C A

n € N,-n > 1, ¢ HenepepBHO0. Tak caM0O BCTAHOBJIIOEMO, II[0 HeIle-
pepBHUMHU € 1 (pyBHKUOII y = arcsin x, y = arccos x, y = arctg x Ta
y = arcctg x.

Teopema 3.5 (npo menepepsmicTs cxkaanenol pynk-
uil). Axwo pynryia t = g (x) nenepepsna 6 mouyi x,, a GynKyisn
y = [ (1) nenepepserna 6 mouyi t, det, = g (x ), mo cknadena Qynxyis
y = [ (g (x)) € Henepepsroto 6 mouyi x,.

Hoeedennsa. Hexain (x ) — [QOBLIbHA NOCJIIAOBHICTH 3HAYEHD
aprymesTy (yskmii y = f (g (x)) raka, mo lim x, =x,. Ilozgauumo

n—»m

t,=8(x,) 1y,=7@,)=r(g(x,)).
OckinbKu QYHKIIA g € HeIIEPEPBHOO B TOYILL X, TO MOCILAOBHICTE
(g (x)), Tobro mocmimosHicTs (t,), 30iraeTbes po umena i, = g (x,).

OckinbKu QyHKIisA [ € HeIlePepPBHOIO B TOYILL ¢, 1 MOCHiAOBHICTD (i)
abiraernesd 1o uucia ¢, To nocaigoBHicTs (f (¢,)), TOOTO MOCHAILOBHICTS
(y,), sbiraersca no uuciaa f (¢, = f (g (x,)).

OTyxe, MH nIOKa3aaM, Mo AJA 0yab-AKO0l 301:KHOL 10 X, IIOCJI1TOB-
HOCTi (X ) 3HAYEeHb apryMeHTy (DYHKIL Y = f (g (x)) BimmoBimHA IT10-
caimoBHicTs (y,) 3Ha4YeHb (QYHKIII 30iraerncs go wucaa f (g (x,)).

Tomy dynruis y = f (g (x)) € HeepepBHOIO B TOYIIL X, A
Hanpukaan, cpyHKniﬂ t = 2x — 1 HemepepBHa B TOYIL X, =09,

bysKOia y= \/? HeriepepBHa B Toull ¢, =2-5-1=9. Toxl ckiaazeHa
byEKOia y=+2x-1 € HemepepBHOI B ToyLi Xx,=5. MipKkylouu ana-

JOTi9YHO, MOYKHA ITOKAa3aTH, 110 CKJajeHa PyHKIIA y=+2x—-1 € He-
IIePepPBHOIO B KOXKHIN TOUIIl cBOel obsracTi BUBHAUYEHHS.

' JloBemeHHS IBOro MaKTy BUXOAHTH 32 MeXXi IIKiJIBLHOI mporpamu.

3agauva 3.33 IMOKAa3ye CYTTEBICTH TOro, IO 00JIACTIO BUBHAUEHHA (QYHKILI [
€ NeAKHUH IIPOMIMKOK.
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3. HenepepBHICTb YHKLIT B TOHU|

e e—————————————— e

Ille npukaagu. PyHKINL Y = sin x 1 y = 5x € HENepPepBHUMHU. Toni
cxsrageHa GyHKIIA y = sin 59X TaKOX HEIepepBHA.
Koxxaa 3 QYHKIINA Y = \/; 1 y= x? € HemepepBHOI0. TOAl CKIaze-

ua dyHKmis y=vx?, To6To GyHKIisA y=|x |, TAKOXK € HEIePEPBHOI.

APUKNAA 1 OGumcairs lim i

>4 Jax+1-3

Poze’azanns. Ockineku pysKIia f(x)= J2x+1 -3 € Hemepeps-
HOXO, TO lim (\[Zx +1 - 3) = ﬁ .4+1-3=0. Orxe, 3acTocyBaTu Teope-

My TIPO TPAHUII0 YaCTKU HE MOXKHA.
[lepeTBOpUMO APi6, AKUA CTOITH IJ] 3HAKOM rpaHUILL:

x—4 " (x— 4)(\/2x+1+3) =(x 4)(\/2x+1+3)=
ox+1-3 (J2x+1-3)(J2x+1+3) (2x+1)-9

:(x—4)(\/2x+1 +3) :_l_(m+3).

2(x—4) 2

1

Ockinpku GyHKIIA g (x)= (\/Zx +1 +3) € HellepepPBHOI0, TO MOXK-

Ha 3amnucaTu 11m2(42x+1 +3)= (\[2 4+1 +3) 3.

Bidnogidv: 3.
I"IPMKJ'IAA 2 3HaiiiTh yci 3HaueHHA I1apaMeTpa d, Ipu AKUX HYHKIiA

x* -1
5> SAKIIO x#1lix=#a®, ,
f(x)=3x—a ¢ HemepepBHOW B Touni X, = 1.

DO |

a’ +a, akmo x =1,
Po38’s3aHHA. Po3rasgHeMO BUIIAJOK, KOJIH a’+# 1. Toni 11m f(x)=

s |

> =0. [lna Toro 11100 GyHKIia [ 0yia HenepepBHOIO B TOYIIL

= Jim
-l x—a

x, =1, no'rp16Ho, m;oﬁf(l)—a +a=0. 3sigcu a =0 abo a = —1.

VMOBy a® # 1 samoBonbHsae guue a = 0.

2
X —

Axmo a° = 1, To MaemMo hmf(x) hn} . —lin} (x+1)=2. Toxni
b e 4 x =P

3HAYEHHS a, AKi 3aJ0BOJIBHAITH yMOBY, 3HAWIeMO 13 CHUCTEeMMU

(a? =1, ,
3Bingcu a = 1.

B

a’+a=2.
Bionosios: a = 0 abo a = 1.
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§ 1. [paHuLA Ta HenepepBHICTL MYHKLII

NPUKNALA 3 Yu icrye dyHKLiA, Aka BU3Ha4YeHa Ha R i HemepepBHA
PiBHO B OAHIN TOYIIi?
Poszé’szannasa. Ilokaxemo, 1m0 QyHKIIA

N _ |x, axmo xe€Q,
PR (x)_{O, axkmo xe R\ Q,

€ HenepepBHOIO Jynire B Touui x, = 0.
Hexait (x ) — n0BLIbHA MOCHIZOBHICT 3HaYeHb API'YMEHTY (PYHK-
nii f raka, mo lim x, =0. Ockineku 3Hauenss f(x,) mopiBHIOE abo

n-—»wN
0 (axkmo x, — ippaunionanbHe yuciao), abo x, (AKIO X, — paiio-
HaJibHe umcio), To lim f(x,)=0. Ckazame osnavae, mo pysxuisa f

n-—>»%

€ HelepepBHOIO B To4ni x, = 0.

[Tokaxemo, 1110 B OyAb-aKiil TOUYILl X,, BiamiaHiN Bix 0, QyHKIA
f (x) He € HenepepBHOIO.

Hexann x, # 01 x, € Q. Tozi f (x)) = x, # 0. PosrisiHEMO moCJIi-
AOBHICTH (X ), fAKA CKJIAAAETHCS TLIBKH 3 1PPAIIOHAJBHUX YHCEJI,
Taky, mo lim x, =x,. Toxi Bci wnenu nmocaigoHocTi (f (x )) AOPiB-

n-—aO

HIOIOTBH HYJI0, ToOTO lim f(x, )=0#7f(x,). OT:xe, pynkiia f He € He-

n—aL
[IEPEePBHOIO B TOYIIL X .
Hexait x, € R \ Q. Toxi f (x,) = 0 # x,. Posriaxnemo mocinos-
HICTB (X ), sAKa CKJIAZAETHCS TLIBKH 3 pAUlOHAJIBHUX YHCe,
Taky, mo limx, =x,. Tomi f (x ) =2x nnsa Bcix n € N. Maemo:

n—w

lim f(x,)=lim x, =x, #f (x,). Orxe, OyHKIiA [ HE € HeIepepPBHOIO

e A n—a

B Touli x, @
NPUKNAA 4 3uaiizirTs yei HenepepsHi B rouni x, = 0 Gysxuii f raxi,

. . X
10 A8 OyAb-AKoro x € R BUKOHyeThCA piBHicTh [ (x)=f (E)
Poszé’azannsa. OCKIIbKA 3aJlaHA B YMOBI PiBHICTE BUKOHYETHCA

28 X
nas oOyabp-axoro x € R, To npu 3amMiHl X HA — MH 3HOBY OTPHMAEMO

2

IIPaBUJIBHY PiBHIiCTH [ (-g-jzf (i) Toni pns Oyas-asxkoro x € R Bu-

ki X
KOHYEThCA piBHicTh f(x)=f ( Z) CropucTaBIIUCh METGAOM MaTeMa-

TUYHOI IHAYKIL, MOKHA JoBecTH (3podiTh e caMOCTIMHO), IO AJA

L. X
Oyvab-akoro x € R i Bcix n € N BukoHyeThes piBHICTE f(x)=f (z_")

30
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3. HenepepeHICTb MYHKUII B TOYL|

. : . X B 2
OckinmbKH 04 OyAb-AKoro X € R nmocaigoBHICTH 3 7' 8 g e
npAMye€e 10 HyJs, TO JJisi HemepepBHOl B To4ui X, = 0 QyHKuil f Bijg-
: : ' o 5| X X X
moBiIHA MOCJHiIOBHICTh 3HAYEHb (hbyHKILII [ (5), f (Z), T ; (—z—n—),

npaMye no gyuciaa f (x,), Todéro xo uucaa [ (0). IIpu nubomy, Ak GyJ1o

4 o . . x x
BCTAHOBJIEHO paHillle, KOMHHUHA 4JIeH ITOCIiLoBHOCTL [ (E)’ f (Z), -

f(-gn-), ... topiBHIOE [ (x). Takum 4ymMHOM, f(x):li_rr}f(—zin)=f(0).

Ile o3rauae, mo mykaHa GyHKIia mae Burasaj f (x) =c, ge ¢ —
KOHCTAHTa. 3po3yMiio, mio Oyab-siKa Taka (PYHKIIA 3aJ0BOJILHSAE
YMOBY 3a7ad4l.

Bidnosios: f (x) = ¢, 1e ¢ — NOBLIBHA KOHCTAHTA.

BiiacTuBocTi HenepepBHUX (QYHKIINA BUKOPUCTOBYIOTH OJISI PO3B’ -
3yBaHHA OaraThboxX CKJIAAHUX 3aja4y. Tak, B He pas3 3yCcTplyaJaucs
3 PIBHAHHAMH, KOPEeH1 AKUX He BAaBajiocd 3HauTH. Po3ariassemo, Ha-
NPUKJIaA, PIBHAHHA COSX =X. 3 pPUCYHKa 3.6 BUAHO, 1110 Iie PiBHAH-

HA Ma€ €EIUHUN KOPiHb X =a. 3a J0IIOMOT0I KOMII IOTEPHUX Hporpam
3HAWNEeHO Woro mepuri aecarkosi sHaku: a = 0,7390851332... . Iloxai-
OHY KOMII IOTEepPHY IporpamMy BU MOKeTe CTBOPUTHU 1 caMi, BUKOPUC-
TOBVIOUM TaKli MipKyBaHHS.

e ———————— . ——— -

e — ——————— -

T L L s

=

RY

Puc. 3.6 Puc. 3.7

IIns HabauKeHoro po3B’si3yBaHHA piBHAHHA f(x)=x, ne f — Jne-

AKa HernepepsHa Ha R dyHKIIA, y MareMaTHIll BUKOPUCTOBYIOTh TaK
3BaHUU MeToJ mpoctol itepanii. Po3B sg3youn piBHAHHA UM METO-
J0M, CIIOYaTKy 00MPAaOTh AOBLIBHE YHCAO0 X, (MoYaTKoBe HabIMMKeH-

Hs). [lanxi 6yayrors nocaifoBHicTs (x,) Taky, mo x, ,=f(x,), n € N
(puc. 3.7). Axmio nmocaifoBHICcTL (X,) BUABUTHCA 30iKHOIO, TO Ii
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§ 1. MpaHuUA Ta HenepepBHICTb MYHKL

rpasuIero 0yae Kopiub piBHaHHA [ (x)=x. Cnopaspai, mepeugemMo Ao
rpauni B piBrocTi X, , =f(x,). Maemo: limx, , =1lim f (x,). fAxmo

n=—>x n -y X

limx =a, T0 limx,  , =a. Kpim nporo, 3 HemepepBHOCTL PyHKIiI f

L —»0 L —> 0

BunuBae, mo lim f(x, )=/ (a). Orxe, noBeneno, mo a=/[(a), Tob6-

Il = 0O

TO YHMCJIO @ € KOpeHeM pPiBHAHHA X = [ (x).

IloBeneHe TBePHKEHHSA JIEKUTh B OCHOBIL MeTOy IIPOCTOl iTepaliil.
OCKINBKY IIOCJHIZOBHICTE (X,) MOXXe IpAMyBaTH JHUIIE 0 KOPEHH

piBHAHHA [ (x)=X, TO 3a HaOJIMI>KeHe 3HAUYEeHHA ILOI'0 KopeHsa 0epyTh
AEeAKUNA YJIEH IOCHIZOBHOCTI (X,) 3 JOCTATHBO BEJIMKUM HOMEDPOM 7.
Tomy mocaigoBHICTE (X,) HA3UBAITh MOCIIAOBHICTIO HAOIMIKEHD.

IToxaxkemo, K Ipalioe ey MeTOoJ IIPHU PO3B’A3yBaHHI PIBHAHHSA
cos x = x. OGepemo noBinbHe mouyaTkoBe HabnuxkeHHdA. Hexan x, =0.

BukoprucToByOUYHM METOJ IIPOCTOI iTepallil, modyAyEMO IIOCI1JOBHICTE
HabGIMKeHb [0 KopeHs piBHAHHA (puc. 3.8):
X, =cos x, =cos 0=1,
X, =Ccos x, =c0s1=0,5403...,
x, =cos x, =0,8576...,
x, =cos x, =0,6543...,

X0 =0,7314...,
x,, =0,73893...,
x30 =0,739082... ’ Puc. 3.8

Ax 0aummMo, BXXe TPUILATHUH
YyJieH IIOCJIiZOBHOCTI Mae II’ATh NPABUIBHUX NECATKOBUX 3HAKIB mic-
g koM KopeHa a=0,7390851... piBHAHHA COS X = X.

3.1." O6yuciaiTe:

N lin; Jx s 3) lingln tg x; 5) lin} arctg x.
x__)T x—
2) lim sin x; 4) liII(l) arcsin x;

X —p -

"'V nyukti 12 (3agaya 12.31) 6yzne o6rpyHTOBaHO 3012KHICTE IIiel MOCITi-
ITOBHOCTI.
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3. HenepepBHICTb OYHKLIT B TOYL|

3.2.° O6uuciaiTe:

1) lin% \/; : 3) limTt ctg %3 5) lim arcctg x.

. x—>—1

2) lim cos x; 4) lim arccos x;
T

G x—0

3.3." JloBeniTs HemepepBHIiCTL (HYHKILIL:

1) f(x)=vx+3;  3) f(x)=vBx+2;  5) f(x)="22

*

%
2) f(x)=vx-x*  4) f(x)=vxsinx
3.4.° lloBeniTs HenmepepBHICTL DYHKILII:
1) f(x)=—+x; 3) f(x):—Q;
X COS X
2) 1'(x) =8, & +etg x; 4) T'(x) = cte' ox.

3.5." O0uucaiTh:

1) linrll V2x-1; 2) lin} sin 3x; 3) lim tg (x——g—); 4) lim cos®x.

X———

X—>— x—¥—

3.6.° O0uucHiTL:

1y T I8z 3) 1im‘/;“;

x>0 x-1 x
2) limn cos 4x; 4) ll_l;% ctg(x — E)
2
3.7." Hu € HemepepBHOK B TOYN X, QYHKILiA:
(%% -9
1) fe)={ z_g THOE*S ;3
6, SAKIIO0 X = 3,
(sin 2x T
s AKIIO X # —,
3) o)+ COS X 2 xozﬁ?
1 AKIIO X = g-, h
3.8." Hu e HemepepBHOK B TOYII X, QYHKIIIA:
(1 x?
1) 0= wad REE ks
0, SAKINO X = —1,
sin 2x
, AKIIO X # T,
2) f(x)=+ sinx X, =m?
—2, AKIOoX=T,




§ 1. [paHuLA Ta HenepepBHICTL DYHKLI

3.9." O6uyuciire:
S 2 =
x4Vx 2) lim Y22, 3 1,2 Jx

Ox \/_ x4 44 . x—1 1_\/; .

3.10." O0uucaiTh:

sf .
1) 11m2\/_ il 2) lim — 3) lim e

x—0 3\/— 2x x——>11 \/— x—1 x—l.

3.11." O6yucnirs:

1) 11

Vx+13 -2vx+1 Vx2+1 1
1) lim : 3) lim : A
x—>3 ,/ 1 x—3 x“ -9
TR JPS T s 6) lith——>

521 _\Jx2_3 =5 3_Jarx *50 Y41 -1

3.12. O0uucaiTh:

3 % 342 V1+x% -1
1) hm - s 3) lim rE : 5) 1 Lx 5
3\/2x+10 4 %20 X = x
o B J 2 . Yx-6+2
%) g2t gy iy NP E 6) lim X 9*2
x=>T X _49 x->1 2 s 1 x——-2 x +8

3.13." oBenith, mo pyHKnia [ipix/je He € HelIepepBHOK B KOMAHIN
TO4YIIl 00JIaCcTl BU3HAUYEHHS,

3.14." IIpo HenepepBHy Ha R (¢yHKIiO f Bimomo, 110
2
f(l):: 5n° +1 . e
n (3n-1)(n+1)
SHanaiTe 3HaueHssa f (0).

’

2+ n’ ]_—n+2

3.15." IIpo ventepepBHY Ha R dyrKIIiO [ BigomMo, 1110 f( e
n pa—

n’+n
n € N. 3mayaite 3HauenHsa [ (1).

3.16.”° 3mainiTes yci 3HaueHHSA IIapaMeTpa a, INPU AKUX (PYHKILIA

:
1

x cos —, armo x #0, .

(X)) ==« x € HemepepBHO B Toulli x, = 0.

a, akmo x =0,

\

3.17.”" 3maigiTes yci 3HaueHHA ImapaMeTpa 4@, IIPU SKUX (PYHKIIA

( 1
a cos —, axkmo x #0, ,
f(x) ==+ X € HemepepBHOIO B Toulli x, = 0.

a’-4a, axmo x=0,
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3. HenepepBHICTb OYHKLIT B TOYL|

3 18, 3HaiAiTh yCcl 3HAYEHHSA IapaMeTrpa @, IpH SKUX (QPYHKOIA

Ir 2
a” -1)| x
( )| |,mcmo x#£0, .
f(x)=+ E € HemepepBHOO B Toumi x, = 0.
a®+a, Ao x =0,
3.19. 3ayugiTe yci 3HauyeHHs IapaMeTpa a, IpM AKUX (QYHKIIA
r
x* -4 ,
, AKINO Xx#2 1Xx #a, :
flx)=2 x-a € HelepepBHOIO B TOUIL X, = 2.
2
a” +3a, akmpo x =2,

3 20, 3BauaiTe ycl 3HaYeHHA IapaMerpa a, OpU AKUX (QYHKIIA

:
x2—16 » 2

>, AKINO X #4 1x#a”, ,
f(x)=1 x-a € HellepepBHOIO B TOUIli X, = 4.

a’ +2a, axmo x =4,

3.21." ®yukuii f i ¢ susnaveni Ha R. Yu moxe QyHKIA A (Xx) =
=f (x) + g (x) 6yTu HemepepBHOI B TOYIL X, AKIIO:
1) dyuKIia f € HenmepepBHOIO B TOYIL1 X, a QYHKUis g He € He-
IePEePBHOI0 B TOYIL X ;
2) dysKLii f i g He € HeMePEePBHUMU B TOUIL X7

3.22." dyuknii f i g susHaueni Ha R. Yu moxke QyHKIig A (x) =
=f (x) g (x) OyTu HenmepepBHOI B TOYIIl X , AKIIO:
1) dysKIia f € HemepepBHOI B TOUYIl X, a QYHKIlisA & HE € He-
IepepBHOIO B TOYILL X ;
2) bysknii f 1 ¢ He € HeepePBHUMHU B TOYIIL X7
O—w 3.23.” IloBeniTs, 1110 PIBHAHHA Sin X =X Mae€ €JUHUI KOPiHb —
yucao 0.

3.24.” IloBeniTh, mo dyskuia f (x) = 1, D (f) = Q, € HerepepBHO.

3.25. Buaiimite yci HemepepBHi Ha R dyukmii Taki, mo f(x)=x"
g Beix x € QQ.

3.26." IIpo menepepsHi Ha R ¢dysKUil [ 1 g Bigomo, 1o f(x)=g (x)
s Beix x € Q. Poa3s’saxkiTh piBHAHHA [ (x)= ¢ (x).
x, axmoo xe(,

3.27.”" IlosexiTh, 1o GyHKIiA [(x)= € HeIle-
—x, axmo xeR\Q,

PEPBHOIO PiBHO B oxHiu Toumi x, = 0.

3.28.” IIpo Bu3Haueny Ha R dyHKIIO [ BimoMo, III0 BoHA He € He-
[IePEePBHOIO B JKOMHIM TouIlll. Y1 MoKe icHyBaTu rpasuns lim f (x)?

3.29." IoBexiTh, 110 dyHKLia [ (x) = x°D (x) € HEeIIepepPBHOK PIBHO
B OQHIA TOYIl X, = 0.
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———— ————— S ———

3.30.* HaseniTey npukman pyHKIIl, ska Bu3HaueHa Ha R 1 € Herme-
PEPBHOIO PIBHO B ABOX TOYKAaX.

3.31.* HaBeniTe npukaan (pyHkKIil, Aka BU3HayeHa Ha R, He € Hemne-
PEPBHOIO B KOAHIN TOUILl 1 3am0BoJbHAE YMOBY [ (f (x)) = x.

3.32.% 3HauJiTh ycl HenepepBHi B Toull x, = —1 GyHKNil [ Taki, 1o
ona oyab-akoro x € R BUKOHyeTheA piBHiCTE [ (x) =f (2x + 1).

3.33.% I'padikm pyrK1in f i g e piBEHUME dirypamn. @yHKNiA [ € He-
nepepBHOK0. Y1 060B’A3K0BO (hYHKILISA g € HeIepepPBHOIO?

3.34.* ®yukuii f i ¢ € HenepepBEuMHu Ha R. JosBeniTs, 1o GyHKIII
y=max{f (x); g (x)} 1 y=min{f (x); g (x)} TakoK € HEIIePEePBHUMU
Ha R.

3.30.% SHAUAITH 'PAaHUIIO ITOCJIITOBHOCTI (x ), IO 3aZl0BOJIBHAE YMO-
BY X,.,=8Inx., n e N,

n+l

3.36.% 3malAiTe rpaHUII0 MOCIIMOBHOCTI (X ), 3a4aHOI (HOPMYJIOIO

% =COS(27t Jn?+n).

4. OAaHOCTOPOHHI rpaHnui pyHKUIT B TOUL.

Knacugikauina TO4OK po3pusy

Ha pucynky 4.1, a 3o06paxxeno rpadik dyuruii f, D (f) = R, aka
He Ma€ I'PAHUIl B TOYI X,,.

Puc. 4.1

Pagom 3 Tum dyHKIIA Yy = g (X), D (8) = (-5 x,), AKA HA TPOMIKKY
(—o0; x,) 80iraeTbcs 3 QYHKIIIEO f (puc. 4.1, 6), mae rpaHMIIO B TOY-
mi x,. 1o rpasunio GyHKIil £ IPUPOJHO HA3BATH JIBOX IPAaHHUIIEIO
dyukuii f y rouyui x,. Takox dyHKUisg y =k (x), D (k) = (x; +©),
AKa 30iraeTeca 3 PYHKIIE [ HA DIPOMIMKKY (x,; +o0) (puc. 4.1, 8),
Ma€ rpaHUIIO B TOYILL X ITro rpasuIio GyHKIII # IPUPOAHO HA3BATU
NpaBor rpaaunero Gyskmii f y To4ni x,.
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4. OgHOCTOPOHHI rpaHuL yHKUIT B ToYUl. Knacudikauis TOHOK po3puBsy

PoarasaeMoO PYHKIIIIO f 1 TOUKY X s AJSA FAKOL ICHYE IMOCH1AOBHICTS
veHmux (6iIpIINX) B X, 3Ha4eHb apryMeHTy, siKa 30iraerncs 1o
TOYKH X,. TOAL JOINBHO NIPUUHATHA TaKe O3HAYEHHS.

OznaveHHA. Yucio a Ha3uBarwTh JiBOK (NMPaB0i0) rpaHH I}
dyaruii f y Towni X, AKIIO MJIsA OyAb-AKO1 30iKHOI MO0 X, MOCIi-
JOBHOCTI X, X,y «eey X , ... BHAYEHDb APryMEHTY (YHKIiI [, eJleMeHTH
%, aKol meHmni (0inburi) Bix x,, BiAmOBiAHA mocaigosHicTh [ (X)),
f(x,)s «oos [ (x), ... 3HAUEHD DYHKIUII 30ira€ThCcsA 40 YUCIA A.

JIiBy rpanumnio GyHKUil / y Touui x, moguavyaoTs lim f(x).

X=Xy~

[IpaBy rpasuuo GyHKOii f y Touri x, nosuavyaots lim f(x).

X = Xg+
Ins dyuknii f, rpadik skoi 3006pakeHo Ha pUCyYHKY 4.1, a, MOX-
Ha sanucatu: lim f(x)=a, lim f(x)=0b.

Ilna pyHKIil y=\/; (puc. 4.2) moxxHa 3anmcatu: lim Jx =0,

x -0+

lim Jx =1. Ina ¢pyHKIil y = arcsin x (puc. 4.3) MOXHa 3alUCaTH:

x—1-

- 3 7t
lim arcsin x =—
) 2

3azHauyuMo, 1o lim \/Sc_ =lim \/; , lim arecsin x =lim arcsin x.

x—04 x>0 x—1- x—1
JIiBy Ta npaBy rpasunl GyHKIII B TOYIl HA3UBAXOTH OAHOCTOPOH-
HIMH rPAHHUIIIMHA.

Mae wmiciie TaKuUM HAO4YHO OuUeBUAHUM (hakT. Axwo 8 mouyi X,
Jilea i npasa zpaHuyi QYHKYLL iCHYOMb L PLBHL, MO 8 Yill MOoYyl ICHYE
e2panuua QYHKYIL, axa 0opieHiIoe nisilt i npasiil zparuuyam. JloBegiTh
Ile TBEePJXEeHHSA CaAMOCTIMHO.
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§ 1. [paHnus Ta HenepepBHICTL YHKLI

MPUKNALA 1 3majizite niBy i npasBy rpasuni (GpyaKIii }"(x)z——|
%
y TOULl X, = 0.
y A Posze’'sizannsa. Hexau (x ) — HOBLIbHA
IMOCJ1AOBHICTE, AKa 30iraeThcd [0 HYJIdA, 1
] g  x <0 pusa Bcix n € N. Toxi nnsa Oyas-saKOro
L . - ' X I e _xn oy
0 v 1€ NwmoxxnHa sanucaru: [ (x,) = =——L=-],
% X
_—6—1 n I n
. ; %
| Tomy lim f(x )=-1. Orxe, 11151 I—-:—l.
n-—»%x X —>rU~- X
Puc. 4.4 l xl

AHaJIOriyHO HOBOAATH, 110 lim — =
x>0+ %

OrpuMmaHuil pesyabrar igocTpye rpadik ¢dyuknoii f (puc. 4.4). @

. X :
Pyuriia f(x)= l———l He € HerepepBHOIO B Toull x, = 0. I'oBopsaTs,
X

mo x, = 0 — rouka pospuBy pyHKuii f.

Ozmavenna. Sxkmo icHye MOCHIMOBHICTS BiAMIHHUX BiJ X, 3HAYEHD
aprymenty (yHKuii f, sxa 306iraersca n0 x;, i Gynxmia f y rouui x
He € HelnmepepBHOI0, TO I[I0 TOUKY Ha3MBAaKTh TOYKOK PO3PHBY
hysruii f.
2

x -1
x—1

(puc. 4.5); KOKHA TOYKA BUAY X, =k, B € Z, € TOYKOIO DPO3PUBY
bysruii y = [x] (puc. 4.6); Oyap-ika Touka x, € R € TOUKOW0 pO3-

puBy (hyHkIiil [Hipixie.

Hanpukian, To4yka x, = 1 € TOUKOI0 pO3pUBY (PYyHKIIL Y=

YA

<
T, - Y———" -

e
]
e

A

-
g e

.

Puc. 4.5 , Puc. 4.6

Ha pucynky 4.7 3obpaxkeno rpadiku GyHKIIN [ 1 g, o1ad AKUX
X, € TOUKOIO PO3PUBY, aje INpU UbOMY IIi (DYHKIII MaOTh I'PAHUIIO
B TOYIIL1 X, AKa JIOP1BHIOE 4.
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4. OHOCTOPOHHI rPaHnLL PyHKLUIT B To4L. Knacudikauis TOHOK po3puBy

4y = 1@ 4 y = g(x)
Piglherenc ; i
______ A S R T S—
0 X, &% 0: x, X
a o
Puc. 4.7

Posrisaraemo ABl HOBI @yHKIIII (puc. 4.8):

(f (x), KO X #X,, (g (x), ARIIO X # X,
h(x)=+ i p(x)=4 :
a, AKIO X=X, a, AKIIO X = X,.

.

\
OueBUAHO, 110 QYHKIIL /2 1 ¢ € HEIIEPEePBHUMHU B TOYILL X, .

<
e

Puc. 4.8

damiauBmIn QyHKIII f 1 g BignoBigHO Ha QYHKIIL 22 1 @, MU «yCy-
HYJIX PO3PUB» ¥ TOUIIL X, 1 IPH [bOMY He 3MIHWJIU 3HAYEHb QYHKIIIN
f1g B IHIIUX TOUYKAX.
Ozsavyenusn. Totn{y pO3pHUBY X, HA3UBAIOTH TOYKOK YCYBHOTIO

PO3PHBY dynkuii f, akmo icaye lim f (x).

x-)xo
x* -1

x—-1

Hanpukian, x, = 1 € TOYKOIO yCYBHOI'O PO3PUBY QYHKIIIL Y =
(puc. 4.95). |
%

Touka pospuBy x, =0 GyHKUil y=—— He € TOYKOI YCYBHOIO
X
pospusy (puc. 4.4). Pagom 3 mum y touni x, = 0 pyHKIisA y.:l_x_l

" . x
Mae€ JIIBY 1 IpaBy I'paHUIII.

Osmavennsa. Touxky pospuBy x, HasMBaiOThb TOYKOIO POBPHBY
nepmoro poay ¢gysxmil f, AKm0 B 1(id TOYIll iCHYIOTS i JIiBa, i MpaBa
rpaEmnii yHKIii f.
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—— ———

Hanpurmnaz, Touka X, = 0 € TO4KO10 PO3PUBY NEPLIOrO POAY PYyHK-

X
111l y=|———|; KOXXHa TOYKA BUAY X, =R, B € Z, € TOYKOIO DO3PHUBY
X

Iepioro poxay ¢GpyHkmil y = [x]. 3azHaymuMo, 1110 He KOKHA TOYKa YCYB-
HOT'O PO3PUBY € TOYKOIO PO3PUBY Iepiaoro poxay (puc. 4.7, a).

Dyukuia y=— (puc. 4.9) y rouni x, = 0 He Mmae Hi n1iBOI, HI IIpa-
¥
BOI rpaHuIi; QyHKOIA Yy = | % I: e (puc. 4.10) y Touni X, = 0 mae JiBY
X

rpaHuIlio, AKka gopiBHIoE 0, 1 He Mae IpaBol I'PaHUIL.

v3 7

\0 x 0 x

Puc. 4.9 Puc. 4.10

Osmavenna. Touxky pospuBy x, Ha3UBaIOTh TOUKOI PO3PHBY
APYroro poxy dysHkuil f, Ko X, He € Hi TOYKOI0 YCYBHOIO PO3-
PHBY, HI TOYKOI PO3PMBY MEPIIOTO POIY.

Hanpukiaz, Touka x, = 0 € TOY4KOI0 PO3PUBY APYTOro POAY QYHK-
- L 4 | x|+
I y=— 1 y= :
X o 2
Ockinpru GysKuia [ipixie y KoxHIA To4nl X, € R He mae HI
JI1BOI, HI IpaBOl I'PAHUIl, TO KOXKHa TOYKA X, € TOYKOK PO3PUBY

IPYroro poay uiel GyHKII.

NPUKNAAR 2 [TosexniTs, mo Touka x, = 0 € TOYKOIO PO3PUBY APYIOrO

1
pony dyHkKIil f(x)=cos—.
X

Poze’azannsa. Ilokaxkemo, mo GyHKIia [y TouIri X, = 0 He Mmae,
HaIIpUKJIAA, IIPaBol IpaHuILl.

| i 1 . : :
Hexait x, =—, n € N. Toxi mocinigoBHicT (X,) HOJaTHUX 3HAYEHD

nn
aprymesnty GyHkuii [ 36iraeThcs X0 HYJIs, a MOCHIKOBHICTE (f (X))
Mmae Buraan: —1, 1, —1, 1, ... . I1a nocaigoBHicTs He € 301:xkHOI0. OTIXKe,
dbyHKLis [ He Mae npaBoi rpanuii B rouni x, = 0, romy x, = 0 — T0Y-
Ka pO3pUBY Apyroro poay GyHKIil f.
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4. OAHOCTOPOHHI rpaHuLl yHKLIT B To4Li. Knacudikauia TO4OK po3puBy

4.1." 3a monomorox rpadika pyskuii f (puc. 4.11) 3’acyiiTe, Uy Mae
dbyHKIiA [ 1iBy (IpaBy) rpaHUIIO B TOYIIL] X, ¥ pasi IMO3UTUBHOI
BIZIMOBIAl YKaX1Th 3HAUYEHHA I1€l IPaHUII.

<
- -

V)

Puc. 4.11

4.2, Ba gmomomorom rpadika dyukmii f (puc. 4.12) 3’acyiite, uu Mae
dyHKLisa f giBy (IpaBy) rPAaHUIIO B TOYIL X . ¥ pasi MO3UTUBHOI
BIIIIOBi/ZIl YKaXX1Th 3HAUEHHSA II1€l I'PAHUIIL.




§ 1. TpaHMLA Ta HenepepBHICTL MYHKLLT

4.3." 3maiiniTe iBy i npaBy rpaEuI GYHKIII f v Toumi X,

2

1) f(x)=2=2, x,=-8; 5) f(x)=sin=, x, = 0;

xX+3 x

Jx -1 1
2 f @)= %= 1; 6) f (x)=Vax sin—, x,=0;

j o
3) T(x)= ?Oszx, X, =T, 7) f (x) =sin | x | ctg x, x, = 0;

Sin x
1
4) f(x)=x+lxl, £,=0; 8) f(x)=1x T e %, = 0.
' ! ctg x, axmogo x>0,

4.4." BuagiTe JiBY 1 mpaBy rpauuni GyHKHii £y Toumi Xyt
2
16

x._.
1 572l e y =g
) F9)="—73, x,
x' +1
2 ) . . = =¥
) [(x) .1 Yo

3) f (x) = (Isinxl—sinx)ctgx,xozn;

4) f(x)=vx cos—, x, = 0;
X

rtg x, ARmo x>0,

5) f(x)=1 1 . =D,
— ARIe %<0,
o

4.5." Busnaure xapakTep po3puBy GyHKII f vy TOYIL X,:

1) fy={® b mmo x<-L
3x, AKIIO X >—1, ’

(x+1)?, axmo x<-2,

2) F(®)=1{ . uz x, = —2;
sin T’ AKIO X > —2,

3) f(x)=2", x =2;

9 f)=2E20 =0

X

0

5) f(x)zarctg%, % = 0.

42




4. OQHOCTOPOHHI rpaHuL yHKUIT B ToYLl. Knacudikalis TO4OK po3pusy

4.6." BusHauTe XapakTep Po3puBy QYHKIIL [ y TOUI X

X

1) f(x)= e &
) Vx+4 -2 y
2) f(x):sin n[zx], x.() — 2;
3) [ (x) =1g x, x, =§;
0, 0,
1) f(x)= AKIIO X < 2= 0,
ctg x, armo x>0,

4.7.” Ilpu AKUX 3HaUEHHAX mapameTpa a@ QYHKIs [y Todmi x, Mae
piBHi JIiBY 1 IpaBy IrpaHulil?

1
x cos —, armo x <0,

1) f(x)=- x x, = 0;
x+a, axmo x>0,
({x}, axmo x>2,

2y T{x)=+ x. =12,
X+a, aKImo x <2,

4.8.” Ilpn AKkUX 3HaYeHHAX IapaMeTpa a QYyHKIiA f y Touli X, Ma€
piBHI JiBY 1 mpaBy rpasHuii?

:
3x+4, agiuo x<a,

1) f(x)=+ X, = a;
Dx, AKIIO X > a,
%? =4 :
, AR X2V x4a,
2) f(x):<1x—a g = 2,

§a2+a, AKIIO X 2 2,
.

4.9.” Yu icHye Taxa Bu3HaueHa Ha R dysKmia f, mo rpasuns
lim f(x) icmye mgna Bcix x, € R, ane rpammnma lim f(x) =He

x“)xo“ x—)x0+

icHye IpUHaANUMHIL JJIg OJHOI'O X, 7

4.10.” Yu iceye Taxka Bu3HaueHa Ha R QyHKIiA f, MO0 rpaHUIA
lim f(x) icmye gua Bcix x, <0, a rpasuna lim f(x) He icmye

X —> X+ X = %g—

A3 KOZHOrO X, >07?

4.11.” Uy icrye Taxa BusdHaueHa Ha R pyuruig f, mo lim f(x)=-1

xX—ra—

niaa Beix a<0 i opm upomy lim f(x)=1 gns Bcix b=>07?

x> b+
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§ 1. paHuLs Ta HenepepBHICTbL YHKLI

iE AesKi BnacTMBoCTi HenepepBHUX ¢);qulﬁ

PoarnssHeMo HU3KY BJIACTUBOCTEN HEIepepBHUX (hyHKILIN.

Teopema 5.1 (nepma Teopema Boasuano—Komi)., Txwo
¢pynryia [ Henepepena na 6idpi3ky [a; b] i Ha KiHUuaAx YbO20 NPO-
MiHCKY Habyeae 3HAYWEHb PI3HUX 3HAKIE, MO ICHYE MaAKa MO4Ka
¢ € (a; b), wo f (c) =0.

B I1s Teopema € HaouHO oueBuAHOK. CripaBal,
AKIIO TOYKU A 1 B, AKi jexaTs y pI3HUX IIiB-
IIJIOINUHAX BITHOCHO oci abciuc, 3’eAHATHA He-

-------------- +  J[IepepPBHOI0 KPUBOIO, TO I KpUBa 000B’A3KOBO

repeTHe Bich abciuc (puc. 9.1).

3 I0BeIeHHAM Iliel TeopeMH BU MOXKETe

O3HAWOMUTUCH HA c. ol.

Puc. 5.1

Hacninok. Axwo ¢pynxyia Henepepéna i He mae HYynié Ha Jde-

akomy npomixcky I, mo 6ona nHa yvomy npomixnky 3bepiza€e 3HaAkK
(puc. 5.2).

Hoseedennasa. Ilpunycrumo, 110 gaHa
dbyukuiga f Ha npomixkky I He 30epirae
3HaK, ToOTO icHVIOTHL Taki a € [ 1 b € I,
ne a < b, mo uucna f (a) i f (b) maoTh
pisHi 3Haku (puc. 9.1). Toxi 3a mepmioro
TeopeMmoio boisbsmano—Konii icHye Touka
¢ € (a; b) < I raka, mo [ (¢) = 0. Orpumainu Puc. 5.2
cynepeunicts. 4

Harapmaemo, 1110 nmem HACJIIJOK JEXXKHUTH B OCHOBL METO/Y 1HTEepPBaJIiB
IJIA PO3B’A3yYBAHHSA HEPIBHOCTEU.

NMPUKNAA 1 oseniTs, mo piBEaHEA x° + 2x° — 11 = 0 Mae KOpiHE.
Pozé’szanHsa. PodrasgaeMo HenepepBHY (hYHKIIIIO
f(x)=x"+ 2x* - 11.
Maewmo: f (0) = —11, f(2) = 29. Omxe, 3a nmepiIow TeopeMoro Bob-
nano—Komui Ha inTepsauni (0; 2) piBaanasa [ (x) = 0 mae Kopiab. @

NMPUKNAL 2 Henepepsra dyrKLisa f € Takoro, mo D (f) = E (f) = [0; 1].
HHoBeniTh, 1m0 piBHAHHA [ (X) = X Mae IOHAWMEHIEe OJAWH KOPiHb.

Poss’azanna. Posraaaemo dhyeKIio g (x) =7 (x) — x. Ona
pPO3B’sI3aHHSA 3a7a4l JOCTATHBLO IIOKA3aTH, 10 (GYHKIIA & Ha BIAPI3KY
[0; 1] mae xoua 6 oguH HyAb. OUueBHAHO, M0 GPYHKUIA £ (X) € He-
IepepBHOK HAa BiApi3Ky [0; 1].
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5. [lesiki BNacTMBOCTI HenepepBHUX OyHKLIN

Aximo g (0) =0 abo g (1) = 0, To TBepAKEeHHsA 3ajadi JOBeJEeHeE.

Hexait g (0)#01ig (1) # 0. 3 ypaxyBanHaM Toro, 1o E (f) =[0; 1],
orpumyemo £ (0)=f(0)-0=f(0)>01g(1)=7f(1)—-1<0. Toxi
genepepBHa Ha BiApi3ky [0; 1] dyEKIia ¢ vy Toukax x =01 x=1
nabyBae 3HaYE€Hb DI3HMX 3HAKIB, & OTIKe, iICHye Taka Touka x, € (0; 1),
mo g (x,) =0. @

Teopema 5.2 (apyra Teopema Boasumamo-Komi npo
npoMimue amavennsa pynruil). Txwo ¢pynkyia [ Henepepsna
na 6idpi3xy [a; b], mo eéona nabyeace ecix snavenv mixe f (a) i f (b).

JTosedenHns. Posrnssaemo BUnangok, konu f(a)<f(b) (sunamox,
koau [ (a)=2f(b), po3rnsHbTEe CAMOCTINHO).

Hexait C — poBinbHe umcao 3 npomixkky (f(a);f (b)), Tobro
f(a)<C<f(b). HoBememo, 1m0 icHye TOouyka x,c(a;b), ana AKol

f (x,) = C. Tum camum Oyje MOKasaHo, 1[0 PYHKIIA [ HabyBae 3Ha-
genHsa C.

Posriauemo dhyukIiio g(x)=7(x)—C. PyHKIiA g € HEIIePEePBHOIO
Ha BiApi3Ky |a;b].

Maemo: g(a)=f(a)-C<0;

g(b)=7(b)-C>0.

