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V wit kHusi X049y noabmTICs cBOiM 6araTOpiYHMM JOCBIIOM BHK/IA/AH-
HsT MaTeMaTHKH. [1POTATOM TPHALATH HOTHPBOX POKIB BUKIIATAB MATEMATH-
Ky B crieLianisoBaHii ¢isuko-MareMariyHii mxomi Ne 173 m. Kuena. Yuni
MAaTEMATUIHOTO IyPTKa Iliel IKO/IM HEOHOPA30BO CTABAIH MEPEMOXIIAMU
BEJIMKMAX KOHKYPCIB i3 po3B’s3ypanHsA 3anay. [JlocBif ryprkosoi Ta rosa-
KJIaCHOI poOOTH BMKOPHCTAHO B Liiit KHM3i.

Kuura cxnanaeTscs ia IBOX poaainis,

Poszin 1. Tnrerpan

TYT N0 POIUIMPEHO KOO THTAHE, TIOB’A3aHHX 3 BUKIIANAHHSM TeMH
«Inrerpan y cepenHiit mKoi». ‘

Po3srnanaloTscs BIaCTHBOCTI iHTErpasa Ta MOJAEThCs TeOMEeTPUYHE TIIy-
MaueHHs BUIHAYEHOTO iHTerpana.

Poanin 11, Hepisrocri

Tlpuaineno ypary Tak 3BAHMM KIACHYHMM HepiBHOCTAM (HepiBHOCTI
Bepuysui, Komi, Komi—Bynsxoscekoro, Iebaepa, Minkoscbkoro). ITo-
Ka3aHO E/IMHUA MIXi 710 JOBEJCHH: KJIAaCHYHMX HEPIBHOCTEH Ta JesiKi 3a-
CTOCYBAHHSI IIHX HEDIBHOCTEH; 3HAXO/DKEHHS AKX BAXIIMBHX TDAHUIIb 32
JIOTIOMOTOI0  HepiBHOCTeH. PO3MIAHYTO DA EKCTPEMANBHMX 3amay Ta iX
PO3B’SI3yBaHHS 32 IOTIOMOTOI0 HepiBHoCTel (Ge3 noxinnoi). PosrisHyTo Tak
3BaHMit nIapagokc focigHnKa («inventor’s paradox») — BaXJIMBHIT 3 MeTO-
JIMIHOT TOYKH 30pY.

HaBoxuTbest psii OMITIAHKMX Ta KOHKYPCHUX 3a/1ad, 10B’A3aHHX 3 He-
piBHOCTAMH. PO3MIAHYTO HEpIiBHOCTI, 110 MOB’S3aHi 3 KBAIPATHYHUMH
(popmamu. IIpomoHyeThCS LiKaBUii METON NOBEACHHS HEPIBHOCTEH 3a 10-
TIOMOTOX0 TOTOXHOCTEH.

Y KiHIi KOXHOro po3jiNy MOAAETECS CIUCOK BUKOPMCTAHOI Ta PeKo-
MCHJIOBAHOI JIiTepaTypH.

3HawoK * 03HAYAE MOYATOK i KiHeLb AOBCACHH.

Xouy BHcoBHTH NMOAKY podecopy KHY im. T. T, Llepuenka, AOKTOPY
(hisnko-maremaTiurmx Hayk O. T. Kyxyury 3a HU3KY CTYIIHMX 33yBaXeHb.

Buc10Bm0I0 MOASKY ros0BHOMY penaktopy cepii I. C. Mapkosiit 3a mo-
CTiliHy OTIOMOTY TIX Yac CTBOPEHHS ILii€i mparti.

P. Yuaxos, m. Kuis, 2006
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1. HeBu3aHaveHuii inTerpan

) Osuavemns. @yuxuia F(x), saana ua Binpisky la; 6], nasusaersca
nepeicnoro juist ynkuii f(x), 3ananHol Ha TOMY camMoMy Binpisky,
sxio F’(x)= f(x) a60 dF(x)= f(x)dx ms x € [a;].

Hanpuknan, d¢yskuis F(x)=sinx € neppicHoo A  dysxuil
f(x)=cosx Ha R, 6o si’ x=cosx, x& R

@yuxuia F(x)=x", ne N ¢ neppicolo mist Gynxuii f(x)=nx"",
x € R Qyuxuis F(x)=Inx, x& (0;+m) € nepsicHo0 Wit (yHKuii

f(x):%, x€ (0;+20).

Omnepaltisi 3HAXOMKEHHS MepBiCHOI Wist AaHoi (DYHKLUIi HA3MBAETHCS
inmeepyeannam. ko nepsicHa uisi GyHKUIT f icHYE, TO BOHA BH3HAYa-
€ThCS HE €IMHNM criocoGom. AKio F — nepsicHa i GyHKIL / Ha AesKo-
My MpoMiXKYy, To dyHkuis F+C € Takox mepsicHoo Juts yHkii f Ha 1o~
My npoMixky (C — Gyap-siKa AificHa KOHCTAHTa).

Hiitcno,

(F(x)4C)'=F"(x)+0=F'(x)= f(x).

Hna dyskuii, ska Mae NepBicHy, MHOXHMHY BCiX NEpBICHHX ZicTaeMO
3 Gy/b-KOi MEPBICHOT IIAXOM NOAABAHHS 10 HEl AOBUTHHOI KOHCTAHTH.

Hexait F(x) i ®(x) — mepsicHi, 15t GyHKUi f Ha AEAKOMY IPOMIXKY.
Toni

(F(x0)-0(x)'= F'(x)-®' (x)= f(x)- f(x)=0

Juis Gyab-AKoro x i3 usoro mpomikky. Lle osnayae, mwo
F(x)-®(x)=C, F(x)=d(x)+C.
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OpHy nepeicHy MOXHA BHIUIMTH, SKINO 3a7aTH il 3HaueHHs F| ( X,
¥ AesKiH Touw X, .
Tpuxnan. 3uaiigite Ty nepsicHy aist GyHKui
SX)=x? +x+],
rpacik s1Koi npoxomuTs uepes Touxy A (0;1).

o xt
. e AL
F(x) 3 + 2 +%+C,
6o

g Litfioeh proty
[3 £s 2v+x+—C =x"+x+L
F(0)=13a ymoBow0. OTXE,

1=F(0)=C i F(x)=

“ Oanavenns. Hesusnadenum inmezpasom Bin GyHKUii f Ha neskoMy

TPOMIKKY HasuBaeTses Bupas F(x)+C, ne F — nepsicHa Gynkuii £
Ha 11bOMY TpOMikKy, C — NoBiibHa cTana. HeBn3nagenwit interpan

BiI yHKIIil f TI03HAYAIOT CHMBOJIOM f S(x)dx. Takum uunoM,

[ f)de=Fx)+C. )

Hanpuknaz,

J.(sinx+cosx)dx=sinx—msx+C.

Tabumani inrerpanm
X
n+l

o X
Z‘Ix &y n+l

3. ina pidicHoro o1 x>0

I [x"dx=>—1C, ne N, xe R.

+C,ne Z, n#-1, xe (—M,O)u(o;-v-m)

!

o+l gt

Jx“dx:

4. Ha xoxHOMY 3 iHTEpBAIIB (-«{0), (lJ;+=e)

)
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& _rasite:
X

a*

Ina
6. [erdr=e"4C, xe R.