Orsxke, 3rifHO 3 nepnioo Teopemor Boasmano—Korii icHye TouKa
x, €(a;b) raka, mo g (x,) = 0, Tobro f (x,) —C=0; f(x))=C. A

IloBeneHa Teopema JomoMarae 3HaxoauTU 00JacTh 3HAYEHb He-
repepBHOI (QOyHKIILII.

Yecoxkuit MaTeMaTuk, inocod i gorik. Ovo-
JoBaB Kadgenpy icropil penirii B IIpazskomy yHi-
BepcuTeri. Ilpu »urTi HaApPpYKyBaB (AHOHIMHO)
JIAIIEe O HeBEJIMKUX MaTeMaTUYHUX TBOP1B, OCHOB-
HY YaCTHHY MOI'0 PYKOIIMCHOI CHAAIMHU BUYEHI
HOCJHIM?KYBAJIM BiKe IIiCJIA MOoro cMepri. Tpakrar
«YueHHdA npo pyHKIil», Hanucanuu y 1830 p.,
rmobauus cBiT TiNbKH deped 100 pokis. ¥ HhOMY
Bonsmano, sa 6araro pokiB no BemepinTpacca
1 Komi, cthopmysioBaB 1 IOBIB HU3KY IOJIOMKEHD
MaTeMaTHYHOIr'o aHaJjidy. ¥ pobori «Ilapamox-
CA HEeCKIHYeHHOCTi» DoJbIlaHO OonpalboOBYBaB
MUTAHHA NOTYXXHOCTI HECKIHYEHHUX MHOMKUH; beprapy BoJsabiano
y pobori « Hayko3HaBCTBO» BUCYHYB HH3KY iei, (1781-1848)
AKI mepeayBaJiv MaTeMaTU4YHIN JIOTII].
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§ 1. [paHuUs Ta HenepepBHICTL MYHKLI

Hacainox. Axuwo obnacmio éusnavenna nenepepenoi pynryii f
€ dearkuud npomixox i minf(x)=a, maxf(x)=b, de a # b, mo

D(f) D(f)
E (f) = [a; b].
IloBeaiTh 1IeM HACJHILOK CaAMOCTiHMHO.
2
- X
NMPUKNAL 3 3raiigite obaacThk 3HaUeHb GyHKIT f(x)= T
+ X
2
X . .
Pozé’'azannsa. Maemo: e 20 pna Beix x € R. Ockiapku
+ X

f(0)=0, 1o mgnf(x)-—-O.

3acrocyBaBiua HepiBHicTs Komri, 3anuniemo

2 9 2
e G 5% 1

< =
L™ 9.01.90 287 2

Ockinpru (1) = %, TO max )= —;-

DyuKIia [ HenepepBHa Ha R. 3 HacaigKy TeopeMu 5.2 BUILIWBAE,

1o E(f)=[o;ﬂ. s

®dyaKnia [ (x) = sin x € Takow, mMo aJasa o0yab-axoro x € D (f)
BUKOHYETLCA HepiBHicTh | sin x | < 1. @yuknia g (x) = x° € Takomw,
o A 6yab-akoro x € [—1; 2] BuKoHyeThCs HepiBHICTS | g (x) | < 5.
I'oBopsaTs, mo dysakiia [ oomexena va D (f), a hyHKIia ¢ oOMexkeHa
Ha Biapi3ky [—1; 2].

Y3aramui, (hyHKIiO [ HasuBamOTh O0MEKEeHOHW Ha MHONKHHI M,
AKIIo icaye taxke yueao C > 0, mo aasa Beix x € M BUKOHYETHCSH
"epiBHicTh | f (x) | < C.

®panny3pku Marematuk. OnyoaikyBas
noHaz 800 pobiT 3 apudmernku, Teopii uuce,
aredpu, MaTeMaTHYHOrO agaiisy, audepeH-
[lalbHUX PIBHAHB, TEOPETHYHOI 1 HebOecHOI
MeXaHIKu, MaTeMaTuuYHol (hisuKy; 3amMaBcs
TAKOX JIOCHIPKeHHAMU 3 TPUTOHOMETPil,
Teopil ONPY’KHOCTI, ONITHUKH, acTpoHOoMii. ByB
yneHoM llapusskol akagemil Hayk, JIOHIOH-
CBKOI'0 KOPOJIIBCBKOT'O TOBapHUCTBa 1 MauKe
BCiX akKajeMiy HayK CBITY.

Orrocren Jlyi Kommi
(1789-1857)
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5. [leski BNactmBoOCTI HenepepBHUX yHKLIN

dyukiio f, oomexeny Ha D (f), HaduBaOTh 00MEKEHOIO.
Hanpukaazn, GyHKIIA y = arctg x € odbmexxenow. CnpaBpal, A

. . Tt
OyAb-AKOro X € D (y) BUKOHYETHCA HEPIBHICTD | arctg x |< —.
2

dDyHKIIA Yy = ctg x He € oOMexkeHO0 Ha npomikky (0; m). Ilpu
[IbOMY BOHA € OOMEXXEeHOI0 Ha Oyab-AKOMY BIAPI3KY [a; b], axkui Ha-
nexxuTh npoMikKy (0; ) (puc. 5.3).

He Oynb-saka (hyHKI1d, BU3BHAUYeHa HA BIAPI3KY [a; b], € obmexe-
Hoi0 (puc. 5.4). Ilpore nnsa HenmepepBHUX (DYHKIIM Mae Micie Taka
Teopema.

yA Y

o - — - — -

o e e e

R L
I

--—--—--r

1 R—

\

Puc. 9.3 Puc. 5.4

Teopema 5.3 (nmepma Teopema Beiepmrpacca). Axwyo
¢pynxyia [ nenepepsna na 6idpisxy [a; b]l, mo éona € obmexncenoro

HA YbOMY NPOMLIUCKY.

3 HoBeIeHHAM Iliel TeopeMHU BU MOXKeTe O3HAUOMUTHUCSA HAa
¢. D2,

HiMenbxuii mMaTeMaTHK, 4ieH DbepiiHCbKOI1
akanemil Hayk, Ilapussrkol akazemil Hayk, I1O-
yecHud uyneH IlerepOyp3bKol akagemil HayK.
OnHuM 3 HAMBAXKJIUBIIINX MOT0 3M00VTKIB € cuc-
TeMa JIOTIYHOTO OOI'PYHTYBAHHA MATEMATHUYHOTO
aHaJi3y, 3aCHOBaHa Ha MOOYAOBaHIM HUM Teopil
IiAcHUX ymucesi. Beepnirpace NpuaijasgB 3HAUYHY
yBary 3acTOCYBaHHIO MaTeMaTUKH 10 MeXaHIKH
Ta (PIBUKHU 1 3a0X0UyBaB 0 IILOI'0 CBOIX VYHIB.

Kapn Teonop Binsrensm
BeiepmTpace
(1815-1897)

47



§ 1. [paHnLs Ta HenepepBHICTb GYHKLIT

3ayBaxXuUMo, IO AJsd mpoMikKiB Bunpy (a; bl, [a; b), (a; b) TBep-

. |
I KEeHHS TeOpPeMHU He € CIIpaBeIMBUM. Tak, QYHKIIA y =— € Hellepeps-

X
HOI0 Ha Oyab-axkomMy mnpomikky suny (0; al,
IIpOTe BOHA He € 00OMEeXeHO Ha IIbOMY IIPO-
MIXKKYV.

He Oyab-aka pyHKIIA, BU3HaYeHa 1 obme-
JKeHa Ha BIAPI3KY [a; b], mocArae Ha NBOMY

; IIPOMIXKKY CBO1X HAMOIJIBIIONO 1 HAMMEHIIIOI'O
3Ha4veHb. lle 1iIr0CcTpye PUCYHOK 9.9.

IIpore nnsa HemepepBHUX (PYHKIIN MAae
Miclle Taka TeopeMa.

Teopema 5.4 (apyra Teopema Beiliepmrpacca). Axwo
¢ynruyin [ Henepepeéna Ha 6idpisky [a; b], mo Ha yvomy 6i0pi3ky
80HA HAbYyea€ c60ix HAUbINBLULOZO | HAUMEHULOZ0 3HAYEHD.

Ilss Teopema HaOYHO OuYeBHAHA. SIKIIIO YA
IBl TOYKY HA KOODAMHATHIN mUuomuHl 3’ex-  f(x,) :r
HaTU HENepepBHOIO KPUBOKI, TO HaA IiN
KPUBiIM 3HAUAYTHCA TOYKH 3 HAUOLIBIIIOKO
1 HaUMeHIIIo opauHaramu (puc. 9.6).

IloBeieHHA 1[i€l TeopeMH BUXOAUTHL 34 f(a) !

y = [(x)

MesKl IKIIBHOTO KypCey. mmbmmelocedecen e
3azHayuMo, 10 KOJu B Teopemi 5.4 |

BIAPi3oK [a; b] 3aMiHMTH IIPOMIMKOM iH- max f (x) =1 (x,)

IOr0 BUAY, HAUpUKIaz iaTepsasoMm (a; b), o

TO HeIlepepBHA Ha I[bOMY IIPOMIMXKKY DYHK- oy f(x)=1(a)

il MOXKe He Ha0yBaTHU CBOIX HAMOLIBIIIOTO Puc. 5.6

1 HaWMEHIIIOro 3HadYeHb. l1akK, (PYHKIIIA
Yy = X, AKa € HemepepBHOIO HA NPpOoMiKKY (0; 1), He mocArae Ha HBOMY
CBOIX HAMOIJIBIIOrO 1 HAMMEHIIIOTO 3HAYEHb.

Bnipaswu

5.1." lloBeniTh, 110 PIBHAHHA MAa€ KOPiHb:
1) x° + 2x — 13 = 0; 3) arctg® x = 2 tg x — 1.
Z) .8 8N Xi= 2% —1;

5.2. HoBeniTe, 110 PiBHAHHSA Ma€ KOPiHb:
1) x> + 8x — 8 =0; 3) x* arcsin x + 3x — 1 = 0.
2) 2 cos x = x° + 4x — 6;
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5. [leaki BNaCTMBOCTI HeNnepepBHUX MYHKLLIN

5.3.° ki 3 jaEuX QYHKIIHA € OOMEeKeHUMMU:

1 x
L) y==%3; 3) y = [x]; o) y=u;
X 4
2) y = arccos Xx; 4) y = {x}; 6) y = x°?
5.4, Axi 3 pasux PYHKIIHA € 0OMEXeHUMH:
DNDy=sinx+cosx; 38)y=arcetg x; 9) U =1g X;
2
%
2) y=— 4) y =9 (x); 6) y = sgn (x)?
5.5. 3HaAUAITHL 00J1aCTh 3HAYEeHb PYHKII:
1) ¥ = 8ih & + 23 2).Y=CO8 X —33 3) yzg—arcsinx.
5.6. 3maigiTe obsacTh 3HAYEHb (PYHKILIL:
1) y= sin & — 4; 2)y=38 + cosx; 3) I =T — arecos .

5.7." 3uanmite obsacTe 3HaYEHb PYHKILIL:
2

 »
1) y= : 2) y=+2x—x°.
) Y 9x* +1 ) Y
5.8, 3uaugiTes o6JacTh 3HaUYEHb (DYHKILII:
" .
1y g 2) y=4dx—x°.

4 2 ;
4x" +3x" +1
5.9." 3maiigiTs obsacTs 3HaYeHb (yHKIHI y = sin® x + cos’ x.

5.10." S3gangite obnacTs 3HaUYEeHb PYHKIIL iy = sin® x + cos® x.

5.11." Ilpu mocaimKeHHI KinbKoCTi KopeHiB piBHAHHA [ (x)=a 0Oyio
3’COBaHO, 110 IPHU BCiX a €(—95; 2] piBHAHHSA Ma€ /IBa KOPEeHi, Ipu
BCiX a €(2;3] — 0AUH KOpPiHb, IIPU IHINIUX 3HAUEHHAX d PiBHAHHSA

He Ma€ KOJHOro KopeHsa. Yu moxxe QyHKILiA [ OyTH HenepepBHOIO,
axmaio D (f)=[0;1]?

| 5.12." Ilpu pocmimKeHHI KisbKOCTi KOopeHiB piBHAHHA [ (x)=a 0Oyiao
3’AcoBaHoO, 110 npu Bcix ae[-10;3) piBHAHHA Mae ABa KOpEHi,
npu BCix a€(3;5] — OAMH KOPiHB, IPU IHINMUX 3HAYEHHAX @ PiB-

HAHHSA He Ma€ XOAHOTro KopeHsA. Hu moxke GyHKIIA [ OyTu He-
[IEPEePBHOIO, AKIIO 11 00/1aCTI0 BU3HAYEHHS € JeSAKUN IIPOMIKOK?

5.13." Yu icuye HenepepsHa Ha [0;1] dyuKumia [ 3 Takomo BiIacTu-
| BicTIO: na KoxkHoro x €[0;1] smaiizerscsa Takuit ye<[0;1], o

F(y)>71(x)?
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§ 1. [panHuLs Ta HenepepBHICTL YHKL

5.14." ®ynkuia f, D (f)=[a;b], € Takoro, 110 Ha Bigpisry [a;b] icHy-

IOTh TOUKH X; Ta X,, A8 AKUX BUKOHYETbCA yMoBa [ (x,) = r[nibrll f(x),
a;

f(x,) =r{£¥ f(x). Kpim nwporo, dysaknis f msabyBae BCiX 3HaUeHb

misk [ (x,) 1 [ (x,). Hu 060B’A3K0BO DYHKIiA f € HeepepBHOKO?
5.15." Hemnepepsra dyukuisa f, ne D (f)=[a;b], aaa Bcix xe[a;b]
dazmoBoJibHAEe HepiBHIcTE 0<f(x)<1l. oBemitrs, 110 (PYHKILIA

1
Y= € 00OMeIKeHOIO.

f(x)(1-1(x))

5.16.” Hosenirs, mo QyHKIiA f (x) = x sin X He € 0OMeKeHOIO.

5.17." JloBexiTh, mio pyHKLisg f(x)=xsinx He € NepioAUYHOIO.
5.18." HoBexniTsh, mo ¢dpyuKnisg f (x) = x cos x He € 0OMeKeHOIO.

9.19.” Yu icaye venepepsHa Ha R dyuKmia fraka, mo f(x) f(x+1)=-1
nnda Beix x € R?

5.20.”" JloBexiTh, 1m0 kKoau (QPYHKIIA € HemepepBHOI i 060POTHOIO
Ha IIPOMIXKY, TO BOHa abdo 3pocrae, abo crmagae Ha IILOMY
IIPOMIXKKY.

5.21." Oyuknil f 1 g HenepepsHi Ha Bigpisky [0; 1]. Bigomo, 1o
f(0)<g(0)if(1)> g (1). Hosenits, mo piBHAHHA [ (x) = g (X)
Ma€ KOPIiHb.

9.22.% Ilpu nocniKeHHl KiJILKOCTI KOpeHiB piBHAHHA [ (x)=a OyJio
3’fACOBAHO, 110 ITPU BCiX a € (—9; 2] piBHAHHA Ma€ ABa KOPEeHi, IpHU
BCix a €(2;3] — oAuH KOPiHb, IPHU 1HIIIUX 3HAYEHHAX @ PiBHAHHSA
HEe Mac€ KOAHOIro KopeHda. 4u Moxe (pyHKIIIA [ OyTH HenepepBHOIO,
akmo D (f) = R?

5.23.%* IIpu mocnimkeHHl KIIBKOCTL KOpeHiB piBHAHHA [ (x)=a Oyio
3’sicoBaHoO, 10 npu BciX a €(1;2] piBHAHHA Mae ABa KOpeHi, IIpwH
BCiX a€(2;4) — OoAWH KOPiHb, IPU 1HIIUX 3HAYEHHAX d PIBHAHHA
He Mae€ »KOJHOTro KopeHsa. Yu moxxe hyHKIlA [ OyTH HenmepepBHOIO,
akuo D (f)=[0;1) U (1;2)?

5.24.% dyukiii i g € HenepepBHuMu Ha [0; 1], D (f) = D (g) = E (f) =

= FE (g) =[0; 1]. HoBexits, mo piBHAHHA [ (g (x)) = £ (f (x)) mae
IITOHAUMEHIIIe OJUH KOPiHb.

9.25.* DdyHuKIia f € HenepepsHOIO Ha R. JloBeaiTs, 10 KOJIK PiBHAH-
HA [ (x) = x He mae KopeHiB, To piBHAHHA [ (f (x)) = x TaKOXK He
Ma€e KOPEeHIB.
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HoseneHHs nepLuol Teopemu bonbuaHo—Kouwi

———————

5.26.* Yu icHye HemepepBHa Ha R ¢pyHKIiA f, AKka B pamioHaJbHUX
Toukax HabyBae ippalliloHAJbHUX 3HA4Y€Hb, a B ippalioHaAJIBHUX
TOYKAaX — pallilOHAJbHUX 3HAUYEHb?

5.27.%* HenepepBHa Ha R ¢pyHKIA f € Takoi0, [0 Aad BCiX ¥ € R BuU-
KoHyeThcs piBHICTS f (f (x))*f (x) = 1. Bigomo, mo f(3)= % 3Ha-

unite [ (2).

5.28.% Hu icaye Bu3HaueHa Ha R pyHKOiA, AKa:
1) € HenepepBHOW 1 HAOyBa€e KOYKHOT'O CBOI'O 3HAUYEHHS PIBHO JBa
pasu;
2) KOXXHOTO CBOro 3Ha4YeHHs HaOyBa€ pPiBHO JABa pasu;
3) € HellepepBHOIO 1 HAOyBa€e KOXXHOT0 CBOI'0 3HaYE€HHSA PIBHO TpHU
pasu?

5.29.* Oyrkuia f HenepepBHa Ha iHTepBaai (a;b) 1 x,, X,, ...,
x, €(a;b). JloBeniTs icHyBaHHA TaKoOro Xx, €(a;b), 1o

F(% )+ T (2,) +untF(2.)

O R
5.30.* HenepepsHa byHKIiag [ Bu3HaveHa Ha Biapisky [0; 1], npu-
gomy f (0) = f (1). HoBexirts, 110 icHye xopaa rpadika’ GyHKIii f,

. . : 1
mapaJjiesbHa oci abciuc, JOBMKUHA AKOI JOPIBHIOE —.

3

KOJIN 3POBNIEHO YPOKW

HdoeegeHHn nepwoi Teopemu bonbuaHo-Koui

Posrinsaaemo HenepepBHY Ha BiApisky [a;b] dyrHKUio [ Tarky, 110
gyucaa f(a) Ta f(b) maroTh pidHi 3HaKHu. /loBegemMo icCHyBaHHSA TaKoOl
Toukn ce€(a;b), mo f(c¢)=0.

IIpunyecTumo, 1o Takoi Touku ¢ €(a;b) He icrye, TodT0 f(c)#0
nasa Beix ce(a;b).

Hexan ¢, — cepexmHa Biapiska [a; b].

Ockinpku uncya f (a) i f (b) pidHUX 3HAKIB, TO HA KIiHIIAX OJHOI'O
3 BiApisKiB [a; ¢, ] 1 [c; b] dyaKuisa f HabyBae 3HAYEHb PI3HUX 3HAKIB.
Ilognaynmo e BiApisoK [a,; b, ].

' Xopdow zpagika GyHKII] HA3UBAIOTH OYAb-AKNI BiAPI30OK, 110 CIIOIYYAE
IB1 TouKu rpadika.
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§ 1. [paHuLg Ta HenepepBHICTL hYHKLLII

Hexait ¢, — cepenuna Binpiska [a,; b.]. Toxi Ha KiHIIAX OHOrO 3
BiApi3KiB [a,; ¢,]1[c ; b,] bynkuisa [ HaOyBae 3HaYEHb PIBHUX 3HAKIB.
ITozraummo neu BiApisok [a,; b,].

IIpomoBKy0OUYHM 11eH IIpoIec, OTPUMAEMO TIOCHAIJOBHICTD BKJIAAEHU X
B1JIP13KIB ~

[a; b] > [a,; b,]1 > [a;; 6,] 5 ... .

3a NPpUHIMAIIOM BKJIaAeHUX BinpiskiB (AuB. «Anredpa-10», c. 356)
iCHye TaKa TOYKa ¢, iKa HaJIe’KUTh ycim Bixpiskawm [a,; b,]. 3a nipu-
nyuieHHaAM [ (¢)# 0. Hexai, sanpuknan, f(c)>0.

b-a : . . D=a
, T0 lim (b, —a_)=1im
2n R =% n-—»w 2”

Ha 3 nocaigoBHOCcTe! (a,) 1 (b,) mpamye po yucaa ¢. Hexau x, € Ti€io
3 To4oKk a, abo b , mna axoi [(x,)<0. IlocmimoBHiCTE (X,) TAKOXK

npamye a0 yuciaa c¢. Ockinpku (pyHKINIA [ HemepepBHa B TOYIIL €, TO
f(c)=1lim f (x,) <0. Orpumanm cynepeuynicts 3 HepiBaicTIO f(c)>0. A

n-—a%K

=0. Orxe, KOX-

Ockinbku b, —a, =

[doBeneHHn nepwoi Teopemu Beneplrpacca

PosrinsaemMo HenmepepBHY Ha BiJipi3ky [a; b] dyakniwo f. loBeaemo,
o pyskKia f € odmexxeHow Ha [a; b].

I[Ipunycrumo, mo dhyHKIisa [ He € oOMexkeHo10 Ha [a;b].

Hexait ¢, — cepeauna Biapiska [a; b]. Axbu dpysKmia [ Oyna 06-
MeXeHOI0 Ha KOXXHOMY 3 BiApiskiB [a; ¢ ] 1 [¢,; b], To BoHA Oyna 6
obmexkeHow 1 Ha Biapisky [a; b]. Tomy bysKOia [ HEe € 0OMeIKeHOIO
NpUHAWMHI Ha OJHOMY 3 BiZpi3KiB [a; ¢ ] abo [c; b]. IlosHaunmo nei
BiZpisok [a,; b,] i oGepemo Ha HBOMY TaKy TOUKY X,, mio | f (x;) |>1.

Hexait ¢, — cepenuna Bigpiska [a,; b ]. Toal pynkuis [ He € 06-
MeJKeHOH INpPWHAMMHI Ha OgHOMY 3 BiJpiskiB [a ; ¢, ] abo [c¢,; b,].
ITosnaummo 1eit Bigpisok [a,; b,] 1 obepemo Ha HEOMY TaKy TOYKY X,,

1110 | f(x,) | > 2. IIponoB:xyH0OU4M 1eH OPOoLec, OTPUMAEMO ITIOCJIIJOBHICTH

BKJIAJICHUX BiJAPI3KiB
[a; b] o [a,; b,] D [a,; b,] D ... .
3a NPUHIMIIOM BKJI4AEHUX BiapiskiB (auB. «Aaredpa-10», c. 356)
iICHy€ TaKa TOYKa ¢, AKa HAJEXKUTh yciM Bifgpiskam [a, ;b ]. Ha xox-

HOMY 3 BifpiskiB [a,; b, ] Oyno obpanHo Taky TOUKy X,, 110 | f(x, ) | > n.
Tomy (f(x,)) — po36ikHa MOCHiAOBHICTH (BOHA HE € OOMENEeHOI0).
Ockinpkn x, €la, ;b 11 cela,;b, ], 1O
0<|x, —c|<(b, —a,).
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6. [lepwa 4yygoBa rpaHuus

[TocnizoBHICTH MOBXKUH BiAPi3KiB [a ;b | npamye mo vyna. Tomy
MOCJAiZOBHICTE (X,) IIPAMYE OO YHCJA C.

Ockinpku (QYHKIIA [ HemepepBHaA B TOUIll €, TO IIOCJiIOBHICTBH
(f (x,)) Mmae sb0iratuca go duciaa f(c). Ase Iie He Tak, OCKiJIbKU

(f (x,)) — posblxHa mociaizoBHICTE. OTpUMaHa cynepedHicTh 3aBep-
mye JOBeIeHHS Iepiioi Treopemu Beiiepmrpacca. M

’ Mepla YyaoBa rpaHULA

sin x

Poarngaaemo ¢yHKIIIO f(x)= . 1la dyHKIIA He BU3HAUEHA

X
B rouni x, = 0. IIpore B mii Touui icuye rpanuis Gyskuii f. ose-
n1eMo, 10 Ma€ Miclile Taka P1BHICTh:

(1)

sin x x°

Jema 6.1. Axwo |x|<1ix#0,mo 0<1- <2.
X
Hosedenns. Hexait x € (0; 1). Ha pucynky 6.1 Touky P_orpu-
MaHO B pedyabTaTi noBopory Touku P (1; 0) HaBK0OJIO MOYATKY KOOP-
nTuHAT Ha KyT x paxiad. Ockiabku x € (0; 1),

T
To0T0 0< X< 5, TO TOUKA Pr 3HAXOAUTHCHA

B IepIlIiil YBepTi.
ITobynyemo npamMoxkyTHuxk MP NP,
OJIsI SAKOTO0 BlIPi30K PxP0 € O1aroHaJlJIio

(puc. 6.1).
Ockinbru P M = sin x 1 OM = cos x, TO

e sin x (1 —cos x) = sin x sin® >
AENR 9 9’ Puc. 6.1

Ockinegu x € (0; 1), To 3a memoro 3.1

S

2
o . 929X X
OTPUMYEMO: Sin X < X; sin —2—< 1k

2 3

. . 3 X %] x
Orxe, S, , vp =smx-s1nz—-<x-(—) =—.
e 2 2) 4

OyeBUIHO, IO IJIOIIA 3aIITPHXOBAHOI'O CErMeHTa MeHIDa Bin
Lol TPUKyTHUKA P NP .
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§ 1. [paHuLs Ta HenepepBHICTL hyHKLLI

1 N
Maemo: Scermea'ra - Scex'r P.OR, SA P.OF, = Ex - —2- Sl X.
3
1 ! X
Temep moxxkHa 3anucatu: 0<—x——sinx < —.
2 2 4
3BiJcU 3 ypaxyBaHHAM TOro, 1o x € (0; 1), orpuMmyemo
. 2
S111 X X
0<1- <—.
X 2
; sinx . x°
Ockinmbkn GyHKII y=1- 1 = 5 € IIapHUMH, TO OCTAHHSA
x

IOABIHA HEPIBHICTH BUKOHYETHCA TAKOMXK [IJd BCIX X 3 IIPOMIiX-
Ky (—1; 0). &

Tenep noBegemo piBHicTs (1).

Hexait (x ) — noBijbHA MOCIiOBHICTE 3HAYEHDb aPTYMEHTY (DYyHK-
sin x
mii f(x)=1-

1A BCiX n>n, BUKOHYETHCA HEPIiBHICTH | x,

Taka, mjo limx, =0. Toxi icaye Take n,e N, mo

x =90

= 1.

Y cuny nemu 6.1 nas 6yab-siKoro n > n, BUKOHYIOTBCSHA HEPIBHOCTI

. 2
sinx. X
0<1- =<,
X, 2

Toxi 3a Teopemor npo ABOX KOHBOIPiB («Aunredtpa-10», Teope-

Ma 45.5) orpuMyemMoO, 1o lim|1-— s =10.

n— o
xn

OckinbKu mocaifoBHICTE (X ) 06paHO AOBITBLHO, TO JOXOZUMO BH-

. sin x . sin x
CHOBKY, 1mo lim|1-— =0, TobTO lim =k
xr—0 X xr—0 X

I1(0 piBHICTH HA3UBAIOThH MEPIIO YYAOBOI IPAHHUIICIO.

HeckmagHo moxasaru, 1o Ma€ Micue OigbIin 3arajabHUE (QaxT:
akmo lim g(x)=0 i B »XOZHOMY HIPOKOJOTOMY O-OKOJ1 TOYKU X

X — X

; ; . sin g (x
(pyHKILiA € TOTOXKHO He JOPiIBHIOE HYJIO, TO lim 1 (g() ) =,
XX, g (x

sin x
=1 mokasye, 110 NpPu JOCHUTH MAJHUX 3HAYEH-

* PiBHicThr lim
x -0 X

HAX X BUKOHYEThCA HaOJAMIKeHa pPiBHICTH Sin x ~ x. Biaepmr Toro,
3 ntemu 6.1 BuIMBAE, 110 KOJU | X | < 1, ToO BUKOHYETHCA HEPiBHICTH

E2¥

2

| xX—sin x |< . Tomy abcomrorHa moxudka HabauKeHol HOpMYyaIU
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6. [NepLia 4yynoBa rpaHULA

X
sin x = X, Je | x | < 1, He mepeBUIIYE | 2| . Hanpuranan, axmpo x = 0,1,
. . .. 0;1°
1o sin 0,1~0,1 3 TOYHICTIO He MEHIIIE HLX , =0,0005.
. . in 3x
NMPUKNAAL 1 O6uucaiTh rpaHUNIO lmcl) s
L =P x
. sin3 . 3sin3x . in 3x
Pozs’'s3aHHa. lim e i RS =81im kR
x—0 x x—0 3x x—0 3x
: . tgx
O—=NPUKNAL 2 OGuuciiTh I'PAHHUILIO hn(l) -,
X > X
T in x . sinx .. 1
Po38’a3aHHA. hm—g—zhm = =lim N —1. @
x=0 x—0 X COS X x>0 X x—0 COS X
f . : 3x”
MPUKNAL 3 O6umciits rpasuo lim :
x—>071—-cosx
Po38’a43aHHA
xZ
. 3x° . 3x° . o . 1 6
lim =1im Y —6lim 4 _ _6lim == 2=6. @
o0 1-igoEE W . 2E W0 g 2R =20 ) 1
sin” — sin® — el
2 2 g
i
e 2
) . aresin x
MPUKNAL 4 OGuucIiTh I'PAHUILIO 11n(1) =
X —> x
Pozg’szaHHa. Maemo:
. DX 1 , 1
lim e = Hm =lim — : =1. @
x—0 X =0 X x—0 sin (arcsin x)
arcsin x arcsin x
l Bnpasu
6.1." O0uuciiTh I'PaHUILIO:
sin’ i
. sindx . 3x . sin2x , 9
1) lim 1 ;  2) lim s 3) lim . 4) lim 22.
x—0 2x x>0 X *r—0 gin 3x x—=0 9y
Sln—3—
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§ 1. [paHuLA Ta HenepepBHICTbL MYHKLI

6.2. O0umcaiTh rpaHUIo;

. 3%
sin 5x 2% sin dx e 3
1) lim s 2) lim : 3) lim ;  4) lim -
x=0 6x x=0 X x>0 gin 4x x—=0 3x
sin —
4
6.3." O6uncaiTs rpaguIlio:
i) L l—coz 3x; 45 Y cos 6x —2003 4x;
x—0 3x x>0 X
gy lim 1-cos 4x; &) L cosx—(;os 13x;
=0 xtgx x—0 sin” x
. sin9x+sinllx .
3) lim : 6) lim x (ctg x +ctg 3x).
x—0 5x x—0
6.4." O6uucaiTh rPaHUILO:
. 2x” . 10x -
1) lim X ; 4) lim cos 10x : coS x;
x>0 ] ~cos Hx x>0 4x
: tg 2 . tg2x+tg3
2)11mxgx; 5)11mgxgx;
x—=0 1] —cos 3x x—0 sin 6x
. sin3x-sin12 :
3) lim i il JC; 6) lim (ctg 5x —ctg x) x.
x—0 10x x—0
6.5." O6uuncaiTe rpagunio lim i x).
x—0 COS X
. . ... b
6.6." O6uuciiTes rpasumio lim g larecos x).
x>0  greccos x
; % o - . :
6.7." Hexau x, =nsin—. 3HauJAiTh rpaHUIIO IMOCIAiLOBHOCTI (X, ).
I
1
ctg —
6.8." Hexait x, =—™*. 3HaiiAiTe rpaHuo nocaigosxocti (x,).
n

6.9." ¥V xoso pamiyca R moc/IiIoBHO BIIUCYIOTH NIPaBUJbHI n-KYTHUKH,
n 2 3. BUKOPHCTOBYIOUH IIEePIIly YYAOBY I'PAHUILIO, MOKAMXKITH, IIT0O:

1) mocaigoBHICTE IIEePUMETPIB IIMX MHOINOKYTHHUKIB IIPAMYE IO
yucaa 2nR;

" 2) TOCHiZOBHICTH IJION IUX MHOTOKYTHUKIB HIPAMYE A0 YHCJIA
nRZ.
6.10." Hasxoso kxona paziyca r HOCHIZOBHO ONHUCYIOTH IIPABUJIBLHI
n-KyTHUKHU, n-=3. BUKOPHCTOBYIOUYHU INEpINy YyAOBY I'PAHUILIO,
MMOKAaMXI1iTh, IIO:
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6. [leplwa 4ygoBa rpaHuus

1) mociiOBHICTH IIEePUMETPIB I[UX MHOI'OKYTHHUKIB IPAMYE IO

qucaa 2nr;
2) HMOCIIZOBHICTH ILJIOL] IIMX MHOTOKYTHHUKIB NpPAMYE A0 YHCJA

nre.

6.11.” O6uucaiTh rpaHUIIO:

1 fim arctg 2x : 2) lim arcsin 7 x; 3) lim T—2x .
x—=0 aresin 3x x-0 gin 3x 5 oy B , (n )
2 arcsin Z -
6.12. O6umcaiTh 'paHUIIIO:
- 4
1y lim arcsin 2x ; o Th arctg 4x; 5 T 4x — 1 .
+~0 arctg 5ux x>0 tg 3x N . ( fr)
4 3arcsin| x— Z
6.13.” O6umcaiTs rpaHUIIO:
T
cosx. l—cos(5+x)
1) lim 2) lim T 3) lim (1—x) tg —
f“*zx___TE x—)—g- (5x+1t) x—1
7
6.14." O6umCIIiTH, IPAHUIIO:
i T
2x+3m B (x_Z)
1) lim : 2) hm 3 3) lim (x+2) tg -

b
x—>_3_2’_‘ COS X £t N \/-2-cosx x—-2

6.15.” Ilpu skuX 3HAYEHHAX ITapaMeTrpa a (PyHKIiA [ € HemepepBHOIO
B Toui x, = 07

(1-cos 3ax
1) f(x)=9 2x°
1, akmo x =0;

, Ak x #0,

\

(xctg x, armo x =0,

2) f(x)=:1

2a°+a, saxmo x=0.

6.16." IIpn axux 3HaYeHHAX IapaMeTpa d € HelepepBHOIO B TOYIII
(1-cos ax
x, =0 dyaxuis f(x)=+ x>

2. Ao x=07?

, AKImo x # 0,

\

sin sin sin x

6.17.” 3uaigite rpasuIo lim

x>0 X
x3
6.18." 3uaiigiTes rpasumo lim
x>0 tg tg x
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§ 1. [paHuLA Ta HenepepBHICTL YHKLI

x—8in x
2

6.19.* 3HaigiTh rPaHUILIO lin(l)
- A b o

6.20.* 3uaiigiTe rparumo lim n sin (Zﬂ: Vn® +1 )

n—a

6.21.*% TlocaigoBHICTE (a ) sagaHo TakuMu ymoBamu: a, = 1,

2 : . @
a,  =a, ++a’+1, n € N. Obuucnits rpasumo lim —.

n-»o 2”

4P AcumnToTyh rpadika PyHKU]

Ha pucynkry 7.1 3o0pakeHo rpathik ¢pyHKuil y = arctg x. dAxigo
3HAYEeHHA apryMeHTy X obupaTu Bce OiJIbIIUMU ¥ OlIbIIUMHU, TO Bij-
IIOBI1HI 3HaYeHHA (QyHKII y = arctg x yce MeHIle 1 MeHIIe BiApis-

. T
HATHUMYTBCHA Bl ducja —.

2

Puc. 7.1

[HIIIMMU ciioBaMM, SAKINO AOBLIBHA IOCJIIJOBHICTH 3HAUYEHBb apry-

MEHTY HeoOMe»XeHO 3pOCTa€, TO BIAIOBIJAHA IIOCJIIJOBHICTH 3HAYEHDb
1
GyHKIII y = arctg x upaMye A0 4yucJa &

T
Y TakoMy BHUIIAAKY I'OBOPATH, IO YUCIO — € 2PAHUUECI0 QYHKUYIL

2
o : T
y = arctg x npu x — +oo. e paxT 3anucyiors Tak: lim arctg x = -
X > +00
. 3 m
(BUKOPHUCTOBYIOTh 1 TAKHUU 3anuc: arctg x — 3 IIpHU X — +00).
o It
Mo>xHa TakoX ckasaTu, 1o lim arctg x = .
X -
Marots micrie i Taki pisaocri: lim —-=0 (puc. 7.2), lim arcctg x=n
X —» +0 s X ~=» =0

(puec. 7.3).
58




7. AcumnToTn rpadika MyHKUi

7] yA
1
f(x)==
x
= 0 3
Puc. 7.2 Puc. 7.3

Tenep, KOJIW BU OTPUMAJIYN YVABJIEHHA NP0 I'PAaHUI0 QYHKIII npm
x = 4w (x > —), nepergeMo 10 GOPMYBAHHSA CTPOrOro O3HaYEeHHJ.

PosrinssaeMo, HaOpUKJIAML, IOCHLILOBHICTE (@,) Taky, 10 a, =nZ.

Jlerko 3po3ymiTu, 1o AJsd AOBLIBHOrO aoxaTHoro uucaa C sHauaeThb-
csd TAaKMU HOMEpP n,, 110 AJA BCIX 712N, BUKOHYETHCA HEPIBHICTH
a, >C, T06TO 4JIeHU IOCJIZOBHOCTL (a,), MOYMHAIOYHU 3 JAEAKOTO HO-
Mepa, CTaloTh O1LIbIINMU 3a OyAb-AKe Hallepe 3ajlaHe AogaTHEe YUCJIO.
Y rakoMy BHINAAKy OUIIyTh: lim a =+,

n—>%

Taxoox MOKHA samueaTd: lim 2" =+o0, lim (n+(-1)" ) = 400,

n—>w n—a

3a3HAaYMMO, IO ITOCIIJOBHOCTI i3 3araJIbHUMHU YIeHAMH X = s
y =n+ (-1)" € pos3bixkHUMHU.
3anuc lim a, K =+00 He o3Havae, 110 NOCJHIOBHICTEL (a,) Mae rpa-

n—x

HUILIO.

Hexait nociizoBHiCTE (@,) Mae Taky BJIACTUBICTH: AJIdA JOBLIBHOTO
Bixm emHoro uuciaa C sHalZeTbCsa TaKUH HOMED n,, W0 JJId BCIX n 2 n,
BUKOHYEThCA HepiBHICT, a, <C, TOOTO WieHu mocaifoBHOCTL (a,), mo-

YUHAIOYY 3 JeSKOro HOMepa, CTaloTh MEHIIIMMMU BiJ] OyIb-AKOro Hanepen
3aJ1aHOTO BiJl’€MHOTO 4mcaa. ¥ TAKOMY BUIIQAKY NHIIYTH lim a, = -0,

n-—>w®x

Hanpukaazn, lim (—n)= —o0, lim (—\/ﬁ ) = —00,

n—>»x0 n—w
3a3HauuMo, 110 lima, =+ Toal i aumre Toxi, Koau lim (—a, ) =—o©
n—»w n—»om

Taxoxx nerko nokasaru (3podiTh e caMocTiiiHo), 10 Koau a, # 0
nng Bcix n € N, To 3 ymoBu lima, =+ abo 3 ymoBu lima, =-o

n—»w n—aw
1

BHUILJIUBaE, 1o lim —=0.

n-—x0 a

Hanpukaanm, lim \/; =400, TOai lim—=0

’
n—x n-»o /

lim (-n%)=—c0, TOmi 11m——2=0.
n-—w n—»<0 -7
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§ 1. [paHunUg Ta HenepepBHICTb YHKLI

Poarnsauaemo hyHKIIO f, 00JlacTh BU3HAYEHHSA AKOI MICTHUTH TaKy
mocaigoBHiCThL (x,), mo lim x, = +oo.

n-—w

Oaznavenna. Yuciao a HazusaioTh rpaHHue bysxuii f npu
X — +0, grmo 1A 0yab-s1K0l MOCTINOBHOCTI (X ) 3HAUEHH apryMeH-
Ty yHruii f Taxoi, mo lim x, =+, Bignmosinua mocaixgosnicrs (f (x ))

n—>x

3Ha4YeHb (PyHKIII1 30iracThca J0 4MCIa 4.

[Tumyre: lim f(x)=a.

X =+

Tenep poarnsgHemMo (hyHKNIIO [, 00JacTh BUBHAYEHHS AKOl MICTUTH
TaKy IOCaifoBHiCTE (x,), mo lim x, =—oo,

n—»w

Osmavenma. Yuciao a vHazuBawoTh rpasnne bysxunii f npu
X — =00, AKIO MJIA Oyab-AKO0I MOCTINOBHOCTI (X ) 3HAUYeHb apryMeH-
Ty yskuii f Taxoi, mo lim x, =-+oo, Bigmosigna nocaixosuicts (f (x))

n—w

3HaYeHb (PpyHKIII 30iraeTecsa a0 4Mcja da.

[Inmyre: lim f(x)=a.

X = —00

: 1
Kopucrymouucs o3HaueHHAM, IOKakemo, o lim —=0.
X—=>+0
Hexaii (x ) — moBijIbHA MOC/IIIOBHICTD 3HAYEHDb aPIYMEHTY (PYHKILI]
1 . : . : 1 1
f(x)=— raka, mo limx =+cc. Toxi mocaimoBHicTE —, —, ...,
= o n—saL xl x2
1 . ;
—, ... € HECKiHYeHHO MaJ010, To6To lim f (x, ) =0. Cxazane ozHauae,
xn n—> %G
. 1
mo lim —=0.
X =>4+ 5 5
, 1
Takox HecKJIagHO IIokazaTtu, mo lim —=0.
X —— x
3ayBaXKHMO, 1o koo lim f (x)= lim f(x)=a, To maryre: lim f (x) =a.
X =>4+ X% X—om
. 1
Hanpurknan, lim —=0.
X—> 0 x

I'paauni GyHKIII 0pu X — c© IPpUTAMaHHI BJACTHBOCTI, aHAJOT1YHI
BJIACTHBOCTAM rpasuni ¢GyHKOil B Touni. Hexan ¢yHKIII y=/f(x)
i y=g(x) MmawTh CIiJbHY 00JIaCTh BU3HAYEHHS.

Axmo lim f(x)=a, lim g (x)=>5b, To:

X = 0 X —> w0

1) lim (f (x)+ g (x))=a+b;

x— 0

2) lim (f (x) g (x)) = ab;

X ~—» 0
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7. AcnmnToTty rpadika yHKLUI

3) lim (%) L 3a ymoBH, mo b # 0.

x~w.g(x) b
JloBecTH 111 PIBHOCTI MOXXHA aHAJOIIYHO TOMY, AK Oyau noBeneHi
TeOpeMH IIPO apudmMeTUyHl A1l 3 rPaHUIAMU QYHKIINA V TOYIL.
3ayBaXUMoO, III0 TaKli caMl BJIACTUBOCTI BHKOHVIOTBHCA 1 AJd
rpaHuIll QyHKIILI Opu X — +o0 Ta IpU X —> —©,

| . . 2x+1
ﬂPMKﬂAAIOGt{HcmTL lim 2% -
X —> 0 x_
Poszs’azanna. Maemo
1 .. 1) 1
9% +1 2+— lim K2+_) lim 2+ lim — 9240
lj_m :lim f Lo X = W ( f\ = X —> 00 X =0 .1x =_=2. .
it SR P o S N i lim 1-1lim — 1-0

¥ X—o \ X/ X —>® X0 o
Hexau M (x; y) — moBlabHA TOUKa rpadpika @yHKIl] y = arctg x.