5. [a*dx="—4C, a>0, a1, xe R.

& Icosxdx=smx+C, x€R.

8. Isinxdx:—cosxw, X€R.
9.f

dx
10. jm=—ctgx+c Ha KOXHOMY 3 intepsanis (un,nn+7), ne Z.

5 (n T
=tgx+C Ha KOXHOMY 3 iHTCpBANB (—Eﬂm;iﬂw], neZ.

cos’ x

dx
1L [ =arctgr+C, xe R

12.f Sl S Y
1-x?

Koxuy 3 umux hopmys JErko NepeBipTH 3a JOMOMOroio Au(epeHLl|
IOBAHHA.

Tabnmiio HECKIIATHO TPOJIOBXUTH,

Tak, 3HaO4H, IO

JCTAHEMO iHTErpan
j'—dx—=an:sini+c |x]<|a|
I3 piBHOCTI

el e
(lnl,x+ i +a|) T x+Vxl+a [l+2\lx’m]7\/x‘+a

nmicTaHemo iHTerpan

I de e W e

x*+a
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Bnpasa 1. [lepesipre hopmynu:

a)[de—z-

6) jﬁ —1u(ax+J1+.z—’;c’)+c
B)jm=zm(&+m)+c,x>o; 5
0 j%:m[x+WI+c, |x|>1ak
)IJ_ (m(J_s, +b)+C. :

Jlnst pocuts mpoctol (yHKIUIT mepBicHy MoxHa Bigrajgatd. Y Glibin
CKIATHUX BUTTANKAX 1€ 3p0OHTH He BIaeThest. Moxua ofuucauTH noxiaHi
GaraTeoX yHKLY i He 3HalTH QyHKUiT F, Wi axoi F”= f. Tloxi6Huit mo-
IyK Moxe 6yTi MapHHM. Y MaTeMaTHIHOMY aHai3i 1OBEIEHO, WO TIepBic-
Ha eNeMeHTapHOI (yHKIT Moxe He OyTh eneMcHTapHOIO (yHKitieio. Tak,
He GyIyTh eeMeHTapHHMU (DYHKIIAMM NepBicHi Takux (yHKIii:

Fio=e, /(x):f'%x, o0t =gin P )= cosxhs

InrerpyBanns 3a 10NOMOroI0 METOAY HeBH3HATEHHX KoedinienTin
PosrsHeMo dyHkuio

ne g(x) — dynkuis, mudepeHuiioBHA Ha AESKOMY IPOMIKKY i
; S =k-gx)+p-g (x)+r 2)
Juist 6y IKOrO X i3 3a3HAYEHOT0 NPOMIXKY, K, p, r — AesiKi KOHCTAaHTH.
Toni
k-g(x)+p-g (x)+r

jm)a:jTa:

Jkdx pI dtlr +rJ‘g( )—h+pldg(x1+rfg( 576 @)

Jie C — NoBiNbHA CTaNA.
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" dx .
Posrnaremo Bamanox, xomu r=0 aGo iHterpar I@ BIIOMMIA.

Tpunan 1. 3uaiinite iHrerpan
j a,x+b,

a,x+b,
ne a, #0.
* Maemo:
fx)=a x+b,, gx)=a,x+b,, g (xX)=a,.
I3 piBHocTi (2) Maemo:
a, x+b =k(a,x+b;)+pa,+r.

3rigHO 3 METOZOM HeBM3HaYeHMX KoedillieHTiB MaeMo cucTeMy
PiBHAHB BiTHOCHO k, p i r:

ka, =a,, kb, +pa, =b,, r=0.

3sincn
a;b, ~a,b,
R
Tenep i3 piBHocri (3) aicraHemo:
a, a,b -ab.
I=a—'x+ 2 ynfa, x4, [+C.*

2

Tpukaag 2. 3uaiiits iHTerpan

J. a,x+b,
a,x* +hyx+c,

ae a, #0.
* Tyr f(x)=a,x+b,, gxX)=a,x* +b,x+c,, & (x)=2a,x+b,.

13 pisrocri (2) Maemo:
a,x+b, =k(a,x* +b,x+c, )+p-(2n,x+b, )+r.
MaeMo cHcTeMy PiBHSHb:
k=0, p-2a,=a,, r+pb, =b,.
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a 2ab ab

¢! Briran s 2a,

Tenep i3 piBHocri (3) micTanemo:

149 o 2a,b -a,b, dx
I Ina, x +b1x+cz|+——2a1 I*ﬂle i +C.
Turerpan
,[ dx

Jl06pe Bimommit.*
Bayeancenns. InTerpan
a,x* +b x+¢,
J a,x? +b,x+c,
3BOJIUTHCS 110 iHTErpaia 3 npukiany 2, 6o

% (a,b, —ab, )x+a;6-a,6,

f a,x* +b x+¢,
a,x* +h,x+c,

a,(a,x* +h,x+c,)

Ax+B
a,x’ +b,x+c,

Hpaknax 3. 3uakimits iHTerpan
_J- ae™ +b
a,e™ +b,
ne ma,b, #0.
® Tyx
S(X)=a,e™ +b, g(x)=a,e™ +b,, g (x)=ma,e™
I3 piBHocri (2) Maemo:
a,e™ +b =k(a,e™ +b,)+pma,e™ +r.
Maemo cHecTeMy piBHSAHB:
ka,+pma, =a,, kb, =b, r=0,
aniakn
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ab,-a,b

k 75 by " r=0.
Tenep i3 piBHocti (3) micraemo:
b ab,-ab
5| IR IR Ye e -
= i Infa,e™ +5,]+C.

Ilpuknan 4. 3ualinite iHrerpan
a, sinmx+b, cosmx
:I a, sinmx+b, cosmx "’
ze m#0, aj +b] #0.
*Tyr
f(x)=a, sinmx+b, cosmx, g(x)=a, sinmx+b, cosmx,
& (x)=ma, cosmx—mb, sinmx.
I3 pisrocri (2) Maemo:
a, sinmx+b, cosmx=
=k(a, sinmx+b, cosmx)+p(ma, cosmx—mb, sinmx)+r.
3riIHO 3 METOAOM HEBU3HAYEHUX KOeDIl[ieHTIB, MaEMO:
=0, a, =ka, —mb, p, kb, + pma, =b,,

3BIIKH
a,a,+bb, a,b -a b,
T ib m(a? +b?)
Tenep i3 opmymu (3) aicraemo:
a, +bb. a,b ~ab
LA et ln|a, sinmx+b, cosmx|+C.' 1

el S e R W
a by " m(aj+b})

Hpuknan 5. 3Haiinite inTerpan

. _[ a, sinx+b cosx+c,
~Ja, sinx+b, cosx+c,

e aj +b] #0.
* Tyr
f(x)=a, sinx+b cosx+c,, gx)=a, sinx+b, cosx+c,,
£ (x)=a, cosx-b, sinx.
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‘ Poagin |. Interpan