: : m . .
Ockinpku lim arctgng, TO IIPHU IIPU X —> +00 BifgcTadHp BiJ TOY-

X —> +00

Ku M po npsamoil yzg npamye po Hyuasa (pumc. 7.4). ¥ npomy pasi

T ’
rOBOPSATH, II0 NPSAMAa Y =— € FOPU3CHTAJBHOI0 AaCHMIITOTOX rpadika

2
dbyHKII y = arctg x npu x — +oo. TakoX MOXKHa NOKaszaTH, II0

T x
npAMa Yy =-—— € TOPU3OHTAJIBHOIO acCHMITOTOI rpadika pyHKIil

2
Yy = arctg x nnpu x — —oo.
Osmavennsa lIpamy y = ¢ Ha3MBaKOTL FOPHUBOHTANBHOK ACHMIM-
TroT030 rpadixka dysxuii f npu x - +0 (x > —»), gakmo lim f(x)=a
(lim f(x)=a).

e ? &

Tak, npamli y =0 1 y =1 € TOPU3OHTAJIBHUMU ACUMITOTAMU
rpadika pyHKII y = arcctg x BIAIIOBIAHO IPH X —> +00 1 IIPA X —» —0
(puc. 7.9).

I
2

----- .-'—P"--!ﬂ -------------L---------------
'

O
=

y = arcig x
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§ 1. [paHunus Ta HenepepBHICTL MYHKLLI

[Ipukiaan, posryISHYTUH BUINE, IIOKA3YE, 10 IpsaMa § = 2 € TOPU-
2x +1
x—1
npu x —+o. I'padik miel pyHKIIl 300parKeHo Ha pUCYHKY 7.6.

30HTAJBHOIO aCUMITOTOIO rpadika QyHKIIL Y = IIPU X — —© Ta

yA
_________ o L S
o,
Pnc:. 7.6 Puc. .7
Posrassuemo (yHKIiIO f(x):2x—1+x26+1. OueBUaHO, 1[0 NpPHU

x — +oo 3HaueHHA (PYHKIII [ Bce MeHIIe I MeHINIe BiJpPi3HAIOTHCS
BiJ BIANOBIAHUX 3Ha4YeHb JiHINHOI ¢pyHKIII y = 2x — 1, TOOTO
lim (f (x)-(2x-1))=0 (puc. 7.7). Ile o3nauae, o npu x —» +oo Bif-

X =+
cTaHb BiJg ToukKM rpadika pyHKHil [ 10 BiAHDOBiAHOI TOYKMU NPAMOI
y =2x — 1 npamye 0o Hy.J4.
Y 1poMy pasi roBopATh, 110 IpAMa Y = 2X — 1 € MOXHJI0I0 aCHMII-
6

2
x° +1

npsaMa y = 2x — 1 € IOXWI0K acuMIITOTOIO0 rpadika yHkIiil f npmn
X —> —w,

ToTOX0 rpatdhika dyerImil f(x)=2x-1+ mpu x — +oo. Tarkox

Oszmavennn. Ilpavy y = kx + b Ha3UBAXOTh MOXMUJIOK ACHMII-
TOTOW rpadika pysknii f npu x »> +o (x > —x), AKIO
lim (f (x)—kx—b)=0 (lim (f (x)—kx-b)=0).

X — +0 & =290

"Koisu B piBHAHHI y = Bx + b nmoxwuiol acumnroru k=0, To 3 03Ha-
yeHHs BumiamBae piBHicTs lim (f(x)—-b6)=0. 3Bigcu lim f(x)=05.

X >+ X+

Tomy npsima y = b € TOPU30OHTANIBHOIO ACUMIITOTOIO Irpadika pyHKILiL f
npu x — +oo, TaK¥M YUHOM, F'OPU30HTAJIBHY ACUMIITOTY MOXXHA PO3-
MIAJaTH AK OKPeMHUM BUIIAJA0K MOXUJIOl aCUMIITOTH.
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7. AcumMmnTtoT rpadika yHKUIT

1
IIist rpadika pysKIil [ (x)=x+—— npama y = X € H0ro IOXUJIOI

x—1

ACUMIITOTOIO IIPH X — +oo 1 mpu x — —. CopaBxai, lim (f(x)—x)=

X — 0

1 |

=1lim . =0. AJne axmo pos3rasayBany G@yHKHOio [ (x)=x+—— mo-
Sy : x—1
. x"—x+1
naHo y BuUraani f(x)= —» TO 3AOrajaThcs, IO NPAMA Y = X
x_

€ MMOXWJIOI acuMITOTOIO 11 rpadika, JOCUTH BaXKo0. [lomyK moxuiol
ACUMIITOTH IIOJIETIIIYE TaKa TeopeMa.

Teopema 7.1. IIpama y = kx + b € noxunow acumnmomoro
epadira @pyuryii [ npu x — +0 modi i minvku moodi, KOLU 6UKO-
HYIOMbCA PpIBHOCMI

lim &—)— (1)
X ~> +9d0 x
lim (f (x)—kx)=0. (2)

X —>+0

JHosedenHns. Hexaht uucna k 1 b 3an0BoabHAITH piBHOCTI (1) 1 (2).
JloBememo, 10 mpaMa y = kx + b € MOXUI00 acUMIITOTOIO rpadika
byHKII f.

Maemo: lim (f(x)—-kx-b)= lim (f (x)—kx)— hm b=b-b=0.

Ile o3Hauae, 110 npaMa y = kx + b € IOXUJIOI0 aCUMIITOTOIO I'pa-
dhirka pyHKIii f.

Hexan npsama y = kx + b € NOXHUJI0I acuMITOTOX rpadika
byukii f nmpu x—>+w. Tomi Ilim (f(x)—-kx-b)=0. 3Bigcu

X =P +00

lim (f (x)—kx)=0b. Kpim 11poro, Maemo:

tigg L) _ 13 #EHU ) —kx)

X =p +C x X = 40 x

= lim k+ lim (f (x)—kx)- hm——k+b O0=k. A

X =+ X —>+m X—>+40 o

Teopema 7.1 7103BOJIsIE IIYKATH NOXUJL (FOPU30OHTANIBH1) AaCUMIITO-
T rpadika hyHKIII f Opu x — +o0 3a TaKOIO CXEMOIO.

1. 3gayiTu yucio k, ne k= lim —— (%)

X =~ 400 L

1o rpadik GyHKHOil f npu x — +o0 He Ma€ NOXMUJIOI ACHUMIITOTH.
2. 3HauTu uucyio b, ge b= lim (f (x)—kx). Ao 1miel rpanuIli He

X —2 400

icuye, To rpadik ¢hyHKHOil f mpu x — +o0 He Ma€ MOXHUJIOL AaCUMII-
TOTH.

. AKmIo niel rpaHUIll He iICHYE,
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§ 1. [paHunug Ta HenepepBHICTL QYHKLI

3. Ilpama y = kx + b € moxXuI010 aCUMIOTOTOIO rpadika GyHKIIl f
Ipyua X — 00,
AmnajioriuyHa cxeMa Ipalioe AJs IIOIIVKY ITOXHJI01 (FrOPpU30HTAIBHOL)
ACHUMIITOTH IIPU X — —0,
IToBepTaruuch 40 PO3TJIAHYTOI'O BUIE NPUKJIAAY, HOKaKeMO0, AK
IIPAIIOE I8 cXeMa [JIS MOIIYKY HOXMUJI0l acuMOToTu rpadika GyHKIIL

f(x)=2x-1+ 26 Ipu X — +o0 1 Ipu x — —oo,
x +1
Maemo: kzlim-)i(—x)zlim 2—1+ ? 34
¥pe g g x X(x +1)

b=Ilim (f (x)-2x)=1lim (—1+ 26 )z—-l.

x> x> s |
Orixe, npaMa y=2x—-1 € NOXMWJIOK ACUMITOTOI rpapira QyHK-
il f opu x — o0 i mpu x > —oo.
Ha pucyrKy 7.8 300pasxkeno rpadik ¢dyukuii y =7 (x). Poaraane-
Mo dGyHKOiIO f opu x> x,. KO0 Taxki 3HaAYEHHA apryMeHTy X o0u-

paTu Bce OMmiKue M OJmIKdYe O TOUYKH X, TO BIiIMOBI/IH1 3HAUYEHHSA
GyHKII] cTaoTh yce OIIbINIMMHA A OLNBIIMMHU 1 MOXKYTH CTATU O1Jb-
INUMH Bifi OyAb-AKOI0 Hamepes 3aJaHoro AOAATHOIO yucija. IHmumMmu
CJIOBaMM, SIKIIO IIOCJIiIOBHICTD (X,) aprymMeHTiB QyHKIII [ 3a/10BOJIb-

Hae ymoBu limx =x, i x, >x,, e n € N, 1o lim f(x,)=+c0. Ilenn

n—K n—ow

dakT 3anucyroTh Tak: lim f(x)=+cc. ¥V npoMy BUIALKY IPAMY X = X,

x—~)x0+

HA3UBAXOTh BEPTHKAJBHOIO acUMITOTOIC rpadika QyHKOil f, Konu x
npAMYy€E 0 X, CIpaBa.
MipKyro4yy aHAJIOriuHO, MOXKHA cKasaTu, mjo lim f(x)=-w. Tomy

X = Xg—

mpaMa X =X, € BePTUKAJIBHOIO aCUMIITOTO Ipadika GyHKIII f, Koau
X TIPAMYE 0 X, 3JIiBAa.

: 1 S 1
Hanpukaazx, lim —=-0 i lim — =+ (puc. 7.9). Tomy
=1+ 1 —x x—41~71 —
. 1
x=1 — BepTUKaJbHA aCHUMIITOTA rpadika QyHKILII yzf—, KOJIHA
. — X

X npaMmye no x, =1 aAK cupasa, Tak 1 3J1iBa.
HaBenemo mie KiJibKa IPUKJIAJILB.

. . 1 . 1
Ockinpku lim =+00 1 lim =+00 (y TaKMX BHUIAAKax
x—~>2-—|x_2| x—+2+|x_2|
, 1
IAIITYTH lim | | =+00 [, TO IpAMa X = 2 € BePTUKAJbHOIO aCUMIITO-
x—¥2 | 2— 2
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7. AcumMnToTK rpadika yHKLI|

. 1 .
To0 rpadika QyHKIiI f(:xc)z| 2] IIpu x—>2+ i opu x—>2-
x_
(puc. 7.10).
uh ) vh )
T o
Puec. 7.9 Puc. 7.10
Ockinbrku lim tgx =+ i lim tg x =—o0, TO MpsaAMa ng € Bep-
x—*g- x——>5+

: T,
TUKaJIbHOIO aCHMIITOTOXO rpadika GyHKIil y=1tg x npu x — -5 — 1 11pu

1 ¥ X
X — = +. YpaxoBywouu nepioamumicTs GyHKNii y=tgx, MoxHA
7T
CTBEPAKYBATH, 110 KOXKHA 3 IPAMUX X = —2-+ nk, k € 7, € BepTUKAJIb-

HOIO aCHUMIITOTOIO rpadika dyHKLii y=tgx npm x — -125 +nk+ i npwm

x——>g+nk— (puc. 7.11).

=Y

no|§
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o=

O — ————— o —wwn (A W O G . S — . — e - —

T ————————————— . — ——————————————




§ 1. [paHuLA Ta HenepepBHICTL MYHKLLI

Irmnx BepTUKAJIBHUX acuUMITOT rpadik GpysKuii y=1tg x He mae,

. - : s it O
OCKLIbKM BOHA HeNepPepBHA B KOXKHIN TOYIl X,, BiAMIHHIN Bif — + Tk,

2
k e Z.
yzaralgi, AKWo0 QYHKYLL Henepepera 8 moiyi x,, mo npama x=Xx,
He € 8epMUKAJLbHON ACUMNIMOMmMOw 1l 2paika.

l' Bripasu

7.1.° IlepeBipre BuKOHaHHA yMOB lima, =+, lima, =-w ana mo-
n—»x Il —>»3C
CJIIIOBHOCTEM 13 3araabHUM YJIEHOM:
1) a =—-2n; 3) a, =<n; 9) a = sin n.
n+1 1
2) a = ; 4) a, =

L " \/n+1’

7.2." llepeBipTe BUKOHaHHA yMOB lima, =+, lima, =—0 nnasa mo-

n—w n—»w
CJI1IOBHOCTEH 13 3arajibHUM YJIEHOM:
2n—1

1)a, =n* 3) a = : 5) a = cos n.
| o |
~1)" on" +3
2) a =L 4) a = *°,
n n+1
7.3. 3HAUAITH I'PAHUILIO:
1 . 5 3x° —bx+1
1) lim — 3) hm(3——); i) T
x—)+orx X —»© “€“ N=F=0 2 +Ox+10
. 4 1 2x° -1
2) lim 2; 4) lim - 6) lim — x2
X - x>0 x 2 oo 4% 4t x? b x4l
7.4, 3HaUOITH I'PAHUILIO:
1 , 3 4EX |
1) lim — 3) hm(5+—J; 5) lim —
X = 'Xbx X—>0 X X3P — r2x +x+1
: 2 . -8x* +2x* -1
2) lim 3; 4) lim i 6) lim 2 5x +3x :
. Fepibon x—>+°°x+3 ¥ Ja° H2% =1 |
7.5." 3HANAITL FOPU3OHTANBHI acuMITOTH rpadika GyHKILI: '
3X + 9 Al | x |
1) y="" 2) y- ; 3)y-=
= 1 P a1 T E
7.6. 3HaiAiTH rOPU3OHTAJBbHI aCHMIITOTH rpadika (pyHRuu.
2—-x x® +1 x* +1
L) = : 2) g= : S) Y=
) Y 3X + 2 ) Y x> —x+2 e 242
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7. AcumnTtoTtn rpadika dyHKUI

—r——

7.7.” IlepeBipTe BUKOHaHHsA yMOB lim f(x)=+c0, lim f(x)=-w0 aasa

(hyHKIIL:
i |
1) f(x)=——, %, =0;
X
2). f(#)=ctg" £, % =m0
1
3) Fx)= : .7c0=—E
COS X 2
7.8." IlepeBipTe BuKOHaHHA yMOB lim f(x)=+, lim f(x)=-00 puasa
hyHKIII:
1) Pl e, el 3) f(x)—( % )5 X e
(x+8)* , PR R '
37
2) f(x)=—|tg x|, Xo =3

7.9." VKaxiTh BepTUKAJbHI acuMOTOTU rpadika GyHKIII:

) f)=—tvy; 3 f@)=———s  5) F(x)=——;
R | X + \/5 Sin x

2) f(x)=—1 4) f(x)——-tg(x—fj; 6) f (x)=—
X 4 arccos x

7.10. Vka)xiTh BepTUKAJbHI acuMITOTH rpadika GyHKIIL:

1) f(x)=——; 3) f(x)=""1 5) 1 () =——;
x+1 x—1 COS X

2) () =—s 4) f (x) = ctg x; 6) 7 (x)= 1.
| x | aresin x

741 Obamexits lim (Ve® +x %),

X—>+®

7.12." Obuyucaire lim (\/x2 +1+x).

X ——m

7.13." Yu moxe rpadik ¢yHKIil maTu AB1I pis3HI MOXMUJII aCUMIITOTHA
IpA X —> +0?

7.14." 3gaigiTs DOXUJIL acuMOTOTH rpadika QyHKI(IL:

1 (2—'x)3

1 =X +=; 3 = .
) (x) b ) [(x) (%3

2) f(x)=212%, B 1
x-1 (x+1)

6/
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§ 1. ['paHnLA Ta HenepepBHICTb YHKLIT

7.15." Buaiaite moxuai acuMnroTu rpadika GyHKILI:

1 i* =22 i
1) f(x)=x+—; 2) f(x)= »  3) [(X)=——.
x; x—1 x" -4
7.16.” I'padix ¢ymrnii f mae acumnrory. Ym morke 6yTH Tak, IO
rpadik QyHKII [ IepeTUHAE aCUMIOTOTY HECKiHYEHHY KiJIbKiCTh

pas3iB?

7.17.” 3pocrarwoyua dyuknia f raka, mo lim (f(x+1)—f(x))=0. Ynu

X —>+00

000B’3K0BO rpadik (QyHKIII f Mae ropu3oHTaNbHY ACUMIITOTY
P X —> +00?

7.18." 3naiiniTe ropusonTaNbHi acuMuToTH rpadika GYHKIII

V&2+x+1

b= 3X + 2
7.19.” 3uaiigite ropusonTaneHi acuMnToTH rpadika OyHKII

sz—l

Qg
7.20.” 3Ha#AiTE TOPUBOHTANIBHI acuMITOTH rpadika dyHKIII:

y:

1) y=—x—vx? —x+2:
2) y=vx?-2x—1-+x? —Tx+3.

7.21." 3uaiinite ropusorTaNBHI acuMoTory rpadika GyHKILL:

1) yzx(\/x2 +1—x);
2) y=+x% -2 —/x? +2x.

7.22.” 3Hannite acumnToru rpadika GyHrmii f(x)= \/ £ +x+2x.

7.23." Buaiigite acumnroru rpadika dyuxmii f (x)=vx® +1—x.

7.24.” Bacuap 3amiryTadiko Imykae acuMnrory rpadika Gysrmii

f(x)zx/x2+x+1 IpU X —>+00 TaK:

; ; 1
1) mpu x>0 BUKOHYIOTHCH PIBHOCTI f(x)=\/x2+x+1:x-\/1+x-: :
X

X =+ x?‘ X—>+m x x2
rpadik QyHKII [ MaiixKe He BiIpisHAETHCA Big nmpamol y = x;
3) TOMy OpsAMa Y =X € MOXUJOI acCUMITOTO0 rpadika byHKIii f
IIpU X —> +00.

Yu noromrxyerecsa BH 3 MIipKyBaHHAMU Bacuis?

: S 1
2) ockinpkm lim ‘/1+x+ = [im \/1+1+ =1, TO Ipu Xx — +00
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LvBHI DyHKLIT

: : ' 1
7.25.% IIpo dyHKHOio f Bigomo, mio lim ——=0. Yu 0060B’A3K0BO

X —> X f (x)
npAMa X =X, € BePTUKAJIBHOIO aCMMIITOTOIO II rpadika?
7.26.% I'padiku hpyHKIiN [ 1 g € piBEUMU Qirypamu. Yu 000B’A3K0BO
rpadik PyHKIII £ Mae acuMOTOTy, AKII0 rpadik dyakuii f mMae
ACUMIITOTY ?

7.27.% dyHKOida [ Taka, 110 IPU KOKHOMY X >0 BHKOHYETHCS PiBHICTH
lim f (nx)=0. Yu o6oB’azxkoBo lim f(x)=07?

1 —>x X — 490

7.28.%* Uucna a, b, ¢ Taki, mo npu KoxxkHoMy n € N 3HaueHHs BUpa-

3y an’+bn+c¢ € YeTBePTHM CTelleHEM HATYDPaJbHOTO YHCJIA.
Hosexnith, mo a=b=0.

KON 3POBJIEHO YPOKW

AnsHi dymkuii

Y migpyuyHUKY 9-r0o KJjacy BHM MOIJIM O3HAMOMUTHCS 3 1CTOPIEIO
PO3BUTKY NOHATTA (hyHKII. TepmiH «pyHKIIA» 3’ ABUBCA HANIPUKIHILL
XVII cT. 1 e 1o HeJaBHIX YaciB YVTOUHIOBABCA M YJOCKOHAJNIOBABCH.
Y yoMy K IpHMUYMHA TaKol DaraTopiuHOl AUCKycil HayKoBIIiB? YHomy
«n1amanu cuoucu» Ennep 1 I’ Anambep? PoskarkeMo Ipo OAMH acneKT
[ILOT'0 CKJIAJAHOI'0 MUTAHHSA.

Haounoro inroctpanieo pyHKIll € 11 rpadik, TOMY, 3HAMOMJIAYKNCH
3 MOHATTAM (PYHKIIII, YacTO HABOAATH NPUKJIAIU IpadikiB GYyHKIIN
(puc. 7.12).

YA y§ Y

|

0| 2x
Puc. 7.12

Came Takl «rapHi» KpHMBlI HaMarajJucsa ONMCATH BYeHl, Jau4u
rnepiui o3HaveHHAa QyHKILL. IIpoTe yac Bij yacy B JOCHIIKEeHHAX HA-
VKOBIIIB BUHUKAaJa HEOOX1AHICTh 1 B MEHII «IIPUBaAOJIUBUX» KPUBUX,
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§ 1. [paHuLa Ta HenepepBHICTL YHKLLI

rpadiku AKUX MaJau 3JaMu adbo CKJIagaauca 3 KiJIbKOX OKPeMHX
yacTuH (puc. 7.13).

y‘ y:|x| yA
=
y___._.
X \
.
0 ; 0 X
—— )
; Puc. 7.13

Cninx Bia3HaumTH, II0 B Ti yacu (QYHKIIIO PO3IIAmaJH HacaM-
Iepes AK MOJeJib IIEBHOI'0 peajibHOro npounecy. Iluranaa npo ic-
HYBAHHA B pPeaJIbHOMY CBIT1 ABUI, AK1 KOPEKTHO ONMCYBATHU KPU-
BUMM, 300paKeHUMU Ha PUCYHKY (.13, € rimuboKuMMU, iCTOTHUMU
Ta HEIIPOCTUMM IJId NPUPOA03HABIIB. ToMy OlHA YaCcTHMHA BUYEHHUX
BIIMOBJIAJIaCA BBaXaTH TaKl pUCYHKH rpadikamm PyHKIINA, iHIIA
K — HaBIIAKH.

Ilepemorsa gpyra Touka 30py, dAKa yl3akKoHmJa (yHKIIlI Ha
KIITAJT MOAYJAs, 1iyiol Ta ApodoBol yacTtuH ToIino. Ha mouarky XIX
cTopiuua 3’ABHUJIOCA MaMKe cydyacHe o3HauyeHHA QPYHKILI. DPyHKII]
II0YAaJ BUBYATHU AK CAMOCTINHI 1 He3aJeXXKH1 BlJl peaJbHUX MIPOIlECiB
00’eKTH.

Takuil miaxig cupusaB PO3BUTKY MaTeMATHKU 1, K IIe He OJUBHO,
(hiduKM Ta IHIIUX NPUPOAHUYUX HAVK, OCKIJIBKHU JO3BOJIUB BiAHAUTHU
Ta OINMCATH HOB1 Ta CKJIAIH1 ABHIIA.

CyuyacHe O3HaUYeHHS 3aJIy4Yac 10 MHOKHHU (QDYHKIIA T0BOJI AUBHI
00’€EKTH.

Tak, Bu Bike godOpe 3Havomi 3 pyHKIi€o [ipixiae

1, akmo xe(),
D (x) = o x € Q
0, axmo x € R\Q.
yA AKI0 noguBuTHCA HA 300pakeHHA rpadika

— & S—— dysruii dipixmae (puc. 7.14), To MOXe IOMMII-

; KOBO 3JaTHUCH, 10 rpadik CKJIaZacThLCH 3 [BOX
| npavMux y=0 1 y=1, TobTo ogHOMY 3HAYEHHIO

0 X aprymMeHTy BiAmoBizae oxpas3y JABa 3HAUYEHHHA
(hbyHKII], IO B3araJi cynepedyuTh O3HAYEHHIO
Puc. 7.14 dbyurii. Hacnpasai KoKHaA 3 IUX «IIPAMUX »

Mae 0e3J1iy «IipoK».
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LIVBHI hyHKLLI

BusiBnsieTbes, cepen (hyHKIIN, 00 3aJ0BOJBHANITE CYYACHOMY
O3HAYEHHIO, 1ICHYIOTH e 01JIbII AUBHI CTBOPIHHSA. SAKIIO 300parkeHHAM
rpadika pyskuil dipixae € HiOH ABI IpAMi, TO iCHYOTh QYHKIIL, AJIA
zo0paKeHHd rpa@ika AkKux tpeda MO3HAYUTHU, TaK OM MOBHUTH, YCIO
nomuuy! Toune dhopmyaoBaHHA Take: 1ICHYE (DYHKILIA, IO KOXKHUU
KPYTI Ha IJIOIMUHI MICTUTBE TOUYKHU 11 rpa@ika. OcCKinbKU 3rajaHUUN
KpPYyl MOXKe MaTu AK 3aBroJHO MaJHU PajlycC 1 AOBLABHUU ILIEHTP, TO
300pakeHHdA rpadika Takol (hyHKII] He 3aJIMIIUTE Ha ILJIOIIUHL KOJHO1
K 3aBIOJHO MAaJOl «4acTHHH» 0e3 CBOIX TOUYOK.

Y 1pbOMY OIIOBilaHHI MOOyAYyEMO TaKy (hyHKIiO f, AKa BU3HAUEHA
ga npoMikky [0;1) i Ha KoxkHOMY iHTepBaJi (a;b) — [0;1) HabyBae
Bcix 3HaueHb 3 [0; +x).

I'padir Taxoil ¢pyuKHii f «3ahapdboBye» cMmyry, fAkKa 3agacTbCs

; + [0<€x<],
CHCTEMOIO HepiBHOCTE!
0O=sy.
Hexait x=0,a,a,a,... — gecaTkoBuil 3anuc umciaa x e[0;1), ne
a, — nudpu 1nporo 3anucy. 3Ha4yeHHA QPyHKIIl f(x) 3amexaTrume Bij

TOro, 4y Oyze nepioguuHuM gecaTkoBuu aApi6 0,a,a,a...., yTBOpeHUU
3 uubp yucaa x, 10 CTOATH HA HeIapHUX MICIAX.

Y BUNAAKy, KOJM X — TaKe YMCJIO, IO AECATKOBUHU ApPiO
0,a,a,a.... HenepioguuHuu, nokaagemo [ (x)=0.

Axmo x 0,a,a,a.... — NepioguYHUN JeCATKOBUA APiO 3 NOBMKUHOIO
nepioay ! i nepegnepiogom 0,a,a,...a,, ,, TO AeCATKOBUU 3amuc [ (x)
MaTHUMe BUIJIAML:

f(x):a2ka2(k+-1)'°'az(ku-l)’az(mz)az(/:m.l)“'
Hanpurnaz, obuuciumo [ (x,) mna uncaa x, =0,62431114111519... .

s uporo BuAlaAuMo mudpua (4epBOH1), 11O CTOATH HA HeNapHUX
MicIsX. YTBOPUBCA NepioguuyHuM pecaTrkoBuun apido 0,541111111...
3 nepiogom 3aBHoBKKU [ =1 1 nmepexanepiogom 0,54. Sanuniemo mud-
pu (0J1IaKUTHI), IO CTOATH HA MapPHUX MiCLAX, IIOYMHAIOYHN 3 OCTAHHLOIL
nudpu nepepnepiony (0,54) yepBonoro uuciaa. Maemo
314159...

[TocTaBUBHIM KOMY IIiCJA nepIiuol (HOBXKHHA IIeploay YepPBOHOI'O YHC-
ada [=1) 6nakuTHOI UK pPU, OTPUMAEMO

f(x,)=38,14159...

' fx Bigomo, meski pamioHandbHI YHCIA MAOTh MO ABA 3aIUCH YV BUIVIALL
HEeCKIHYeHHUX JecATKOBUX ApobiB, vanpukaaxg 0,5000... =0,4999... . Akmo
JaJji 3a 4YucJIoM X Tpeda Oye 3HAUTH MOro JeCATKOBUM 3aluc, TO JOMOBUMO-
CA poO3rafAaTH JINIIe MeplIIni BaplaHT 3anucy.
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§ 1. [paHuUs Ta HenepepBHICTb PYHKLI

——

HeBaxko 3po3ymiTH, 110 HaBegeHe oOuucaeHHA [ (Xx,) MOXHA

BUKOHATH Y «3BOPOTHOMY IIOPAAKY», TOOTO 3a JAaHUM YHUCJIOM
Y, € [0; +o0) i mpomikkoMm (a;b) — [0;1) MoxHA 3HAWTU TaKe YHUCJIO

X, MO f(x,)=Yy, 1 x,€(a;b).
Hanpuxkaan, nns isrepBany (a;b)=(0,361;0,364) 1 3HaYeHHA

Yo = J2=1,4142... uyucno X, MOKHa 00paTH TaK:

x,=0,8611242124222...
Tyt BenapHi (4uepBOH1) HU(MPH YTBOPIOIOTH INEePiogUUYHUNA JEeCATKO-
Bum n1pi6 0,31222222... 3 nepiogom 3aBIoBXKKH [ =1 i nmepemnepiogom

0,31. BaakuTHi nudpu 3a7a0Th 3HAUYEHHSA YHUCIA \/_2_=1,4142...

(mepma OsaxkuTHaA mU@pPa HAe HACTYOIHOIO 3a OCTAHHBLOIO I[M(POIO
repeanepioay 4epBOHOTO YHCJIA).
3a dyucao x, mMoxkHa Oyno 6 obpaTu i, HAaNpUKJIAaJ, TaKe YHUCJO:

x,=0,3631141114121...
(TyT HemapHi (4epBOHiI) nmudpu yTBOPHI'b HNEepioguYHUN Apid
0,33111111... 38 mepiogom 3aBnoBxXKH [=1 1 nepexnepiongom 0,33);
abo Take YMCJIO:.
x,=0,862%71141114121,..

(TYT 31pOYKOI0 * IMO3HAYEHO MNOBIIBHY Iudpy, HenapHi (4epBOHi)
uGpu yTBOP0OIOTH nepiogumunui api6 0,3271111111... 3 nepiogom

3aBnoOBXKH [=1 1 nmepepnepiogom 0,327).
Takum yumHOM, (GyHKIIIO [ mobymoBaHO.
yA Pucynox 7.15 pae ysaBiaeHHsA 1po rpadik GyHK-

| il f.

3ayBaXuMo, 110 rpacgik mobymoBaHOI
byHKILI [ MOMKHA «IIOHNIMPUTH» HA BCIO KOOP-
OUHATHY ILIOIIWMHY, TOOTO MmOOyAyBATH TaKy
Bu3HauyeHy Ha R pyHKIIIO g, AKa HA KOXKHOMY
0 1 x inTepBayni (a;b) c R mabyBae Bcix 3HayeHb

Puc. 7.15 3 R.
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OXIAHA
TA [l 3ACTOCYBAHHS

A0 NOHATTA noxiaMol

ARIITO GYyHKIIA € MaTeMaTUYHOK MOJEJJII0 peaJbHOI'o IIpoIiecy,
TO YaCTO BUHMKAE IMoTpeda 3HAXOAUTHU PI3HUIIO 3HAUYEHDb Ii€l QyHK-
nii y aBox Toukax. Hampuriax, mosuauumo 4depes f (f) 1 f (¢,) cymu
KOIITIB, AKi HAKONMUUYWINCA HA JAEIO3UTHOMY PaxXVHKY BKJATHUKA
10 MOMeHTiB yacy t i t,. Toxi pisuuns f (¢) — f (), ne t >t , moxasye
NpUOYTOK, AKUK OTPHMAaEe BKJIAJHUK 3a 4ac t — t.

Posrnanemo dyuxmio y = f (x). Hexain x, — (ikcoBaHa TOYKa
3 obJyracTi BU3HaUeHHA (PYHKIII f.

Axmo x — moBiJgbHA TOYKa o0JiacTli BU3HAYeHHA (hpyHKIII [ Taka,
o X # X, TO PI3HHUIIO X — X, HA3UBAIOTh NMPUPOCTOM apryMeHTy
dysxuil f y Touui x, i m03HaYaOTh AX (YUTAIOTH: «JI€JIbTa 1KC» ik
Maemo:

Ax = x — x,. 3Biacu
x =x,+ Ax.

['oBOPATEH, 110 aPIyMEHT OTPUMAB MPHUPICT AX ¥ TOUIL X,.

3a3HauYMUMO, II[0 IPUPICT aPIryMeHTy MOKe OyTH AK JOJaTHUM, TaK
1 BLI’€MHUM: SKIIO X > X, T0 Ax > 0; AKmo x < x,, To Ax < 0.

JIK1I0 aprymMeHT y TO4YUl X, OTPMMAaB IPHPICT AX, TO 3HAYEHHS
Gyukuii f sminnnoca Ha Benuuuny f (x, + Ax) — f (x,).

[{r0 pi3HUIIO HABWBAKOTH NPUPOCTOM (YHKUII [ y TOULl X, 1 IIO-
3Ha4aoTh Af (uuTamTh: «JgeabTa ed»).

' Jlemosur (6aHKiBCHKMII BKJIAJ) — KOIITH, AKi BKJIAZHWUK Ilepenac

0aHKY Ha AeSAKHUH CTPOK, 3a 0 DAHK BUMNJIAYYE BKJIAAHHUKY IIPOIIEHTH.

? ToBopsaYM mpo mpupict aprymenrty dbyHknii f y Toumi X, TYT 1 gami
Oymemo mpunyckaTH, IO B Oyab-AKOMYy iHTepBadi (X, —& X, +€&) € TOYKH
obJsracTi BU3HaAUYeHHA (BDyHKIILL [, BiAMiHHI Bif Xy
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§ 2. [NoxiaHa Ta 11 3aCTOCyBaHHA

Maewmo:
Af = f (x, + Ax) - f (x,) abo
Af = f (x) = f (x,). -
s opupocty hyBKIIL y = [ (x)
Y * TAKOX IIPUUHATO ITO3HAYEHHA Ay,

y = f(x) TOOTO

A e : Ay = £ (x) - f (x,) aGo
f2,) femneev ' i Ay = f (x, + Ax) — [ (x,).
| i [Ipupict Ax aprymeHTy B TOU-
é A i mi x, i BigmoBimHui mpupict Af
A o GyHKIII moxasaHo Ha pUCYHKY 8.1.
X, X, tAx x 3aszHauuMo, 1o s (ikcoBaHOI

Puc. 8.1 TOYKH X, npupict QyHKIil [ y TOY-
ol x, € QYHKLIE 3 apryMeHToM AXx.

NPUKNAL 1 3naiizite npupict GyHKIII y = x° y ToUIi X,, AKUH BiJ-
IIOB1Ja€ NPUPOCTY AX apryMeHTy.
Poszeé’azannsa. Maemo:
Ay =(x, + Ax)* —x2 = x> +2x,Ax + Ax® —xi=2x,Ax + Ax®.
Bidnoeidv: 2x,Ax +Ax’.

3apa4ya Npo MUTTEBY LWIBUAKICTD

Hexait aBToM00isb, pyXamwuuch NPAMOJIHINHOKW MAIJIAHKOIO H0-
pOru B OJHOMY HampsAMKY, 3a 2 rox noposaaB nuiax y 120 km. Toxl

u ; ; 120
HOro cepeiHs IIBUAKICTH PyXy AopiBHIOE v, =—=60 (xMm/ron).
cep 9

3HalileHa BeJIUYMHA [Ja€ HEIOBHE VABJIEHHS PO XapaKTep PYyXy
aBTOMOOLIA: HA OJHUX AUIAHKAaX LIJIAXY aBTOMOO1JIb MIr riepecyBaTHUCSH
IIBUAIIE, HA 1HIIUX — IOBLABHINIIE, IHKOJIM MIr 3VIIMHATUCH.

Pazom 3 num y Oyab-AKUM MOMEHT Yacy CIHIiJloMeTp aBTOMOOiad
[IOKa3yBaB [EAKY BEJIUYUHY — IIBUAKICTHE V HJAHUNA MOMEHT dacy.
3HaYeHHSA IIBHAKOCTI B Pi3HI MOMEHTH OLJIBIII IIOBHO XapaKTEepPHU3YE
pPyX aBTOMOO1JIA.

PoarasHemMo 3aa4yy npo HNOMIVK IIBUAKOCTI B JaHUHA MOMEHT 4acy
Ha IPUKJAAl PIBHOIPUCKOPEHOI'0 PyXYV.

Hexait marepiaspbHa TOYKA PYXAEThCA 110 KOOPAMHATHINA IpAMiM
1 yepea yac t nicJas NoYaTky pyxy mae xkoopauHarty s (t). Tum camum
dagaHo yHKIiO y =8 (), AKa OO3BOJISE BU3HAYUTU IIOJIOMKEHHSHA
TOYKH B OyAb-AKUM MOMeHT uyacy. TomMy mo (GYHKIIII0O Ha3HBAIOTh
3aK0OHOM PYyXy TOYKH.
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8. MNpupicT dyHKUIl. 3aaadyl, aKi NPUBOAATL A0 NOHATTA MNOXIAHO!

3 Kypcy GisuKu BiAOMO, 110 3aKOH PIBHOIIPUCKOPEHOI'0 PYXY 3aa€Th-
2
at

csa (opmysioro s(t)=s, +vot+—2—, fe s, — KOOpAuHATa TOYKH Ha IIO-
gaTky pyxy (mpu t = 0), D, — IOYaTKOBA IIBUAKICTh, @ — MPUCKOPEHHS.

Hexai, Hanpukiaz, s,= 0, v,= 1 m/c, a = 2 m/c?. Tomi s (¢) = t° + t.

3adikcyeMo AKUU-HEOyIb MOMEHT 4acy f, 1 HagaMO apryMeHTy
B TOYII ¢, npupictT A¢, TOOTO POSTVIAHEMO IPOMIXKOK 4acy Bix ¢, H0
by At. 3a 11el IPpOMIsKOK Yyacy mMaTreplajbHa TOUKAa 3M1MCHUTH Iepe-
MmimmeHHA As, ne

As=5(t, +At)—s(t,)=(t, +At)" +(t, +At)—(ts +t,) =

§ (1, +At) s(ty)

=17 +2t,At + At° +t, + At —t; —t, = 2t At + At + At

CepenHs IMIBUAKICTH Oen (At) pyxXy TOYKH 3a IIPOMLMKOK Yacy BiJ
t, 20T, + At TOPIBHIOE BiJIHOIIEHHIO

As 2t At+At+At”

At At

I[lo3zHaueHHsa NJid cepegHbOl IIIBUIKOCTI Vs (At) mHaroJourye, 1o
IIpU 3alaHOMY 3aKOHI PyXy y = s (¢) 1 (pikcoBaHOMY MOMEHTI1 4acy I,
3HAUYEHHSA CepeHbOl IMBUAKOCTIL 3aJIeKUTh TIJIbKU Bl Af.

AKNIo po3ragmaT JOCUTHh MaJii IPOMIKKM Yacy Bif t, mo t, + At,
TO 3 IPAaKTUYHUX MIPKYBaHb 3PO3yMLJI0, IO CepelgHl IIBUIKOCTI
Oon (At) 3a Takl OPOMIKKH 4acy MaJio BiAPI3HAIOTHCA OJHA B1J OAHOI,

=2ty +1+At, TobTO U (Af) = 2t  + 1 + At.

TOOTO BEeJIMUMHA vcep(At) cepeAHbOl INBUAKOCTI MalKe He 3MIHIOETHCHA.
Yum MmeHIne At, TUM OJMIKXUYMM € 3HAUEHHSA CepelHbOl IIBHUIKOCTL J0
IesAKOro Yuciia, 1[0 BU3HAYAE IBUJKICTh Y MOMEHT 4Yacy ¢,. lnmmumn
cJaoBaMu, AKNIo npu At — 0 3HayeHHA Veon (At) TpaAMYIOTH 10 4YMCJIa
v (t,), T0 umcio v () Ha3UBAIOTH MHUTTEBOXO IIBHAKICTIO B MOMEHT
gacy .

Y mamioMy npuriaangi, axmio At — 0, To 3HAYeHHSA BUPa3y
2t0 + 1 + At npaMyOTh 4O YucJa 2t0 + 1, AKe € 3HAYEHHSAM MUTTEBOIL
IIBUAKOCTL U (f,), TOOTO

v(to)zg_rﬁ) (2t, + 1+ At) =2t +1.

et npukJag IOKasye, 10 KOJU MaTeplajJbHa TOYKA PYXAETHCHA
3a 3aKOHOM Y = § (£), TO 11 MUTTEBY IMIBUAKICTL Y MOMEHT 4acy t, BU-
3HAYAIOTHh 3a JOIIOMOI'0K (hopMyJiu
v(t,)=lim v, (At), ToOTO
At =0

cep

. As . 8(t,+At)-s(t
v(t,)=1lim —=lim (& )-8 (%)
At—>0 At At—0 At

: m
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§ 2. [NoxigHa Ta 11 3aCToCyBaHHS

— - — —_———— e —— e

3apava npo AOoTUYHY A0 rpadika dyHKuil

Bigome o3HaueHHA JOTHYHOL A0 KOJIa AK IIPAMOI, AKA Ma€ 3 KOJIOM

TIJIBKXA OAHY CHIJABHY TOYKY, HE3aCTOCOBHE V BHIAAKY AOBLJIBHOI
KPUBOI.
Hanpukiaz, Bick opAuHAT Mae 3 mapaboJion y = x°
yA TIJIBKY OLHY CILIBHY TOYKY (puc. 8.2). IIpore iHTyinisA
MigKa3ye, 0 HEIIPUPOAHO BBaKaATH IO IIPAMY HO-
TUYHOIO 0 BKasaHol napabosu. Pazom 3 TuM y Kypci
anre6pu MH Hepifko Kasajau, Io napabosa y = x° fo-
;- THUKAETHCA N0 Ocl abciuc y To4gIrl X, = 0.
YTOYHUMO HAaOYHEe YABJIEHHSA IIPO JOTHUYHY J0 Ipa-
dhika byHKIil.
Hexat M — pesaxa Toyka, AKa JEXUTh Ha Iapa-
6oai y = x°. IIpoBenemo npamy OM, siky HasBemo ciunoio (puc. 8.3).
Yasumo cobi, 1o Touka M, pyxamoduch 1o mapadosi, HabJImKaeThesa
no Touxku O. IIpu npomy ciuna OM Oype moBepTaTUCa HABKOJIO TOYKHU
0. Toai xyt mixk npamo OM i Biccro abciiuc craBaTuMe BCe MEHIITUM
1 MeHIIUM, 1 ciuna OM nparHyTuMe 3aHATH II0JIOXKEHHS ocl abcruc.
IIpamy, nonoxxeHHsa K01 nparde 3auaaTu ciuna OM npu HaAOIHU-
KeHHI1 Touku M no Touxku O, HaA3UBATHMEMO JOTHUUYHOIO J0 rapabosu
y =x°y rouni O.

7]\

Puc. 8.2

Puc. 8.3 Puc. 8.4

PosriasiHemo rpadik [gesikol HemepepBHOI B TOYLL X, (DYHKII f
i Toury M, (x,; f (x,)). ¥ mouni x, Hajamo aprymesTy npupict Ax
i poariassHeMo Ha rpadiky Tourky M (x; f(x)), ne x = x, + Ax (puc. 8.4).

3 PUCYHKAa BHJHO, III0 KOoJau AX CTa€ BCe MEHIIIe 1 MeHIlle, TO TOY-
ka M, pyxawouuch 1o rpadiky, HabauxaeTscsa 40 ToUuku M . AKIIo
npu Ax — 0 ciura M M nparse 3aiiHATHU IOJIOXKEHHSA JeSKO01 IIPAMOI
(Ha pucyHKy 8.4 me npama M T), To TaKy npsAMy HasuBaIOTh AOTHY-

HOXO 1o rpadixa ¢pysruil [y roumi M .
76




8. [Mpupict dyHkUIT. 3agadi, K NPUBOAATL A0 NOHATTS NOXIAHOI

R ———

Hexait ciuna M M mae piBHAHHA Yy = Rx + b1 yTBOPIOE 3 HOAATHIM
ganpAMOM oci abcmuc KyT o. fK BiAoMO, KyTOBHH KoedilieHT k npa-
moi M ;M popiBHIOE tg o, To0TO B = tg ao. OueBmano, mo £ MM L =a
(puc. 8.4). Toni 3 A MM E oTpuMy€MO:

ME  Af
M,E Ax

YBeneMo no3HaYeHHA k. (AX) M KYTOBOTO KOe®dilieHTa Ci4HOI
M 0M , TUM CaAaMHM HaroJIOUIVIO4YHu, 10 AJA gaHol GyHKII [ 1 dikcoBa-
HOI TOYKH X, KyTOBUH KoediuieHT ciuHOl M M BH3HAYAETHCA Yepes
npUpicT AX apryMeHrTy.

tg o=

Af
Ax

Hexamn goruuna M OT VTBOPIOE 3 IOJaTHUM HAIpPAMOM oOci abciiuc
kyT B (B # 90°). Toxi ii kyrosBuit Koedinient k (x,) mopisuwe tg B.

IIpupogsOo BBa)kaTu, 110 YUM MeHIe AX, TUM MeHIIe 3HAUYEeHHSA
KyTOBOro KoediimieHTa Ci4HOI BIAPI3HAETHCA BlJ 3HAYEHHS KYTO-
BOI‘O KoepinierTa goruuyHol. IHmmmMu caoBamu, Axmo Ax — 0, To

k... (Ax) —> k (x,).

¥Yaaraui, RyTOBHﬁ KoedinmieHT moTU4YHOI n0 rpadira GyHKIIL f
y Todli 3 abcrucor X, BU3HAYAIOTh 3a JOIOMOro (hopMyan
E(x,)= hm k. (Ax), ToOTO

CiuH
-0

Maewmo: & (Ax) =

f(xo+Ax) f(xo)
Ax -0 Ax Ax =0 Ax

k(x,)=1m — Af = lim

NPUKNAR 2 3uaiinits dopMysry Ais o0UMCIeHHA KYTOBOro Koedi-
mienra moruyHoi g0 rpadika dyHKIil f(x) = —x° v Touni 3 abcrm-
COI0 X,. SIKWI KyT 3 AOZATHUM HAIPAMOM OCl abcumuc yTBOPIOE J0-

. . 1
TUYHA, IPOBEAeHa 0 LbOTro rpadika B ToUlll 3 aOCIIUCO0 X, =——"7
0 9

Poszé’szannsa. Maemo:
2 2 2
AT = Fil %, F Ax)—T (28, )=~ %, +A%) —(—xo ) =A%, AX—AX",
Toxai, ckopucTaBUIUCh (HOPMYJIOK AJSA OOUMCIEHHS KYTOBOI'O KO-
edimieHTa JOTUYHOL, MOXKHA 3annca'm:

A . 2x,Ax - A
k(x,)=1im AT = lim —202% x = lim (-2x, —Ax)=-2x
Ax—0 Ax Ax-»0 Ax Ax—0

15 popmysa 103BOIAE O0YUCIUTHA KYTOBUU KOEIIIIEHT JOTHYHOIL
10 mapabonu y = —x° v Oyab-AKi# TOYI, 30KpeMa B TOUIll 3 a0CIIHUCOIO

| |
xo Z—E.



§ 2. lMoxigHa Ta 11 3aCTOCyBaHHS

Maemo: k (-—l) =—2 (——1-) —3 5
2 2

Hexau moruuna go mapabosam B Touni 3 ab-

1 ;
CILJUCOIO X, - yrBopoe KyT o (0 < o < 1 i

T % .
o E) 3 IOJATHUM HanpsaMoMm oci abcruc. Toxi

11 KyTOBUM KoedimienT gopiBHioe tg o. Bumie

1
MU BCTAaHOBWJIU, IIIO k(——) =1. 3Bigcu tg a = 1. Puc. 8.5

2

Ockimpru 0 < o < T, TO azz (puc. 8.5). ®

8.1." 3uaiiniTe npupict pyukKiii f v Toui X, AKIIO:
1)f(x)=2x-1, x,=-1, Ax = 0,2;
2) f (#)= 3%" = 2%, x =2, Ax=0,1;
3) f(x)=-§, x, = 1,2, Ax = -0,3.
X
8.2." 3uaiaite npupict Gysruii f y Touni x, AKIIO:
1) F(e)=4 — 3z, x,=1, Ax = 0,3;
2) (%) =0,52°, %, = =2, Ax = 0,8.

8.3." Ilna dyukuii f(x) = x° — 3x BupasiTe npupicr Af bysHKIii f
y Touui x, yeped x, i x. 3HaugiTe Af, axmo: 1) x,= 3, x = 2,9;
2) x,=-2, x =-1,

8.4." [lna dyuxuii f (x) = x° Bupagsits npupicr Af GyHKii f y Touni x,
yepes x, 1 x. 3uaugirs Af, axumo x,= 0,9, x = 0,4.

° . oo ¢ . o . A . ° A
8.5." [lna dyukmii f (x) = x° — x i ToukHU X, 3BHAUMITH " i lim —f
Ax Ax—0 Ax

. : v a . BT & .. Of
8.6." Ilna pyskuii f (x) = 5x + 1 i rourku x, sHaigiTe — i lim —.

Ax 4x=0 Ax
8.7." MarepialpHa TOYKa PYXA€E€ThCA II0 KOOPAMHATHINA mpsMiil 3a

3akoHOM § (t) = 2t° + 3 (nmepeMmillleHHSA BHMIpIOETHCA B MeTpax,
4yac — y CeKyHAax). SHaAUAITh MUTTEBY HIBUAKICTh MaTepiajabHOI

TOYKU B MOMEHT [, = 2 e.

8.8." Tino pyxaeTscs MO KOOPAMHATHIH npamiii 3a 3aKoHOM s (t) = 5t°

(mepeminieHHs BUMIPIOETHCA B MeTpax, 4ac — y CeKyHax). 3Ha-
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8. [Mpupict dyHKUIl. 3agayl, Akl NPUBOAATL A0 NOHATTS NOXIAHO]

imiTe: 1) cepenHio MIBUAKICTH Tijia NP 3MiHi yacy Big ¢, = 1 ¢ 1o
t

= 3 ¢; 2) MUTTEBY IIBUIKICTD Tina B MOMeHT ¢, = 1 c.

R8.9." EnxexTpoHarpiBau Bijg nodyaTKy po0oTu 3a yac { BUOIJIUB

Q (t)=t° +2t ogmHUIB Tema0BOi eHeprii, e 0<¢<T . 3HaHAITE:

1) cepenHIO IIOTYKHIiCTH HarpiBaua Ha npoMiskky yacy Bix 0 go T';

2) K1IBKICTHh TEIJIOBOI eHepril, AKYy BUALJINUB HarpiBad 3a IIpPOMi-
KOK yacy MLk £, 1 1, +At;

3) CepelHIO IMOTYXXHICTh Harpisaya 3a IPOMIXOK Yacy MIX f,
1 ¢, +AL

4) mMOTYyKHICTh HArpiBadya B MOMEHT 4acy ¢i,.

8.10." ITix vac xiMmiuHOI peakiiil 3 peduoBUH A 1 B yTBOPIOETHECA peyo-
suHa C. Yepesd vac ¢t (0<t<T) Big moyaTKy pearknil KiAbKiCTh
peyoBunu C, 1[0 yTBOpUJIAcH, KopiBHIOE f(t)=4t—t". 3HaHITSH:
1) cepenHio MIBUAAKICTH XiMiuHOI peakmii’ Ha TPOMiIMXKKY dacy Bin
Onmo T

2) kinpkicTs peyoBuHU C, AKa YTBOPUIACA 34 IIPOMIKOK 4acy MIXK
o 1 L, AL

3) cepenHIO IIBUAKICTE XiMIUHOI peakIiill 3a IPOMIMKOK Hacy MIixK
e 1. Ly +AL

4) MUTTEBY IIBUIKICTH XIMI4HOI peakIiil B MOMEHT 4acy t,.

8.11." KinekicTs NpoaykKIilil, BUrOTOBJIEHOI POOITHUKOM BiJl IOYATKY
po6oru 10 momeHTy yacy t (0<t¢<T), mopiBuE f(t)=10f-3t".
SHAUTITE:

1) cepennio IIpO,HYKTPIBHiCTb3 rmparl pobiTHUKa Ha IPOMIMKKY Yacy
Bin 0 no T';

2) KiIBbKICTHh NMPOAYKIIIl, AKY BUTOTOBUB POOITHHK 3a IIPOMIMKOK
yacy MLk §, 1 &, +At;

' CepexHs DOTYXHiCTH HarpiBaua, AKWi 3a MPOMIKOK yacy t BUILIUB

" : Q@
@ oAMHHUIL TEILJIOBOl eHeprii, mopiBHIOE P =—,
4

CepenHsa MBUAKICTE XIMIYHOI peakIlil 3a NIPOAYKTOM peakIiil, ITif gac

.- . M
AKOI 3a 4Jac t yrBopuaocsa M ONMHUIIL PEYOBHHM, JOPIBHIOE U, =—.

t
CepenHs NPOAYKTUBHICTE ITpalll podiTHUKA, AKHUU 3a IPOMIXKOK yacy t

: S
BUTOTOBUB S OAMHUIL NTPOAVKIIII, JOPiIBHIOE —.

t

el

3
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§ 2. [NoxigHa Ta 11 3aCToCyBaHHS

e e

— ——

3) cepeaHIO NMPOAYKTUBHICTH npall pobiTHUKA 3a ITPOMIXKOK 4acy

MIX t, 1 t, +At;
4) OpOAYKTHUBHICTE Ipali pobiTHUKA B MOMEHT 4acy {1,.

8.12." Ha xoopauHATHINA NpAMIiA JeKUTh cTepxens OA, 1oma mepe-

pi3y axoro pgopiBHioe S. Kiunnil crepxkua O i A maroTh KOOPAMHATHA
x=0 1 x=a BignmosigHO. Bizomo, mo mMaca J4acTUHHU CTEPKHI,
AKa JeXuTh Ha Biapidky [0; x] KoopamHaTHOI NPAMOI, JOPIBHIOE

m (x)=2aSx—-Sx*, ne x<[0;a]. 3HaliniTh:
1) cepeHIO TYCTAHY DEYOBUHH, 3 KOl BUTOTOBJIEHO CTEDIKEHB;
2) Macy 4aCTHHU CTEP)KHA MIXK TOUKaMHU X, Ta X, +Ax;

3) cepellHI0 I'yCTUHY PEYOBMHM, 3 AKOI BHI'OTOBJIEHO YACTUHY
CTEPXXKHA MLXK TOYKAMH X, Ta X, +AX;

4) rycTUHY PE4OBHHH, 3 AKOI BUIOTOBJIEHO CTEPIyKeHb, ¥ TOUIl X,.

8.13." Tino pyxayocd mo KOOPAMHATHIN nNpamMill Biff mo4yaTKy KOODIU-
HaT A0 TOYKH X =a IIiJ Al€I0 CUJIN, AKa BUKOHYBaJia IIPU IBOMY
pobory A (x)=x°, ne x<[0;a] — xkoopauHarTa Tina. SHAHLITH:
1) cepeHIO BEIUUYUHY CUJIK-, SIKA Aisiyia HA TLIO I 9ac Horo pyXy

BiJI MOYATKY KOOPAUHAT JI0 TOUKU X =d;

2) BUKOHaHy poboTy mij yac pyxy Tijla MiX TOYKaAMH 3 KOOPIH-
HaTaMH X, Ta X, +AX;

3) cepeHIO BeJIMUYMHY CUJIN, IKa AifAJa Ha TiJ0 IIiJ yac ¥oro pyxy
MIXX TOYKaMH 3 KOOpAMHATAMHU X, Ta X, +AX;

4) BeIMUYUHY CUJIM, SKa JisJia HA TLJIO TOAl, KOJH BOHO MaJiO KO-
OpAUHATY X,.

8.14." 3uaiaiTe KyToBUH KoedillieHT:
1) ciunoi rpadika dyHkmii y = x°, AKa TPOXOAUTH Yepe3 TOUKH
rpadika 3 abcrucamu x, = 11 x, = 1,6;
2) mormuHOI Ko rpadika dyHKHii y = x° vy Toumni 3 abcuco0 x, = 1.

8.15." 3uaiigite KyToBU# KoedimieHT:
1) ciunoi rpadika dyHKIiI y = x°, AKa TPOXOAUTH YEpe3 TOUKH
rpagika 3 abciucamu x, = 21 x, = 1;
2) moruuHOi 10 rpadixa ¢ysknii y = x° y Touni 3 abemucoro X, = 2.

' CepemHa rycTHHA PEYOBUHM, 3 SKOI BUTOTOBIEHO TiJIO Macoo m

: . m
i o6’emom V, mopiBHIOE p=;.

Cepennsa BeJlMYMHA CUJIM, AKA BUKOHAJa podoTy A, MepeMiCTUBIIHU TiJIO

A
Ha BlJCTaHb X, AOPiBHIOE F =—,

X

2

30




9. NoHATTA NOXIAHOI

“5 MoHATTA NnoxigHo1

Y momepegHLOMY IIYHKTiI, PO3B A3yI0YM ABl1 pisdHi 3amaui mpo
MHUTTEBY IIBHUAKICTE MaTepiaJbHOI TOUYKHU 1 IPO KYTOBUM KOe@II[IEHT
JOTUYHOI, MU JIWIMIAM M0 OxHIEl 1 Tiel caMol MaTeMaTUdIHOI MOJeJIi:
rPaHUIl BIAHOIIEHHA NPUPOCTY (PYHKII 10 IPUPOCTY apryMeHTy 3a
YMOBH, II[0 IIPUPICT apryMeHTy OPAMY€E N0 HYJIA:

As Af

o(t)=lim o ez = lm, .

ITo anamoriuEux (OpMYyJ IIPUBOAUTHL PO3B A3aHHA OaraTbox 3a-
nay Gismkm, ximii, 6iosorii, ekoHOMiKH TOo1o. Ile cBiguuTh 1po Te,
110 PO3IJIAAYBaHA MOJeJIb 3aCJIyTOBYE Ha 0COOJIUBY yBary. Iit BapTO
IIPUCBOITH HAa3BY, YBECTH IMO3HAYEHHSA, BUBUYUTHU 11 BJIACTUBOCTI 1 Ha-
BYUMTHUCH 1X 3aCTOCOBYBATHU.

Oznavenna. Iloxigmoxw ¢pysxuii fy roumi x, HasmBaIOTH
YHCJI0, AKe NOPIBHIOE IpaHHMIll BifHOmMEHHA Nnpupocty GyHkmii f
y TOYUI X, 10 BiANIOBITHOT0 NMPHPOCTY aPryMeHTy 3a YMOBH, IO NPH-
pICT apryMeHTy NpPAMY€ A0 HYJA.

IToxigry ¢ysxuii y = f (x) y Tounmi x, mosHa4yawoTs Tak: f'(x,)
(unTarTh: «ed IMTPUX BiJ iKC HYJABOBOrO»). TOAl MOXKHA 3alMCATH:

' e [ (xq+Ax)—f (x4)
[ (%)= lim -

abo

Ioximuy GyHKIii f y TOYUi X, MOXXHA O0YHCIUTH 38 TAKOIO CXEMOIO:
1) HagaBIIM B TOYII] X, aPTYMEHTY npupicT Ax, 3HAUTHU BiAOOBIJ-
HUAK npupict Af byHKIil:
Af =1 (x, + Ax) = f (x);

& ; Af
2) 3HaWTH BiHOIIIEHHA —;
Ax
) ; Af
3) 3’sAcyBaTu, A0 SAKOI'0 YHKCJA NPIAMYVE BiHOIMMEHHSA — IIPHU
Ax
. . Af
Ax — 0, TobTo 3HaWTH rpaHumo lim —.
Ax =0 Ax
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§ 2. lNoxiaHa 1a 11 3aCTOCyBaHHA

NMPUKNAA 1 3maiigits noxigny dysKOii f (x) 3 y Toumi x, = 1.

X
Poszeé’azannsa. JoTpuMyOuuch BUIIeHABEJEeHOI CXeMH, 3allu-
IeMo:

1 1 1 I =Ax
1) Af =1 (x, +Ax)—f(x,) = e = ;
Xo+Ax %, 1+Ax 1 1+Ax

A 1
2) L ;
Ax 1+ Ax
1
3) npu Ax — 0 3HaUeHHA BUPa3y yrr IPAMYIOTH A0 yucjaa —1,
: + Ax

TobTo f'(1)= lim (— . )z—l.

x>0\ 1+Ax

Bidnosiov: —1.

3a3HayuMoO, 10, 3HAUINOBINM 3HaueHHA f' (1), MM TUM caMuUM
BHAWIIIIA KYTOBUU Koe(dimieHT £ (X ) AOTUYHOI, IPOBEAEHOI N0 I'pa-

dika pyHruii f(x)=— y Tounui 3 abcuucoro x, = 1. Bin fopisuioe —1,
X

o010 £ (1) = —1. Toxl, modHAUMBIIN Yepe3 . KYT, YTBOPEHUU I[IE€I0
IOTHUYHOIO 3 IOAATHUM HalpaAMOM ocl abciiuc,

Yk
: 371
MOKeMo 3anucaTu: tg o = —1. 3Bigcu o -y
(puc. 9.1).

V3arami, Mo2KHA 3pOOUTH TaKHil BUCHOBOK: o =§4T£
Kymosuil Koe@iyienm O0omuyvrol, nposederHol prge 3
do zpagirka Pyukyii f y mouyi 3 abcyucow ?

x,, Oopienioe noxidunii Gynkyii f y mouyi x, Puc. 9.1

TOOTO
k(x,) = ['(x)

I1s piBHICTH BUpa>Xa€ reOMEeTPUMYHMUM 3MICT MOXITHOIL.

Taxkox 3po3ymiJio, 1mo koau Yy = 8 (t) — 3axon pyxy mamepiaibHol
MoOYKU N0 KOOPOUHAMHIUL NPpAMill, MO Il MUMmesa WBUIKIiCMb Y MO-
menm yacy t, dopieHioe noxioniit Qyukryil y = s (t) y mouyi t,, T06TO

v(t,)=s"(t,)

I1a piBHiCTE BUpaXXa€ MeXaHIYHMM 3MICT MOXIiTHOIL.

Axmo ¢ysknia [ mae moxigHy B TOYmi X, TO 10 QPYHKIiO Ha-
3UBAOTh AU(bepeHIIMOBHOX B TOYII] X,
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9. MNoHATTa NnoxiaHO!

Hexau ¢pyHKOiaA [ gudepeHninoBHA B TOYII1 X, 3 TeOMETPUYHOI0
3MiCTY IIOX1AHOI BUIIJIMBAE, 110 a0 rpadixka dyHKIil f v Touni 3 abd-
CIIMCOI0 X, MOXXHA IIPOBECTU HeBePMUKALbHY ROTHYHY (puc. 9.2).
[ HaBNnaKku, AKIIO A0 rpadika GyHKILIL [ v TOUIll 3 abCIHCOI0 X, MOXXHa
IPOBECTU HEeBEePTUKAJbHY JOTUYHY, TO QYHKIiA [ nudepeHninoBHA
B TOYIIL X,.

Ha pucysky 9.3 300pakeno rpadiku GyHKIIIHE, AKi B TOoUll X,
MalTh PO3PUB ab0 «3ymom». [lo Ix rpadikiB y TO4YIll 3 abCIUCOI0 X, HE
MOXKHA IIpoBecTy JOTHYHY. L1 QyHKII] He AudePeHII0BH] B TOYII] X, .

vA

R~
....»

4— W —————

Puc. 9.2

Ha pucysky 9.4 3o0paxxeHo rpadiku QyHKIIH, AK1 B TOYI]
3 abcIucoo X, MalOTh BEPTUKAJbHY NOTHYHY. Tomy mi (yHKIII He
Au(epeHIIMOBHI B TOYIIL X,..

7 r__ yA
Sy " P
Puc. 9.4

[Toxka:xemMo0, HANpUKJIAZ, o GyHKLig [ (x) =| x |, rpadix Akoi
Mae «3joM» y Touni x, =0, He € nudepeHuidoBHOI B i TOYI].
Maewmo:

1) Af = f (x, + Ax) — f (x) =| ) + Ax | = | %, |=| 0+ Ax |- 0| =] Ax ;

2) Af | Ax |;

Ax Ax

3) y npukJjgani 3 nyHKTy 1 0yio noxasano, mo GpyHKuia g (f)=—
t

He Mae rpaHuil B Toumi ¢, = 0; e o3Havae, 110 He ICHYE Ipa-

o A BN . -
HUIIL] hmo e T00TO (DyHKIisA [ He € nudepeHIliHOBHOIO B TOU-
Ax — X

i x, = 0.

33



§ 2. NoxigHa Ta i1 3aCToCyBaHHA

Teopema 9.1. Axwo ¢pyuryisa [ € dugeperyitioenorwo 6 mou-

Yi x,, MO 60HA € HenepeperHor 8 Yill Mowyi.

Hosedernns. Ockinbku QYyHKIiA [ qudepeHiioBHA B TOYILL X,
TO MOXKHa 3anucaTH:

e o Y B
f (xo)_}gl—l}o Ax.
Maemo:
. . : Af
zELno (f (% +08)~F (xo))zAla}Lno A= }:}Lno(_A_x . Ax] N
Af

=lim —- lim Ax=f"(x,):0=0.

Ax -0 Ax Ax -0
Orxe, }}mo (f (x, +Ax)—f (x,))=0. 3Bincu Alim0 f(x, +Ax)=1(x,).

OcranHIO piBHICTE MOMKHa nogatu y Buraani lim f(x)=7(x,). Le

X - Xy
o3HAuae, o0 GYHKIiA [/ € HeIepepBHOIO B TouIi Xx,. M

3a3HAYMMO, 1[0 HemepepBHA B Touli x, = 0 dyukmis f (x) = | x |
He € audepeHI1NOBHOI B i Toumi. TomMy HenepepBHICTh (HYHKIIII
B TOUYIIl € HeOOXiTHOIO, ajie He € JOCTATHLOIO YMOBOIO JAHU(MEepPEeHI1M0B-
HocTi (pyHKIII B i Tourl (puc. 9.95).

Hexait M — MHOMXHHA TOYOK, V AKUX QYHKIA [ nudepeHiioB-
Ha. KoxxaOMY uucay x € M mocraBuUMO y BignosigHicTh yuciao f' (x).

Tum camum 3azano GyHKILO 3 obaacTio BusHayeHHA M. Il dhyHKIio
Ha3WBAaIOThL MOXigHO¥0 PyHKHIl y = f (x) i mosrauaioTs [ abo y' =f'(x).

Armo dbyskuia [ gudepeHIiioBHA B KOXXKHIN TOYIll AeAKO0l MHO-
XUHU M, TO roBOPSATH, 110 BOHA Au(epeHI[iIMOBHA Ha MHOMXHUHI M.
Hanpuknan, Ha pucyHKy 9.6 300pakeHo rpadik ¢hyHKIil, gudepeH-
1inoBHOI Ha iHTepBaJi I. Ha iarepsaJi I ueu rpad)ik He Ma€ po3pPUBIB
1 3JIOM1B.

Armo dysKIig [ audepernivoBHa Ha D (f), To ii HasuBamwOThH
nudepeHIiHoBHOIO.

yA

DyHKIIII,
HenepepBHi
B TOYII X,

PyurKnii,
andepeHitosBHi /O
B TOYI X, — >
——— o
Iarepsan /
Puc. 9.5 Puc. 9.6
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9. MNoHATTA NOXiAHOI

S3HaAXOMPKeHHA NoXiaHol (hyHKI1l [ Ha3UBaIOTh Au(epeHIi F0BAHHAM
dyHKLII .
NMPUKNAL 2 Ilpoxgudepernitoiite dyrkmIio f (x) = kx + b.
Po38’azanns. 3HaugemMo noxigHy GyHKHil [y Toui X 0%, —

noBiJIbHA TOYKa obJiacTi BU3HaYyeHHA (QyHKIII f.
1) Af = f (x, + Ax) = f(x,) = (kB (x, + Ax) + D) — (kx, + D) = kAx;

2) Af _ kAx T
Ax Ax 2
3) 3a o3HayeHHAM noxigHol f'(x,)= lim or = lim k=k.

Ax—0 Ax Ax -0
Orxe, ['(x,)=E.
OckinbKu X, — AOBiIbHA TOYKA 00JyacTi BUSHAYEHHA QYHKUII f,
TO OCTAHHSA PIBHICTH O3HAUYAE, IO OJd OVAL-AKOro X € R BUKOHYETH-
cda piBHicTs f'(x)=k. ®
BucHOBOK mpo Te, 1o moximHa JgiHiHOI yHKOII f (x) = kx + b
IOPIBHIOE kB, TAKOXK NPUUHATO 3alMCYBATH TAKHUM YUHOM:

Aximmo y dopmyay (1) migcrasutu B =11 b = 0, To oTpuMaemo

Ao & y dopmyui (1) mokaactu £ = 0, To orpuMaemMo

OcraHHs piBHICTH O3HAYae, 110 HoxigHa PyHKI1]l, AKA € KOHCTAH-
TOXO, Y KOXKHIN TOYIl JOPIBHIOE HYJIIO.

NMPUKNAL 3 3maiigite noxiany dyekuii f (x) = x>

Po3é’a3anna. 3HaeMO noXingHy GyHKIIL [y Toumi X, e X, —
IOBiJIbHA TOUuKa objsacTi BU3HaUYeHHA (QYHKILII f.

1) Af =f (%, +Ax)—T (x,) = (x, + Ax)* —x2 = 2x,Ax + Ax*;

Af  2xy Ax+ Ax?

Ax Ax

3) [ (x,)=1im -ﬂ: lim (2x, + Ax) =2x,.

Ax—0 Ax Ax -0

2)

=2x, + Ax;

OckinbKu x, — [OBLIbHA TOYKA obsacTi BH3HAYEHHA (PYHKIII

f (x) = x°, To pus OyAb-AKOro X € R BUKOHYETHCA PiBHICTH
Fx)=2%+9

OcTaHHIO PIBHICTh TAKO IIPUUHATO 3aIlIMCYBATH Y BUIVIAIL

®
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§ 2. lNoxiaHa Ta 11 3aCToCyBaHHA

NMPUKNAL 4 3Haiiaite noxigny dysknii f (x) = x°.

Poze’'azanHnsa. 3HaniemMo noxigay GyHKLII f v Toumil Xor BE Xy —
IOBLIBHA TOYKa 00JiacTi BU3HAUYeHHA PYHKILL f.

1) Af =(x, +Ax)® - x5 =(x, +Ax—xo)((xo + Ax)’ +(x, +Ax) X, +x§)=
=Ax ((xO +Ax)2 +4{2, +A%x)%, +x§);

Af  Ax ((xo - Ax)2 +{x; +A%x) x, + xg)

2) Z > =(x, +Ax)* +(x, + Ax) X, + x5
. A . .

3) f'(x,)=lim A _ tim (2, +Ax) +(x, +Ax) x, + x2 ) = 8x2.
x>0 Ax Ax-0

OckinpKru X, — HAOBLIbHA TOYKa 00jacTi BU3HaYeHHA PyHKIII f,
TO A1 OyAb-AKOTO X € R BUKOHYETHCS PiBHICTH

f'(x)=3x". @
OcTaHHIO PiBHICTH, MOXKHA 3aIllMCATH TaK:

@opmyau (2) 1 (3) € okpeMUMM BUOAAKaMu OlJbIN 3arajbHOI
dbopmyiiu:

(4)
Hanpuxnag, (x°) =5x*, (x") =7x°.

NMPUKNAL 5 Hosexnits, mo noxigaa dysrmii f (x) =x", n e N, n > 1,

nopisuioe nx" !

Poszé’azannsa. 3gaugemo noxigny @yHKIiI [y Touri X5 B X, —
OOBiJIbHA TOYKa obJjacTi BU3sHaUYeHHA QyHKIIL f.

1) Af =(x, +Ax)" —x,;

2) Haragaemo, mo a" -b"=(a-b)(a" ' +a" *b+...+b""). Toxui
MOJKHA 3aIIMCATH:

A (v Bx)" =%y (g rle =5, (%5 +Ax)" " +(xy +AX) 2y + e+ 2L ) N

Ax 3 Ax N Ax -

=(xO+Ax)”’1+(x0 +Ax)"‘2x0+...+x(’,"1°

3) f'(xo)=££no((xo+Ax)"-1+(x0+Ax)“'2x0+...+xg" =

n-1 n-1 n-1 n-1

\ 7

B A3

n ZOJI&aHKIB

OckinpKu X, — n0BinbHA TOYKa ob6yacTi BusHauyeHHA QYHKIII f,
TO AJA OyAB-AKOro X € R BUKOHYETHCA PIBHICTH

f'(x)=nx""'. @

36




9. [TOHATTA NOXIAHO]

dopmyaa (4) 3anuniaeTbCs CIIpaBeIJIMBOIO AJIA OyIb-AKOro n € Z

i x # 0, To0TO

JloBeAiTh 1€ TBEPAXKEeHHS CaMOCTIHHO.
Hanpukiaz, ckopucraemocd (OpMyJIon (9) AJA BHAXOLKEeHHH
1

poximHol pyukIii f(x)=—. Maemo:
X
1) . 5 1
(_) =(x—1)’=—1°x—1 1 — 2 _:__E..
X X "
Orxe, n1d 6yab-AKoro x # 0 BUKOHyeThcA PiBHICTL ['(Xx)=——
X

abo

NMPUKNAL 6 IIposudepenniroiire QyHKIio0 f(X)= Jx.
Pozeé’sszanna. Hexan X, — IOBiJIbHA TOUKa 00J1aCTl BUSHAYEHHA
dyukIii f, Toébro x, = 0.

1) Af =%, +Ax —/x,.

2y Maowor & 05 re _(Jmras) () _
Ax

Ax Ax-(\/x0+Ax+\/_x:)

B (x, +Ax)— X, B 1
Axo(\/x0+Ax+ xo) \/;0+Ax+ X,
= . Af
3) 3HauIeMo rpaHUIIo }}moz—. ITpu x, >0 maemo, 110
= X
. Af . 1 1
lim — = lim = :
Ax—=0 Ax Ax—0 \/xO+Ax A xO 2 xO
A 1 - A . 1
IIpu x, =0 maemo, 11O f = . Tomy lim —f-——- lim —— =+,
Ax /Ax Ax—0 Ax Ax—0 Ax

3Bincu BumIuBaE, mo GyHxuiag f (x)=\/:; He € nudepeHI1IOBHO
B Touni x,=0.
Taxum YuHOM, QYVHKIIA [ (x)= Jx € nu(epeHI[1IOBHOX HA MHO-
1

2%,

Omxe, aaa x > 0 mookHa sanucatu: [ (x)=

xuHI (0;+0), mpuuomy f'(x,)=

1

2\x

abo
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§ 2. loxigHa Ta I 3acToCyBaHHS

Dopmyay () TAaK0MX MOYKHA y3araJbHHUTH AJs Oyab-akoro r € (Q

12> 0:

Hanpuknan, 3HaugeMo NoxXigHy (MYHKILiI f(x)=\/3—c HA MHOMXMU-
Hi (0;+0), ckopucraBmuck Gopmyow (6). Maemo:

!/

' 1 & 1
(\/;) =(x2) =13c2 1=lx P

3a3HaYMMO, 1[0 3HAXOAMTH NOXiAHY GyHKIiI y =3 x, 3aminaoun
1

i1 Ha ¢yHKNi0O y=x%, He MOXKHA, OCKLIbBKH Yy IUX (YHKIIN pisHI
obsiacti Bu3HaueHHsA. [JokaxeMo, AK MOKHA OTpUMATHA (hOPMYIIY A
3HaXOMKeHHd noxignoi yuHkmii f(x)=3x.

Maemo: lim Af _ lim é/xo +Ax —3[x, _
Ax—0 Ay Ax—0 Ax
1 (:\’/xo+Ax—-3xo)((Q/xo+Ax)2+§/xo+Ax{/xo+(3x0)2)
= 111N —

A Ax ((é/xo T Ax)2 + {/x0 + Ax i/xo +({/JZ)2)

) X +AX—X
=11m 0 2 -—

20 Ax ((i/xo +Ax)2 +§x, + Ax Yax, +(%[x:)2)
1

= lim :
- : 2 2

b (({/;co+Ax) +§*/x0 + Ax :\’/xO +(,3/xo ) )

3PO3yMLJI0, IO KOIHU X, = 0, To miel rpaHuIli He icHye 1 QYyHKIiA

fix) = 8x me pudepenninossa B Touni x, = 0.
Ao x, # 0, To MoyKHA 3anKUCaATH
1 1

lim - .
R 2 ;
e ((%/xo +Ax) +Q/"o +Ax i/xo +(\/3 xO) ) 33/
- L ’ 1
Orxe, nas Oyab-akoro x # 0 BUKOHyeThCs piBHICTE [ (x)= %
INX
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9. NOHATTA NOXIAHOI

————

VazaraJmi, noxigHy GyHKIl f (x)=§/;, neN,n>1, MoxxXHa 3HA-
KOIUTHU 3a POPMYJIOIO

(7)

K10 n — HemapHe HaTypaJibHe 4ucJio, To hopmyaa (7) no3Bosse
3HAXOAUTHU HNOX1AHY PYHKIII f v BCiX TOUKax X Takux, mo x # 0.

AKnio n — nmapHe HaTypaJibHe 4ucyo, To hopmysa (7) mo3Bosse
3HAXOOHUTU NMOXiAHY MYHKIIII [ Aad BCiX HJOJAaTHHUX 3HAUEHb X.

3BEPHEMOCH 4O TPUTOHOMETPUYHUX PYHKIINA y=sinXx 1 y=cCos X.
[1i hyEKI1] € gudepeH1HOBHUMY, 1 IX NOX1JH]L 3HAXOAATH 3a TAKUMU
dhopMmysIamMu.

(sin x)' =cos x

(cos x) =—sin x

IloBenemo 1e.

Hexaw f (x) = sin x.

st OBIJIBHOL TOYKH X, MA€EMO!:

1) Af = sin (x, + Ax) — sin x;
Af  sin(x, + Ax)—sin x;,

2) ;
Ax Ax

3) 1 (x,) = }31_1;10 sin (x, +ii)—81n X _

Ax ( Ax) [ Ax \

28in —vcos | X, +— Sin— A
= lim - 2 /= lim A = -cos(x0+—é—) ;

Ax—0 Ax Ax—0

2%
2

\ /

sin t

CropucTaBOINCH IEPIIOK YyAOBOIO I'paHUIE0 lim =1 i He-

t—0 t
nmepepBHiICTIO QYHKII]I Y =COS X, MOXXHa 3aIlluCcaTH:

Ax

BT —— o
f'(x,)=lim 2_. lim cos (xo +—)=cos X
Ax -0 A Ax =0 2

X
2
Orxe, dopmyay (sin x)’ = cos x HJOBeAEHO.
dopmyay (cos x)' = —sin x JOBOAATH AHAJIOTIYHO.
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§ 2. lNoxiaHa Ta 11 3aCTOCyBaHHS

[Ipu o6uucIeHH] DOXiAHUX 3PYYHO KOPUCTYBATUCA TAOJIUIEIO IT0-
X1AHUX, po3MinieHow Ha ¢opaail 2.

[ .5

a . . s i K10 x <1,
MPUKNAA 7 Hosenits, mo GdyHKOia [ (x) =1 AR € -
2x—1, akmo x =1,

¢epenniiosHoo B Touni x, = 1. 3nangits f'(1).
Posé’aszannsa. Maemo: f(x,)=f(1)=2-1-1=1.
Af  fxy +Ax)~f (%) (1+Ax)* -1

Axmo Ax < 0, 10 =2+ Ax.
Ax Ax Ax
Tomi lim — A = P
. Ax—0- Ay
fxmo Ax > 0, To A_f 9 [{%, +A%)—F (2,) N 2(1+Ax)-1)-1 s B
Ax Ax Ax
Toni lim L A — {0
Ax -0+ Ax
Orxxe, lim éI—f-z lim i —=
Ax—> 0~ Ax Ax —0+ Ax
Tenep 3poaymiyio, njo lim Af-—2 To06T0 f'(1) = 2. @
Ax -0 Ax

Y nyskTi 3 (mpukaayg 3) 0yJio mokasaHo, 110 hyHKIA [ (x) = xD (x),
ne » — odyukiia [lipixJie, Oyayuyu BU3Ha4YeHOIO Ha R, € HellepepBHOIO
piBHO B oHii Touni x, = 0, npuyomy lim xD (x)=0.

x—0
IlixaBo 3’sAcyBaTu, M € (pyHKIIA [ nudepeHIIMOBHOK B TOYIIL
x,= 0.
Af f(0+Ax) f (0) (O+Ax)CD(O+Ax) 0
Ax Ax Ax
Ockinpku pyuKIia [ipixJie He Ma€ rpaHull B »KOAHIN TOUYIlL 00-
JIaCTi BUBHAYEHHS, TO HE ICHYE I'PAHUIIL }}Lno D (Ax). Orxke, pyHKIIA [

Maemo: =9 (Ax).

He € Tu@epeHI11OBHOI B TOYII] X, = 0.
Po3B’ a3yrouu Bupasy 3.29, Bu noxaaa.wm, mo hyHKIiA g (x) = x°D (x)
TAKOJX € HelNepepBHOI PiBHO B OJHIN Toumi x, = 0.
Hocnigumo Ha audepeHUiioBHICTS DyHKII0 g y Touul x, = 0.
Maemo:

2
g (0)=lim . lim (o) Sban-f = lim Ax 3D (Ax)=0.

Ax -0 Ax Ax—0 Ax Ax —0

Oroxe, moxizna QyHkmil g B Toumi x, = 0 icHye 1 mopiBHIOE
HYJIIO.

3ayBaxumo, mo g (x) = x°D (x) — ne npukaan GyHKHii, Axa BU-
dHayeHa Ha R i gudepenniiioBHa piBHO B OJHIN TOYIII.
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9. MoHATTA NOXiAHO!

——

l Bnpasu

9.1, 3HaUIITh NOX1AHY (DYHKIIIL:

1y y=0x =~ 6; 2)y=1—;’ﬁ; 3)y=09.
9.2." 3HaUIITh NOX1AHY (PYHKIIL:
1) y = x% 3)y=x" 5) y = x %
1
2) y = x*; 4) y=%—; 6) y=x°.
X
9.3.° 3HauAITEL NOXigHY PYHKILII:
’
yy=n" 3) y=—1;3-; 5) y=x5;
x
2) Y = x ° 4) =8 — 8%; 6) y = x %2
9.4." Ilpongudepeniioire GyHKIiO:
1 1
1) y="4Yx; 2) y=§/x—"; 3) y=—F; 4) y= :
\/; 8/,
9.5.7 Ilponudepenuioinre PyHKIIIO:
1) y="Yx; 2) y=9/x_5; 3) y= S
1\2/37
9.6." O6unciiThs 3HaYeHHs nMoxXigHol MyHKIII f v Toumi X,
1) f (x) =sin x, =z, =§; 2) [ (x) = cos x, x, =—-§.
9.7." ObuuciiTh 3HaYeHHA MOXiaHOI GyHKIII f v Touil X,
1) f () =sin %, x, =£; 2) [ (x) = cos x, x, =—£.
9.8." O6uucaiTe 3HaYeHHs NOXiAHOI GyHKUII f y Touni X :
1) f(x)=x+x, x,=81; 3) f(x)=vxvx, x, = 16;
2
x
2) f(2)=x"Yx, x,=1; 4) f(x)=g/.;.-, x, = 64.
9.9." O0uncuiTh 3HaYEHHA HOXiAHOI PYHKUIL f y TodLi X,
1) f(x)=a¥x, %= 256; 2) f(x)=YxJx, x,=1.
9.10." Kopucryouucs 03Ha4YeHHAM IIOXigHOI, 3HaAMAiTEL f'(x), AKIIO:
3
1) f(x)=—; 2) f (x) =4 - x%
9.11." Kopucryouuch 03HaUEHHAM NOXiaHOI, 3HauIiTh f'(x), AKIIO:
1
1) f(x)=——; 2) f(x) =x*+ 3x - 2.
X
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§ 2. [NoxigHa Ta 11 3aCToCyBaHHS

9.12.° 3naiigiTe KyTOBMiIT KOedimieHT JOTUYHOI, IpoBeAeHol no rpadika
dbyHKIII f vy Touni 3 abcuucoro X, |

1) f (x) = °, %, = ~1; 3) ()=, %, = 2;
X
2) fx)=vx, ;=14 4) f (x) = sin x, x, = 0.

9.13." S3HaNUAITh KyTOBUM KoedillieHT JOTHYHOI, IpoBeeHol 10 rpadika |
dbyukIil f v Touni 3 abcuucoro X,

1
1) F(8) =%, a =B 3) fix)=—, x, ==8;
A
2) Fla)=4x, &, = 2% 4) f (x) = cos x, x, -_--g.
9.14.° 3naiigiTs 3a fonomoroo rpadika Gpyuaxmii f (puc. 9.7) 3HayeHHA

[ (x)if" (x,).

Puc. 9.7

9.15." 3gaigite 3a gonomoro rpadika pysrnii f (puc. 9.8) sHauenus

' (x)1f" (x).
A

Puc. 9.8

9.16." Ha pucyHKY 9.9 300paxkeno rpadik dyHKIIl f. YKaxiTh KiIbKa
3HaUeHb apryMeHTy X, IJId AKHX:

1) f'(x) > 0; 2) ' (x) < 0; 3) ' (x) = 0.

9.17." Ilo rpadika GysKnii f y Toumi 3 abcuucoro x, IPOBEAEHO [0-
Tu4Hy (puc. 9.10). 3uaigits f' (x,).
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9. MNoHATTA NOXIAHO]

N v v
(= #T 1
0 X <n
AT INEEES EPTQ%: EANENE
Puc. 9.9 Puc. 9.10

9.18." Jlo rpadika ¢pysHKmii f y Toumi 3 abCIucol0 X, MPOBEAEHO J0-
Ta4yHy (puc. 9.11). 3uauzits [’ (x,).

ANTITTIT | vh ERE

N T

i ] 2 U

4 #*iﬁ 11 - 0 X
Ol T TN 111

Puc. 9.11 Puc. 9.12

9.19." Ha pucyuky 9.12 3o6pakeHo rpadik pyskmii f. YKaxKiTh TOY-
KU, V AKUX IMOXiJHA AOPIBHIOE HYJIIO, 1 TOUKH, ¥ AKUX IIOXiZHA
He iCHYVE.