11

3rigHo 3 piBHicTIO (2), MaeMO:
a, sinx+b, cosx+c, =
:k(a, sin x+b, cosx+c,)+p(a, cosx—b, sinx)+r.
3pincH AicTaHeMO CHCTEMY PiBHSHD BiTHOCHO K, p, 7:
ka,p-pb, =a,, kb, +pa, =b,, ke, +r=c,.
Po3B’A3aBIIM 110 CHCTEMY, JICTAaHEMO:

_aa, +b,b, ¥ a,b -a b,
a; +b}

s s

aj +b;
a,(cla1 -c,a, )+b (cb —c;b, )
5 aj +b;
Tenep i3 pisHocri (3) maemo:
aa,+bb, a,b-ab,

X+ Inja, sin x+b, cosx+c,|+
e L e, i, cos x|

(c a,-c,a, )+b (cb =, ) J-

a3 +b] a, sin x+b cosx+e,”

Jlani nomitumo, 1o
.[
a, sin x+b, cosx+c,

4 s
2 X b, cos? - e, [ sin? Zcos? X
a, Sll’l 2 Cos 2 CUS 2 S“\ 2 € sin 2 COs 2
- e -
= s I oAy T
(¢, b, )sin? 3124 smizmiﬂr(b2 +¢, ) cos? 5

dx

X| X X
0§ E[(E’ ~b, tg? Ft2a,185+h +c,]

o 2du
(ey-b, )u* +2a,u+b, +c,”

)

@)
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3 ui€i cueTeMn 3HAXOMMO:

1 1
k=3m P=—3

Tenep 3 pisnocri (3) micraemo:
1
I:ﬂ(x—lnl be* +alsin x+casx1)+C.'

Tlpuxnan 8. 3uaiinite iHTerpan
I smx+cosx
ae* +b cosx

ne b+#0.
Shyr
f(x)=sinx+cosx, glx)=ae* +bcosx, g (x)=ae* -bsih x.
3 pissocti (2) maemo:
sin x+cos x = k(ae* +bcos x)+ plae* —bsin x)+r,
ABUIKK IICTAEMO CHCTEMY PiBHSHE:
ka+pa=0, kb=1,-pb=1, r=0.

I3 ni€i cucremn 3Haxomamo

Tenep i3 piBrocri (3) Maemo:
l—*(x Inlae* +b cos x)+C.*

Bnpasa 2. ITepesipre iHTerpany y npukaanax 1-8 3a ronomoroio ange-
PEHILIIOBAHHSA,

Bupasa 3. 3uaiinits interpan:

I a,x* +h x+¢, ki X :

—a,xz Pl ne a, #0, b; —4a,c, <0;

) J- x* +5x° +5x% +5x+2
x'+x’ +2x* +x41

“)J. x*dx ;
x* =5x* +20x” -60x? +120x-120" }
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X
neu=tg 2 Ocranniit inTerpan sinomuii. Temep i3 piBHOCT (4) MOXHa 3Haif-

TH OCTATOYHMI pesysibTat.*
IMpuknan 6. 3uaiiaits iHTerpan
alx-1)e* +b
“J’ 2x x i
e +2axe” +b
ne a#0.

f(x)=alx-De* +b, g(x)=e** +2axe* +b,
£(x)=2e* +2ale* +xe*).
3riaHo 3 (2), Maemo:
alx-1e* +b=k(e™ +2axe* +b)+p(2e™ +2ale* +xe*))+r.
3BiicH iCTAHEMO CHCTEMY DiBHSHE:
2ka+2pa=a, k+2p=0,2pa=-a, kb=b, r=0.
3 ui€i CHCTEMM 3HAXOMMMO:
k=L p =—%.
3riano 3 piBHicTIo (3), MaeMo:
i é =x—% Inle* +2axe* +bl+C.*
Tpuxnay 7. 3uaiiaits inTerpan
ot J- sin xdx
be* +a(sin x+cos x)’
ze a#0.

* Tyr

S(x)=sinx, g(x)=be* +alsin x+cosx),

& (x)=be* +alcos x—sin x).
I3 pisnocri (2) Maemo:
sin x = k(be* +a(sin x+cos x))+ p (be* +alcos x—sin x))+r.

Maemo cucTeMy piBHSAHB:

kb+pb=0, ka—pa=1, ka+pa=0, r=0.
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J»a e the 5, 40;

P E“,aem*n, a,b, #
cos xdx

i Ibe“ Tatsin x+cosx)’ 250

)J’ sin x—cos x

dx, me b#0.
ae* +bcos x

AT a, ab-ab
Bidnosids. a) I::;)H 242 Inlazx +b, x+c2]+

2o (e e ) b a)  smerty

+ arctg >
a}\J4a,c, -b} Jda,c, —b}

6) I=x+Inlx* +x* +2x* +x+1l+C;

8) I =x+Inlx’ -5x* +20x* ~60x? +120x-120/+C;

na,b,—mba, a,b -a,b,

(n-m)a,b, o m)a,b, lnln Gt I+C

) l=2—a(x+ln|be"‘+a(si.nx+cosx)|)+C;
¢) l:%(x—lnlae‘ +bsinx|) +C.

PesyabTaT iHTerpyBaHns B 3araIbHOMY BMUISI Bigommit
Tipuxnax 1. 3naitniTs interpan :
3 _[ P(x)dx
Y ax tbxec

ne P(x) — MHOTOUJIEH.
'!‘ Teopema 1

1=0GNax +bxrc+h| —J’dx=bx" ©)
ax” +bx+c

Je cremins MHorowreHa Q(x) Ha OIMHMIIO MEHIIWI Bif cTeme!
Muorowiena P(x), A — AesKa KOHCTaHTa.

* IponudeperitiroeMo pisHicTs (5):
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Plx)

Vax? +bx+c

2ax+b 1
=0’ (xWax® +bx+c+ QX+ ————,
2Vax? +bx+c Jax? +bx+c

IBLKK
2P(x)=20" (x)(ax? +bx+¢)+Q(x)Qax+b)+2A. (6)

O6uapi yacTiHy pisHOCTI (6) — MHOFOWIEHH OJHAKOBOTO CTENEHS.

I3 piBHocti (6), BBaxXaloun BizoMHMH KoedilieHTH MHOTOWIEHa P(x),
MOXHa 3HaiTH KoedinienTd MHorowieHa Q(x) i uucno A, *

Posrasinemo npuxnan.
3uaimite iHTerpan

Xl -X
iy
* Y usomy BHTIQIKY
P(x)=x*-x, a=b=c=1, Q(x)=mx+n.
3rinwo 3 pisnicTio (6),
2(x% —x)=2m(x? + x+1)+0mx+m) (2x+1)+ 2.