9.20." Ha pucysky 9.13 306paxxeno rpadik pyskuii f. YKa)xiTs TOY-
KW, V AKAX TOXiJHA JOPIBHIOE HYJIO, 1 TOUKH, ¥ AKHX IIOX1JHA

He ICHYE.
- - + qTAP + #ﬂr— p——p——
VAR AN N w
T \ l NINENZEREG
T_
Puc. 9.13 Puc. 9.14

9.21." Ha pucysky 9.14 3o06paxxeno rpadik ¢pysKIii f. [lopiBaaiTe:
1) f'(=5)if (1) 3) ' (=2)1if'(4);
2) f' (1)1 f"(6); 4) ' (0) i ' (3).
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§ 2. lNoxigHa Ta 11 3aCToCyBaHHS

9.22." [Toruuna no rpadixka ¢ysruii / y Toumi 3 abemucoro x, mMae
KYTOBHM KoebhiuieHT k. 3HAUIITH X, AKIIO:

-
?

1) f (x) = 2°, k=3; 8 Py Bt

X 4

1

2) f(x)=vx, k=73

9.23." Mormuna no rpadika GyHknii f y Touni 3 abemucoro x, Mae
KyTOBUH KoedimieHT k. 3HAUIITH X, AKIIO:

4) f (x) =sin x, k=0.

1

1) f (x) = x*, k=-32; 3) f(x)=—=, h=——;
.. % 27

i o 1

2) f()=Yx, k=—;

9.24." MarepiaipHa TOYKA PYyXa€ThCA IO KOOPAWMHATHINA NpaAMii 3a

51 4 1 - , o 3
3aKOHOM S (1) = t°. BHaiixiTs S’ (—) AKul MexaHiuyHUN 3MicT Mae

2

4) T (%) = cos x, k=1.

3HauZeHa BeJuuyuHa?

9.25." MarepianpHa TOUKa PYXaE€ThCA IO KOOPAMHATHIN mpAMii 3a
3aKOHOM 8 (t) = t°. BuaiiniTes s' (2). Axuit Mexaniyuui 3micT Mae
3HaueHa BeJauYnHAa?

9.26.” JloBemiTh, KOPHCTYIOUMCH O3HAYEHHAM, IO (PYHKIlIA yzﬁ/;
He € nudepeHniNoOBHOI B TOYIIL X, = 0.

9.27.7 NosexmiTh, KOPUCTYIOUUCH O3HAYEHHAM, IO GYHKIIA Y= x°
He € nu(epeHIiHOBHOIO B TOUII] X, = 0.

9.28." loBeniTs, KOPUCTYIOUKUCH O3HAYEHHAM, 10 DYHKIiA y =3 x"
€ audepeHninoBHOoO B Tounl x, = 0. 3HaufiTes ii mMOXigHy B i
TOYII].

9.29.” JloseniTh, KOPUCTYIOUMCH O3HAYCHHAM, 110 QyHKIiaA f (x) = x | x |
€ audepenuinosuow B Touui x, = 0. IIpoinrocTpyiiTe oTpruMaHuin
pe3yabTaT rpadiyHo.

9.30.” Bmaigite noxinny Gyrkuii f (x) = x* | x | y Touui x, = 0.

9.31.” loBeniTh, KOPHUCTYIOUNCH O3HAYEHHAM, 110 QYHKIIA

1-x%, axmo x <0,

f(x)=+

€ nudepenuiiopuoo B Touui x, = 0.

i akimo x =20,

\

IIpoinmocTpyiiTe OTpUMaHUM pe3yabTaT rpadidHo.
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9. [TOHATTS NOXIAHOI

. R

- e . x°—2,AKImo x < 2, ,
0.32.” 3gaingite noxigry GyHKOil [ (x)=: 3 Yy Touml
4x -6, AK1110 X > 2,

x0=2.

9.33.” JloBenmiTh, KOPHUCTYIOUYHCH OB3HAYEHHAM, II0 (QYHKIILA
sin x, axio x =0, - ;

f(x)= e pudepeHriioBHow0 B Tovyni x, = 0.

x, Ao x <0,

9.34.” 3ganaiTe Taki umciaa k, b, mjo GyHKUIA

x? —Bx+2, axmo x <3, = | ,
)=+ € nudepeHIiIOBHOIO B TOYIIL X, = 3.
kx+0b, AKIIO0 X > 3,

9.35.” 3manungiTes Taki yucaa k, b, njo GhyHKIIA

‘kx+b, o x < 2,

flx)y=4 1 € nudepeHIIN0OBHO B TOYIIl X, =2,
——1, AKIIO X > 2,
&,

9.36." [loBeiTh, KOPUCTYIOUNCH O3HAYEHHAM, 110 QYHKIiA [ He € Au-
depeHI[IMOBHOIO B TOYIL X :

(8x+2, <0,
1) fx)={>" @ TEOTST .~ o;
i ol axmo x =2 0,

\

(x?, axmox>1,
2) f(x)=" x, = 1.
1, AKINO x <1,

\
9.37.” IloBexiTh, KOPHUCTYIOYHUCH O3HAYEHHAM, INO PYHKI[LIA
y =| x — 2| He e gudepenIiitoBHOI0 B TOUI X, = 2.

9.38." JloBeiTh, KOPUCTYIOUNCH O3HAUCHHAM, 10 QYHKIA y=+/1—x°

He € Au(epeHifioBHOIO B Toukax x, = —1 i x, = 1. IIpoiniocTpyil-
Teé OTPHUMAaHUM pe3yabTaT rpadivyHo.

9.39.” JloBeaiTh, KOPUCTYIOUYHCH O3HAYEHHAM, 10 QYyHKIIA

| 1
x sin —, aruio x # 0, Lok .

filx) =1+ X He € audepenniitosroro B Touli x, = 0.
0, axmo x =0,

9.40." oBeniTh, KOPHUCTYIOYHCH O3HAYEHHAM, 100 (YHKILA

7 ; . 1
x° sin —, axmo x # 0, N ,

f(%)=+ x € AU(epeHIiioBHOIO B TOYLI X, = 0,
9, AKIO x =0,

i sggaugite f'(0).
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§ 2. NoxigHa Ta 11 3aCTOCYBaHHA

9.41.7 JloBexiTh, KOPHCTYIOYMCHL O3HAYEHHAM, 0 (YHKIiA
' 1

x* cos —, akmo x # 0, - .
f{x)=x x € audepeHinoBHOO B Touni x, = 0.
0, AKIo x =0,
9.42.”" JloBeniTh, KOPHUCTYIOUYHCH O3HAYEHHAM, 0 OQYHKIg
(1-cosx
, Ao x # 0, - :
f(x)=4 «x € pudepeHIinoBHO0 B Tounl x, = 0,
0, AKIo x =0,

i saaugite f'(0).

.

L ] . ® x ] ﬂR O x e ’

9.43.”" Jllosexith, mo ¢pyHKOia f(x)=-: . = Q e aude-
—x°, akmo x € R\ Q,

PEeHIIIMOBHOI PIBHO B OJHIN TOYILL X, = 0. HaBeniTs npukmaju
byHKIil, 1m0 € AUPEepeHI[IMOBHOK B YCiX TOYKAX KOOPAUHATHOI
npamoi, KpiMm Todku x, =0.

9.44."" HaseniTe npurkaajn GpyHKIil, audepeHnifoBHOI PiBHO V ABOX
TOYKAaX.

9.45.*% @yukuia f BusHauena Ha R i gudepenniiioBra B ToUmi X, .
3HaUAITh I'PAaHUIIO IOCHaifoBHOCTL (a,), Aka 3amaHa (HOPMYJIOIO
3araJIbHOro 4JieHa.

1) a =n(f(xo+l)—f(xo));
n

oo 2y a2

* . . . v .
9.46.* ®Oyskuis f susHavena Ha R i gudepenniioBra B Toumi x,.
3HauJiTh I'PAaHUIIO TOCJIIZOBHOCTL (@, ), AKa 3amaHa (HopMyJoio

1 1
3araJbHOIO 4jeHa a, =n (f (xo + —) ~f (xo ——D.

g 7
9.47.*% JloBeiTh, KOPUCTYIOUYHUCH O3HAYEHHAM, [0 DYHKIIIA

r -
X—81lNn X

, Ao x # 0, 0 .
f(x)={ «x e qudepenniiosHo0 B Touni x, = 0.

0, akmo x =0,

\
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10. lNpaBuna ob4yucneHHs noxigHux

“:' MpaBuna obumncneHH NoxigHnx

3HaUAEeMO, KOPHCTYIOUMCH O3HAYEHHAM, IOXiZHY @QYHKIIL
f(x)=x2+xy'roquixoe R.
1) Af =(x, +Ax)2 + (2, +Ax)—(x§ +x,) =

f(xy+Ax) f(xp)

=x +2x,Ax + Ax® + x, + Ax — x — x, = 2x,Ax + Ax® + Ax;

2) A—f=2x0+Ax+1;
Ax

3) axmo Ax — 0, To 3HaueHHsA BuUpasy 2x, + Ax + 1 OpsaAMyIOTH
mo uucna 2x, + 1. Orxe, upu Oyas-akomy x, € R

f'(xo)zgimo(ZxO +Ax+1)=2%, +1.

OckinbKu X, — MOBLJIBHA TOYKA O0JACTI BH3HAYEHHA (DYHKIII
f(x)=x*+ x, To pua 6yb-AKOT0 X € R BUKOHYETHCA PiBHICTH
f{x)=22+1,
TOOTO

(x> + x) = 2x + 1.
3 momepefHHOrO IYHKTY BaM Bimomo, mo (x°)'=2x i (x) = 1.
TakyuM 4UHOM, OTPUMYEMO
(x* +x) =(x*) +(x).
Orsxe, moxinay GyHKIIL f (x) = x° + x MoxxHa 6Gyy0 3HAWTH, He
KOPHUCTYIOUNCh O3HAYEHHAM NOXI1OHOIL.
CrpaBeyINBOIO € TAKA TeopeMa .

Teopema 10.1 (nmoxiama cymmu). V mux moukax, y AKux
€ dugpepernuyivosnumu pynryit y =f (x) i y = g (x), maxoixw € duge-
peryitoenor pynryia y =f (x) + g (x), npunomy dna écix maxux
MOYOK 6UKOHYEMbCA PLEHICMb

(f (x) + g (x)) =f"(x) + g (x).

KopoTKO roBopATh: noxidHa cymu 0OPiBHIOE CYMi NOXIOHUX.
TaxkoX TPUHUHATO TAKUU CIPOINEHUN 3aITUC:

f+8)=f+g’

YmoBamu TeopeM 10.1-10.4 nepenbaueno raxke: Ao GyHKOil f1 g
e nudeperIiNOBHUMHA B TOYII] X, TO BigmoBimHO (yHKHUII y=7(x)+g(x),

f(x)

g (x)
110 MICTUTH TOYKY X,.

1

y=f(x)g(x), y= i y=7(g(x)) BHU3HAUEHI HA JeAKOMY MIPOMIKKY,
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§ 2. lNoxigHa Ta 11 3aCTOCyBaHHA

JToeedenHsa. Hexan X, — HOBLIBHA TOYKA, Y AKIA hyHKIIl f1 g
e nudepeHiitoBHUMHU. 3HaMaemMo npupict ¢pyHKIil y = f (x) + g (x)
y Touni x,. Maemo:
Ay =1 (x, + Ax) + g (x, + Ax) — f (x)) — g (x,) =

=(f (x, + Ax) — f (x,)) + (& (x, + Ax) — & (x,)) = A + Ag.

A . Af + A A A
danuiinemMo: lim — Y _ = ]im FHRE = lim ( f g \
Ax—0 Ax Ax—0 Ax Ax—-)O Ax Ax)

Ockinbku QYyHKUII fi g € nqudepeHUiOBHMMHU B TOUIL X,, TO

Af Ag .
1ICHYIOTh rpaHuni lim — i1 lim —. 3Bigcm oTpumyemo:
Ax—>0 Ax Ax -0 Ax

A P A A o A A [ !
lim y—hm( .f+ g)zhm f+11m g—f(x0)+g (%, );
Ax -0 Ax Ax—>0\ Ax Ax Ax >0 Axy Ax->0 Ax

Orxe, bpyBruia y = f(x) + g (x) e L[I/Id)epeHIIlI/IOBHOIO B TOYIILl X
npuYoMy i1 moxXifHa B mii TodIi gopiBHIOE [ (x,) + &' (x,). A

Teopemy 10.1 Mo)xHa NONIMPUTHU HA OVAb-AKY CKIHUEHHY KlJb-
KICTh NJOJaHKIB:

(fi+h+eetf) =F 45+ + 1.

BukopucroByouyn MeTo[ MATEeMAaTHU4YHOl 1HAYKILL, AOBEAITH IeH
haxT camocTiHHO.

IIB1 TeopemMu, HaBeJeHl HUKUYe, TAKOK CIPOIVIOTh 3HAXO/MKEeHHA
IIOX1JHOI.

Teopema 10.2 (noxianma nobyrky). YV mux mourkax, y axux
€ dugepenyiiosnumu pynrkyii y = f(x) i y = g (x), maxoxw € duge-
peruyitosnor pynkyia y =f (x) g (x), npuwomy o0ra écix maxkux
MOYOK 6UKOHYEMBCA PLEHICMDb

f(x)g (x) =f(x) g (x) + g (x)f (x).

TaxkoX IPUUHATO TAKUHU CIPOIIEHUM 3aIruc:

(fg) =1'g +8'1

[oeedenna. Hexait x, — NOBLIbHA TOYKA, V AKX QYHKIII 1 g
e nu(epeniitosEnMu. 3HaugemMo npupicr Gyl y =71 (x) £ (x)
y TOUILL X,. ¥YPaxOBYHOYH PiBHOCTI f(x, +Ax)=[f(x)+ Af,g(x, + Ax) =
=g (x,) + Ag, maemo:

Ay =f (x, + Ax) g (x, + Ax) — f (x,) & (x,) =
=(f (x,) + Af) (g (x,) + Ag) — [ (x,) & (x,) =
=f(x,) & (x) + Af-g (x,) + Ag-f (x,) + Af-Ag — [ (x,) & (x,) =
=Af+~g (x,)) + Ag-T (x,) + Af ~Ag.
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10. Npasuna obYUCNeHHS NOXigHMX

BanuiiemMo: lim Bl lim Af - Bl %) ¥ AET (Kp) +OF wAg —

Ax =0 Ax Ax -0 Ax
: A Ag
= lim (—f-g(xo)+—x-f(x0)+

Ax—0 Ax A

Af'Agjz
Ax

=i (ﬂ-g(xo)+-A—g-f(xo)+ AT -Ag-Ax).

Ax -0\ Ax Ax Ax Ax
Ockinbku QyHKUil f1 g € qudepeHIIHOBHUMHU B TOYNL X, TO
. S ... B az wa. UXE
icHyroTh rpaHuni lim — i lim —.

Ax -0 Ax Ax —0 Ax
Tenep MOXXHaA 3allUCaTH:

oo X v N . : A . A .
lim 27 = lim —l-g(xo)+ lim —Aﬁ-f(xo)Jr lim o i lim ok, lim Ax =
Ax 20 Ay Ax >0 Ax Ax—0 Ay Ax =0 Ax Ax—>0 Ay Ax—0

=1"(x,) 8(%5) +8" (%) [ (%) +F" ()-8 (%) - 0=F" () & (x,) + 8" (%) F ()
Takum ymHOM, QyHKHOIA ¥y =[ (x) € (x) € nudepeHIIiTOBHOIO
B TOYIIi X, mMpUyYoOMYy il moxizHa B 1iil Touni nopisuioe [’ (x) g (x,) +

+g' (x) f (x,). A

Hacaigok. VYV mux mourkax, y akux € dugepenyitioeHor QyHk-
uin y =f (x), maxodxw € dugepenyiiiosnorw Qyuryia y = kf (x), oe
k — Oesake wucno, npuwomy 0na 6Cix MAKUX MOLOK UKOHY EMbCA
piéHiCMDb

(Ef(x)) = Ef'(x).

KopoTKO roBOpATh: NOCMIUHUL MHOMHUK MONCHA 8UHOCUMU 34
3HAK NOXiIOHOL.
Taxko»X DPUHUHATO TAKUU CIIPOIIEHUU 3alNC:

TosedeHnHna. OckinbKku QYyHKIIA y = B gudepeHL[ioBHA B Oy b-
AKIN TOUIli, TO, 3aCTOCOBYIOUM TEOPEeMYy IIPO MOXiAHY NOOYTKY, MOXKHA
3amucaTu:

(kf (x)) = (R) f (%) + kf' (x) = 0+ f (x) + kf' (x) = kf' (x). &

Teopema 10.3 (nmoxigHa 9acTKM). V mux moukax, y AKUX
pynryity =f(x) i y = g (x) € OugpepenuyitiosHumu i 3HAYEHHA PYHK-
[ (x)
g (x)
1WOB8HOI0, NPULOMY O0AA 6CLX MAKUX MOHLOK 6UKOHYEMbBCA PLE-
HIiCMb

yii g He OOPIBHIVE HYNLIO, PYHKULA Y = maxodxi € dugeperuyi-

( f (x) J ' (®g@)-g @ f )
g (x) (g (x))°
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§ 2. NoxigHa Ta 11 3aCToCyBaHHA

TakoX DPUUHATO TAKUUN CIIPOIEHUN 3aIIHC:

3 noBeneHHAM Teopemu 10.3 Bu MoKeTe 03HAMOMHUTHCS Ha 3a-
HATTAX MaTeMaTUYHOI'O I'YPTKA.

NMPUKNARA 1 3maiigite noxigay GyHKII:

2
1) f“(x)=l—sinx+4x2; 4) y___2x +1;
| X 3x—2
_1
2) g(x)=x 2 (bx—38); 5) h(x)=2%x sin x.

3) y = x° cos x;

Posze'azanns. 1) KopucTyouncs TeOpeMoi0 Npo MOXiAHY CyMH
Ta HACJIIJKOM 3 T€OPeMHU IIPO MOXIJHY MOOYTKY, OTPUMYEMO: *

! !

f'(x)= (——-81nx+4x ] :(—1-) —(sin x)' +4 - () =

A X

1 1

=———CO0S x+4-2x=——2—cosx+8x.
Y X

2) 3a TeopeMoOI0 PO MOXIZHY NOOYTKY MaeMo:

/

& (0= (x-% (5x—3))' = (x—%) -(bx—-3)+(5bx—-3) - x—% -

i = 1 5 5 ~ 8-5x+10x 3+5x

-l (5x-8)+5.x 2= e
e 2\/_f ax®  24x®

3) Maemo: y' = (x3 CcOS x)' = (x )' *COS X + (COS x)r : x3 _
= 8x° cos x — sin x+ x® = 3x° cosx — x® sin «x.
4) 3a TeopeMoI0 IIPO MOXiJTHY YaCTKHU OTPUMYEMO:
y,_(2x2+1) _(22% +1) (8x-2)-(8x-2) (2x* +1)
| 3x -2 (3x — 2)°

 4x(3x-2)-3(2x° +1) 12x°-8x-6x*-3 6x°-8x-3
(3x —2)° (3x —2)* (3x-2)°
5) Maewmo:

h'(x) =(§/; sin x)' (3/;)' sin x+3/;(sin o Si;iz +3/x cos x.
3Vx
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10. MNpaBuna ob4ymcneHH NoXigHNX

IIpoTe mOMUJIKOBUM OyJjio 6 BBaXKaTu, 10 OTPUMaHUMN pPe3yJabTaT
e BIAIIOBLIJAIO OO HAHOI 3amayi.

Piu y TiM, 10 IIpu OOYMCJJAEHH] ITOXIJHUX CIIMpPATHUCA HA TeopeMy
Ipo NOXiAHY AOOYTKY ABOX (hyHKIIIY MOXKHA JIUIIE TOAL, KOJU 00uaBl
i GQYHKII € Au@epeHIiNoBHUMHU. ¥ HAaHOMY OpUKJIaAl QYyHKIIA
f(x)= 3/; He € Au(epeHuiniosro B Touui x, =0, a B ycix iHmmMX
TOYKaX KOOPAMHATHOI mpaAMOl 1 GYHKI1A f(x)=§/;, 1 hyHKI1A
g(x)=sin x € pupeperiiiosEuMHu. lle o3Hayae, 1110 TeopeMy PO MHO-
XigHY DOOYTKY 0YJIO KOPEKTHO 3aCTOCOBAHO IJIA O0OYUCIEHHSA IMOXI1AHOL
byHKIIL A (x) = #x sin x nJst Beix x # 0. 3acTOCOBYBATH K 1[I0 TEOPEMY

1A obunceHHA NOXigHOI Ho0yTKY MYyHKIIN [ (x) = i/; 1 g(x)=s1nx

y Touni x, = 0 mHe moxkHa. [Ipore 11e 11e He o3HAUAE, 110 POITJIAAYBA-

0 :
ga QyHKOia h(x)=%Yxsinx He audepeHmiiioBHA B TOYIL x, = 0.
Y TakuX BUNAIKaX 3BEPTAIOTHCS IO O3HAYEHHSA ITOXI1IHOI.

Ah  h(0+Ax)-h(0) _ JAx sin Ax

Maemo: —
Ax Ax Ax
AL ) sin Ax : - SinAx
Toxmi A'(0)=lim ¥YAx = lim ¥/Ax - lim =0.1=40.
Ax—0 Ax Ax—0 Ax -0 Ax

Takum umHOM, (GyHKIIA A(x)= 3/; sin x € au(pepeHIiIOBHOIO
B Touli x, = 0, mpuaomy ' (0) = 0.

fSinx+3xcosx AKIO x = 0

M inmoBizp: h' (x)=13¥x? i
aemMo BigmoBine: f (x)=13%/x @

0, ssrnro x = 0.

BukopHUCTOBYIOUYM TeOpeMy PO IMOXiTHY 4acTKH, JIETKO AOBECTH,
I110:

. . ! / .
sin x) ~ (sinx) cosx—(cosx) sinx

Cnpaszi, (tg x) = (

COS X cos® x
: p 2 .. D
cos x cos x —(—sin x)sin x cos” x +s8in” x 1
cos’ x cos” x cos” x
, 1 : S
@opmyay (ctg x) =———— @0BeAiTH CAMOCTIHHO.
S1Il X
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§ 2. [loxiaHa Ta 11 3aCToCyBaHHS

Poarnaaemo GyHKIiI0 y=sin’x. O6uymeauTu noxigny uiei GyHK-
1111 HeCKJIaJHO, AKIIO IMOJAAaTH 11 Yy BUIVIAAL y =8in x-sin x 1 3acTocCy-
BaTH TEOpPeMY IIPO MOXIAHY AO0OYTKY. Ale AJas 00unucJAeHHA IIOX1IHOI,
HanpuKJIaz, GyEKIil y=sin' x neil miaxix ve € edpexTuBHUM. PYHK-
mig y=sin’x e ckaagenoro GysKLico y=f(g(x)), me f(t)=t",
g (x)=sin x.

SHAXOJUTHU MNOXIJAHY CKJaJeHOl (pYHKIII MOXKHA 3a JOIOMOIOIO
TaKol TeopeMHu.

Teopema 10.4 (moxiama ckaxnamenoi dymruii). Axwo
pynryia t = g (x) dugepenyitiosna 6 mouyi x, a pynxyia y = f (1)
ol Ptk Jagh o). e et

h' (x)=7F" (t,) g (x,).

3 DOBeAeHHAM I[i€l TeopeMy BU MOXKeTe o3Hamomurucsa Ha ¢. 113.

Hanpuknazn, dyeknia h(x)=sin’'x € ckiaageHon (PYHKIIEIO
h(x)=f(g(x)), ne f(t)=t", g(x)=sinx. ObuucaumMo noxixHy Iiei
craazeHol ¢pyHknil y touni x, € R. Maemo: {,=g(x,)=sinx,.
Ockinbru f'(t,)=Tt, =7sin’x,, g'(x,)=cosx,, TO 3a TEOPEMOIO IIPO
noxigny ckiaagenol Gyuruii A'(x,)="7sin’x, - cos x,.

NMPUKNAL 2 3uaigiTe HOXigHY QYHKILII:

1)y =(8x - 7% 3) y=sin§;
2) y=vdx®+1; 4) y = tg® 5x.

Posé’szannsa. 1) Nana dpyarnig y = (3x — 7)° e criameHOI0
byukriicio y=f(g(x)), me f (t) =t° g (x) = 3x — 7. Ockinpkn
f'(t)=6t, a g (x) =3, ToO 3a TeOpeMOIO IPO HOXiTHY CKJIAZEHOI
(hyHKIII] MOXXHA 3anMUCcaTHu:

y' =6t° -3 mpu t=8x-1,
TOOTO
Yy =6(8x-T7)°-3=18(3x-17)".
"Posp’az3anug 1iel 3azaui mokHa 0ohopMUTH i TaK:
Y =((Bx—-7°)=6Bx—T7Y-Bx—-T) =
=6 (8x — 7)°-3 =18 (3x — 7)°.

' 1 8x 4x
2) y'=(Vax? +1) = (4x? +1)' = = .
2Jax? +1 avax?+1 4dx® +1
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10. [NpaBrna oBYNCNEeHHs NOXIAHNX

/

' . X X X ! 1 52
3) Y :(sm—) =cos—-(—) =—CO8—.
2 2 \2 2 2

(5x)' 15tg” bx

Ccos” 95X cos® bx

4) y' =(tg’bx)' =3tg’5x-(tg 5x)' =3 tg*5x- ®

MPUKNAL 3 3BuaiigiTs 3HayeHHA noxigHol GyHKIIL A (x) = i/x2 sin x
y Touni x, = 0.
Poze’asanna. [ana QysKIiA € CcKJIageHOI (yHKILiEIO A (x)=

=f(g(x)), ne f(t)= it , & (x) = x°sin x. PyHKNiA g € AuDeEpPeHIIiH0B-
HolO B Toull x, = 0, ane pyHKuiA [ He € AMDEPEHIINOBHOIO B TOUILL
t, = & (0) = 0. Orxe, reopemy 10.4 misi IOIMIYKY IOXiZAHOI CKJIageHO]
byuruii 2 y Touni x, = 0 3acrocyBaTi He MOMKHA.

CropucraBHINCh O3HAUYEHHAM ITOX1JTHOI, OTPUMYEMO:

3 2 s F
' (0)= lim /ax’ sin Ax = lim :i/sm 1

Ax -0 Ax Ax—0 Ax
Orixe, He3Ba)Kaw4YW Ha HeaudepeHIINOBHICTE PYHKIIL [ Vv ToU-
mi t, = 0, moxigua ckaazenoi GyHkruil B Touni x, = 0 icuye i gopis-
Hioe 1. @

Poarnssremo HemepepBHY 1 000poTHY (hyHKIIIIO [, o01acThk BU3HA-
yeHHA AKO0l — peakuy npomixKok (pumc. 10.1). Aximro dyaxmisa f
€ nu(epeHIiNOBHOIO B TOYII] X, TO 10 rpadika 1iel GyHKIII B TOYI]
(%,5 Yg,)s BE Y, = f(xo), MOJKHAa IIpoBecTu noTunuHy. Hexay ma moruuyHa
He € TOPU30HTAJIBHOIO IpAMOI0, TooTO f'(x,)# 0.

Y é //+
| Y
Y= f(x) yA |
i ' g(x) = arcsinx
: : B
| % """ //*
i )
Jop=-m> . 1 B
xofr-- ----- - - - —-’-2‘- _1 f(x) = sinx
VA7 AL 0 ETETTY
: /] | 2
| 19 1
................. TR FR S S S .
i Xo Yy * a9 L
. A, 2
Puec. 10.1 Puc. 10.2
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§ 2. lNoxiaHa 1a 11 3aCTocyBaHHS

Ilosgauumo uyepe3 g dyHKNi0, o0epHeHy a0 f. Bu 3Haere, 1110
rpad)iky B3a€EMHO O0epHEHUX (PYVHKIIM CUMETPUYHI BiJHOCHO IIPAMOI
y = x. BoHU € piBHUMH (hirypamu, a OTKe, MAlOTh 6araTo OJJTHAKOBUX
reOMEeTPUYHUX BJIaCTHUBOCTeM. Mae Miclie Taxe TBEpAKeHHsA: AKIIO
HenepepBHa 1 00opoTHa (PYHKIIIA [ BH3HaueHa Ha JeAKOMY IIPOMIXK-
Ky 1 rpadhik pyHKHOil f Ma€e HEropus3OHTAJbHY JOTUYHY B TOYIL]
(%45 Y,), TO rpadix obeprenol pyHKIil g B Touni (y,; X,) Mae HeBep-
TUKaJbHy goTuudny (puc. 10.1). Ile o3nauae, 1o obepHeHa pyHKILia &
€ Nu(EepeHIIMOBHOI0 B TOYI1 Y, .

Posriasraemo HemepepBHY 1 o6opoTHy (GyHKIiIIO [ (x)=sinx,

D(f)zlf—g;g] (puc. 10.2). ¥ Toukax A(——g-;—l) i B(—;E;l) rpadik
byuKIl f Mae ropusoHTanbHL foTuyHi. Ile odrauae, mo rpadik odep-

HeHOl pyHKIII g (x)=arcsin x y Toukax A, (—1; —%J 1 B, (1; -g-) Mae

BepTUuKaabHl foTuuyHi. Tomy hyHKIIA g (x)=arcsin x He € gudepeH-
I[1MOBHOIO B ToukKax —1 1 1.

Y Toukax, BigMiHHMX Big A 1 B, rpacdik dbyHKIIl f Mae Heropu-
30HTaJbH1 AoTUyHi. Tomy rpacdik hyHKIII g y TOUYKax, BIAMIHHUX
Bin A, 1 B,, Mae HeBepTukKaiabHi AoTuyHi. OTxKe, QyHKOIA g(X)=
=arcsin x audepenninoBHa Ha iHTepsaai (—1;1).

3HaneMo noxigHy GpyHKIii g (x)=arcsin x.

Maemo: sin (arcsin x)=x. HudepeHuioouyu 00UABI 4aCTUHU Ili€l
P1IBHOCTi, OTPHUMYEMO

cos (arcsin x) - (arcsin x)' =1.

Ockinpru cos(arcsin x)=+v1-x° i v1-x° 20 gas Beix xe(-1;1),

TO

(arcsin x)' =

o T
3 Kypcey anaredpu 10 xiacy Bu 3HaeTe, 1[0 arcsin x +arccos x = e

Ockinbku QyHKIOIA y=arcsinx He € gu(epeHI[iMOBHOI B TOYKAaX
-1 i1, To yHKIIA y=arccos x TakoX He € AUu(epeHI1II0BHOIO B TOY-
kax —1 1 1. Ina 6yae-akoro x € (—1; 1) moxkHa 3anucaTu:

/

i 1

(arccos x)' = (E —arcsin x) =—(arcsin x)" =—

) e
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10. MNpasuna 0b4NCNeHHA NOXIAHUX

1
(arccos x)' =—
\]1—x2

MipKyouud aHAJOTIYHO, BU MOMKeETe CcaMOCTiMHO IOBeCTH IAude-
peHI[IHOBHICTL QYHKLIN Y = arctg X i y = arcctg x Ta BUBeCTHM TaKi
(hopMyJIH:

Orxe,

(arctg x)' = .
1+x

1

2
1+x

2

(arcetg x)' =—

3B’ 30K MisK IOXiTHMMH B3a€EMHO O0epHEHUX (PYHKIIIN YeTaHOBJIIOE
TaKa TeopeMa.

Teopema 10.5. Hexaii o6opomua ¢pynryiay = f (x) mae 6 moy-
yi x, NOXiOHYy, 6L0MIHHY 6i0 nyna, a obeprena 00 Hei PYHKYLIA
x = g (y) € HenepepeHOI0 6 MOHYi Y, 0e Y, = f (x,). Todi pynkyin g

1
f' (xo) '

3 gOoBeJeHHAM Iliel TeopeMH BH MOXeTe O3HAMOMUTHUCSH HA

c. 114.

10.1.” BuaiagiTe noxXigHy QyHKIII:

dugepenuyitiosrna 6 mouwuyi y, i g'(y,)=

1)y=x*—3%*+6x—10;  5) y=—%x3+0,5x2+2x;

2) y=x"6+20\/;; 6) y=1g x— 9x3

3) y=x"+Tx° +2-1; 7) _EELE e
? x 2 4 3 8 ’

4) y = 4sinx — Hcosx; 8) y =2x2+ 3x°.

10.2.° 3HaiaiTe HoXigHy QYyHKIIL:
2

1) y = 2x° — x; 3) y=§x3—x2—7x; 5) y = 12 — ctg x;
. 5 B
2y=—3sinx+2cosx; 4)y=x——; 6) y=0,4x " + J3.

X

10.3.° 3uainiTe DoxigHy QYHKILIL:
)y=(x+2)(x*—4x+5); 3)y=x"sinx;
2) y = (8x + 5) (2x* — 1); 4) y = x ctg x.
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§ 2. [loxigHa Ta ii 3acTocyBaHHs

10.4.° Snaiigite noxigHy dyHKIi:

1) y = (x° - 2) (2% + 1); 3) y = x* cos x:
2)y=(x+5) (1 - x%; 4) y = x tg x.
10.5." 3naiigiTs noxigHy GyHKII:
x—1 x 3—x°
1) y=——; 4) y= : 7) y= ,
) Y x+1 ) Y x* =1 ) Y 4+ 2x
2x -3 5x° —x—2 x® —5x
2) Y= - D) Y= : S) 1= .
) y 7 = ) Yy : ) Yy —
5 x°
3) y= ; 6) y= :
) y'. 3x—2 ) Y COS X

10.6." 3naitgite noxigny QyHKIii:

3x+5 2x” x* -1

13 = : 3) y= . ) Yy=—;

) Y x—8 )y 1-6x )y x% +1
. 9

sin x x° +6x

)y 10x -3 )y X )'y X+ 2

10.7." Yomy nopiBHIOE 3HAYEHHS noxixAHol hyHKIII [y TouIri X, AKIIO:
Df@)=x"~3x"-x+6,%,=-1; 5) f(x)=(1+32)Vx, x, = 9;

2) f(x)=2+5x-2 x, = 2; 6) f(x)=3%¥x-10%x, x, = 1;
e
3) f(x):z_szx, X, = —3; 7)f(x)=(x2—2x+3)cosx,x0=0;
X+
x* +2
4) f (x)= —2sin x, x,=0; 8)f(x)=xsin x, x,=0?
x—2
10.8." O6uncniTe 3HAUEHHA HOXigHOI byHKUii f v Tounmi X, AKIITO:
1) f(x)=+/x—-16zx, %, =i; 8) (%) =%~ —4x®, X, = 2;
2
2) f(x)=22%, % =0, O M= e,
1-x x+1
10.9." 3naiigite noxigny dyrkmii:
1) y = (2x + 3)°% 5) y=3ctg£; 9) y= - ;
5) 4dx+5
. 18
2) y=(-§x—6) ;  6) y=x/2x2+2x+1; 10) y = (6 — Tx)™%
9 -6
3) Y = cos 2x; ) y=¥1+x?%; 11) y=[%+4x—1) -
4) y = sin® x; 3) yzf/—l—x—xz; 12) y-—-\/2+sinx.
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10. MpaBmna odOYMCNEeHHs NoXIAHMX

10.10." 3gaugiTs noxigHy QYHKILIIL:

1) Yy =1(3x = 5)°; 6) y:cos(g—x);
2)y=(2x2—3x+4)3; 7) y=\[2+x2;

3) yzsing; 8) y=z/—2x2—x—2;
4) y = cos’x; 9) y = (9x — 2)7°;
)y =2 tg 4x; 10) yz\/?)—cosx.

10.11." Bacunp 3anayraifko 3HaXOJUTh NOXiZHY (PYHKIIL y = sin 2x
TaK:

1) pobuTs 3aminy 2x =t 1 orpumMye QYHKIIIO y = Sin ¢;
2) paui nume: y' =(sint) =cost;

3) moriM mizcraBifge 3HAYeHHA 2X = t 1 poOUTh BUCHOBOK, IO
(sin 2x)' = cos 2x.

Y uomy mosisirae momMuaxka Bacuias?

10.12." Tino pyxaeThcsd IO KOOPAMHATHIN HNpsAMiil 3a 3aKOHOM

s(t)= \/ 4t* -6t +11 (mepemileHHS BUMIpPIOETHCA B MeTpax, 4ac — y
CeKyHJax). SHaUITh IIBUAKICTH PYXY Tijla B MOMEHT 4acy {, = o C.

10.13." MarepiaJgbHa TOYKA PYXa€ThCA II0 KOOPAMHATHINA IpAMIii 3a
zaxoHOM S(1)=(t+2)° (t+5) (mepeMimieHHs BUMIPIOETHCA B MET-
pax, 4yac — y CeKyHaax). SHaUAITh 11 NIBUAKICTh PYXy B MOMEHT
yacy t, = 3 c.

10.14. 3gaigiTh KYTOBUM Koedil[i€eHT JOTUYHOI, IPOBEIEHOI J0 I'pa- .
dika pyHruii f y ToUli 3 abCUUCOIO X

1) f(x)=v25-%%, x,=-3;  3)f(x)=cos®x, x,=—.

2) f (%) =sin 2%, x, =§;

10.15." 3HaAiTh KYTOBUU KOoeMlllEHT JOTHYHOI, IPOBEIeHOol 10 rpa-
dika Gyuxuii f y Touui 3 abcuucom x:

1) f(x)=\f4—3x, x, = 0; 3) f(x) = ctg'x, Xq =§.

=

2) f (x) = tg 2x, x, =-§;
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§ 2. loxigHa Ta i1 3acTocyBaHHS

“

10.16." Poss’axite HepiBHicTs f' (x) > 0, aKo:
1) f (x) = x* — 2x% 3) f(x)=§x—cos x;

2) f(x)——gx +3x* —5x+T7;  4)f(x)=x + tg x.

10.17." Poss’skiTe HepiBHicTs f' (x) < 0, axro:

1) f (x) = 3x* — x5 3) f(x)=2sin x + 1;
2) f (%) = x* + 2x%; 4) f (x) = x — cos x.
10.18." SnaiigiTs noxigHy GyHKII:
1) g 5) y = tg x sin (2x + 5);
X x
2) y=3_22+45; 6) y=c0s3x;
X 2 % x-1
3) y=x2x> +x+1; Ny =(x+ 1) (x — 2)%
/ 2
4) y = sin x cos 2x; ) y= £ +1.
X
10,19, S3HaligiTe noxigHy QyHKII:
Dy=—+—  Dy=xVr+8  Hy=(x+2 -3
X X
2) y=1+62—56; 4) y = sin 2x cos x; 6) y=2x_3.
X X X . X
S1n —
4
10.20." PosB’axite mepisHicTs f' (x) < 0, aAKmo:
1) f(x)'-zx+5 4) f(x)=x+l;
x+2 X
2) f(x)-x +18 9) f(x)=2sin2x—\/§x;
x_
3) f(x) = (x — 2)° (x + 3); 6) f(x)=sin2x - x+/3.

10.21." Poss’sokiTe HepiBHicTs f' (x) > 0, axmo:

1) f(x)—1 4) f (x) = (x + 2)* (x - 3);

x
2
2) f(x)="" 5) f (x) = cos 2x;
x+2
3) f(x)=i+2x; 6) f (x) = 2x — cos 4x.

X
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10. MNpasmna ob4YnCNeHHs NOXigHNX

10.22." Bacunp 3amayTtailko 3HAXOAUTh IOXigHY GyHKOII f(x)=
=arcsinx +arccosx Ha I 0o0JsiacTl BUBHAYEHHA TaK:

f'(x)=(arcsin x + arccos x)' = (arcsin x)'+(arccos x)' =

1 =]

nas Beix x € D (f).

YUu moromxyerecss BU 3 po3B’aAs3aHHAM Bacuna? Ywum npaBuiIbHY
BigmoBiger orpuMaB Bacuan?

10.23." Buaiinite noxigny dyuknii y = arctg 4x + arcetg 4x.

10.24." MaTepianbpHa TOUYKa Macoi 4 KI pyXa€ThCA II0 KOOPAUHATHIN
npsaMiit 3a 3aK0HOM § (1) = t° + 4 (nepeMillleHHA BUMIipPIOETHECA B Me-
Tpax, 4ac — y CeKyHaax). dHauaite iMoyasc p (t) = mv(f)
MaTepiasbHOl TOYKKA B MOMEHT 4acy f, = 2 C.

10.25." Tino macoio 2 Kr pyxaerbcd IO KOOPAMHATHIN npamiii 3a 3a-
KOoHOM § () = 3t° — 4t + 2 (mepeMilIeHHA BUMIPIOETHCS B MeTpax,

muv? (t)
9

yac — y CeKyHJax). SHAuAiTh KiHeTU4YHY eHeprio FE (i) =
Tijla B MOMEHT 4acy ¢, = 4 c.

10.26." Tino pyxaeThcsa IO KOOPAMHATHIN NpsAMiA 3a 3aKOHOM
s (t) = 2t* — 8t + 15 (mepeMilieHHA BUMIiPIOETHCA B MEeTpax, 4ac —
y CeKyHIax). BusHauTe KOOPpAMUHATY Tijla B MOMEHT 4Yacy, KOJU
OT0 KiHEeTHUYHA eHepris JOPiBHIOE HYJIO.

10.27." 3gaigiTe DoxXigHy (QYyHKIIL:

6
1) yzcos3 2X; 2) y=\/2+sin(§—£-); 3) y=(sin-33ﬁ—5) :

10.28." O6uuciaiTs:

x—1

1) f' (0), axmo f(x)= 2x—1;

s . o

2) f(gj, AKII0 [ (x)=sin E;

3) f' (0), saxmo f (x) = (cos 3x + 6)°.

10.29." S3naigiTe DOXigHY (BYHKILII:

1) y = arctg x°; 3) y = arcctg (x* — 1);
9y 55 arczcosx; 4) y=arctg2 l
x" -1 X
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§ 2. [NoxiaHa Ta 11 3aCTOCyBaHHS

10.30." 3BuaigiTes noxigHy QyHKIL:

1) y = x* arcctg x; 3) y=x°arctg l;
X
2) = arczm \/;; 4) y = arctg® 3x.
x° —x
10.31." ¥ Tourax x, = -1 i x, = 2 3HaiigiTe noxigHy QyHKIII:
1)f(x)=x"—4|x|+ 8; 2) f(x)=|x*—4x + 3|.
10.32.7 ¥V rourax x, = -2 i x, = 2 3HaiAiTe mOXigHy QYyHKIII:
)f@x)=x2"-6]|x|+5; 2) f(x)=|x*—6x+ 5|
10.33.” Po3B’saKiTh PiBHAHHA:
f'(x) 2

1) =0, aKIo f(x)=§x3—18x, g(x):2\/;;

g (x)
—X

2) f' (x) &' (x) = 0, sixmmo f (x) = x° — 6x7, g(x)=T-

10.34.”" Po3B’sAKiTh pIiBHAHHSA:

f’(x)____o, AKIITO f(x):-]—'-x4—2x2, g(x):\/;;
g' (x) %

2) ' (x) g (x) = 0, axmo f (x) = 2° — 2*, g(x)=2x.
10.35.” IIpo ¢dyuxkiino f Bigomo, mo f(1)=-1, f'(1)=2. 3HaiigiTs
g' (1), axmo:

1) g(x)=F(x*); 3) g(x)=

1)

. X
Bill =

cos (nf (x));
2) g (ey=1"°(2); 4) g (x)=1(f(x)+2x).