3BiACH 3riIHO 3 METOIOM HeBH3HAYEHHX KoedillieHTIB MaEMO CHCTeMy
DI

4m=2, 3m+2n=-2, 2m+n+21=0,
Iniku

3

[

|
Bl
>

)
oo W

Jrinno 3 dopmynoio (5),
l i 2 3 ¥
I-(z x—4J\Ix +x+1+BJ- x1+x+1. )

TaxkvM 9MHOM, Teopema | 3BOJMTH 3HAXOJUKCHHS iHTerpana I aaHoro
WLy 10 3HAXOIDKEHHS iHTerpana

e
PR e $
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1
I, ;I—dlx s =In x+5+\/x2 +x+l|
()Hi) +2
Temnep 3 pisHocTi (7) micraemo:

I=[—1-x—1J x +x+1+—ln(x+ +4x* +x+]

2%

L0

Mu BpaxyBanH, 110

1
xt5+Vx? +x+1>0

2

npu x€ R*
Bupasa 1. 3HaiiniTs inTerpan:

Jlezie
Nex?’
>IJ—,,

)J- x* 42

Vx? x4l

dx;

I\Ia +x?
Ix’ —6x’ +11x-6

Vx! +4x+3

1

Bidnosids. a) g(x’ “2Wx?+1+C;

1
6) | =2 ~2x \/x’+|+§ln x+vVx? +1)+C;

4 8 8

1, 3\ = 15 Lo
n)z 2x—z Wx +x+1+? x+E+Jx +x+1 |+C,

1

o] %x\/a’ +x? —ia’ ln(x+~la’ +x? )+C;
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2
0 (5,# -? x+37) Y +4x+3-661n|x+2+Vx" +dx+3|+C.

Tpuknax 2, 3HainiTs iHTerpan
I =f P(x)e™ dx,

Jie A(x) — MHOTOWIEH.

" Teopema 2
I=0(x)e™ +C, ®)

ze P(x) 1a Q(x) — MHOIOWIEHH OJHAKOBOTO CTETEHS.
* Mpoxudepernitoemo piBusHus (8):
P(x)e™ =(Q (x)+kQ(x))e™,

IBiKH
Px)=kQ(x)+Q (x). (C)]

Hexait
P(x)=a,x" +a,x"" +..+a,  x+a,.
Yuena k, ay, 6, ,...,4, BiIOMi.
Q(x)=byx" +b x"" +...4b,_ x+b,.
13 pisHocri (9) Maemo:
a,x" +a,x"" +..+a,  X+a, =k(b,,x" +b,x"" .. 4b,  x+b, )+
+nbox" +(n-Db x"" +..426, , +b, .
3rinHo 3 MeTonOM HeBU3HAYEHHX KOSDIIIEHTIB MAEMO CHCTEMY DIBHSHB

kb, =a,,
kb, +nb,
kb, +(n—Db, =a,,

kb, +(n—m-+1)b,,
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3BifcH MaEMO PEKYPEHTHY MOCTIIOBHICTE { b,}.

L)

=2 b, =1 (a,-n-mit, ), (10)

by

nem=12,..,n
Haseziemo /Ba MpHKJIaIH.
1) 3uaiinits iHTerpan

I=[@x® -3x? ~4x+De™dx.
* YV 1upoMy BHTAIKY
n=3,k=2,a,=2,a =-3,a,=4,a;,=L
3rinso 3 popmysoio (10), Mmaemo:
by =1, b =3, b, =1, b, =0.
Otxe,
0(x)=x’-3x> +x.
3rigHo 3 popmysioio (8), MAEMO BiITOBIL:
I=(x*-3x* +x)e™* +C.*
2) 3uaiinite iHTErpan
3 i =J x"e¥ dx)

nene N, k#0, ke R

*Tyra, =l a =a, a, =0. 3rimso 3 dpopmyioio (10),

1 n nin-1) n(n-1)(n-2)
by E R b == b, =TT by AR TR
n! n!
B G e s 10 5
D S eI
BpaxoByioun 1e, MAEMO BiAIIOBIIb:
n X"l
Fa oy e .
D i

Bnpasa 2. 3HaiifiTs iHTErpan:
a) [ Bx* -2x* +x7 -3x+2)edy;

6) I(x’ +x? +x+1)e™ dx;
B) I(Sx‘ +7x7 +6x? +5x+4)e* dx;
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1) [ Gt 457 4 x2 4 x+)e* dx.

Bidnogiow. a) [x‘ e +Zx’ —Ex 41

) o
3 9 +27Je +C;

P MJ s o
6)[5): 35X to5 ¥ 55 )€ $Cs

B) (x* +x° +x2 +x+1)e* +C;

b R A
r)4[x Xy xtg e +C.
Tpuknan 3. 3uaitnirs inTerpan

I=[ & sin pxas,

ne k*+p*#0,ke R pe R .

1 Teopema 3
I=(Asin px+Bcos px)e™ +C,
ne A i B — piesiKi KOHCTAHTH.
* TpommdepenuiioeMo pibicts (11):

€* sin px=(Asin px+Bcos px) ¢* +ke™ (Asin px+Bcos px)=

=e*[(Ap+Bk) cos px—(Bp— Ak ) sin px].
3pilich MAEMO CHCTEMY PiBHAHD:
Ap+Bk =0, Ak~Bp=1,
POIBA3ABIIM AKY, AiCTAHEMO:

k >
T
Tenep i3 piBHocri (11) Maemo:
zh
I " sin pxdx =

P (ksin px~p cos px)+C.*

PoarnseMo npukiaj. 3HainiTs iHTerpan
I=[ ¢ sin2xd.

* Tyr k=5, p=2. 3rinHo 3 dopmysowo (12),

L s .
=3¢ (55in2x-2 cos2x)+C. g

(11)

(12)
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Bupasa 3. 3HaifniTs iHTerpan:
a) [ ¢ sin3xdx;
Isinﬁx

=it
& 1
Bidnosids. a) 5 e**(4sin3x-3 cos3x)+C;

sin6x+3 cosbx
20e™
Tpuxnan 4. 3HainiTs iHTerpa

Izje" cos pxdx,

6) - +C.

nek*+p*#0,keR peR

&

Bidnoeids. I—k 7 (psin px+k coskx)+C.

JIOBeIeHHS AHANIOTIYHE JIOBEEHHIO TeOPeMH 3.
Bupasa 4. 3HaiiziTh iHTerpan:
a) je“‘ cosdxdx;
6) Ie" cos 3xdx;
cos 7x
0 [

) j e" 2 cos3x+4sin3x)dx;
) J " (asin px-+b cos px)dx.

1
Bionosidb. a) %e“(z sindx+3 cos4x)+C;

6) = e”‘(3 sin3x-+5cos3x)+C; B)
z
r) ——(14 sin3x-8 cos3x)+C;

7sin7x-3cos 7x

5807 +C;

M7 k‘ 7 [(ak+bp)smpx+(bk np)cospx]+C

Mt HaBE/H [eKiTBKa PUKJIAMIB, a/le METO HeBM3HAYCHUX KoeillieH-

TiB MpaLioe i B 6araThoX iHUIMX BUITA/IKAX.
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2. BuanaueHnwii inTerpan y sagauax

a) Buxonayw i3 reoMerpuunoro TAYMAaYeHHsn, 069ncHiTs BH3navenuil
inrerpan (3anawi 1-10).

)
1. 1 =[Ixdx, 2e a<b, a#0, b0,

* MoxmBi Tpu BATAAKM:
1
1) a<b<0 (puc. ). 1=5(a’—b’);

Puc. 1

1
2) a<0<b (puc. 2). I=E(a’ +b%);
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1 1
Bidnosids. E(a‘fb’), ko a<b<0; E(a’+b’), sxkmo a<0<b;
1
i(bl—a'),mm\o()<a<b.'

% I=j;(|x—]|+|x+ll)dx.

* Ha puc. 4 3aiITpyuxoBaHo Girypy 3 IYKaHOIO IUIONICIo 8.

b
&
C

/AH

0 x

-1
Puc. 4

§=5, 48,48y, (O]

ne S, — o Tpartenii ABFE; S, — nnoma ksanpara BCGF; S, — nnm.ua‘
Tpanenii CDHG.

2
S5, =BF -BC=22=4.

1 1
5, =*(AE+BF)~EF=§(4+2)»1=3.

1 1
S, =E(CG+DH)-GH :5(2+6)-2 =8

Tenep i3 piBHocTi (1) Maemo:
§=3+4+8=15.
Bidnosids. 15.*

R

3. 1= [ VR —x* dx, ne R>0.
x

* Postsmemo dyukuiio y=vR? -x. x*+y* =R’ — piBHsHHI x::

3 paziycom R i uenrpom 0(0;0). Ockinsku y 20, rpacikom aamoi
€ miBkoyo (puc. 5).
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-R 0 J
Puc. 5

1
Tnoma niskpyra gopismioe EnR’, oTXe,
f 1
J“IR‘ ~x’dx=5nk’.
-R
i el
Bionoeids. EHR i

s
vy

4. 1= VR ~x7ax, R>0.
~-R

* Ha puc. 6 3anrmpuxosano Girypy 3 mykaHoio mwiomeio 5. s irypa
¢ 06’€/1HaHHAM KpyroBoro cektopa AOB i TPUKYTHWMKA BOC.

¥y
B
A ¢
-R 0 R _px
2
Puc. 6
5=5+8, , (1

)0 8, — mioma Kpyrosoro cekropa AOB, S, — mioma TpukyrHMKa BOC,
R
OB« R 0C =5 oTXe,

Z0BC=30°, ZBOC=60°, 2 AOB=120°.

Lo T e Koy S K
8, -JnR ,S,720£<004$n60 —2R-2< 278

“Tenep i3 pisHocti (1) micranemo:

R,
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L
S—3RR+8R.

Bidnosid. %m’ +g !
a+R

5.1= j,/(ma X(R+a+0dx, R>0.
* Posrsemo ynkuio y=(R+a-x)(R+a+x)= =yJR*~(x-a)*.

y? +(x-a)! =R? — piBHAHKA Kona 3 pamiycoM R i ueHTpOM y Toui
(n;O). Ockinskn y 20, 1o rpadikom nauoi dyHKuii € niBkoso (puc. 7), a my-

KaHMil iHTerpan JOpiBHIOE TUIONI MiBKPYra
asR
1
I (R+a—x)(R+a+x) =E1IR1."

@

ol a-r a+R *
Puc.7
3ajaua 3 € YACTHHHMM BUMAZKOM 3a]a4i 5 IpH @ =0.

2
1
= _J,i (Wa=x" -afsva-»* +1)dx.
* PosrasHeMo GYHKIIO
1
y=3 (Na=—=" —1l+a=x" +1) =
o {\M—X’,npu VJa—x2 21, Ja-x?, npulx| <43,
1, pu 0<V4-x* <1, 1, mpu 43 <|x| <2.
Ha puc. 8 3amTpuxoBaHo hirypy 3 LIYKaHOIO nnume)o §. L dirypa ci
METPHYHA BiIHOCHO oci Oy. 1i monosuHa 3 rIOMmEO - 2 S € 00’ eMHaAHHAM K]

roBoro cextopa AOB i3 momeio S, Ta Tparexii OBCD i3 ruomeio S,
CD=y2)=1 £BOD=30°, £ AOB=60".
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S, =—nR*=-m-22 ==
4 61r.R i 3™

1 3
& :%(ODH?C)-CD:5(2+(2—\/§))-1=2—§\

Tenep Maemo:
1
2

G
S=5,+5, =27"+2_§ IS =514,

4
Bionosids. Tn+4~~/— o

)
7. 1= min{x+2;5,2-x} d.
-2

* Ha puc. 9 306paxero rpadiku Tprox dyHKuiit:
y=x+2, y=1, y=2-x.
3 pucyHka BUaHO, IO
x+2, npu-2<x<-1,
y=min{x+2;1;2—x}: Lopu-1£x<1,
2-x, mpul<x<2.
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Tpadix manoi pynxuii — 1e 1amaHa ABCD. IlTykaHuii iHTerpan Aopis-
moe rwiomi S Tpanenii ABCD.

S:%(AD+BC)-1:%(4+2)-1=3. ‘

Bidnosids. 3.*
A L
(e VIR e

* Ocxinsin
XI 1
e |
e i |
7 Z V7 £/
1=+ Yae= [ 2dix+ | A" de=2v2+ | Ja-x"ds.
0 L 0 0

Ha puc. 10 3amTprxoBaHo irypy, ruioma AKoi A0piBHIOE 3106yTOMY

n
inTerpany. ITepesipre, MmO 11 TUTOMA JOPiBHIOE 5+L Orxe,
i ‘:2«5 + %+ ) fod

y

1
9T =I arcsindx.
o
* Ha puc. 11 306paxeno rpadix dynKuiit y =arcsin, X € [o;1], 4
n
y=sinx, x E[O;E]'
Lle nyru OB i OC, sxi CHMETPAYHI BUIHOCHO npsiMoi y =X, 60 mani
bynKuii 06epreni. [Lionti KpUBOMHIAHIX ‘TpukyTHUKiB OBA Ta OCD piB
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S8 = | sinxdx= —cosxlz =1

et—win

Iurerpan 7 nopisHioe wiomi S, KpuBomiHiHOro TpukyTHuKa OBE.

Slxuo S, — mroma npsivoxyrHuka OABE, To J
8, =8, ~S=1.2-1=21
B TRt

Bionosid. ;i-L'

8
10, 1= [ In(¥+1-1)dx.
3
* ®ynkuis y=In(vx+1-1), x>0, spoctaiowa, omKe, Mac oBepreny.

Juuisemo obeprery dbynkigiio.
e =yx+l-1, e’ +1=/x+1, e” +2¢’ =x.

Orxke, y=e™ +2¢* — obepHena dyuxuis. Ha puc. 12 nokasano rpadikn
obopienx ysxuit y =In (Vx+1-1), x € [3;8]ra y=e™ +2¢*, x € [0;1n2].

ha

U4
y=x

3

1 D i

Om2 3 8 x
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Hexait §, — mykaHa ruoma KPHMBOJIHIHOrO TPUKYTHHKA DEF. Kpu-
BoiHiiHWI TPUKYTHAK ABH Mae Taky camy wiomy S, . § — IO NPAMO-
kyruuka ABCO. 3posymino, mo S =8In2.