10.36.” IIpo dyukmio f Bimomo, mo f(2)=1, f'(2)=3. 3mHaizxiTe
g'(2), axmo:

1) g (x)=xf (x); 3) g(x)=F(1+F(x)).
2) g (x)=(f (x)—2x)°;

10.37.” Ilpo mudepenuninoBny ¢yHKIio f Bigomo, o nias BCiX
x € R BuKonyeThCs piBHiCTE f° (x)+ x°f (x)+1=x. Buaigits ' (1).

10.38.” IIpo mudepenuiiioBHy ¢GyHKIIO [ BigoMo, IO AJA BCiX
x € R BUKOHYeThCH piBHicTE x°f° (2)+f (x)=x. Buaigits f'(0).

10.39.” IloseniTs, 1m0 noxigHa nepioguuHol GYHKIII € MepioguYHOI0
byekIiero. HaBeniTs npuxkmagu.
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10. [Npasuna ob4YUCNeHHS NOXIAHUX

10.40.” lIoBe;:in, 110 IMOXiHA MapHol QVHKIIII € HerapHoI (DYHKIIIEO.
HasenmiTs npukIagm.

10.41.” IToBeniTs, 110 mMoXimHa HemmapHOI (hyHKIII € ITapHO0 (hYHKILIEIO.
HaseniTs npukJaagm.

10.42.” ®yuknii f 1 ¢ Busnaueni Ha R. 1o MoKHa CTBEePAKYBaTH IIPO
nudepenuinoBHicTs PyHKIii y = f (x) + g (x) y Touni x , AKIIO:
1) f € nudepeHIIHOBHOIO B TOYIL] X, & § — HI;
2) {1 g He pudepeHIiioBHI B TOYLi X 7

10.43.,” ®yukuii f i g Bussadveni na R. [1lo MOKHA CTBEPAKYBATH IIPO
nudepeHIinoBHicTy QyHKUiL iy = f (x) g (x) y To4Ii X, AKIO:
1) f € pudepeHIIFIOBHOIO B TOYII] X, & § — Hi;
2) 1 g me pudepeHIiOBHI B TOUIl X,?
10.44.” Haepgity npuriajn GpyHKIi# f1 g Takux, mod QyHKIIA
f (g (x)) 6yna nudepeHimOBHOIO B TOYILL X, IPUYOMY:
1) f € nudeper1iiioBHOIO B Toulll g(Xx,), a & He € JudepeHI|iioB-
HOIO B TOYII X ;
2) g € nudepeHIiioBHOIO B TOULl X, a [ He € qu(pepeHniNoBHOO
B TO4YIll g (x,);
3) f He € qudepeHIIOBHOIO B ToUlll g (X,) 1 g He € qudepeHinoB-
HOIO B TOUIl X,,.

10.45.” Bacuip 3anayTaiko HIyKae HoxigHy QYHKIIL y = Vx® raxk:

1) poarasagac QyHKIIO Y = Q/F AK cKaazeny pyakuio y =71 (g (x)),
ne f(t)=%t, g(x)=x"

2) BUKOPHUCTOBYIOUM TEOpeMy NP0 IIOXIAHY CKJIajaeHol (pyHKIIiI,

3aIIMCye
5 o4 5 3[,12
y'— (x°) =
3(x°) 3 - \/_ 3 - \/—
54x? .
3) mani npu x#0 OTpUMy€E€ BHUCHOBOK, IO Y =——, a B TOYIIi

3
x =0 pmana pyHKUIA He € AudpepeHIIOBHOIO.

Yu norom:xyerecss Bu 3 Bacuinem?

10.46." 3maiizgite noxiary ¢yaxmii f(x)=3x°tgx Ha TpOMiMKKY
(-]
2 2,/

1




§ 2. lMoxigHa Ta 11 3aCTOCYBaHHA

10.47." 3maitgiTe moxigny GyHKIII f(x)= Ysin® x + x* .

10.48.*% 3gaigits £'(0), axmo f(x) = (x + 1) (x + 2) ... (x + 10) sin x.
10.49.* O6uucaite cymy S=100-3" +98-3" +96-.3" +...+2-3.
10.50.* O6umcaits cymy S=4%°-2.4* 1+3.4% — +29.4°-30-4.

10.51.% Bgaiinite yei raki maorounenu P, mo P(P(x))=x'" pna Beix
x € R.

r

1

2

) x° cos —, axugo x # 0,

10.52.% JloBeniTs, mo GyHKIia [ (x) =1 X e pude-

0, akmo x =0,

\

peHuiitoBHo Ha R, ane pyukuia y=/"(x) He € HemepepBHOIO.

X

2
x°+1

Ha gonini sanucaHo (MYHKIII f1 g, TO NO3BOJNAETHCA JONHUCATH

6yab-aky 3 Qyrruii y=f1"(x), y=f(x)+g(x), y=7(x)gx),
y=f(g(x), y=f(x)+c, y=cf(x), ne ¢ — poBijbpHa crana. u

MOJKe B Pe3yJbTaTi BUKOHAHHA JNEeKiJIbKOX TaKWUX Jlil Ha [OIIILl
21 ?

x“+1

10.53.*% Ha nommni manucano ¢yurmii y=(x-1)* i y= . Axmio

3’ABUTUCA QYHKIIA Y=

KOJIX 3POBNEHO YPOKWU

[loBeieHHA TeopeM NpPo NOXiagHi cknapeHol
Ta 06epHeHOT pyHKUIN
Jema 10.1. Hexaii ¢pynryis f 6usnavena na 0eaxomy npomiic-
Ky, Wo micmumsb mouxy x,. Pynxyia f dupepenyiliosna 6 mouyl x,
modi i nuue modi, KONU ICHY € MAKa HenepepeHa 6 Moyl x, PYHK-
yia ¢, wo dasn ecix x € D (f) euxonyemuea pisnicms f (x) — f(x,)=
= (x — x,) ¢ (x). ITpu yvomy f'(x)) = ¢ (x,).

TTosedernns. Hexait pynkuia f audepeniiiiosaa B Touni x,. Toxi

. o f(x)"f(xo)
icaye rpasuna lim

i X = Xg X — xo
(byHKI1IO

, Aka gopiBHIOE [ (x,). Posrasmemo

(£ ()~ ()
p(x)=9 x—X,
[ (x5), AKIIO X = X,.

, AKITO X # X5
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[osefieHHA TeopemMn NPO NOXIAHY cknageHol yHKLII

Ockinpru lim @(x)=f"(x,)=0¢(x,), To byHKIiA (¢ Hemepeps-
x—>x0

Ha B TOYI[l X,. T'emep o4eBUIHO, 10 AJad BCiX x € D (f) BUKoOHyeTHCA
piBHiCTE f(x)—f(x,)=(x—x,)@(x). TumMm camuMm [KOBeZeHO HEpUIY
YACTHHY JIeMH.

Hexan Temep iCHye Taka HellepepBHa B TOUYIl X, QyHKIiA @, 110

nas Beix x € D (f) BuxkonyeThesa piBHICTE f(x)—71(x,)=(x—x,) ¢ (x).
Toni pnsa Beix xe D (f), x+#x,, MokHA 3alucaTu

(p(x):f(x)—f(xo).

X—X
0
Ockinpky yHKOIA (¢ HelmepepBHAa B TOUIl X,, TO ICHye rpaHUIA

lim ¢ (x)= lim F(x) -7 (%) =125 )

X —> X, X = X, x_xo

ITe o3dnavae, mo (pyHKuia [ audepeHniimoBHa B Todmi Xx, i

(p(xo):f,(xo)° ‘

[loBepeHHA TeopeMM NpPo NOXiaHy cknapeHol yHKuil

IloBenemo, mio ckaageHa QyHxoia A(x)=7(g(x)), me ByHKIisA
t = g (x) pudepeH1iioOBHA B TOYll X,, a QyHKUiA y=/[(f) audepen-
nirioBHa B Toulll t, =g (X,), € MU(EepPeHIiOBHOIO B TOYIIl X,, IIPUYOMY

B (%)= (1) &' (%,)-

Hosedernna. Ockinbku pyHKOiaA y=7f (¢) nudepeHniiioBHa B TOY-
mi ¢,, To 3a gemor 10.1 icHye HemepepBHa B Toulll f, (QYyHKIiA
y=o(t) maka, mo anda Bcix te€ D (f) BUKOHYETHCA PiBHICTH

F(&)—F (t)=(t—1,) 9 (2) (1)
i () =0 (t,).

3pobuBmu B piBHOCTI (1) migcranoBku t=g(x), t,=g(x,), orpu-

MaeMO PIBHICTH

f(g(x)—1(8(xy))=(8 (x)—& (x,)) ¢ (g (x)), (2)
SIKa BUKOHYEThCA IJIA BCiX X 3 o01acTi BU3HAUYEHHSA CKJIaJeH0l PYHK-
mwii h(x) =71 (g (x)).

Ockinbku QyHKIIA =g (X) € audepeHIlIiOBHOIO B TOYIl X,, TO
sza gemoro 10.1 nnsa Hel icHye HemepepBHAa B TOUIl X, (YHKIiA
t=q, (x) Taka, 1m0 A4 BCciX X €D (g) BUKOHYETHCA PIBHICTH

g (x)— g (%) = (x — x,) 0, () (3)
i g (x5)=0, (x,)-
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§ 2. oxigHa Ta 11 3aCToCyBaHHA

3 ypaxyBaHHAM piBHocTi (3) piBHIicTH (2) MOXXHA NEepenucarTH
TaK:
f(8(x))—1(8(xy))=(x—x,) ¢, (¥) ¢ (& (x))-
DyHKLIA Y=, (x)p(g(x)) € HemepepBHOIO B TOYll X, (HmoBe-
oiTe e camoctinHo). Tomy 3a jgemorw 10.1 ckuaazeHa GQyHKIOidA
h(x)=7f(g(x)) € pnudepenniiiorHoro B Toumi x, i Ah'(x,))=

=@, (%) 0(8 (%)) =0, (x,) 9 (t,)=8"(x) ' (2,). A

IloBeneHHRA TeopemMu
npo noxigHy obepHeHoT dyHkuUiT
Hexan dyurumia y=f(x) € gudepeHnilioBHow B TOUNl X,
i f'(x,)#0. HoBememo, mo Koau (pyHKUia x =g (y), obepHeHA [0
bysknii y=7(x), € HenepepBHOW B To4ni Yy, =[(x,), TO BOHA € JU-
(hbepeH1[1TOBHOIO B IIiM TOYIL.
HoeedenHs Ockinbku pyHKIIA Yy =f (x) nudepeHIilfioOBHA B TOY-
i x,, To 3a jgemor 10.1 icHye HemepepBHA B TOUIll X, (DYHKI[iA
y=¢(x) Taka, mo ays Bcix x € D(f) BUKOHYETHCS PiBHICTH
f(x)—1(x)=(x—%x,) 0 (x) (4)
1 f1(x9) =9 (x,).
3pobuBmin B piBHOCTI (4) migcranosku x =g (y), x, =g (y,), oTpu-
Ma€EMO PIBHICTH
F(gW)-7(gW))=(g(y)-gy,)) (g ¥)),
Y-y, =(g () —g(y,)) o (g (v)), (9)
AKa BUKOHYEThCA HJA BCiXx ye D(g). 3 piBHOCTI (9) BUOIMBAE, IO
¢(g(y))#0 mpu Beix yeD(g), ne y+#y,. Kpim nsoro, ¢(g(y,))=
=0 (x,)=7"(x,)#0. Tomy ¢(g(y))#0 nna Bcix yeD(g). Toxi pis-
HIiCTh (D) MOXKHA IlepenucaTyu Tak:
1

g(y)-8y,)= (Y —Y,)-
¢ (g (y)
DYyHKIIA X = < € HeIlepepBHOIO B TOYIll Y, (AOBeHiTH Iie
¢ (&g (y))

camocTiiHo). Tomy 3a gemoro 10.1 dyurnia x=g(y) € gudepeHiii-
WOBHOIO B TOYIl Y, 1
1 1 1

o€ (W) ox) f(x)

g'(yo)‘:
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11. PIBHAHHSA OOTUYHOI

I I ' PiBHSIHHS AOTUYHOT

Hexa#t pyukiisa f mudepeHIiiioBHa B TOY- y
ui x,. Toxi mo rpadika dysxnii f y Tovri %
3 abCIUCOI0 X, MOYKHA IIPOBECTH HEBEPTH-
KaJbHY IOTUYRY (puc. 11.1).

3 Kypcy reomeTrpil 9 Kmacy Bu 3Hae€Te,
[I10 PIBHAHHA HEBEPTUKAJIBHOL IPSAMOL Mae

(o) |- Y = ()

BUIIAL Y = kx + b, ne B — KyTOBHil KO- -~
edinieHT niei mpamoi. y
BUX0oaA4Yu 3 FeOMEeTPUYHOI'0 3MiCTY IO- Puc. 11.1

xigHoi, orpumaemo k = f'(x,).

Topl piBHAHHA HJOTHUYHOI MOKHA 3alUcaTH TakK:
y=71"(x5)*x + 0. (1)
[[s npsama npoxoauTh 4yepesd 104Ky M (x; f(x,)). Orxe, Koopau-
HATH I[iel TOYKM 3a/I0BOJIBHAIOTH piBHAHHA (1). Maemo:
[ (x)) =T (x)x,+ b.
3simcu b = f (x,)) — ' (x,) * x,,-
Toxi piBHAHHA (1) MOXXHA nepenucaTu Tak:
y=r"(x)>x+ 7 (x) — 1" (x,)*x,.
IIepeTBOPUBIIN IIPABY YACTUHY OTPUMAaHOI PIBHOCT1, MOXKHa 3podu-
T BUCHOBOK: PIiBHAHHA JOTUYHOI, IpoBeaeHOol a0 rpadika pyskuil f
y TO4Ill 3 a0CHUCOX0 X, MAE€ BUTJIAL: '

y=[F"(x) (x —x) +f(x)

Hanpukiazn, 3HaieMo piBHAHHSA JOTUYHOL A0 npamol [ (x) = kx + b
y Touni 3 aberucoro x,. Maemo: f(x) = kx, + b; f' (x) = k; [' (x,) = k.
[IigcTaBUBIIIM 3HAWIEH] 3HAUYEHHSA B PIBHAHHA JOTUYHOI, OTPUMYEMO:
y==Fk(x—-x))+ kx, +b. 3Bigcu y = kx + b.

OckinbKu X, 00paHO LOBLIBHO, TO MOXKHA 3POOMTH TAKUH BUCHOBOK:!
OOTHUYHA OO0 NPpAMOL V OyAb-AKiM 11 TouIrl 30iraeTbes i3 camMor0 IIPAMOIO.

[Teit npukaag MoKasye, 110 AOTUYHA A0 rpadika (pyHKIIl MOXKe MaTu
3 rpatikoM He O4HY, 4 HaBiTh HECKIHUYEHHY K1IBbKICThH CIIJIBHUX TOUYOK.

NMPUKJNAL 1 Ckuaxite piBHAHHA AoTU4YHOI A0 rpadika ¢yHKILil
f(x) =2 - 4x — 3x® y Touni 8 abenucomno x, = —2.

Posé’saszanna. Maemo: f(x) = f(-2) =2 — 4+(-2) — 3+ (-2)° = -2;
f'(x)=-4-6x; f'(x)=F"(-2)=-4—-6+(-2) = 8. llincraBuBiIn
3HAMJEH1 YMCJIOBI 3HAUYEHHA B PIBHAHHA JOTUYHOI, OTPUMYEMO:
y=8i(x+ 2) — 2, To6T0 Y = 62 + 14.

Bidnosgidv: y = 8x + 14.
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§ 2. [NoxigHa Ta Il 3aCToCyBaHHS

NMPUKNAA 2 3maiigiTh piBHAHHA AOoTUYHOI A0 rpadixka GyHKIiI

4
f{x)= x+4, AKIIO 1A AOTUYHA mapajiejibHa npaMmiit y = —2x + 4.
x_
Poszé’sszannsa. Maemo:
F' (xx) = (x+4) (x—-4)-(x-4) (x+4) (x-4)—(x+4) 8
(x—4)° (x —4)° (x-4)"

SAKnoio goruyHa mapajenbHa IpAMiA y = —2x + 4, TO 11 KYyTOBUHA
Koe(diieHT £ nqopiBHIOE —2.
Ockinbru f'(x,) = k, e x, — abcuuca TOYKH JOTUKY IIYKAHOI

I
(x()“4)

npAMol-fo rpadika @pyHkruii f, To f' (x,) = =2, To6T0 —
SBiICH

(r, — a4y | DA% [%0=6
0 ’

X, —4=-2; | x,=2.
x+4
x—4

Orixe, Ha rpadiky GyHKILL f(x)= € IBlI TOYKH, AOTHUY-

Hl B AKUX IlapaJjieJibHl AaHiy IpAMIN.

I[Ipnu X, = 6 maemo: f (xo) = 9. Tonl piBHAHHA TOTUYHOI Ma€ BUTJISA/I
g =—=Zil% —0) a3 y==24x+ 1.

ITpu x, = 2 orpumyemo: [ (x,) = —3. Toal piBHAHHSA JOTUYHOI Mae
BT iy =2 (8 — 2) — 3 y =—2% + 1,

Bionosioy: y==2% + 17 1 y=-2% + 1.

NMPUKNAL 3 CxaaziTe piBHAHHA AOTHYHOI n0 rpadika GpyHKII
f(x) =—x*— bx — 6, axa NPOXOAUTH Yeped TouKy M (—1; —1).

Poszé’asannsa. 3ayBaxxumo, 1o f (—1) # —1. 3 1poro Bumiusae,
1o Touka M (—1; —1) e Hamexkurth rpadiky bysxmii f.

Hexait A (x; f (x,)) — ToUuKa JOTUKY IIyKaHOI mpsAMOI 10 rpadika
dyrkuii f. Ockimeknm f (x,) = —x; — 5x, — 61 f'(x,) = —2x, — 5, TO
PIBHAHHA JOTUYHOl MA€ BUTJIAN

y=(-2x,—-9)(x—x,) +(—x§ —~D%, —6).

YpaxyBaBIiu, 1110 KoopauHaTtu Touku M(—1; —1) 3a10BOILHAIOTH

OTpPUMAaHe PIBHAHHA, MAEMO:

~1=(-2x, - 5) (-1-x,) +(—x2 —5x, - 6).

SBi/ICH, POBKPUBIIM AY)KKHU 1 PO3B’sA3aBIIM KBaJpaTHe PIBHAHHA,
orpumaemo x, = 0 abo x, = —2. Takum unHOM, Yepes3 TOYKY M mpoxo-
OATH ABL goTwuHi 1o rpadika pyskmii f:y=-5x—-6iy=—x — 2.

Bionoeidv:; y =—5x — 6, y= —x — 2.
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11. PIBHAHHA JOTUYHOI

Y OyHKTLI 3 BU O3HAMOMMJIMCSA 3 METOAOM IIpocTol irepamil aasa
HAOJHMIKEHOro Po3B’A3YBaHHA PiBHAHBL. Marepian mporo NyHKTY JI0-
3BOJIFE PO3TJIAHYTH IIle OOUH IIPUMOM IIOIIYVKY HaOJIMKEeHUX 3HAUYCHb
KOPEeH1B PIBHAHbD.

Poarnsuemo piBHAHHEA [ (x) =0, 1e pyskuia [ mae Ha R Henmepeps-
gy noxigay f', BiamMiamy Bix Hyas. [1na HaOJIUKEHOTO PO3B’A3yBAHHA
piBEHAHHA [ (x)=0 B MaTeMaTuIl BUKOPUCTOBYIOTH TaK 3BAHUMN METO[

poTHYHMX. P0o3B’A3y10uM piBHAHHA IIUM METOAOM, CIIOYATKY O0MpaioTh
IOBibHE YHCIO X, (ImoyaTKoBe Ha- ik

OaMIKeHHs). ¥ TOYIi 3 abCHuCco0 X, y = f(x)
no rpadika GyHKILI [ IPpOBOAATE JIO-
rudHy (puc. 11.2). Touky mnepeTuny
miel JOTHYHOI 3 Biccio abcuuc mo3Ha-
4alTh X, 1 HOBTOPHIOTH OIMNCAHY

IIPOLIeAYPY: ¥ TOUIIl 3 abCMUCO0 X, OO

rpadika (pyHKIII [ TPOBOAATH JOTUY-
HY 1 Tak gajl. Takum 4yuHOM OYAVIOTH
IOCHILOBHICTE HAOMUKEeHb (X, ).

a x4 x3
Puc. 11.2

3HaIeMO po3paxyHKOBI (pOopMyau s MEeTOAYy HOTUYHUX. PiB-
HAHHS JOTUYHOI A0 rpadika GyHKII [ y Toyni 3 abcuucoi X, Mae
BUTJIA]L

y=f"(x,)(x—x,)+f(x,).
3 piBrocTi O0=f"(x )(x—x,)+f(x,) 3BalAEMO TOUKY NEpPETUHY
f(x,)
Flix,)

KOKHUHM HACTYIHHY YJIeH IOCJIILOBHOCTI HAOIM¥XeHb (X, ) IIyKaTh

OOTHUYHOI 3 Biccioo abcuuc. Maemo x=x, — TakumM 4YMHOM,

3a hOpMYJIOIO
1(x,)
v )

n+1

(2)

Axmo mobynoBaHa moOcCaifOBHICTE (X,) BUABUTHCH 301KHOIO,
To 11 rpanune Oyne Kopiub piBHAHHA [ (x)=0. CopaBzi, nepeigemo
mo rpanuni B piBHOCTi (2). fAxmo limx =a, TO limx, 6 =a.

1 —> %0 n— 0
. ; x
Kpim 1mporo, 3 HemepepBHOCTI (pyHKILi] y--x—;,(( )) BUIIJINBAE,
X
. f(x,) f(a) : o
mo lim| x, — =qa-— . Takum ymHOM, MAa€ MicIle PiBHICTH

n—» % f'(xn) f'(a)
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§ 2. NoxigHa Ta 11 3aCTOCYBaHHA

[ (a)
f'(a)

piBHaAHHEA [ (x)=0.

a=a- . 3Bigcu f (a)=0, TobTO IOBEIEHO, III0 UMCJIO d € KOPEHEM

I[IpomoB:KyIOUHM BUBYATH IEeW METOA Y BUIIOMY HaBYaAJIbHOMY
3aKJiazi, B O3HAMOMHTECh 3 YMOBaAMH, AKI rapaHTyOTh 301KHICTH
11o0y0BaHol MOCAiZOBHOCTL (X, ), & TAKOMX JO3BOJIAIOTH OIIHUTH Pi3-
HULIO | X, —a |.

IToxaxxeMo, AK IIpaIlo€ I[ed MEeTOJ IIPHU PO3B’sAi3yBaHHI BXKe PO3-
IISHYTOrO B NYHKTI 3 piBHAHHA Xx-—cosx =0 (Haragaemo, 1o Ie
PiBHSAHHA Mae e€aumHHUUA Kopib a = 0,7390851332...). Ilokmaxgemo

f(x)=x-cosx, x€ [0; g} Toni f'(x)=1+sin x. Iusa dysruii f dop-

MmyJa (2) HabyBae BUTIIALY
X —COSX
- n n
xn gy TF xn - . .
l+sinzx,

Hexan x, =0. BukopucroByo4umu MeTOJ JOTUYHHUX, MAEMO:

0—-cosO
Xy, =U— . ek
1+sin 0
x, =1-27%1 _ 0 7503638678...,
1+sinl
X, =%, — 278 _0,7391128909...,
1+sin x,
X, =x, ——4"""% _0,7390851333... .
1+s8in x;

Ax 6aummo, yike I’ ATHIH YjIeH MOCIiLOBHOCTI Ma€ [eB’ATh HeCHAT-
KOBHMX 3HAKIB ITiCJA KOMM, AK1 30iraroTbCsa 3 BIANNOBIAHUMU JAECATKO-
BUMM 3Hakamu KopeHda a = 0,7390851332... piBHAHHA COS X = X.

¥Y3araji, MOXXKHa IIOKasaTH, 110 mobygoBaHA IIOCHIAOBHICTE (X, )

€ 3019KHOIO0 1 B KOKHOMY HACTYIIHOMY YJI€H1 ITIOCJI1JOBHOCTL K1JIBKICTH
IIPaBUJIbHUX JNECATKOBUX 3HAKIB 3pOCTa€ B pasu.

l Bnpasn

11.1." Ckaazgite piBHAHHSA AOTHUYHOI no rpadika GyHKOilI f y TOU-
i 3 abCUMCOI0 X, AKIIO:
D) =% 8%, &,=13 D f ) ="~ 27, %, =2
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11. PIBHAHHS OOTUYHOI

1 1 T T
3) f(x)_';a xo——z", 7) f(x)-tg(x—Z), xo‘—'é',
4) f(x)=4Vx-3, x,=9; 8) [(x)=—0 %, =2
X+
o) f (x) =sin x, x, = 0; 9) f(x)=v2x+5, x, = 2.

6) f (x) = cos x, x, = 7;

11.2." CranagiTes piBHAHHA moruuHol mo rpadika GyHKHii f y Tou-
11l 3 abciucoro X, AKIIO:

1) f (x) = 2x° — 3x, x, = 1; 8) f(x)=ctg (x+§), X, =——72£;
2)f(x)=0,5x>—2x + 2, x,=0;  6) f(x)=v4x>+3x, x, = —1;
2
-4
3) f (x) =cos x, x, = 12[- 7) f(x)=xx_2x, x, = 3.
4) f (x) =sin x, x, 5;,

11.3." SanunriThk piBHAHHSA JOTUYHOIL A0 rpadika gasol (pyHKIIl B TOU-
11 IOT0 MepeTuHY 3 BICCIO OpAMHAT:

1) f (x) = x* — 3x — 8; 2) f(x)= cos(g-—g)

11.4." Banumire piBHAHHEA JOTUYHOI 10 rpadika gaHol pyHKIii B TOU-
IIi ioro nmepeTuHy 3 BICCIO OpPAUHAT:

4
11.5." CxuaniTe piBHAHHSA HoTUYHOI o rpadika yHKIII f y ToUIll
Oro IIepeTuHy 3 Bicclo abcijuc:

1) f (x) = 2x° — bx + 2; 2) f(x):sin(3x--’fJ.

1y £(x) = Bx® = 1; 9 FlE)=d—r,

X
11.6." CknaziTe piBHAHHA AOTHYHOIL 10 rpadika pyHKHiI [y Toqm

JIOro ImepeTuHy 3 Biccio abciuc:

X — 1

l)f(x)"x — 2) f (x) = 8x — x°.

11.7.° 3HaiAiTh KOOPAMHATH TOYKY napaboau y = 2x° — x + 1, y akii
NOTHYHA A0 Hel mapaJjiejibHa npaMmiu y = Tx — 8.

: : : 1
11.8." ¥V axux Touykax HOTHYHI 10 rpadika GyHKII y=— napajieib-

Hi npami y = —x? =
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§ 2. [NoxinHa Ta ii 3acTocyBaHHs

11.9." Ilo rpadika dyurmii f (x) = 2 sin x + 3 cos x nposeneno IIO-
: T 371:
THYHL B TOYKaX 3 abcuucamu x, =— i x, =

> . JIKe B3aemMHe poa-

MIIIEHHSA IUX TOTHYHUX?

11.10." Braiigite Taky TOYKY rpaika @yskKuii f, mo nposenesa B in

TOYI1 IOTUYHA YTBOPIOE 3 HONATHUM HaIpAMoOM oci abeiuce KyT o,
AKIIO:

1) f(x)=x"— Tx + 3, o = 45° 3) f(x)=V3x+2, o = 45°:

2)f(x)=-82"+2\32-2,a=60%  4) f(x)- “;, o = 135°.
x o
11.11.° 3H8.H111Tb TaKy TOYRY rpadika pysknii f, uio nposexena B miit

TOYIl JOTUYHA YTBOPIOE 3 JOAATHUM HaIIPAMOM oci abcuuc KyT a,
AKINO:

3
1) f(x)=\/—3-x—x?, a = 60°;
2)f(x)=x"~-2x+x -1, a = 45°,

11.12." [TosexiTe, 110 OyIb-iKa MOTWYHA 10 rpadika Gyukii f yreo-
PIO€ TYIIMH KYT 3 JOZATHUM HAIPSIMOM OCi aﬁcnnc

1) f(x)=6 - x - x° 2) f(x)= —
x ——
11.13." ToBexiTs, 110 Oyab-AKa JOTUYHA [0 rpagika dyskuii f yreo-
PIOE€ TOCTPUH KYT 3 JOZATHUM HAIIPSAMOM OCi abecruc:

1) f(x) = x°> + 2x — 8: 2) f(x)——
==
11.14." 3naiigiTe piBHAHHS I‘OpI/ISOHTaJIbHPlx AOTHYHUX 1m0 rpadika
byHKIII:
1) f (x) = 2° - 3x + 1: 2) f(x)=%x4—4x2+1.

11.15.7 Buadigite pisggaus POPUBOHTANBHUX NOTUYHUX 10 Ipadika
1
byHKIil f(x)= §x3 -x° —3x+4.

11 16." Cxnazgite piBHAHHSA TOTHYHOI 10 rpadika pyHKIEL:

1) f(x)=x*- 90X, AKIIO IIA TOTHYHA napajeabHa IPAMiHd y = —x;
2) f(2)= x——z, AKINO IIA JOTHYHA NapaJielbHa NpaAMif y = 3x;

3) f () =2x° + 8x% — 10x — 1, AKIO 1A xoTMuYHA mapasenabHA
opsamin y = 2x + 1.
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11. PIBHAHHA OOTUYHOI

11.17." CknaziTe piBEAHHA HOTHUYHOI 10 rpadika pyHKIii:
1) f (x) = 3x*> + 5x + 3, AKIIO 1A AOTWYHA TIapajieIbHA IPAMii
I =—¥% + 8;

2) T(2)= Jx, AKIIO A JOTUYHA IIapajesibHa NPAMIHA y = X.

11.18." YecrasoBiTh, uM € npsama y = 12x — 10 goruuroio no rpadika
dyuakii f (x) = 4x°. V pasi mosuruBHOI BifmoBigi BKaXkKiTH abeiucy
TOYKH JOTHUKY.

11.19.” YcrasoBiTh, YU € IIPAMA Y = X JOTUYHOIO A0 rpadika QyHKILI]
y = sin x. ¥ pasi mMo3UTHUBHOI BiANIOBiJl BKaMXITh abCIUCY TOUKU

IOTHUKY.

. . 1 1 )
11.20. YcranoBiTh, Y1 € mnpaAMa y=—X+— AOTUYHOK A0 rpapika

2 2
byHKIIII y=\/; . ¥ pasi mo3uTHBHOI BiAIIOBi/l BKaXX1Th abciiucy

TOYKU JOTHUKY.

11.21." O6uymciiTh MIOMIY TPUKYTHHUKA, YTBOPEHOI'0 OCAMHU KOOP-
AUHAT i foTMuHOIO 1m0 rpadika dyHKIII f (x) = x°— 4 y Toumi
R 10163887%(610) 0 X, = =2.

11.22." O6uucaiTs IJIOIIY TPUKYTHHUKA, YTBOPEHOI'O OCAMH KOOP-
AWHAT i JOTHYHOIO no rpadika pyurmii f (x) =x° + x> — 6x + 1
y TOYIll 3 abCcIucoro X, = 1

11.23." 3gaiaiTs IOy TPUKYTHUKA, YTBOPEHOIO NIPAMOI i = 2 — X,
Biccro abcmuc i JoTMuYHOIO Ko napabonur y = 1 + 2x — x° y Toumni ii
IIepeTUuHY 3 BICCIO OPAUHAT.

11.24." 3gaiiniTes 0I01My TPUKYTHUKA, 0OMEXeHOro BiCCio X, IIPAMOIO
x = 4 i goruuHOo0 10 rpadirka dyskuii f (x) = x° — 2x + 4 y TOU-
i 3 abCIuco0 X = 4.

11.25." Bacunp 3anayTadko MHIYKae AOTUYHY 0 rpadixka (QyHKIIII
[ (x)=38x—-1+sinx yrTouni x, =0. Ockineku lim sin x =0, To 6114

x—0

Touku X, =0 rpadik Gy=HKIIl [ HOBOAUTHCA Malxke TaK CaMmo,
Ak 1 rpadik ninieol GyHrnii y=3x—-1. Tomy npama y=3x-1

e JOTUYHOIO A0 rpagdika pyHkuil f y Touni x, =0. Yu moromxy-
eTecd BU 3 MipKyBanHaMu Bacuna?

11.26." Ha rpadiry dyHKIII [ (x)= —J2x+1 3HalgiTH TOYKY, JOTHUY-
Ha B AKi¥ nepneHAUKYJIApPHA A0 upamol y — 2x + 1 = 0.

11.27." Yy icuyiors goTuuHi 1o rpadika dyerLii f (x) = x° + 2x — 1,
K1 IepneHAuKYJAAPHL IpAMIid y = —x7?
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§ 2. [NoxifHa Ta 11 3aCToCyBaHHS

11.28.” Ilpu axux 3Ha4YeHHAX b i ¢ mapabona y = x° + bx + ¢ goTu-
KAeThCs 10 npAMol y = 4x + 1 y Touni 8 abenucorw x, = 17

11.29.” Tlpu saxux 3HaYeHHAX a i b npama y = Tx — 2 HOTHKaETHCH
no mapabonu y = ax® + bx + 1 y Touni A (1; 5)?

11.30.” ITapaboJsia 3 BepIIMHOIO Ha OCi X JOTUKAETHCS 10 IPAMOI, AKa
npoxoauTs yepes Touku A (1; 2) 1 B (2; 4), v Touni B. 3HauIiTh
PiBHAHHSA napadoJin.

11.31." BanumriTes piBHAHHA AOTHYHOI A0 rpadika GyskrIiil f(x)=

5
=—2x" +1, AKIIO 1A JOTUYHA IPOXOAUTH uepe3 TouKy M (—Z; 17)-

11.32.” 3anmmits piBHAHHEA ZoTHYHOI 10 rpadika dhyHKNI f (x) =2x° + 2,
AKIIO UA JOTUYHA IIPOXOAUTE Yyepeld Touky M (0; —2).
4x -1
X

BECTHU JOTHUYHY, 100 I JOTHUYHA NPOXOAUJIa yepeld IIOYaTOK KO-
opAuHAT?

11.33.”" V¥V skiit rouni rpadika dpysrmii f(x)= IOTPiOHO IIpo-

o - : ; 3 :
11.34.7 ¥V axiit Touni rpapika yHKIiI y=x+— HOTPiGHO IIPOBECTH
%

OIOTUYHY, 1100 114 JOTUYHA IepeTHYyJIa Bick opauHaT y Toulll (0; 6)?
11.35."” ®dyuKuia g € o6epHEHOIO 10 QyHKIIT [ (x)=x"+3x—1. Craa-
IiTh PIBHAHHSA JOTHUYHOI A0 rpadika GyHKII & y Touli 3 abcIucoro
X, =8.
11.36.” ®dynkuisa g € obepreHoo 10 byHKIII f(x)=x*+6x+5. Ckia-
IiTh PIBHAHHSA JOTUYHOI 10 rpadika (hyHKII] & v Toulll 3 a0CIIMCOI0

[ 4
y=x,
11.37.” CkinbsKku po3B’A3KiB Mae cucrema - 5 3aJIEeKHO
y+ 8=al| x+ Z
BiJl 3BHAUYEHHA mapaMerpa a? “
F 3
y=x,

3aJIeXHO Bl

11.38.” Cxinpku po3s’A3KiB Mae cucTeMa +
: y=ax+a-9

3HaYeHHs napamerpa a?

11.39.” IIBi nmeprneHaUKYyIApHiI goTudHi g0 rpadika dysruii f(x)=

1 : ;
=3 - —x° mepeTWHAIOTHCA B TOUYIl A, AKa HAJEKUTH OCi OPAMHAT.

2
SHAUJITh KOOPJAUHATH TOUKHU A.
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11. PIBHAHHA OOTUYHOI

Rl . . . 1 5
11.40." [IBl nepueHAUKYIAPHI JOTAYH] 0 rpadika QyHKII y = . - £

IIePpeTUHAIOTHCA B TOUIll A, KA HAJEMKHUTH OCl OpAUHAT. SHAUIITH
KOOPAMHATH TOUKM A.

11.41." Bmangites audepennirioBay Ha R ¢yaKmio f raky, 1110
f(x)=x—1§ oJIdg BC1X Xx €(—0; 2).

11.42.7 3uangirtes gudepeHniiopay Ha R dyHKUiO f Taky, 10
f(x)=\/3x—5 IS BCixX X €[3;+0).

11.43.” Ilpu sKux 3HaAYEeHHAX a IpAMa Yy = ax + 1 € JOTUYHOI 10
rpadika pyskmil f(x)= Jdx+1?

11.44." Ilpu aKuXx 3HAYEHHAX a IpsAMa y = 2x + @ € JOTUYHOIO [0
rpadika pysrIii f(x)= Jdx—1?

11.45.”° 3HaigiTh pPiBHAHHS CHIJBHOIL JOTUYHOIL 10 rpadikiB QyHKILIN
f(x)=x*-2x+5ig(x)=x*+2x— 11.

11.46.7 3HaugiTh PIBHAHHSA CIILJIBHOI JOTHUYHOI 0 rpadikiB QyHKIiN
f(x)=x*+4x +81ig(x)=x°+ 8x + 4.

11.47.* Ha xoopauHaTHIM miaomiumHi 3o00pakeHo rpadik (GyHKILi]

k
f(x)=—, Ha AKOMY MHO3HAUEHO TOYKY A. 3a JOIOMOTO0I IUPKY-
2

JIA 1 JiHIRKKY no0yayiTe JoTUYHY A0 rpadika GyHKINL [y Toull A.
11.48.* Ha xoopamHaATHIN NIJOHMIMHI 300paxkeHo rpadik GyHKILi]
f (x) = ax®, Ha AKOMY ITO3HAYEHO TOYKY A. 3a JOIOMOIoI0 IIUPKY-
Jd 1 JiHiAKKM nobyayiTe ZoTHYHY 10 rpadika GyHKIIL [y Toui A.
11.49.* 3HaigiTh piBHAHHSA IIPAMOI, SKa MNOTHKAEThCA OO0 rpadika
byurmii f(x)=x"'-2x*+x*>+x—-1 y gBOX TOUKaX.

11.50.% Hexain P — MHOTOYJIeH cTeneHaA n 1 A — TOYKa Ha KOOPAH-
HaTHIN njaomuHi. [oBenaitrs, 1m0 icHye He Oiablne HiXK n IpAMHUX,
SIK1 IPOXOAATh Yepe3 TOUKY A 1 JOTUKAIOTHCA 10 rpadika MHOIO-
yjneHa P.

11.51.* IIpo nudepenniiioBny Ha R ¢yHKIIiO f BifoMO, 1110 BOHA B pa-
IIIOHAJBHUX TOUKaX HaOyBae palnioHaJlbHUX 3HAYEHb, 4 B 1ppaIliio-
HAJIbHUX — ippanioHanbHuX. Y 000B’A3K0BO rpadikom GyHRIIII [
e npsama?

11.52.*% o rpadika dyHKILI / vy Touli A mpoBeneHo notuuny. I'padik
(hyHKIil & oTpuMaHo 3 rpadika GyHKII f y pesyabrari nmepeTBo-
PEHHSA PYyXy, a Touka B € obpasdom Touku A. Hu 060B’A3KOBO B TOU-
11i B g0 rpadika GyHKIII £ MOXKHA IPOBECTU JOTUUYHY?
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§ 2. [loxigHa Ta 11 3aCTOCyBaHHS

(" # Teopemun @epma, Ponns, narpaHaw

¥
i

i

-

PosrnsaneMo QyHKIiO f1 Taky TOYKy X, iHTepsany (a; b), mo
max f (x)=f(x,) (puc. 12.1, a). Ha pucynry 12.1, 6 300pakeHO

[a;b]

rpadik GyHKOII & TaKkol, 110 llmbrll g(x)=g(x,).

. Q

-L-----—--»
<
..-..--.-..---»

Puc. 12.1

Hexay dyuknii f 1 g nudepeHIiioBH]L B TOYI X, Toxi mo rpadikis
IUX PYHKIIN ¥ TOYIL 3 aOCIUCOIC X, MOYKHA IIPOBECTH AOTUYHI. 3 Ha-
OYHUX MIPKYBaHb O4EBUIHO, IO Il JOTUYHI OYAYTH FOPU3OHTAIBHUMU
npAMUMHA. OCKLJIBKKM KYTOBHUU Koe(dil[l€eHT rOpH30HTAJIBHOI IPAMOIL
fopiBHIOE HyIO, TO f'(x,) =01 g" (x,) = 0.

I1el1 BUCHOBOK MOJKHA IIPOLJIIOCTPYBATH 3a JIOIIOMOI'OK MeXaHiuHOI
iIHTepnpeTamii.

AKIIo marepialbHA TOYKA PYXAETHCA IO KOOPAUHATHIN NpAMIN
3a 3aKOHOM Yy = 8 (t), tela;b],1 dyuruia y = s (f) HabyBae B ToUIIi
t, €(a;b) mambinpmoro (HaMMeHIIIOI0) 3HAYEHHdA, TO I O3HAYae,

10 B MOMEHT 4Yacy f, MaTepiajJbHa TOYKA 3MIiHIOE HANPAM PyXy Ha
IIPOTHJICKHUM. 3PO3YMLJIO, III0 B IleM MOMEHT Jacy IIBUAKICTH MaTe-
plaJbHOI TOYKHU [OPIBHIOE HYJIIO, TOOTO U (%,) = 8" (¢,) = 0.

OTrpuMaHi BUCHOBKM HiATBEPIKYE TaKa TeopeMa.

Teopema 12.1 (Teopema ®Pepma). Hexal ¢pynxuisa f, eu-
3Havwena na npomixky [a; b], y mouyi x, € (a; b) nabyeae c6020
Haumernuw o020 (Haubinvuwozo) 3anavenna. Axuwo ¢pynryia [ € duge-
Penyitosnoro 6 mouwyi x, mo ' (x,)) = 0.

HfoeedeHHsa. Po3riisHeMO BUIIAJI0OK, KOJIU r[mbrll f(x)=F(x,) (BH-

MajgoK I[neg( [(x)=f(x,) posraanamTb aHAJIOTIYHO).
a;

Hexai x € [a; b], Toni Af = f(x) — f(x,) 2 0. dxmo Ax =x — x,> 0
Af Af

(puc. 12.2), o —20. 3Bigcu lim —=0.
Ax Ax =0+ Ax

124




12. Teopemu @epma, Ponns, JlarpaHxa

Af(x)'[.“x,y“./ Af(x) == '
: o Ax
_:‘.--’-___ Axn I b - ——— = —
@ ®, ¥ b % a xx, b x
Puc. 12.2 Pre. 12.8
Af . . Af
Axmo Ax < 0 (puc. 12.3), To —<0. 3Bigcu lim —<0.
Ax Ax=0- Ax
Ockinpkm GyHKIisA [ € nudepeHIinOBHOI B TOYNl X,, TO iCHYE
7 . oo AT o Bf ... AF .
rpagung lim —. Toxi 0< lim —=Ilim —= lim —<0. 3sigcm
Ax—>0 Ax Ax -0+ Ay Ax -0 Ay Ax—0- Ay
. A
lim 2 =0, To6ro £ (x,) = 0. A
Ax =0 Ax

Ha pucysky 12.4 300paxkeno rpadik ¢pyHKIiI f, HenmepepBHOI Ha
Bigpisky [a;b] 1 mudepernniitioBHol Ha iHTepBatai (a; b). ®ysKIiA [
y TouKax a 1 b HabyBae OJHAKOBUX 3HAYEHb.

e
e

i |
| 2 i i
el ——— - - -

f |

E RN

: | 1 |
--,——J----.J-----L-’
la %, bx

a

Puc. 12.4

3 PUCYHKa BUJHO: iCHY€ IIOHANMEHIIIe OJHA TAKA TOYKA X, € (a; b),
10 AOTHUYHA A0 rpadika B TOYIl 3 aOCHUCOI0 X, € TOPU3OHTAIHHOIO
npamow, Tooro f'(x,) = 0.

I1eit BHCHOBOK MOXKHA IPOLJTIOCTPYBATH 32 JOIIOMOIOI MeXaHI4HO1
iIHTepnpeTail.

Ao marepiasbHa TOYKA PYXAEThCA IO KOOPAMHATHIN NPAMIA
3a 3akoHOM Yy = 8§ (t), t € [a; b], To piBHicTE $ (a) = s (b) o3Hauae,
IIJ0 B MOMEHT 4acy ¢ = b MmarepianbHa TOUKAa MOBEPHYJIACA B IIOYaTKO-
Be 1moJyiovKeHHA. OToKe, y [esIKUNA MOMEHT 4acy ¢, € (a; b) BoHa 3MiHMTIa
HAIIPAM PYyXy Ha OpoTWJIeKHUM, To0TO U (1) = 8" (f,) = 0.

OTpuMaHi BUCHOBKH ITiITBEP/’KYE TaKa TeopeMa.

Teopema 12.2 (reopema Poaansn). Axwo pyuruyia f nene-
pepsna Ha 6i0pi3ky |a; b] i dugpepenyiiosna na inmepeani (a; b),
npuwomy f (a) = f (b), mo icnye maxa mouka x, € (a; b), wo f' (x,) = 0.
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§ 2. [loxiaHa 1a |1 3aCTOCyBaHHA

HosedenHa. OckinbKM (DYHKIIIA HenepepBHA Ha BiApisky [a; b],
TO 3a APYyromo Teopemor Beuepuirpacca Ha Biapisry [a; b] icHyOTH
TaKl 3HAYEHHA apryMeHTy, Npu AKuX pyHKIIA [ gocarae ¢cBOiX HaH-
O1JBIIIOr0 Ta HAMMEHIIIOr0 3HaueHb. |HIIUMMU CJIOBAMH, ICHYVIOTh TakKi

yucnaa m i M, uio 1[111b1]1 f(x)=m, 1}123{ f(x)=M. Toai gns OyAL-IKOTO
as as;

x € [a; b] BUKOHy€ETHCA HepiBHiCTE m < [ (x) < M.

Arxmo m = M, To GyHKILA [ € KOHCTAHTOIO Ha TPOMiXKKY [a; b].
Orxe, ' (x) = 0 gna oyas-sikoro x € (a; b).

Posransaemo Bunagok, koam m # M. Toxi dyHKIig f He MoXKe HaA
OLHOMY KI1HII1 BiZpi3Ka [a; b] HabyBaTu HAUOIILIIIOTO 3HAYEHHS, a HA
1IHIoMy — HauMmenmoro. Cnpasni, [ (a) = f (b), a m # M. Orxke, icHYE
TaKa TouKa X, € (a; b), mo GyHKIiA B 1ii Touni HadyBa€e CBOro Hau-
oinpimoro abo HamMeHuioro 3HadeHHsa. Ockinbku dbyaKOisa [ aude-
PEeHIIMOBHA B TOYIl X,, TO 3a Teopemoro Pepma [’ (x,) = 0. A

O—w3AJAYA [TudepernniiioBra Ha R dyexnia f mae n mynis. [o-
BeJiTh, 10 PyHKIIA [ Mae He MeHIne HiXK n — 1 HYJIIB.
s : o . .- we
Posé’azanna. Hexann x, <x,<...<x, — Byl ¢ysknii f. Ha
KOXXHOMY 3 (n—1) BigpiskiB [x;; x, ,] dyHKOia [ 3ag0BonbHAE BCl
ymoBu Teopemu Posis. Tomy Ha KOXKHOMY 3 iHTepBaIiB (X5 X,,,)

€ NIOHAKMMEeHIe OOMH HYyJab QYHKIIL f. @

NMPUKNALA 1 Pisusuuaa x* + ax® + bx® + ¢ = 0 Mmae yoTUpH DPiZHUX

- . : 9. B2
miticHux KopeHni. [loBexiTs, 1mo a’ > ?b.

Pos3eé’'a3annsa. IlodHauumo 1By YaCTUHY JAaHOTO PIBHAHHSA yepes
f (x). 3a ymoBow piBHAHHA [ (x) = 0 Mae yorupu pidHUX AIACHUX
KopeHi. Toal 3a ZOIIOMOT0I0 KJIIOYOBOI 3a/1a4l OO IIYHKTY BCTAHOB-

@pasly3bKUN MaTeMaTHK, ujaeH Ila-
pPU3BKOl akageMil HayK.

OcuHoBH1 mnpall DpucBAYeHl MeTozam
YU CEJIBHOIO PO3B’A3YBaHHA PiBHAHB. Dljb-
micTs HaykKoBux 3700yTkiB M. Poiisa He
Oynu moMideHi 3a MOro KUTTHA; 1X OIIHUJIUA
3HAYHO IT13HIIIIe.

Mimens Ponap
(1652—-1719)
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JI0EMO, 110 piBHAHHSA [’ (x) = 0, To6TO piBHAHHA 4x° + 3ax® + 2bx = 0,
Ma€ TPpH PisHMX AiNicHMX KopeHi. lle piBHAHHA Mae KopiHb x = 0.
Orike, KBagpaTHe PIBHAHHS 4x® + 3ax + 2b = 0 mae aBa pi3HUX I1H-
caux Kopeni. Moro muckpuminantr D = 9a” — 32b. Ockinsxu D > 0,

32
TO a2 >‘;b. ]

Ha pucysry 12.5 300paykeHo rpagdik YA
(hyHKII1I, HenepepBHOl Ha BiApi3Ky [a; b] £(b)
i mudepeHIiHOBHOI Ha iHTepBaJai (a; b).

IIpoBegemo npsamy AB. 3 TPUKYTHUKA
AM B M0O»XHa 3HaUTU KYTOBUM KOE@IIIEHT
BM _f()-f(a) (@)
AM b-a
3 PUCYHKa BHUAHO: Ha ny3i AB icHye Taka
royka C, mo goTuuyHa 10 rpadika B Iiu
TOUYIl mapaJiejbHa npamiu AB.

Kyrosuii koedimient f'(x,) miel Z0TMYHOI NOPIBHIOE KYTOBOMY
KoedinieHty npamol AB, To0TO iCHye Taka ToukKa X, €(a;b), 1o

’ f(b) i f (Cl)
f (xo): .
b—a
Ileit BUCHOBOK 1/IIOCTPYE TAKOXK MeXaHIlUuHA 1HTeplnpeTalls.
AKnio marepiajbHa TOYKA PYXAETHCA 110 KOOPAUHATHIN IIPAMIN 3a
3aKOHOM Uy = S (1), t € [a; b], TO cepeHsa IIBUAKICTH PYXY JOPIBHIOE

~ s(b)—s(a)
cep b—a
3po3yMiJio, 110 IiJ Yac PyXy € Takui MoMeHT t, € (a; b), Konu

MHUTTEBA HIBHAKICTH HOPIBHIOE cepeaHiN, TOOTO
s(b)-s(a)
b—-a

el nmpamoi: tg £ BAM =

v(to):s’(to):

OrpuMaHi BUCHOBKU IIIATBEPAKYE Taka TeopeMa.

Teopema 12.3 (Tteopema Jlarpamxa). Axuwo pynryia f ne-
nepepéna Ha 6i0pi3ky [a; b] i dugepenyitioena na inmepeani (a; b),
mo ichy€ maxka moika x, € (a; b), wo

' (b) o (a‘)
f (xo) = f f .
b-a
IH[oeedenna. PoariisineMo nonomixkHy GyHKIio g (x) = f (x) — Ax,
oe A= f (b; . (a). Jlerko mepeBipuTHu (3p0o0iTH Ie CAMOCTINHO), IO
==/
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§ 2. NoxigHa Ta 11 3aCTOCYBaHHSA

g (a) = g (b). Tenep oueBHHO, 1110 PYHKIIA £ 3aJ0BOJILHIE BCl YMO-
B Teopemu Pous.

Takum uuHOM, icHye Touka x, € (a; b) taka, mo g' (x,) = 0.
Ockinbku g' (x) = f'(x) — A, 7o ' (x,) — A = 0. 3Bincu

(b)-1 (a) A

b—-a

f’(xo)-—-f

3ayBasKUMoO, II[0 TeopeMma JlarpaH;ka € y3arajbHEHHSM TeOpeMH
Ponna. Capasai, axkmo f (a) = f (b), To 3a Teopemoio Jlarpanixa

f(b)-1(a) _
b—-a
3BepHeMO yBary, mo reopemu Posg i Jlarpan)ka He BKa3yOTh, K

3HAUTHU TOUKY X, Borau nuine rapasTyioTh, 10 ICHYE TOYKA 3 II€BHOIO
BJIACTUBICTIO.

0.

f’(x0)=

: 1 | S |
NMPUKNAL 2 /losexiTes HepiBHICTE COS 5 COS - < =

Pozeé’'azanna. Ckopucraemocsa Teopemoro Jlarpanxka aua pyHK-

5 | .
il f (x) = cos x HaA BiAPi3KY [—;—}.

4 3
: 1 1 : 3. 3 1 1
Toxl cos——co8—==8INX, | =———|, e X, €| ——|
3 4 3 4 4 3
. 1 1 sinx
3BiZICH COS — —COS — = .
4 3 12
; ; 1 1 1 1
Ockinpkm sin x, <x, <—, TO COS——COS—<—. @
3 4 3 36

MpaHNy3bKUHU MaTeMaTHK, MeXaH1K
1 acTpoOHOM, npe3ugeHT bepyiHCBKOI
akajgemil Hayk, 4yjgeH Ilapuspkol aka-
nemii Hayk. OcHOBHI npani — y raayai
MaTeMaTHYHOI'0 aHaJ13y, BaplamiinHoro
YyHuCJeHHA, ajarebpm, Tteopll uuces, au-
hepeHNIMHUX PIBHAHb, MexaHiKu. Ka-
BaJiep opgeHa IlodyecHoro Jjeriony.

dHozed Jlyi Jlarpanx
(1736-1813)
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Bnpésu

12.1." Bigomo, mo dyHKIig f y Toui x, HabyBae HaibinpmIoro a6o
HaiimeHIIoro sHaueHHs. IlepeBipre piBHicTE f'(x,)=0, axmo:

1) f (x) = 2% x, = 0; 2) f (x) = sin x, xo-—-g.

12.2." Bigomo, mo GpyHKUig f y Toumi x, HabyBae HaWOLIBIIOrO abo
HaMeHIoro 3HaueHus. Ilepesipre pisricTs f'(x,)=0, axmio:

1 f &) = 65—t 20 2) f (x) = cos x, x,="n.

12.3." IIpoinrocTpyiiTe rpadiuno (306pasiTe rpadix dhyHKIil f) Take
TBEPJKEeHHA: A KOXHOIO 4yuciaa Xx,c€(a;b) icHye Taka Heme-
pepBHa Ha [a;b] i mudepenniioBna Ha (a;b) dyHKIia f, oo
f(@=7f®) i f'(x)=0 nume npu x=x,.

12.4." IIpoinmrocTpyiiTe rpadiuno (306pasiTe rpadik pyuxuii f) Taxe
TBEPYKEeHHA: IJIs KOXKHOIO yucia x, € (a;b) icHye Taka Helmepeps-

Ha Ha [a;b] 1 nudepenuiiiorHa Ha (a;b) byHKIia f, 1mo
f ()T (a)

{5y = : Junie Ipu X =X,.
—a
12.5.° 3anunriTs Teopemy Jlarpauska gaa dysakiii f 1 Bigpiska [1; 2].
Ha imTepsaui (1; 2) 3HaWAITH TaKy TOYKY X,, JJIA KOl BUKOHY-

erbedA piBaicTs f(2)-f (1) =f"(x,), axmo:

1) f (x) = x% 2) f(x)=-j;; 3) f(x)=sin .

12.6." 3anuniite Teopemy Jlarpan:ka nng pyskiii f 1 Bigpiska [1; 3].
Ha inrepsaui (1; 3) 3sHaUAITL TAKy TOYKY X,, AJIA AKOI BUKOHY-

f@)-f @)

€ThCA PIBHICTE =F"(2;), SRIMO?

2
1) f ) = %% 2) f(x)=+x; 3) f(x)=cos .
12.7." BukopucToByouu Teopemy @Pepma, H10BeIiTh, 1110 GYBKIiA [ He

HaOyBa€e B TOYIIl X, Hi HaMOIJIBIIOrOo, HI HAUMEHIIIOIO 3HAYeHHd,

AKIIO:

1) f(x)=x"+x+1, x,=-0,5;

2) f(x)=———x-=, D () =(1; 3), %, =2
l-x s

3) f(x)=sin x+cosx®, D (f)=[1; 2], x0=g-.
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§ 2. lNoxigHa Ta 11 3aCTOCYBaHHA

12.8." TosexniTe, mo dyukia f He HabyBae B Toumi x, Hi Ha#bGiabIIOrO,
H1 HAVMEHIIIOro 3Ha4YeHHdA, SKII0:
1) f(x)=(x*+6x+8)(x*+14x+48), x,=-3;
2 1
2) f(x)=—+x*+

X x+3

3) f(x)=cosx-sinx®, D (f) =[0; 2], x°=\/§'

12.9." ®yukuisa f, D (f)=|[a;b], senepepBHa Ha BiApisky [a; b] 1 au-
(epeniiosHa Ha imTepsasi (a;b), mpuuomy f'(x)#0 maa Bcix
x e(a;b). DoseniTs, mo hyaxuisa f € 060pOTHOIO.

- D (f) e (0; +OO)’ X :1;

12.10." ®dyuxnia f nudepennifiossa Ha Bigpisky [0;1], mpuuomy
f'(x)#1 pna Bcix x€[0;1]. Hosexite, mo f(1)#f(0)+1.

12.11." BuxkopucroByouu Teopemy JlarpaHa, HOBeIiTh HEPIBHICTH
nb-a)a" " '<b"-a"<nB-a)b" ', me0<a<b, neN,.

12.12." losexiTs HepiBHicTs — —2— < &x — oy < * Y neO<y<x,

n/nl n/n-
neN, n=2. e Gl

12.13." JloBeniTh HEPiBHICTH:
1) |[cosx—cosy |<|x—y];

T Tt T T
2) |[tgx—tgy|=2|x—-y| xe(-g;g), yE(——;—).
12.14. ToBeniTh HepiBHICTH:
1) |sinx-siny |<|x-y|;
2)|ctgx—ctgyl|=2|x—-y|, x € (0; n), y € (0; 7).

6 . |
12.15." loBeniTs, 1o sin ——sin — < —,
floser - 5) 6 60

0 4 1

12.16." IToBeniTe, 1mo tg——tg X >E

12.17." IIpo nncpepennmonny Ha [1;3] dyHKOio f Bigomo, 1110
f)=2, f(2)=3, f(3)=1. HoBeniTe iCHyBaHHA TAKOI'0 X,, IO
' (x,)=0.

12.18." ®yuknisa f azndepeniiioBaa Ha R. [[s1a 10BlIBHOI0O X JOBEAITH
icayBanHA Takoro ¢, mo f(x)=7(0)+xf (c).

sin x

12.19.” Hexant f(x)= . Ilnst moBinbHOTO X #(0 nMOBEniTH iCHYBaH-

x
Hs Takoro ¢, mo f(x)=1+xf"(c).
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12.20.” Hexa#t f(x)=xctgx. Ina mosimpHOro xe(0;7) mOBEmiTH
icHyBaHHSA Takoro ¢, mo f(x)=1+xf"(c).

12.21.”" Yucna a i b Taki, mo piBEHAHHA Sin x =ax +b mMae npuHaiMHi
IBa po3B’sA3Ku. [loBeniTs, 110 PIBHAHHA COSX=a Mae 0Oeaxiu
pPO3B’A3KiB.

12.22.” IlosenitTh, 110 piBEAHHEA X° + ax + b = 0 mae He Oiabiue HiX
TPY KOPEHI.

12.23.” Yucna a i b raki, mo piBEAHHESA tg x =ax+b Mae npunaiiMHi

: : T T , :
IBa PO3B’A3KM Ha iHTepBaJi (—E’Ej IloBeniTh, 110 PIBHAHHSA
1 : . .
cos X =— Mae€ 6e3J1iy po3B’sA3KiB.

5

12.24.” ®ynakiia f nudepennitioBaa Ha R. CkopucTaBIINChL TEOPEMOIO
Ponns pna dysxmil g(x)=f(x)sin x, moBeniTh, IO PiBHAHHSA

['(x)sinx + f(x)cosx =0 Mae npuHaMHI OJWH KOPiHb HA BiIpi3Ky
[0; m].

12.25.7 ®ysxnia [ pudepenniiiosaa sa R. loBexiTs, 110 piBHAHHA
["(x)=f(x)tg x ™mae mpuHAWMHI OOWUH KOPiHb Ha IPOMINXKY

(43

12.26.”" Bacuap 3aniayTaliko Xouye JOBECTH, IO IoxXigHa (MYHKILI
f(x)=|x| y rouni x, =0 mopisHioe Hymio. Bin mMipkye Tak. Ma-
emo: f (-1) =f (1). Tomy 3a Teopemoro Posnna icHye Touka x, €(—1;1)
Taka, mo [ (x,)=0. Asne Ba intepBani (0;1) Takoi Touku x, He
icaye, 60 Ha mpomy mpoMixkky f(x)=x i f'(x)=1. Tak camo
i1 semae Ha iHTepBani (-1;0). Buxoaure, mo x,=0. Orxe,
f'(x,)=7"(0)=0. Yu nmpaBuit Bacunp?

12.27.* Yu icaye Taka qudepeniiriossa Ha R dyuaxnia f, mo f'(x) =1
g Beix x>0 i f'(x)<—-1 gaa sBcix x<07?
a, a

12.28.% JloBeniTh, IO KOJH ao+?+...+ :1: , TO PIBHAHHSA
n

2 w o
a, + a,x + a,x” + ...+ anx" = (0 mae mioHaMeHIlle ONUH KOPiHb.

12.29.* TosexmiTh, 1m0 IpU OYAB-AKUX TiHCHUX a,a, ..., @ DIBHAHHA
a cosnx+a  cos(n—1)x+ ..+ a, cos x = () mae IoHaiMeH-
I11e OAWH KOP1Hb.
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12.30.* HarypanbHe 4YHCJIO 1 He € TOUHUM KBaapartom. JloBeaiTs, 110

1 .
{\/—r; } > , JIe yepes {a} mos3HauyeHO APOOOBY 4ACTHUHY UYHCJIA d.

2Jn

12.31.* IlocaigoBricTs (x,) 3amoBoJbHAE yMmoBU: X, € [0;1] i
xX,,,=cosx, nuda Bcix n € N, JloBeaiTs 30i’KHICTh I[1€1 ITOCIINOB-

n

HOCTI.
12.32.* Oyukuia [ gudepeHuinoBHa Ha Biapisky [—2;2]. HoBemiTsb
f(x)
.. 1+f* (x)
12.33.* IIpo nudepenuitosny Ha [1; 3] dyuknio f Bigomo, mio f(1)=2,

21,

ICHyYBaHHA TAKOro 3Ha4YeHHA x €[-2;2], mo

f(2)=3, f(3)=1. Ina noBijgbpHOro ac [—%; 1:| IOBENiTH iICHYBaH-

HA Takoro x € [1; 3], mo f'(x)=a.
12.34.* TIpo gudepenuiitosry Ha [1; 3] dyukiio f Bizomo, mo f (1) =2,

f(2)=3, f(3)=1. Ilnsa noBiabHOIro a < [—2; - %J IOBEIITh iCHYBaH-

HA Takoro x € [1; 3], mo f'(x)=a.
12.35.* ®ynkuia [ gudepenniriopaa wa [0;1], f(0)=01i f(x)>0
ninsa Beix xe€(0;1). IHoBexpith icHyBaHHs Takoro xe(0;1), o

f(x)<f'(x).

Dgell

HKWIT

LED O3Haku 3poctanHs i cnagaHHs dy

Bu 3Haere, mo KoJu PYHKIIA € KOHCTAHTOI, TO 11 IIOXigHA HO-
piBHIOE HYJII0. BUHHMKAae 3anuTaHHsa: AKII0 QYHKILA [ Taka, 10 IIsd
BCiX X 3 NPOMIXKKY I BUKOHYETHCSA piBHICTE [’ (x) = 0, TO UM € QyHK-
I[iAg [/ KOHCTAHTOI Ha MPOMiXKKY [?

3BEepHEMOCS 10 MeXaHiYHOl 1HTeprperaiii.

- Hexam y = s ({) — 3aKOH pyxy MarTepiajbHOl TOYKHU IO KOOPHH-
HATHIA npaMii. AKINO B OyAb-AKUHA MOMEHT Yacy ¢ BiJ t. o t, BUKO-
HY€eThCA piBHICTS 8’ (1) = 0, TO IPOTATOM POIIIAAYBAHOI'O IPOMIMKKY
Jyacy MUTTEBA HIBHUJKICTH JOPIBHIOE HYJIIO, TOOTO TOUKA HE PYXAETHCH
111 KoopauHAaTa He 3MiHIOEThCS. [le o3Hayae, M0 HA PO3TJIALYBAHOMY
IIPOMIXKKY QYHKIIIA Y = 8 () € KOHCTAHTOIO.

I1i mipkyBaHHA MiAKa3yOTh, III0 CIIPABEAJUBOIO € TaKa TeopeMa.
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Teopema 13.1 (o3maka craaocrti ¢pyukmnii). Axwo onsa
gcix x 3 npomixcky I euxonyemwvca pignicms f' (x) = 0, mo pynryia f
€ KOHCMAHMOI0O HA YbOMY NPOMIHCKY .

Hoeedennsa. Hexain x 1 x, — [OBLIbHI 3HAYEHHSA apryMeHTY
byHKLIL f, y34aTi 3 npomixkKy I, npuuoMy x, < X,.

OcCKiIBbKU [xl; xz] c I i pyuruia [ nudepeniiiiossa Ha [, To nias
BiApidKa [x ; x,] BUKOHYIOTECS BCi yMOBM Teopemu Jlarpamxa. Toxi
icHye TOYKa X, € (x,; X,) Taka, 110

x,)— T (x
f'(x0)=f( 5Tk 1).

Xy — X4

f(xg)—f(xl)

Ockinerm x, € I, 10 f'(x,) = 0. Orixe,
X, — X
2 1

=0. 3Bincu

[(x,)=71(x;). ¥YpaxoByiouu, [0 4yucIa X, i X, BUOPAHO JOBLIbHUM
YUHOM, MOYKEMO 3POOMTH BHUCHOBOK: (DYHKIIIA [ € KOHCTAHTOI HA
IPpOMIXKKY 1. A

Ha pucyaky 13.1 3o00paxxeno rpadik aeaxol ¢pysHruii f, axa
€ ITudepeHI1MOBHOI Ha NpoMiXKKy |[a; b]. Lleu rpadix mae Tarky
BJIACTUBICTH: OyAb-AKa AOTHUYHA OO0 rpadika yTBOPIOE I'OCTPUM KYT
3 JOoJaTHUM HaAnpAMOM ocl abciuc.

OcKiJIBKM TaHI'€HC I'OCTPOIr'0 KyTa € J0JAaTHUM YHUCJIOM, TO KYTOBUM
Koe(dilieHT OyaAb-AKOl JOTUYHOI TAKOXK € AoJaTHUM. To[al, BUXOAAYU
3 TeOMETPUYHOI'0 3MICTY IMOXiIHOI, MOXXHAa 3pO0OUTH TaKUN BMCHOBOK:
nas Oyab-skoro x € [a; b] BuKonyerbscsa HepiBHICTE [’ (x) > 0.

3 pucyHka 13.1 BumHO, 1110 (hbyHKIiA [ 3pocTae Ha PO3IAAAYBAHOMY
IIPOMIXKKY.

|
X

Ol a b
Puc. 13.1 Puc. 13.2

0 a b

Ha pucynkry 13.2 3o0pakeHo rpadik ngesarol pyHKHII f, aka
€ nudepeHIIMOBHOIO Ha NPOMIXKKY [a; b]. Byap-axa moTruuyHa 1O
rpadika yTBOPIOE TYIIMU KYT 3 AOZATHUM HaIpAMOM ocli abciuc.

OcKiJIBKU TaHI'€HC TYIIOr0 KyTa € Bifi’ EMHUM YHUCJIOM, TO KYTOBUH
Koe(himieHT Oy ab-AKOl JOTUYHOL TAKOXK € Bix eMHUM. Tonl ansa Oyab-
AKoro x € |a; b] Bukonyerscsa HepiBHIicTS [’ (x) < 0.
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3 pucyHka 13.2 BugHO, 110 GYHKILA [ criafiae Ha PO3TJIALYBAHOMY
IIPOMIXKY.

11 npukaagu NOKasymoTh, IO 3HAK HOX1AHOI (hbyHKIIIL Ha HEeAKO-
My OPOMIXKKY [ mOB’sA3aHMM 3 THUM, Y4 € IA (PYHKIIA 3POCTAIOYOIO
(cmagHOI0) HA TPOMINKKY 1.

3B’ SI30K MK 3HAKOM ITOXiJAHOI Ta 3pocTaHHAM (crnagaHHaM) QYHK-
1111 MOXXHa BUABUTHU 1 3a JOIIOMOI'0I0 MeXaHiIuHOl iHTepnpeTranii. JdKImo
IIBUAKICTE, TOOTO moxigHa QyHKIIL Yy = S (1), € TOZaTHOI, TO TOYKA

0 s(t) v(t)>0 Ha KOOPAMHATHIN NpPAMIN PYXaeThCsd
—» Brpaso (puc. 13.3). Ile o3nauae, 1110 3 He-
piBHOCT1 I, <f{, BUIJIMBA€ HEPIiBHICTH

s(t,)<s(t,), Tobro pyrKRUiA Y =8 (¥)
€ 3POCTay00. AHAJOTIYHO, AKIIO NIBUAKICTE € Bil’€MHOIO, TO TOY-
Ka PyXa€eThbCsA BJIIBO, TOOTO QYHKIIA Yy = S (f) € cnagHOIO.
3B’A30K M)XK 3HAKOM IOXIZHOI Ta 3pOCTAaHHAM (CHagaHHAM) QyHK-
1111 YCTAHOBJIIOIOTH TaKl TEOPEMH.

Puc. 13.3

Teopema 13.2 (osmaka 3pocramma ¢ymkuii). Axwo
ona écix x 3 npomixwrky I euxonyemoca nepienicms ' (x) > 0, mo

¢pynruyia f 3apocmae Ha Yoomy npomiicKy.

Teopema 13.3 (o3maka cnagannaa Gymkuii). Axwo 0na
écix x 3 npomisxcxy I euxonyemovca nepienicms f' (x) <0, mo pynx-

uisn f cnadae Ha ybomy npPomixnKy.

INoBenemo Teopemy 13.2 (Teopemy 13.3 moBOAATHL aHAJIOTIYHO).

[oseedennsa. Hexait x 1 x, — JNOBLIbHI 3HAYEHHS APTYMEHTY
GyHKLIL f, y34Ti 3 IPOMIXKKY [, IPUYOMY X, > X, .

Ockinbru [x; x,] < I 1 dyuxuia [ qudepenninosna Ha I, To gis
BiApiska [x ; x,] BUKOHYIOTECA BCi ymMoBH Teopemu Jlarpamsxa. Toxi
icHye TO4YKa X, € (x; X,) TaKa, II0

iy =1 )T ),

Ko — Xy

f(x)—F (%)

Xog — X4

>(0. Toni 3 He-

Ockinbku x, € I, 10 f' (x,) > 0. Oroxe,

PIiBHOCTIL X, > X, BUIUIMBA€E HEPiBHICTS f (x,) > f (x,), ToOTO PyHKIiA f
gpoctrae Ha I. A

: , 1]
Hanpuxinan, posriisHaemMo QyHKIIO [ (x)=\/; . Ockinbku f (x)-_-7
2N x

nias Bcix x € (0; +w), To 3 Teopemu 13.2 BHILIMBaE, 0 QPyHKILA
flx)= Jx gpocTae Ha NpoMixKKy (0;+w).
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13. O3Haku 3pocTaHHA | CnagaHHa yHKLIT

Bogaouac Teopema 13.2 He N03BOJIAE CTBEPAKYBATH, 10 QYHKI[LA
f(x)= \/; gpocTae Ha npoMixkKy [0; +o0). ¥Y3zaraui, akmio GyHKIia [
BH3HAUEHA HA NPOMIXKY [a;+0) 1 4J1d BCiX X € (a;+%) BUKOHYETHCA

gepiBHicTS [’ (x) > 0, TO e He 03HAUYaE, III0 BOHA
3pOCTa€e Ha NPOMIXKKY [a;+) (puc. 13.4).

IToBecTu 3pOCTaHHA (DYHKILL f(x)=\/; Ha
nnpoMiKKy [0;+o0) MOXKHAa 3a JOMOMOI0K TAKOTO
TBEePIOXKEHHA: AKWO QPyYyHKUiaA [ HenepepeHa
8 mouuyi a i dnsa 6cix x € (a;+w) BUKOHYEMbCA
nHepienicmo ['(x) >0, mo ¢pyukuia f 3pocmae Ha
npomixncky [a;+oo). Puc. 13.4

Bukopucrosymouu Teopemy Jlarpamxa, mIo-

BeIiTh IIe TBEPIKEeHHS CaMOCTIMHO.

Y Takuy caMui crocid MoXKHa OOr'PYHTYBATH 3POCTaHHA (crmagaH-
Hs) GyHKIil f Ha DpoMiMKax iHIIOrO BUAY, HaIpukJjgan Ha [a; b),
(—o0;0], [a;b].

Axnio pudepeHniiioBHa Ha NpoMIXKKY I QYHKIIA € 3pOCTAIOYOIO
(cmagHOI0), TO IOMHUJAKOBUM 0OyJio O BBaxXaTH, IO BOHA 000B’A3KOBO
Mae nomaTHy (Bia’eMHY) MOXiAHY Ha 1nboMy npomixxkky. Hanpuxkaan,
bysknia y=x° € spocraiouoio, ane ii noxigua B Touni x, =0 gOpiB-
HIOE HYJIO.

<
e

—-r——-----

o

Teopema 13.4 (BaacTtuBicTs 3pocTamwuol PyHKKii
i cnagnoi dymkunii). Axwo OJugepenyiuosna na npomixcry I
¢yuxyia [ € apocmarw+or (cnadnorw), mo ona écix x € I 6uKony-
emubca Hepignicmy [' (x) 2 0 (f' (x) < 0).

IHosedenna. loBenemo TeopeMy AJA BUOAAKY, KOMU QYyHKIIA [
€ 3poCcTaruoro (I BUIAAKY, KOau QYyHKIOiA [ € cIagHOI0, JOBEeHHA
aHaJIoTiuHe).

Hexan Xy — IOBLIBHA TOYKA, AKa HAJIeXXUTh NpoMiKKy [. Hazga-
MO aprymeHTy QyHKINil f npupict Ax =x-x, y TOYIi X,. ¥YDPaxoBYIO-

f(xo +Ax)—f(xo)

yy 3pocTaHHA (GyHKIiI f, oTpumMyeMO - >0. Tomy
X
Ax -0 Ax
x5 x3
NMPUKNAL 1 Hdosenite, mo dyHKUig f(x)= = + ; +x—100 3pocrae

Ha MHOXKWHI JIMACHUX dHCeJI.

Poszg’azannsa. Maemo: f'(x) = x* + x* + 1. Ockinpru x* + x% +
+ 1 > 0 npu Bcix x € R, To @yHKIOia [ 3pocTae Ha MHOMKWHI JiACHUX
qyucen. @
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§ 2. NoxigHa Ta 11 3aCTOCyBaHHA

NMPUKNALA 2 3HaniTh NIPOMIXKKY 3PDOCTAHHA 1 CrIaflaHHs PYHKIIIL:
2
x“+4x-1

DFf(x)=x>+3x*-9x+1; 3) f(x)= :

x—1

2) f(x)z—zx“ +4x° 622 +5; 4) f(x)=Vx® —3x.

Po3g’aszannsa 1) Maemo: f'(x) =3x° +6x —9=3(x + 3)(x — 1).

HocaiauBIIM 3HAK NOXiAHOI MeToAoM iHTepBaJiiB (puc. 13.5)
1 BpaxyBaBIIU HelepepBHicTh yHKIII f vy Toukax x=—-3 1 x=1,
OTPUMYEMO, IIJO BOHA 3POCTAE€ HA KOMXHOMY 3 IPOMIXKKIB (—w0; —3]
i[l; +) Ta cnagae Ha mpoMikKy [—3; 1].

2) Maemo: f'(x) = —3x° + 12x* — 12x = —8x (x* — 4x + 4) =
=-3x (x — 2)°

HocniguBuin 3HaK noxiguoi (puc. 13.6), noxoamMo BUCHOBKY, IO
(byHKIIIA 3pocTae HA NPOMIKKY (—oo; 0] i cmajgae Ha KOXKHOMY 3 IIPO-
MixkKiB [0; 2] i [2;+0), ToOTO cnafmae Ha nMpoMikKy [0; +oo).

3) Maemo: D (f)=(—o0;1) U (1; +). SHaAWIIOBIIX NOXiAHY (PYHK-

x*-2x-8 (x+1)(x-3)
(x—1)f (1)

i - '@ o
M\B\“/N +_1_1_3+
ANy O NNy Ny 2N, N

Puc. 13.5 Puc. 13.6 Puc. 13.7

uii f, orpumyemo: f'(x)=

Hocaignmo 3HaK pyHKuUil y = f' (x) (puc. 13.7). Omxe, nana QyHK-
I[1d 3pOoCTae Ha KOKHOMY 3 NPOMIKKIB (—oo; —1] 1 [3; +o0) Ta cnagae
Ha KOXXHOMY 3 mpoMixkkiB [—1; 1)1 (1; 3].

4) Maemo D (f)=(—o0;0] U [3;+x). SHammemo noxinuy GpyHkIiii f
Ha MHOMXHHI (—o0;0) U (3;+x): f’ (.7c)=(x/;vc2 —3x) = =g . 3a-
2Vx? - 3x

VBaXXUMO, 1110 B TouKax x = 0 Ta x = 3 pyHKIia [ € HenmepepBHOIO.

ok 2x—3 , . [2%-850,
HepiBHiCTSH ' >0 piBHOCHIBHa CcHCTEMi { |,
2 xz —3x X — 3x>0.

Poss’azaBmu ii, oTpEMYEMO, IO MHOKHHOIO PO3B’sA3KIB PO3TJIALY-
BaHOI HEPIBHOCT1 € IIPOMiKOK (3; +o0).
Ilai Jerko BCTAHOBUTH (3p00iTh 1€ CAMOCTINHO), III0 MHOXKUHOIO

: , , : 2x—3 . v
pO3B’sA3KiB HEPIBHOCTI <0 € npomixkok (—oo; 0).

9\ x? —3x
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13. O3Haku 3pocTaHHa | cnagaHHsa QyHKLI

Orxxe, axmo x < 0, o f'(x) < 0; aAxkmoIo ﬁ,
x >3, 10 ['(x) > 0 (pme. 13.8). —7(‘) 3
YpaxyBaBIId HemepepBHicTL QYHKIII f \ el

y Toukax 0 i1 3, MOoKXHaA 3pOoOUTHU BUCHOBOK:
dyHKIIA [ 3pocTae Ha HMPOMIXKKY [3; +®0)
i cmagae Ha NpoMiKKY (—«; 0]. @

Axmo dyHKUiga [ € 3pocramuo (CIaaHO0), TO 3 PiBHOCTI
f (a) =f (b) BunauBae, mo a = b. Po3riasitEeMO OPUKIAL, V AKOMY
BUKOPHUCTOBYETHCA IIer (PaKT.

NMPUKNAL 3 Poss’sKiTh cucteMy PiBHSHB
i 2 2
2(x" —y“)=cos2y—cos2x,

Puc. 13.8

1 1
+—=0.
=
2x% +cos 2x =2y + cos 2y,
Pos38’a3aHnsa. 3anuuieMo: <

1 1
+ =0,

Nx Jy

Posriauemo dyaKIio f (t) = 2t° + cos 2¢. Toxi nepme piBHAHHSA
OTPUMAHOI CHCTeMM MO’KHA mozaTH y Buraazni f (x) = f (y).

3 Apyroro piBHAHHSA CHUCTEMH BUILIMBAE, 1m0 X > 01y > 0. Tomy
Oymemo posrasupaTu GyHKIio f Ha MHOMXHUHL (0; +00).

Maewmo: ' (t) = 4t — 2 sin 2t = 2 (2t — sin 2t).

Y nyHKTI 3 O0yJsio moBeneHo, mo t > sin t nmpu t > 0. Toxai f' () > 0
npu Bcix t € (0; +o). Orke, pyskuia f apocrae Ha (0; +0). Tomy
3 piBaocTi f (x) = f (y) orpuMyeMO, 110 X = Y.

i 1
x:y, x:—,
Maemo: < 1 1 3BiIcu < 9
"\/——'+T=6. y—l
NG N X
1 1
Bionosiow: (—; —).
9 9

ITixg yac moBemeHHSA HEPIBHOCTEH YacTO BUKOPHCTOBYIOTH MIPKY-
BAHHSA TAKOT'O POAY: AKUW,0 dueperuyiilosrni Ha [a;+o) pyrkruii [i g
3adosonvusawms ymosu f(a)=g(a) i f'(x)>g'(x) Ona e6cix x>a,
mo f(x)>g(x) Oasa ecix x>a. CunpaBali, po3rasHeMO (PYHKIiIO
h(x)=f(x)—-g(x), D (h) = [a;+x). Maemo: h(a)=f(a)-g(a)=0.
Ockinbvru A’ (x)=f"(x)—-g'(x)>0 pna Bcix xe(a;+x) 1 hyHKIisa A
HelepepBHa B TOYIl X,=a, TO (pyHKHia ~ € 3pocrarouon. Tomy
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§ 2. [NoxigHa 1a 11 3aCTOCYBaHHS

h(x)>h(a)=0 pgna Bcix x>a, T006TO [f(x)—g(x)>0 pmns Bcix
x>,

NMPUKNAL 4 HdosexniTs, 1m0 AJid BCiX X <1 BUKOHYETHCHA HEPIBHICTH
x” +4x<3+2x°.

Poszé’azanna. [Insa noBeneHHsA JaHOL HEPIBHOCTI CKOPHCTAEMOCSH
TAKHUM TBEPIKEeHHAM: AKW0 Jugepenyiiiosni na (—o;al Qynruyii f
i & 3a008oabHaomb ymosu f(a)=g(a) i f'(x)>g' (x) daa ecix x<a,
mo f(x)<g(x) Ona 6cix x<a.

Poasrnaaemo ¢yskmii f(x)=x"+4x i g(x)=3+2x". Maemo
f(1)=g(@1). Obuucaumo moximmi pyrxumiit f i g: f (x)=9x°+4,
g'(x)=10x*. Posrnsigemo HepiBHicTs [’ (x)> g’ (x), TOOTO HEpiBHICTH
9x® -10x* +4>0. Kpagparuuit tpuuses 9t —10t+4 mae Bix eMHUH
nuckpuminaaT. Tomy HepiBricTs 9x° —10x"* +4 >0 BUKOHYETHCA IIpU
Bcix x € R. 3Bigcu f'(x)>g'(x) gna Bcix x<1. Tomy npu x<1 BH-

KOHYEThCH HepiBHiCTh x° +4x<3+2x°. @

Y npOoMy NYHKTLI BU O3HAMOMMJIMCS 3 0O3HAKOIO CTAJOCTL (hyHKILII.
{0 TeopemMy MOKXHa BUKOPUCTOBYBATH OJs HOBEIEHHS TOTOMHOC-
Ter. Tak, AKINO BHAJIOCA BCTAHOBHUTH, IO NoxigHa (yHKHOil f Ha
IPOMIMKKY I MOPIBHIOE HYJIO 1 AJNA JEeAKOro X, € I BUKOHYETHCH
piBHicTh f (x,) = A, TO THM CaMHUM YCTaHOBJIEHO, 110 [ (x) = A mius
BCiX x € 1.

NMPUKNAA 5 Hna sBcix xe(-1;1) noBeniTe TOTOMXKHICTH

: 2x
2 arctg x = arcsin %
1+x
Poszé’szarnnsa. PosrnaaemMo pyHKIILIO
.
f(x)=2arctg x —arcsin xz, D((f)=(-1;1).
1+x
Maewmo:
2 1 2x \ 2 1+ x°
f'(x)= - ( )= N .
1+x° ' 42 1+ 1+ \ﬁ1+x2)2—4x2
S T
2(1+x%)-4x" 2 1+x>  2(1-2°% 0
X = ’ = V.

A+2®)? 142 Ja_o2)P @Q+2))
Omxe, dyukuia f (x) € xoHcranToo Ha (—1;1). 3HANUTH 1[I0 KOH-

CTAaHTY MOXXHa, O0OUYMCJIUBINY 3HAUEHHA QYHKIII [y «3py4Hiii» TOU-
i npomixkky (-1;1). Hanpuknazn, f (0) =0. @
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13. O3HaKW 3pOCTaHHA i cnagaHHsa QyHKUII

=5 Lo AR g

i
- Bnpaswm

13.1.° BHAainiTh TPOMIKKY 3pOCTAHHSA i crajanHsa QYHKII:
1) f(x)=x°+ 4x — T; 4) f (x) = x* — 2x* - 3;
2) f (x) = 2x% — 8x° + 1; 5) f (x) = x° + 4x — 8;

3) f (x) = —x° + 9x + 21x;  6) f(x)=—i—x4 _8x+9.