In2
S, =8~ [ (e +2¢")ax. ()
o

1
Tomirinvo, o [ (e +2 e‘)dxzi e +2¢* +C. Omxe,

in 2
I(z"+2f)dx [ & 42¢* )% Shguaaiiatas,
=5 2

Tenep i3 pisrocri (1) icraemo:
8
8, =[ In(/x+1-1)dx=81n2-35.
3
Bidnoside. 81n2-3,5.*

Bopasa 1. BHXO/S4M 3 TeOMETPUYHOTO TIYMAuCHHA, 06YMCIITh BU3HA-
YeHHH iHTerpa:

2
a) [llxl-1lax
0
I
6) I(|x|+x+1)dx;
El
4
5 [[lx-2l-1] e
2
2
1) J‘min{véfx’ ;l}dx;
n) I —

02+ 4 X7
e) Imax{l;ln(l+x’)}dx.
o
Bidnoside. 8 2 6) 3 1) 6 1) 3+ 1) 2‘%‘%
e)2 In5-4+2+/e—1+2arctg2 ~2arctgve-1.
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11. @irypa o6mexeHa Biccio Ox Ta mapa6onoo y =—x? +6x-5. Topuson-

TILHA NPAMa y = ¢ oA riomy i€l Girypu y BixHomen i n:m, paxyio-
it Bix oci Ox. 3uaiinits .
* Iomitumo, 110

y=—x'+6x-5=4-(x-3)%.
Ha puc. 13 samrpnxopano naHy B ymosi oirypy.

Puc. 13

3poaymiso, 1o dirypa, obMexena siccio Ox i napa6oinoio y=4-x*, mae
Ty Camy Tioy, Lo # saurrpuxosaua. Thioma ii mozingerses mpsamoro y =c
Y TOMY camoMy BifHoweHHI 7:m. [lioma S KoXHOI i3 3a3HaYCHNX Giryp
JIOpiBHIOE
2
22 [8 =
o

Slxmo Bick Ox nepexectH mapanensHo Ha sexrop @(0;c), To napa6ona
y=4-x" 'y HOBili CHCTEMi KOOPIMHAT MaTMMeTe PiBHSHHs y=4-c-x*.
ITnoma S, dirypm, o6mexeHoi ni€io mapa6omoio i HOBOW Biccio 0x, no-
piBHIOE

S=2_E(4—x‘)dx=2[4x—x?x)

5 [ 2 ”Jﬁ
= ——x? - {5 S
5=2 j;(4 e—x?)dx 2| (e JL,

[2(4 oWa—c -—(4~cW }——(4 eWa—c.

3rigHo 3 yMOBOIO
4 2 32 4
8, =S a0 -0 = 2 A
m+. 3

3BiIKH
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Hapeuri

2
Bionoaids. c=4[1—(—’"—]’ ] *
m+n

6) BaacTHBOCTi BH3HAYEHOTO inTerpana
12. JloBeAiTH TOTOXHICTb

jj(x)dx= If(fx)dx.
~b -b

s
* Hexait I = I f(x)dx. 3po6umo TACTAHOBKY X ==1.
%

Maemo:
- f e e s

1m0 # noTpi6HO KoBECTH.*
13. JIoBeAiiTh TOTOXHICTE

b b
| /‘(x)dx:% J Lo felax.

5 » o
. % [ Lo+ f(—x)]dx=% [ fass | .
- -b -b
3riHo 3 npukianoM 12,
. 5
| pexide=| fG0dx.
b p
Otxe,

b ) b [}
% Lo f(—x)]dx=-;- f f(x)dx+% | £ = foxax*
-b -b -b

b
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14, osetith ToTOXHiCTH

| 7= [ [0+ e,
4 o

* jf(x)dx: }f(x)dnjf(x)dx. (1)
-a -a o
Hexaii
0
1= pxyax,

Moxnanemo x =~7. Toni
1 :f e e d/):I Sf(=2)ar =I [(X)dx.
Tenep i3 pisrocti (1) Maemo:
j" f(x)dx:l f(-x)dx+j: f(x)dx:_‘lf [Fe0+ £ Jax*

Hacaidox 1. Sixmo f(x) — napua iHTerpoBHa (hyHKuis, BH3HAYeHA Ha
TIPOMDKKY [7a;a]. T0

} f(x)dx=2jf(x)dx
e 0

Hacaidox 2. Sxmo f(x) — nenapua inrerposa ynkuis, BusHayeHa Ha
npomixky [-a;a], 1o

j.f(x)dx:Q

Bupasa 2. O6uucrirs inrerpan:
2

a) J’x’ cos koxdx;
2

6) j sin kx cos pxdx;
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—3|n

x sin® xdx;

)

) jl' In(x++/x* +1)dx;

Slx

|
€) J-x"'(.arcsinx)”’“tbc, neN;
S
3
X) J(Zx’ —4x* +3x) cos xdx;
S
2
3) I(x" _2x° +3x° —4x)|x| dx;
2
) _[(xs ~5x)In’ (x* +1)dx;

%
sin x—COS X|

ln\—.——- dx.
sin x+COs X

B
X) }
x
O
Bidnosids. B ycix BUTIAIKAX iHTErPa JOPIBHIOIOTH HYIIO, 60 miziHTe-
rpameHi (yHKui HemapHi.
15. O6umcniTs iHTerpan:

t 6-4x
a){mmdx,
* Hexait
r 6-4x
I:{ml+2x
1
Toxnanemo x :Hi'
Tomi
2 & 3
41-1) j j 1-¢
I~Iln2 —ydt=|m2dr+ [ iny

Tlomitumo, 1o GyHxuis
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nenapha. [iiicHo,

Orxe,

Bidnoaide. In2.*
0
6) [@x+D" 27 i, ne .
4
* Hexait
)
I=[Qxeptt g gy,
=
Toxnanemo 2x+1=1. 2dx=dt. Toni
1y de
=5 [r 28" g,
5

1
Go dyrkuist f(#)=¢* .27

Bidnoeids. 0.*

e
il pe [-51] nemapra.

1
5) [1-22)° coslx—4x*) dx.
o

)
* Hexait 7 =[(1-2x)* cos(4x—4x?) ds. Hoknanewo 1 =1-2x,
o

~2dx=dt.
Toni

4 ,
1=[r cos(l-l’)-%(—dt):% J £ cos(i-1*)dr=0,
1 -1

60 dynkuis ()=t cos(1-1?), t & [-1;1] nenapna.
Bionosids. 0.*
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,
1) [ In (V67 —161+5-4¢+2) dr.
o

* Hexait

)
1= 1n(J16:% ~161+5-4142) dt.
o
Tloxnazemo 2 -4¢ = x. Toai
-2 2
I:ijm(\/x' +1+x)(~dx)=%_|‘]n(~/x’ Fx) dx=0,
2 5

6o yHKuis
F@=In(x"++x), xe [-2:2]

HeTapHa.
Bidnogios. 0.*
16. OBumcniTs iHTerpan:
n
a) f(shx)’"" dx, ne N.
o
* Moxnanemo x=mn—f. Toai

- x

[ Gsinty* (-dn)= [ (sine?™* de=0,

® ®

1
f(sinx)’"" dx=
o

60 dynkuisa f(O)=(sint)"", te |-7;m ] nenapa.
Bidnoeids. 0.*

6) I(cosx)"" dx,ne N.
o

m
* ToknaneMo x=§~r. Toni

[ (cosxy* ax= f(mnh-l (-dn)= }(sini)l”" dt=0,
& x
H

3
p

60 (yHKuis

fX)=(sin)* ! 1 [,

HenapHa.
Bidnosids. 0.%
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17. Binomo, mo ¢<b<2c. f(x) — (yHKUis iHTErpOBHA HA MPOMIXKY

[b-¢;c]. Mosenirs, wo:
£ flxdx b
) Fonmeae
* TMoxnanemo x=b~t. Toni
e "[ S(x)dx I S(b—1X-dr)
/(x)+f(b x) f(b t)+f(t)

I St I Sb-x)dx
L 6D+ f0) ) o+ fo—x)

3BifcH BUILTHBAE, 110
_ S _fb-x)dx N
o f N I T b0

,[ SO+ £(6-x)

T 0" :.fl"dn Ay, =2¢-b.

b
Orxe, T =C_i'.
Sf(xX)dx _b
9) l/(x)+f(b—x) =9
* [Moknazemo B ToToxHocTi 17 a) c=b, AicTaHEMO TOTOXHICTH

"[ f(x)dx b
2 SO+ f06-x) 2

*

18. O6umciTs iHTerpan:

x
i
3

Jtgxdx

¥ | Jigx +Jeigs
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x"dx
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* Moknanemo B ToToxHocTi 17 a) o= b=1. Toni

1
Bidnogide. o -

Bnpm 3. O6umcnite iHTerpan:
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. Moxmanemo x=-1. Toni
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24. f(x) — dyHKuUis BU3HAYEHA if iHTETPOBHA HA IPOMIXKY [a;b]. Ho-

BEIITH TMOX'H‘K?H:
a)j'/(x)dx J'/(a+b x)dx.

i 3p06m40 MiICTaHOBKY X = a+b—t. Toxi

s : s 5
| de= [ flavb-0(-dr)=| fla+b-tadt= fla+b-xx>
’ 3 . 3

6) j f(x)dx =_.[ flb—x)dx.
0 0

* IMoknanemo B TOTOXHOCTI 24 a) a=0.*

25. f(x) — yHKuis Bu3HAYeHa it iHTerponHa Ha npomixky [a;b]. o~

BEMITh TOTOXHICTH:
b b=g 04
a) I/(x)dx:Taff(a+bTax)dx (h>0).
a 0

b-a
* Mokuanemo x = a+Tl. Toni

-a

4 POt boad b
[f(x)dx:{f(ﬁTtJ»Tdt:

b-at b-a b-at b-a
iy J/(a+ 7 t]dl: % Jf(nn %

] 0

6)f/(x)dx~ J-/_(ad —be+(b—, a)x)dx
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ad—bc b-a
i *
P o 15 td#e).

x=

b
: s
B[ /(x)dx:k} S, k>0,

* [loknamemo x=kt, k>0.*
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Bnpan 5. JloBestiTh TOTOXKHICTE:

) | f(sin x)dx ff(cosx)dx;
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6)

e e o

S(sin x)dx = %j [ £Gsin x)+ f(cos x) Jdx;
o
fsin x)dx:Z]f(sin x)dx;
0

r)

=
atwia ot—a

f(cosx)dx:lj flcos x)dx.
0

26. f(x) — HenepepBHa i BU3HAYeHa Ha R GyHKIisA, sKa 3a00BOJIBHSE
YMOBY

pF(xX)+qf(-x)=r, x€ R, p+q#0.

O6umenits iHTerpan = I [(X)dx.

* pl = [ pf(0d. )

3pobuMO Mi/ICTAHOBKY X =~1.

I= j S1)(=dt)= f f(=t)dt= j' F(=x)ax.

Orxe,
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Jonasmm pisrocti (1) i (2), aicranemo:

p1+q1="“p/(x)+qf(—x)] dx:J‘.rdx:rxiZ. =2ar,
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27. O6umcnite iHTErpam
T cos xdx
3 ¢ +alcosx—sinx)’

ne a>0.
* TIoAUIMMO YMCENBHUK i 3HAMEHHMK TIliHTErpanbHoro Apoby Ha e*.
2
* cos xdx
I= =
4 l+u¢ T+ae™(cos x—sin x)’
3po6uMO MifcTaHOBKY £ =1+ae ™ (cos x—sin x). Toxi

dt =c(~e™(cos x—sin x)+e™ (~sin x—cos X)) dx=cte™ (-2 ¢os x)dx.

Otxe,
Log e lew
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Bidnogids. — ln(l+u).'
200
28. OGumcniTh iHTErpan
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* 3pobumo mincranosky Vi+x* =(+x?)cosq.
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1+x* =(1+x?)" cos® g,
x* sin® 9-2x? cos® @ +sin’ ¢ =0,
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x* sin? g+2x sin? +sin’ 9 =2x7,

(x*+1)" sin* =2x%, (x*+))sing=12x,
: By S ()
sing =" (sing) =

x4l
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I a, coskx= ifak cos koxdx = ZT'sinlcxIZ":
0k k=1

k17
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31. JloBesiTh TOTOXHICTH
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Tenep i3 pisHocri (1) Maemo:
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35. O6umcniTh iHTErpan
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OTtxe,
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Agi saxnuei Gopmynu iHTErpanbHoOro YUCNEHHs
41. ®opmyaa Cimncona (Cimncon T. (1710—1761) — aHrmificskuit Ma-

TEMAaTHK)
Troma §' xpusoniniiiHoi Tpamenii, obMexeHoi Biccio Ox, mpaMuUMI
x=a, x=b(a<b)ikpusoio y= Ax* +Bx+C, 06UHCITIOETECH 3a dbopmyrnoio:

3 a+b
=€(l:—u)(yl +4y, +y, ), xe y, = Wa), y, :y(T], 3 =yb).

* 3 omHoro Goky,

] b]
S=[ (4 +Be+C)dx=4
3 inmoro Goky, 3Hainemo S 3a gormomoroio opmymu CimMricoHa.
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=é(b—a)[2A(a’+ab+b’)+33(a+b)+6€]:

+C(b-a).

Mu 3HOBY picTama piBHicTs (1).*

42. @opmyna Yebumosa. (Yebmuos IT. JI. (1821—1894) — pocitichkuit
MaTeMaTuK)

Inowa § xpuBonimiikoi Tpanewii, oGmexeroi Biccro Ox, TpAMUMHK
x=a, x=b(a<b)ikpusoio y = Ax’ +Bx" +Cx+D, 0GUMCIIOETECH 32 (hOPMY-
11010

S:%(b—a)(y, +¥, ¥ ),

a+h b-a at+b atb b-a
ey =y 2 'zﬁ»Y1=y 2 b Y3 =Y 2 *2‘/5-
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InTerpansHuii ananor HepisHocTi Kowi-ByHsKoBCcEKOro

(Komi O. JI. (1789-1857) — cpaniysskuii Matemarix, ByHsaKoB-
cekuit B. 1. (1804—1889) — yxpaincrkmit MATEMATHK)
47. losenitb HepiBHiCTH

e '|1 4 b
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4 b b b
0<[ L7 +mg(ol de=[ £2(Dds+2m] £00)-gldc+

i
+m’Ig‘(x)dx=a)(m).
.
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HEPIBHOCTI