13.2.° 3HaUAIiTh IPOMIMKKH 3POCTAHHA i cmamagHa QyHKIIL:
1) f (x) = —x* + 6x — 5;
2) f (x) = x* + 3x° — 9x;

3) f(x)=i.x:4 ~2x* +1;

4) f (x) = x* + 4x — 20.
13.3.° BgaiiaiTh TPOMIKKK 3POCTAHHS 1 cIaflaHHsA byHKIIL:

1) f (x) = x*—4x® + 4x* - 1; b) f(x)=x+?—;

X
F.a Lw = :=f—3.
2) f(x)—zx =% (- 6) f(x) '
5 X0 5 o o _E-Zpl.
3) f(x)—-5—x 3x +9x —6; 1) T (x) -wr
1) F(x)=2"+2; 8) f(x)=——
X x° -9

13.4.° 3HaiaiTh IPOMIXKKYU 3POCTAHHA i cmagaHHa GyHKIIL:
1) f (x) = 3x* — 20x° + 36x" — 4;
2) f (x) =9 + 4x° — x*;

By filej="2
=9
2

1) F@)="10
x—4

5) f(x)=3x+—1—§-;
&

2
X

x° —4 .
13.5.° Ha pucyrky 13.9 300paxeHO rpadik IIO-

xigmoi dymrunii f, AudepeHUiNOBHOI HA R.
VikaxiTs nmpomiskku cmagaHHs QyHROII f. Puc. 13.9

6) f(x)=
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§ 2. NoxiaHa Ta 11 3aCToCyBaHHA

138.6.° Ha pucynky 13.10 3o006paxeHo rpadik
byskuii y = f (x), nudepenninioBsol Ha R.
Cepen HaBeneHux Ha pucyHKy 13.11 rpadikis
VKaXIiTh TOM, AKHUU MOXKe OyTm rpadixkom
bysKUil y = f' (x).

|
|

Y yh

Yk
/; 0 x 0
‘a

Puc. 13.11

13.7." Ha pucysky 13.12 3o0paxeHo rpapik
noxigaol GyHKIil f, nudepeniiioBHol Ha R.
YKaxiTh NPOMIXKKM 3pocTaHHA (GyHKIII f.

13.8.” Ha pucynky 13.13 300pakeno rpabdiku
noximaux GyHKUiu f, g1 h, tudepeHinoB-
Hux Ha R. dka 3 pyskuin f, g, h cnagae Ha
Bigpisky [—1; 1]?

Puc. 13.13
13.9." Ha pucysky 13.14 300pakeHo rpadiku moxigHux QyHKIIN f,

gih. dra 3 byskuiit f, g, h cunanae Ha R?

7

X
O 2
ﬂx)

Puc. 13.14
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13. O3Haku 3pocTaHHs | cnagaHHa QyHKLIT

13.10.” [loBeniTh, 110 GYHKIIA cIagac Ha MHOMKHWHI JIACHUAX YUCEJI:

1 1
1) f(x)=6-x+—-x°-=x°;
) f(x) 2¥ g

2) f (x) = —2x° + 2x® — 10x + 80;
3) f (x) = sin 2x — 3x.

13.11." TosexniTh, 1110 (PYHKIiA 3pocTaec HAa MHOMKUHI JiMCHUX YuCe:

1) f (x) = 10x® — 9x* + 24x — 90;
2) T (x)=¢o8 3x+ 4%,

13.12." 3HaigiTe NIPOMIKKM 3POCTAHHA i cnagaHHA QYyHKILIL:

1) f(x):x«/§+sinx;

2) f (x) =x —cos x;

x3

2

3) y=cosx+

13,13, 3gaiigiTe IPOMIKKHU 3pOCTAHHSA i ciafaHHs QYHKIIIL:

1)  (x) = sin x — x;

mﬂwff

—sin x;

X

3) f(x)=sin x—-E.

13.14." 3HaigiTh IPOMIKKK 3POCTAHHA 1 cajgaHHa QYHKIIL:

1) f(x)=vx®+4x; 2) f(x)=6x—x>.

13.15." 3gaiifiTe NPOMIisKKHM 3pOCTAHHA 1 cuafaHHsa QyHKII]

f(x)=vx®-1.

13.16." Ha pucynky 13.15 306paxxeno rpadiku dyuxkniu f i g, Bu3Ha-
yeHuX Ha R. BukopucroBywouu 11l rpadiku, po3B’ 2KiTh HEPiBHICTh:

1) f'(x)< 0; 2) g (x) =2 0.

"

T

vy - - —p—

——
—t-

S » l HVA\. Al 1]
mIﬁﬂ EEVALNEEEEEEVAY
B o asanalaamans
11 I\ eI 11 0l | = b P
—+- —— T ——— : —#—¢44 ! J +——

IEELV/ENEENERE - ‘!v‘

o
1 1] A 1T | 1T
a 9]
Puc. 13.15
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§ 2. [NoxigHa Ta 11 3aCTOCYBaHHS

13.17." Ha pucysky 13.16 306paxxeno rpadixku ¢yeKnii f i g, BU-
3dHauyeHUX Ha R. BukopucroBywum ix, po3B’sXKIiTh HEpPiBHICTH:
1) f'(x) 2 0; 2) g' (x) < O.

=t ) —

R a

Puc. 13.16

13.18." ®yukiisa f HenepepBHa Ha NpoMiKKY [ 1 nudepeHIliiioBHa Ha
MHOKUHL I\{X,}, e X, — HesKa TOUKa, AKA HAJEKUTH IPOMIXK-
Ky I. Binomo, mo f'(x)=0 guaa scix xel\{x,}. Yu MoxHa cTBED-
nmyna’i‘n, o GyHKIiAg f € KOHCTAHTOI HA NPOMiIXKKY 7?7

13.19." 3uaiigiTe TPOMiXKKY 3POCTAHHA i cnafaHHsa pyHKII]

I (x)=1g x— 2%.
13.20." 3gaiiniTe TpOMiKKY 3pOCTaHHSA i cnafaHEA (GyHKILII
f (x) = ctg x + 4x.
13.21.° Ilpn AxuX 3HAYEHHAX ITapaMeTpa @ € 3p0oCTarnydoi0 QYHKILIA:

1) y = x° — ax; 3) y=—21-x +ax;
3
2) y = 3 sin 4x + ax; 4) y=13-+2(a+1)x2-9x-4?
13.22." TIpn AKUX 3HAYEHHAX NApaMeTpa a € CIajHOI0 (YHKIiA:
1) y = ax — x°% 3) y=—2vx+8 +ax;
x3 axz
2) y =2 cos 3x + ax; 4) y=—3 + ; —4x+21?

13.23.” Posp’siskiTe piBHAHHEA x° + 4x + cos x = 1.

15.24.” Po3B’si3KiTh piBHAHHEA X° +6x+2+/10+ x = cos 1.

(x —y=sin x—sin y,
13.25.” Po3B’axiTh cucTeMy PiBHAHB - . *
3x+4y="T1.

13.96." - , (2x — 2y = cos y — COS X,
&0, Po3B’sXIiTh CHUCTEMY PIBHAHD -

x+y=8.
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13. O3HaKW 3pOCTaHHA | CnafaHHA MYHKUI

13.27.” Poss’sxiTs HepismicTs X' + 3x > 2x* + 2.
13.28." Posp’axiTh HepiBHicTs X° + 4x < 2x° + 3.

2
X

13.29." IloBeaiTs HepiBHiCTH cosx =>1-— %

13.30.” IIoBexiTs HepiBHiCTE X < tg X, e X e(O; —725)

3
13.31.” TosenmiTh HepiBHiCTE tg x> x + f?-’— IJIA BCiX X € (O; g-)

13.32.” IToBeniTh HepiBHiCTH arctg x <X AJsA BCIX X > 0.
13.33.” IlosexiTs HepiBHicTh arcsinx>x pana seix x€(0;1].

)
)

13.34.” IoBeniths HepiBHicTb tg x + sin x > 2x andA BCiX X E(O;

|a oA

13.35." Tosenite HepiBHicTs tg x + 2 sin x > 3x A BCiX X € (0;

13.36.” IloBeaiThr TOTOXHICTh:

: 1+
1) arctg x =arcsin = : 2) arccos x =2 arccos -
V1+x° 2
13.37." IloBeniTh TOTOXKHICTH:
. : 1-
1) arcsin x =arctg L : 2) arcsin x + 2 arctg 2 N
< 1+x 2

13.38." IIpu AKKUX 3HAUEHHAX IapaMeTpa ¢ QYHKI1A
fx)=(c—-12)x*+3(c—12) x* + 6x + 7
spocrae Ha R?
13.39.” IIpu Aaxux 3HAUEHHAX IapaMeTpa @ QyHKIis
y=(a+3)x*+8(a+3)x*—5x+12
conanae Ha R?
13.40.*° 3maiiniTe yci 3HaUeHHA napamMeTrpa b, Ipu KOXKHOMY 3 AKHX

byHKI1A
f (x) = sin 2x — 8 (b + 2) cos x — (4b° + 16b + 6) x

cnanae Ha R.
13.41.” BHajiniTe yci 3HAYEHHS IapaMeTpa @, IPU KOKHOMY 3 AKHX

byHKILA
f(x)=sin 2x — 8 (a + 1) sin x + (4a® + 8a — 14) x

spocrae Ha R.

13.42.” Ilpu aKuX 3HAYEHHAX IapamMeTpa a QyHKILA

: ;
f(x)=sin x —a sin 2x ~% sin 3x +2ax
gpocrae Ha R?
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§ 2. [NoxigHa Ta Il 3aCTOCYBaHHS

13.43." IIpu Axkux 3HAYEHHAX IapaMeTpa a QYHKIiA

f(x)=§sin3x—sinx(a+cosx)+(1—2a)x—2

cnagae Ha R?

13.44.*% JloBeaiTh HEPIBHICTH
Sin:A +sin. B+ s8in €+ tgAd+ tg B+ tg C=> 2n,
ne A, B, C — KyTH I'OCTPOKYTHOI'O TPUKYTHUKA.

2

: 1-
13.45.* CopocriTh Bupas arccos x —arctg *
, 54
. . 1~
13.46.* CopocriTe Bupas arctg x +arctg 1 e
£k
: ” o M o W oy W W
13.47.% IlopiBHAlTe 3HaUYEeHHA BuUpas3iB —sin— 1 — sin —.
100 101 101 100
" _ o &t X, B
13.48.* TlopipuaiiTe 3gaueHHA BUpas3iBs —tg — i —tg —.

20 21 21 20

13.49.* 3maugiTe ycl Taki pyHKIil f, 1IHO0 AJA BCIX AIMCHUX X 1 iy BU-
KOHyeThcA HepiBHicTh | f(x)—f (y) |<(x—-y)*.

13.50.* 3uaniaiTe yci Taxki gudepenivioBri Ha R dysxoii f, mo gnasa
BCiX MiMCHUMX X 1 y BUKOHYeThCA piBHICTEL [ (x)+[(y)=71(x+y).

13.51.* [Ipo nudepenuitoBuy Ha R dyukuio f Bizomo, mo f'(x,)> 0.
Yu 060B’A3K0BO 3HANAETHCA TAKUU 0-OKLJI TOYKH X,, L0 PyHK-
11l f € 3poCTaro4Y00 B IbOMY OKOJIi?

' | TOUKK eKcTpemMyMy PyHKLIT

SHAUOMJIAYHNCH 3 TAKUMY NOHATTAMU AK I'DAHUILA 1 HEIIePEPBHICTH
(GYHKIII B TOYIll, MU JOCJIIPKYBaJIU MOBEeAIHKY (GyHKIII] mobau3y 1iel
TOYKH ab0, AK NPUUHATO TOBOPUTH, B 11 OKOJII.

Osnavenud. Iurepsax (a; b), AKMI MiCTHTH TOUKY X,, HA3UBAIOTH
OKOJXOM TOYKH X,

3po3yMiyo, 110 Oyab-sAKa Touka Mae 0es3uiy okosiB. Hanpukiapg,
npoMixkoK (—1; 3) — omuH 3 OKOJiB TOUuKU 2,0. Paszom 3 mum 1eu
IIPOMIXKOK HE € OKOJIOM TOYKH 3.

Ha pucyuky 14.1 300paxeHo rpadiku 40TUPbOX PYHKIINA. Yci 11l
GyHKII] MalOTh CIiIbHY 0COOJMBICTD: ICHYE OKLI TOYKH X, TAKUHA, 110
JUIA BCiX X i3 IBOT0O OKOJIy BUKOHYEThCA HepiBHICTSH [ (x,) = [ (X).
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14. Touku ekcTpemMymy dyHKLIT

Osmavennsa. Touxry x Ha3MBaAIOTh TOYKOI MAKCHMYMY QyHK-
il f, AKNI0 ICHYE OKiJl TOUKM X, TAKHH, IO AJIdA BCIX X i3 I[BOTO OKOJY
BUKOHYEThCA HepiBHiCTS [ (x)) = [ (x).

7 ; 7 7
s S E E .
--1:-0—'—0----» --i--o———o-» -..4: --i---o—i'-o--->
X, x 0 X, x O 0: X, %
Puc. 14.1
T
Hanpuxknan, TodkKa xozg

€ TOYKOI MaKCUMyMy (yHKIIL
y =sin x (puc. 14.2). IIumyTs

T
X — %

max
2

Ha pucynky 14.1 x = x.
Oszmavennd. Touky x, Ha3UBaKOTL TOYKO MiHiMyMmy dynxuii f,
SKIIO0 ICHYE OK1JI TOYKH X, TAKMH, 10 NJA BCiX X 13 N(bOr0 OKOJIY BH-
KOHYEThCSA HepiBHICTH [ (x,)) < [ (x).

T

Hanpuraazn, Touka x, = —E € TOYKOIO MIHIMyMY (PYHKIIII y = sin x

T

(puc. 14.2). ITnmyTe x_ . s

Ha pucyHky 14.3 300pakeHO rpadiku QyHKIiH, AJsA AKHX X,
€ TOYKOIO MiHIMyMy, TOOTO X . = X,.

<

s s s e
s o i s e A N

Touky MakcuMyMy 1 MIiHIMyMy MaiOTh CIIiJIBHY Ha3BY: IX Ha3uBa-
I0Th TOYKaAMHU exKcTpemymy (QyHKIII (Bl JaTUHCBKOTO extremum —
KpauHin).
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§ 2. [loxigHa Ta 11 3aCToCyBaHHS

Ha pucynky 14.4 Touku x,, X,, X,, X,, X,, X, € TOUYKAMU €KCTPE-
MyMy GYHKIL f.

o - - ——

Puc. 14.4 Puc. 14.5

~

3 03HAUYE€Hb TOYOK MAKCHUMYMYy i MiHIMyMYy BHUIIJIMBAE, IO TOYKH
eKCTPEMYMY € BHYTPilIHiMM TOUKaMu 06JacTi BU3HAYEHHA (DYHKILIT.
Tomy, HAnpuUKJIaZL, TOYKA x,=0 He € TOYKOIO MIHIMyMYy GYHKIII

= Jx (puc. 14.5), a Tourka x, = 1 He € TOYKOIO MAKCUMyMy DYHK-

111l y = arcsin x (puc. 14.6). Paszom 3 TUM HaliMeHIIe 3HAYEHHHA

byHKI[1] y=\/; Ha MHOMXKUHL [0; +o0) mopiBHIOE HYJIIO, TOOTO
T

min Vx = \/6 =(0, a maxarcsin x=arcsinl=—.
[0; +o) [-1;1] 2

A Yy = arcsin x

Puc. 14.6

Ha pucynky 14.7 300paxeHo rpadik geaxoi dyHKII f, ska Ha
IPOMIXKKY [X,; X,] € KOHCTAaHTOIO.

Touka x, € TOYKOIO MAaKCUMyMy, TOYKA X, — MIHIMyMYy, & Oy/Ab-
AKa TOYKa iHTepBasny (X ; X,) € OAHOYACHO SK TOUKOKI MAKCHUMyMY,
TaK 1 TOUKOO MiHiMyMy DyHKIL f.

3ayBajKUMO, IO TAaKOXX OyBa€ AOLIJIBHUM BUALIATH TOUYKY CMPO-
2020 MaxKcumymy, To0TO Taky TOYKY X,, AJH AKOl ICHY€ IPOKOJOTHH

0-OK1JI TaKkM#, IO JJA BCiX X 13 IBOI'0O IPOKOJIOTOrO 0-OKOJIY BUKOHY-

' Touxy x, € M Ba3uBAOTh BHYMPiULHbOI0 TOYKOO MHOKUHNA M, AKIIO

ICHY€ OKLI TOYKH X,, AKUH € IMIJAMHOXHAHOI MHOMUHU M.
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14. To4ku ekcTpemMymy hyHKUI|

eThCSA CTpOra HepiBHICTE f (x,)> [ (x). AHaJIOriYHO O3HAYAIOTH 1 TOUKY

cmpo2ozo miHimymy. Hampurnazn, Ha pUCYHKY 14.4 KoXHa TOUYKa
MaKCUMyMy (MIHIMyMY) € TaKOX¥ TOYKOIO CTPOroro Makcumymy (mi-
gimymy). Ha pucynky 14.7 :xonHa 3 TOUOK Bifpiska [x,; x,] He € TOU-
KOIO CTPOTOr0 MaKCUMyMy ab0 CTpPOroro MiHIMyMYy.

I'padiku pyHKIIN, 300pakeHux Ha pucyHkKax 14.8 i 14.9, mo-
Kas3yoTh, 10 TOYKU EKCTPEMYMYy MOYKXHA HNOJALIUTHA HAa JBA BUIU:
Ti, V AKUX OOXiAHA AOPiBHIOE HYJ IO (Ha puCyYHKY 14.8 moruuyHa OO
rpaika B TOYIl 3 aOCHUCOI0 X, € TOPUBOHTAIBHOIO NMPAMOI0), 1 Ti,
y AKUX GyHKIIA HenqudepeHioBuaa (puc. 14.9).

y 77
P
0 [ -
9]
Puc. 14.8 _ Puc. 14.9

JliticHO, cIIpaBeIJIMBOIO € TaKa TeopeMa.

Teopema 14.1. Axwo x, € mouxor excmpemymy pynxyii f, mo
a6o f' (x,) = 0, abo pynryia f He € dugepenyiiloénorw 6 movyi x.

CrnpaBeniMBICTE I[i€1 TeOpeMU BUIJIMBaAE 3 TeopemMu Pepwma.

BuHuKae nmpupogHe 3alMTaHHA: YU 000B’SA3KOBO € TOYKOKI €KC-
TPEeMYyMYy BHYTPiIIHA TOuKa ob6jiacTi BU3HAUEHHA (PYHKINI, Yy AKIA
MOXiTHA MOPiBHIOE HYJIO abo He icHyE?

BipnoBiapr Ha Ile 3alIMTAHHA 3allepedyHa.

Hamopuxnan, Ha pucysHky 14.10 3o00pakeno rpadik GyHKIiI, HeaMA-
depeHioBHOI B TOYLl X,. IIpoTe TOYKa X, HE € TOYKOIO eKCTPEMYyMYy.

<
_>

L
-~

E SO- - e

' o
L S, S ——— >
0 X, X

Puc. 14.10 Puec. 14.11

Hasememo e omwH npukiaan. Has ¢yernii f (x) = x° maemo:
f' (x) = 3x". Togxi f'(0) = 0. IIpore TouKa X, =0 He € TOYKOO eKcC-
TpeMymMy byuKIil f (puc. 14.11).
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§ 2. NoxigHa Ta 11 3aCTOCyBaHHA

I11 npukaagu NOKa3yiooTh, 110 PIBHICTE HYJIO MOXIAHOI B TOYII1 X,
a0bo0 Hegu@epeHIIHOBHICTh (hyHKIII] B il TOUIll € HEOOXIAHOIO, ajie He
JAOCTATHHOIO YMOBOIO 1CHYBaHHS €KCTPEMYMY B TOYIIl X,..

Osznavermnsa. Buayrpimui Touku o0gacti BU3HauYeHHA (PYHKIII,
y AKX NOXiHA TOPIBHIOE HYJIIO 200 He ICHY€E, HA3UMBAIOTh KPHTH YU~
HUMH TOYKaAMH QyHKIII.

Hanpukiaan, Touka X, = 0 € KPUTUYHOIO TOYKOK PYHKIIN Yy = x’

n LR -
; TOUKa X, =— € KPUTUYHOIO TOYKOI (DYHKIIl ¥y = SIn X.

2

iy=|x

I3 ckrazaHOro BHUIIle BUILJIUBAE, IO KONHA
mo4uKa excmpemymy QPYHKUIL € I KPUMUYHOIK
MOYK0I, NPOmMe He KOMHA KPUMUYHA MOoYKa
€ MO4YKOwW excmpemymy. IHIIMMU cJjoBaMu,
MmoYKu excmpemymy caid wykamu ceped Kpu-
muyHux movok. lley (pakT IpoLIIOCTPOBAHO HA
pucyHky 14.12.

Ha pucynry 14.13 3o06paxkeno rpadikmu
GYHKIIN, U AKUX X, € KDUTUYHOI TOYKOIO.

Ha pucynkax 14.13, a—2 KpuTHYHA TOYKA X, € TOYKOI E€KCTpe-
MyMy, Ha pucyHkax 14.13, r, 0 KpuTUYHA TOYKA X, HE € TOUYKOIO
eKCTPEMYMY.

Kpurnuni
TOYKHU

Tourkn
eKcTpe-
MYMY

Puc. 14.12

L B yA yA
---M- ---H: - ----m: -
Oaxob? Oaxob; Oaxo b?
a 9] 8
yh yA 7
-_-_H ____.(:H)_ -..--.o—L—o-
. 0 a x, b? 0l a x, b; Oaxo b'x’
2 r 0
Puc. 14.13

HasBHicTh eKcTpeMyMy (QYHKIII B TOYLl X, IIOB’si3aHa 3 IIOBE-
OIIHKOI0 QVHKIIII B OKOJ1 Iiel TouKu. Tak, auasa GyHKIiIN, rpadiku
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14. Toukn ekcTpemMymy dyHKUI

AKUX 300pakeHo Ha pucyHkax 14.13, a—2, maemo: (pyHKIIIA 3pocTae
(cmagae) Ha TPOMIXKKY (a; X, ] 1 cnasae (3pocrae) Ha IPOMLXKKY [x; D).

Ddyukiili, rpadiku axkux 300paxeHO Ha pucyHkax 14.13, r, 0,
TAKOl BJACTHUBOCT1I HEe MAaIOTh: IIeplla 3 HUX 3POCTAaE€ Ha KOXKXHOMY
3 IpOMiKKiB (a; x,] 1 [x,; b), Apyra cnajfae Ha HUX IPOMiKKaX.

Y3araJi, AKmo o61acTh BU3HAUEHHA HellepepBHOl QYHKILIL po30UTO
HA CKIHYEHHY K1JbKICTh IPOMIKKIB 3pOCTaHHSA 1 CIIafaHHA, TO JIETKO
3HAWUTH BCi TOUYKU eKcTpeMmymy (puc. 14.14).

Puc. 14.14
Bu 3HaeTe, 1o 3a JOIIOMOI'0OI0 IIOX1IHOI MOXKHA 3HAXOAUTH IIPOMIXK-
KU 3pocTaHHA (cnamaHHsa) nudepeHninoBHol (pyHKIii. [IB1 Teopemu,
HaBeIeHl HUKYe, IOKa3yioTh, K 3a JOIIOMOI0OX IMIOXiAHOI MOXKHA
3HAXOAUTH TOUKHU eKcTpeMyMy DYHKILIL.

Teopema 14.2 (o3maka TOuKM Maxkcumymy byaxuii).
Hexail ¢ynxuyia f € Ougeperyillo6no0 HA KOWHOMY 3 NLPOMIHCKLE
(a; x,)) i (x,; b) i Henepep6HOIO 6 mouyl x,. Axwo dasn écix x € (a; x)
surxonyemuvca nepienicms [’ (x) 2 0, a dna écix x € (x; b) 6uxkony-
embea Hepignicms ' (x) < 0, mo mouka x, € moukorw maxcumymy
¢ynruyii f (puc. 14.13, a, 8).

Teopema 14.3 (o3maxa TouxkuM MimiMmymy dymxuii).
Hexaii pynxuyia [ € dugpepenyitlo6Ho0 HA KOHHOMY 3 NPOMIHCKLE
(a; x)) i (x; b) i HenepepeHoro 6 mouyi x,. Axuyo dna ecix x € (a; x,)
surxonyemuvcea nepienicms ' (x) < 0, a daa eécix x € (x; b) suxKony-
emvca Hepienicms ' (x) = 0, mo mouka x, € mouiKorw0 MiHimMYmy
¢pynxyii f (puc. 14.13, 0, 2).

IToBememo TeopemMy 14.2 (teopemy 14.3 n1oBOAATH aHAJIOTIYHO).
Tosedenns. Hexall x — [noBinbHaA TOYKA NPOMIKKY (a; x,). 3a

TeopeMoro JlarpaHska anda GyHKOil [ Ha BigpisKy [x; x,] MoxHa 3a-
TTUCATH:
f(xy)—1 (x)

Xg =X

= f' (C),
ne ce(x;x,). 3a ymoBow Teopemu f'(c)=0, Ttomy f(x,)=f (x).
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§ 2. NoxigHa Ta 11 3aCToCyBaHHA

AHaJIOTIYHO AOBOJAMUMO, L0 JJIA JOBLIBHOIO X €(X,;b) TaKoX BH-
KOHY€eThCHA HepiBHICTS [ (x,) = (x). Orxe, nna 6yab-axoro x € (a; b)
BUKOHY€ThCA HepiBHICTE f (x,) 2 f (x). Takum yuHOM, X, — TOUKA
MaKCUMYMy. A

[HKOJIM 3pYYHO KOPUCTYBATHUCA CIPOIIEeHMMHU (HOPMYJIIOBAHHAMU
IUX JBOX TeOPeM: AKUL0 NPpu nepexodi wepe3 mouky Xy Y AKLL PYHKYLA
€ HenepepsHow, NOXiOHA 3MIHIOE 3HAK 3 NJICA HA MIHYC, MmO Xy —
MOYKA MAKCUMYMY; AKUL0 NOXIOHA 3MIHIOE 3HAK 3 MIHYCA HA NnJOC,
mo x, — MO4YKa MIHIMYMY.

3a3HAYMUMO, 1[0 BUMOra HemepepBHOCTI (QyHKmii [ y Todmi X,
B ymoBax TeopeMm 14.2 1 14.3 € cyrreBoo. Ha pucynky 14.15 nmoxin-
Ha (GyHKIII [ Ipu nmepexo/i yepe3 KPUTHUYHY TOYKY X, BMIHIOE 3HAK
3 MiHyCca Ha IUIIOC, IPU UBOMY TOYKA X, € TOYKOIO MAaKCUMyMy; Ha
pucyHKy 14.16 moxigHa ¢dyHKNDil f npu mepexoni dyepe3 KPUTUYHY
TOYKY X, 3MIHIOE 3HAK 3 ILI0OCAa HA MiIHYC, IPH IIbOMY TOYKa X, He
€ TOYKOIO EKCTPEMYMY.

<
-

<
---—->

--J----—---

0 - X 0! X X
Puc. 14.15 Puc. 14.16

HOnsa pyHKILL [ TOYKM EeKCTPeMyMy MOXXHAa INIYKATH 3a TaKOIo
CXEeMOIO.

1) 3gautu ' (x).

2) HocaiguTu. 3HAK NOXIAHOL B OKOJIAX KPUTHUYHUX TOYOK.

3) Kopucrymouucs BiAIIOBIAHUMHU TeOpeMaMHU, CTOCOBHO KOXKHOI
KPUTUYHOI TOUYKHU 3’ fACYBATH, Y € BOHA TOYKOIO €KCTPEMYMY.

NMPUKNAL 1 3HaNAITH TOYKU €KCTPeMyMy (QyHKIIIL:

iy flah =28 - 120 4 fly=225,
Jx
2) f (x) = 22" — x 5) f (x) =8 | x| (x + 2) — 4x°.
9y 7{a)=Z 222,
x—-1

Pos3g'sszannsa. 1) Maemo: f' (x) =6x> —6x —12=6(x*—x — 2) =
=6 (x + 1) (x — 2). MeTonom iHTEepBaJiB AOCJIAUMO 3HAK MHOX1AHOI
B OKOJIaX KPUTUYHUX TOYOK X, =—1, x, =2 (puc. 14.17). Orpumyemo,

mo x_ = -1 X .= p

ax
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14. Touku ekcTpemMymMy dyHKLIT

-1 2 -1 0 1
Puc. 14.17 Puc. 14.18

2)f'(x)=4x —4x° = —4x (x* - 1)=—-4x (x + 1) (x — 1).
HocaiguBnin 3Hak nmoxiguoi (puc. 14.18), orpumyemMo: x =-1,
x =0ix =1.

min ax

3) Maewmo:
£ (x) = (2% -x+4) (x—l)—(.v:;—l)'(x2 —x+4) _
(x-1)

CCx-1)(x-1)-(x*-x+4) x*-2x-3 (x+1)(x-3)

) (x-1)° e S O ) L
HocnigyMo 3HAK IMOXiJHOI B OKOJAX KPUTUYHHUX TOUOK X, =-—1,

x, =3 (puc. 14.19). Maemo, mo x__=-1,x . =3

4) Maemo:

, i 2
oty Ao=lyz) txemy " BR
X

(Vx)
2x—-(x+2) w—2

2x\/;c_ —.?.x\/;.

Axmo 0 < x < 2, 10 f'(x) < 0; axmo x > 2, To f' (x) > 0. Orxe,
KPUTHYHA TOYKA X = 2 € TOYKOIO MiHiMymy, T0o0TO X = 2.

f'(x)=

5) Axmo x < 0, To f (x) = —4x° — 8x* — 6x. fAxmo x > 0, ToO
f (x) = —4x® + 3x* + 6x. Tomi ana 6yab-axkoro x € (—o; 0) mae-

Mo f'(x)=-12x° — 6x — 6, a gna 6yab-axoro x € (0; +o) MaeMo
f'(x) = —-12x° + 6x + 6.

-+ = +) ,/\)
-] 1 3 ——/b 1

Puc. 14.19 Puc. 14.20

Ha pucynkry 14.20 nmokasaHO pe3yJbTaT JOCJHIIKEeHHS 3HaKa II0-
xigHOI Ha KOXXKHOMY 3 IPOMiKKiB (—0; 0) 1 (0; +w). Pyukuia f € He-
nepepBHOIO B TouKax X = 01 x = 1. Tenep Mmo)xHa 3poOMTH BUCHOBOK:
x = 0 — Touka MiHiMyMy, X = 1 — TOYKa MakKcuMyMmy. @
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§ 2. [NoxiaHa Ta 11 3aCTOCYBaHHS

MPUKNAL 2 BHalaiTe TOYKH eKCTpeMyMy (DYHKILiI
x x-3

X
X =sin—+\/§cos -
f(x) - "

Poszs’sazanmnsa. MaeMo:

p 1 X \/5 - x ®) 1
f'(x)=—cos———sin———=cos| —+— |—
2 2 2 2 2 2 3

SHauAeMO KPUTHYHI TOUKHM JaHOl (pyHKIII:

2

X E I onk, “x =4nk,
& w) 1 g9 3 3
cos(§+-§)—-2-=0; _ 4n fich
: T ionkkez; |*T T T
2 3 3 §

R 1 : .
dyukia [ (x)=cos (g + g) =3 € epioguuHOIO 3 nepiogom T = 4.

MeTtomoMm iHTepBadiB mocaigumo ii 3HaK Ha NpoMiKKy [—2n; 2n] 3a-
B/IOBJKKH B nepion. llboMy NPOMIXKKY HaJEXaTh ABl KPUTUYHI TOUKHU:

Y 47
x=01ix= —.
3
:E“ + _ :2.7‘ - Ha pucysky 14.21 nmoxkasaHo pe3yJib-
~ 4n 0 TaT HOOCJHII)KEeHHSA 3HaKa IOXIAHOl Ha
8 npoMiKKY [—271; 2n]. Tenep moxxHa 3po-
Puc. 14.21 4n
Outy BuCHOBOK: x =0, x . ——t
Y3araJbHIOIOUM OTPUMAaAHUMN pPe3yJabTaT, AICTAEMO BiAIIOBIAb:
47
x =4nk, x_. =——+4nk,kcZ.®
max 3

’ Bnpasun

14.1." Ha pucysky 14.22 3o0paxeno rpadik ¢pysarnii y = f (x), Bu-
sHauyeHol Ha mpoMmikKy [—10; 9]. ¥kaxiTs: 1) KPUTUYHI TOYKHU
byBKIil; 2) TOUKKN MiHIMyMYy; 3) TOUKU MaKCUMyMY.

1] [ A T TTTTTIT
— 4 + S s e ey
L__74¢ ﬂ&%#— St — J#—ﬂt
b —p— . S
—10 44-—#—# + O{-L## Wl X
ENEEEEENEE L
Puc. 14.22




14. Tou4ku ekcTpeMymMy DYHKLII

14.2.° Ha pucyskry 14.23 3o0paxxeHo rpadixk ¢ysruii y = f (x), Bu-
3HaueHOol Ha npoMikky [—7; 7]. ¥YKaxiTs: 1) KpUTHUYHI TOUKH
(byHKIIiI; 2) TOYUKU MiHIMyMYy; 3) TOUKH MaKCUMyMYy.

-
e
b i? X

Puc. 14.23

14.8." Ha pucynky 14.24 yxaxith rpadik GyHKIII, I8 AK01 TOYKA X,
€ TOUKOIO MiHIMyMY.

<
<

=

---------------- B S SR RS i e s s s v s
0 X, X B X, X 0: - x 0 x, X
a 9] 8 2
Puc. 14.24

14.4." Y Mae KPUTUYHI TOYKU PYHKIIA:
1) f (x) = x; 3) [ (x) = 9; 5) f (x) = tg x;

2)f(x)=x"+1;  4)f(x)=sin x; 6) f(x)=/x?

14.5, Ha pucyuky 14.25 306paxxeno rpadik ¢pysknii y = f(x), Bu3Ha-
yeHOl Ha MHOXKUHI MiMCHMUX yuces. YU € IpaBUJIBHOKI PIBHICTS:
1) ' (=3)=0; 3) ' (0) =0; 9) f'(2) = 0;
2) f'(=2) =0; 4) ' (1) = 0; 6) f' (3) = 07

Puc. 14.25
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§ 2. [NoxigHa Ta 11 3aCToCyBaHHS

14.6. Pysknia y = [ (x) pudepeHL1IOBHA HA MHOKWHI JIMCHUX YH- '-

ces. Ha pucynky 14.26 3o0paxeHo rpadik Ii moxigHol. YKaxiTh
TOYKU MaKCUMyMy 1 MmiHiMymy GyHKOII y = [ (x).

1 ; y = 1'(2)
H o x

Puc. 14.26 Puc. 14.27

™~

14.7." @yukuia y = f (x) nudepeHIiioBHA HA MHOXKHHL JIHCHUX YHCeI.
Ha pucynky 14.27 3o06pasxeno rpadik pyHrnoii y = f' (x). CKiasKH®
TOYOK eKcTpeMyMy mae pyHKIisg y = [ (x)?

14.8." 3HaiAITh TOYKY MiHIMYyMY i MaKCUMYMy (DYHKILIL:

1) f (x) = 0,5x°%; 4) f (x) = x* — 8x* + 5;
2) f (x) = x* — 6x; 5) f (x) = x° — 6x* — 15x + T;
4
3) f (x) =12x — x°; 6) f(x)=x" —%—.
14.9." 3HaUIITHh TOYKM MIHIMYMY 1 MAaKCUMyMy (DYyHKIIII:
3
1) f(x)-:%xs—x; 4) f(x)=-x?+3x2—7x+4;
1 3 4 3
2) f(x)=4x—§x - 9) Tlx)y=.2%" —4x" + 2
3) f(x) =—x°*+ 4x — 3; 6) f (x) =2 + x* + 2x° — 2x*.

14.10.” 3aiigiTh NPOMiIKKHM 3POCTAHHSA 1 CHAJAHHS Ta TOUYKH EKC-
TpeMyMy (hDyHKI[1I:
1 1 4
1) f(x)=zx“—2x3+7; 3) f(x)=—6—x6+gx5+x4+3.

2) f%) = (2~ 1) (= - 2)%
14.11." 3HaUAITh NPOMIXKKM 3POCTAHHSA 1 CIIafaHHS Ta TOYKU eKC-

TpeMyMy (BYHKILII:
D) Ff(x)=3x"-8x*+6x*-9; 2)f(x)=(x+ 1) (x - 3)°.

14.12." ToBeniTs, 110 AaHa GYHKIIA HE Ma€ TOUYOK €KCTPEMYMY:
1) f(x)=§x3—2x2+4x—10; 2) f (x) = sin x — x.

14.13." doBeniTs, mo gaHa (pyHKIIA HEe MaEe TOYOK eKCTPEMyMY:
1) f (x) = 6x° — 15x* + 10x° — 20; 2) f (x) = cos x + x.
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14. To4ykun ekcTpeMymy yHKLIT

14.14." 3HaiAiTh NPOMIYKKH 3POCTAHHSA 1 CIIaJaHHA Ta TOYKH EKC-
TpeMyMy (QyHKIIII:

4 _x2 9 B x’ .
1) f(x)—x+—x—z;-, 4) f(x)= Z xz, N 7f(x)= . T
2) f(x)=i_—23; 5) 1(0="5 8) f (x) = 2Vx - x.
1 1
) f@W=0— O @)=

14.15." 3HAUAIThF NPOMIXKKHU 3POCTAHHSA 1 CHAJaHHA Ta TOYKM E€KC-
TpeMymMy QPYHKILIL:

x° —6x x° 1
) F@=20 B f@eg— B =
2) f(R)=x+  4) f(®)=—35  6) f(x)=2x—Vx.
X (x+1)

14.16." 3HaWIITh NPOMIXKKH 3POCTAHHA 1 CHaNaHHSA Ta TOYKH E€KC-
TpeMyMy PYHKILIL:
1) f(x)=x" V1-x; 8) f(x)=——;

x+1
2x—T

J3—x.
14.17. 3HauaiTh IPOMIKKHN 3POCTaHHSA 1 CIIaJaHHSA Ta TOYKH eKcC-
TpeMyMy PYHKILIIL:

1) f(x)=x*Vx+2; 2) f(x)=(x-2*Vx; 3) f(x)=

2) f(x)=1-x)x; 4) f(x)=

3x+1

x-1

14.18." Yu € npaBUJIbHUM TBEP/KEHHSA:
1) 3gaueHHa (hyHKOII B TOYIl MaKCUMYMy MOXXe OyTH MEHIINM
BiJ 3HaYeHHA (PYHKIII B TOYIl MIHIMyMY;
2) GYHKIIIA B TOYIl €KCTpeMyMy MoXXe O0yTu HeaudepeHIiMNOB-
HOIO;
3) AKIIO NOXiZHAa B JIeAKIM TOYIll AOPIBHIOE HYJIIO, TO IIA TOYKA
€ TOYKOIO eKCTpeMyMy PYHKILI1?

14.19." Yu € npaBUJbHUM TBEPIKEHHI:
1) v Touni ekcTpeMyMy moximgHa (pyHKIIII JOpiBHIOE HYJIIO;
2) Ao QYHKIIA B AesAK1N TOYIll HegudepeHI[iioBHA, TO 1A TOYKA
€ TOYKOIO eKCcTpeMyMy (hyHKITii?
14.20." Touxa x, — KpuTu4YHa TOYKa QyHKUII f. a1 BCix x <x, BHU-
KOHYyeThCA HepiBHiCTH f'(x)>0, a ana BCiXx X >Xx, BUKOHYETHCA

HepiBHicTs f'(x)<0. Yu moxe TouKa X, OyTH TOYKOI MiHIMyMy?
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§ 2. lNoxigHa Ta 11 3aCToCyBaHHS
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14.21." Touka X, — KPUTHYHA TOYKA QYHKILI] f. Ilns Bcix u i v Takux,
mo u < X, 1v > x,, BUKOHyeTbCA HepiBHicTh f' (1)’ (v)<0. Yn
000B’sI3KOBO TOYKA X, € TOYKOIO €KCTPEMyMYy?

14.22." Touka x, — KpUTHYHA TOYKA PYHKII f. [l BCiX u i v TaKuX,
mo u < x, iv > x,, BUKOHY€eTbCA HepiBHicTE [’ (1) f'(v)>0. Yu
MOJKe TOYKa X, OyTH TOYKOI eKCTpeMyMmy?

14.23." [loBemiTh, 1110 MHOTOYJIEH CTENeHsA 7 Mae He Oiapire Hix (n—1)
TOYKY €KCTPEMYMY.

14.24.”° [Ina koxxHoro n € N moBeIiTe iCHYyBaHHA MHOIO4YJIEHA CTeIle-
HA n, mo Mae (n—1) TOUKY eKCTpeMyMmy.

14.25.7 . loBeniTh, IO MiX MOBLIBHHMHU ABOMAa TOUYKAMHK MIiHIMyMY
(Mmakcumymy) HernepepBHOI Ha R ¢yHKIII € TOUKa MakKCUMyMy
(MiEiIMYyMY).

14.26."" 3HaiaiTh NPOMIXKKHK 3POCTAHHA 1 CIIAJAHHS Ta TOUYKU €KC-
TpeMyMy PYHKILII:

1) f(x)=—;c——sinx; 2) f(x)=cost—x\/§.

14.27." 3BaugiTh NPOMiIKKH 3POCTAaHHA 1 CIIaflaHHA Ta TOYKHU EKC-
TpeMyMy DYHKILII:

1) f(x)=cosx+§; 2) f(x)-—-sin2x—x\/§.

14.28.” 3HaigiTh TOUKH eKCTpeMyMy (DYHKILII:

) f(x)=x|x-1]|- 5x% 2) f(x)=3x? (x-1).
14.29. 3HaMAITE TOYKH eKCTpeMyMy (PYHKILIL:
Df(@)=3|x|(x-3)-x% 2) fx)=xy(x+2)°.
14.30.” Ilpu AKX 3HaquHax napame'rpa a (hyHKIIA
y=x"—8ax*+ 27x -5
Ma€ TiIBKHM OAHY KPUTHUYHY TOUKY?
14.31.7 Ilpn Aaxkux 3HaUYEeHHAX IapaMeTpa a (hyHKI[idA
y—lx3 ~2ax* +4x-15

3
Ma€ TiJIBKHM OJHY KPUTUYHY TOUYKY?

14.32.”" Yu € nmpaBUJIBHUM TBEPIKEHHS: SAKIIIO mﬁxf(x)zf(xo),

‘%, €M, i dysrnia f gudepenniiioBsa B Touni x,, To f'(x,)=0?
14.33.” Yu MosKe MaTH TiJIbKH OJHY TOUKY eKcTpemMyMmy: 1) mapHa

dbyHKIia; 2) HenapHa GyHKIIA; 3) nepioagnuyHa GYHKILIA?
14.34.” llna Bcix x € D (f) BukoHyeThCca HepiBHiCTH [ (X) = [ (x,).

1) Y1 € mpaBUNBHUAM TBEPAKEHHS, L0 X, — TOYKA MIHIMyMY
dbysrnii f? 2) UYn amiauTses Bignosiab, akio D (f) =
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14. To4ku ekcrpemMymy yHKUI

14.35.” 3HalAiTF TOUKM MiHIMyMY i MAaKCHEMyMy (DYHKILII:

T \/5 sin 2x 1—\/511

E) f(x)=sinxsin(x——]; 3) f(x)=70032x— - -

4 4 2
2) f(x)=sin x —cos x + x; 4) f (x) = sin® x — cos x.
14.36." 3gangiTs TOYKM MiHIMyMy i MAKCHMyMy (DYHKIIII:
T

1) f(x)=cosx