Mpo eaunuii niaxia Ao [oBeneHHs KNacu4HUX HepisHOCTeH

Knacuyni HepiBHOCTI BilirpaloTs BEMKY ponts y MateMariiy. [st oBe-
ICHHS LMX HepiBHOCTE! BUKODHCTOBYIOTH DiSHOMAHITHIi METOIM: MeTon
MaTeMATHYHOI IHAYKI, omykmicTs GyHKuii, moximwy, iHTerpan Tomo.
Tomy BaXJIHBO (3 METOAMYHOI TOUKM 30DY) BIIUIYKATH €MHMil TIHIXI 10
10BE/ICHHs MX HepiBHOCTelt. [TOKaXeMo MPOCTHit MPHHIMAT, 3a J0OMO-
0I0 SIKOTO MOXHA JI0BECTH KIACUYHI HEPIBHOCTI.

w Teopema. Hexait M — nesixa wucnoa moxama, f, (x) (i1 =1,2,...,n) —
s

bynKuii, Bu3HaveHi Ha MHOXMHI M, F(x):zf,(xl, x € M. Koxna
i

i3 Gysknit f, i F pocarae na MHOXMHI M HaiiMeHuoro
(HaHOLILIIOr0) 3HAYCHHA B OMHiM TOMII (w1s isHUX (yHKUiH wi
TOUYKH MOXYTh GyTv pisHnumu). Toxi

minF(x)zﬁminf,(x). (1)
e M Pl

Bianosinxo
mxi'(x)sgl;rée‘x‘xﬁ(x). )

Pinicts B (1) (BianoBinHo y (2)) BUKOHYETECA B TOMY if TiTbKM TOMY

BUTIAIKY, KOH TOUKH MiHIMyMy (MakcumyMy) dysxuidt f, (x) i F(x)
36iraloThes.

* Hexait 921';1/,()():/} () rriu;PF(x):F(x‘, ). Toni

()25, mip P0=F(x0) =3, /()2 5. 1(x))= S mip o0

PisHicts y (1) AocAracTbes B TOMy it TUIBKM B TOMY BMIALKY, KO
He ) =/,(x, )npui:l,Z,,...n. Mpn ubomy x, =x, =...= X, =X, OCKUILKH
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X, — €IMHA TOYKa, B AKii QyHKUisA f,(x) nocsirae Ha#MEHIIOTO 3HAYCHHS.
AHAJIOTIYHO T0BOAMTHCS i HEPIBHICTS (2).*
puknan 1. Hexait f,(x)=a,x, x€ [-L1], a, € R, a, #0,i=12,...,n.

F(x)=x-2al ,xe .
=l

S, npra, >0,
S, mpu a, <0.

o

iz

<Slal. ®

PisHicTs y (3) A0CATACTECA B OAHOMY 3 JIBOX BUIAIKIB:

1) x, =x, =.=x, =160 2) x, =X, =..=X, =-1, ToGTO JMILE B TOMY
BUNAIKY, KO BCi @, — UMCIIA OJHOTO 3HAKA.

Baysaxcenns. HepisHicts (3) cnipaseyivsa [yis Gyap-AKUX JIHCHUX UM~
cen a, (i =1,2,..4,n), OCKIJIBKH BUMIAZIOK, KOJM JeAiKi 3 4HCen a, JOPiBHIO-
10T HYJIO, JIEFKO 3BOJHTBCS 10 POSTIHYTOTO.

Tpuknan 2. Hepisnicts Komi

Hexait f,(x)=A, Inx-},a,x+h,, M=), a, >0,4, >0, A, =L
i=1

max j’,(x) |n| {

nax, Flx)=

3riaHo 3 (2),

S,

=]

: O 1
Toni F(x)=Inx-x- 24,0, +1, f; (="-),a, F’(x):;—i}\‘a,.
= =

TomiTumo, 1O

-
\;r:e}'xf,(x):f,[%]*Ak Ina,, maxF(x) F((il a ) \=—1nZk,a,.

&

3riano 3 (2) ,

Lt b _-f_‘,x 1nay ZA & >I’Ia @

=
ne a, >0,2, >0, 2)” =1
=

3ayeancenns. HepiBHicTs (4) cripaBe/u1iBa # TO/Li, KOJIM XOY OJHC 3 YH-
cent @, NOpiBHIOE HYMO, 60 TOAi PaBa YACTHHA HEPIBHOCTI JOPIBHIOE HYJIO.
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Hepisuicts (4) HasuBaeTses nepignicmio Kowi 3 sazosumu mioscnuxa-
MuJ. PIBHICTS Y (4) NOCATAETECS NIUILIe Y BUTIAZKY, KON

1
T0GTO NI 4, =4, =...=a,. Toknanaioun B (4) A, =;(i=1,2,...,n), picTare-
Mo HepiBHicTs Komri
a (I ) ®
: =1

JUIsl MOBUTBHUX HEBII'€MHHX THCeN 4, .
Hepisnicrs Kouri (5) rocizae uentpansie micie s Teopii Hepmnocren
Buopasa 1. Tosetite HepiBHicTs (4), BUKOPHMCTOBYIOYH (byHKuu

Jfix)=h,a,€* -\, x-A,, x€ R, a,>0,%, >0, SA, =1
=1

=

e
Bupasa 2. Jlosesits HepiBHiCTS Inla" 2(" za, J“ ,a,>0.

Brasiexa. Toxnacta f,(x)=e* -a,x~a,, x€ R, a, >0.
Tlpuknan 3. Hepisnicrs Bepuyari
(Beprysri 1. (1654—1705) — mseituapchKuii MATeMaTHK)
(1+a)" 214na, a>-1, ne N. (6)
PisHicTs nocsraerses ume npu a =0 abo n=1,

* ¥V punanky, Koy 1+na <0, HepisHicTs cnpase/umBa, 60 J1iBa YacTHHA
JZojaTHa.

1 1
Tloxnanemo a, =na>0,a, =1,A, =—,A =1~-—. 3riHo 3 HepisHicTIo (4),
1 2 1y 2 n

1 WL
;(l+na)+(l—%)-12(l+nn)z 177 abo 1+a 2(1+na):'- i(+a)" 21+na.*

3aysaxcenns. Tlpu a>0 Hepisuicts BepHywr Burumsae 3 dopmyn
6inoma Heiorona

n-1)

n(
(+a)" =1+na+ a’+.+a".
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Tipuknan 4. Hepisnicts lemnaepa
(Tensaep O. JI. (1859-1937) — HiMeLbKHit MATEMATHK)

ga b < [Za,) -(‘Z::,b,')’;, 0

1
ne a, >0, b, >0, + =], p>1

* Hexait

alx’ b,

fil0)= L M= (Ooo) a,>0,b,>0(i=12,.. ,n) + =1, p>L

Toni

1 2
F(x):;x‘Zaf—o— i, xe M.

= =

BUKODHCTOBYIOUH HEpIBHICTH (4), MaEMO:
1

25 (b
/,(x)z(a,'x’)'-[;} =n,b,:x£j.9[,(x)

' ' 0 '
F(x)z(x’ Sar )' [i, Zb,-]' =($‘,u,'J’ v[tb,‘], —mip F(2):
= x' o =i = oM

Tenep 3rinso 3 (1) Maemo:

4
211 b, <[Za,’]’ {Eb,") nipu a,; >0, b, >0, p+*~1, p>1*
i

=)

PienicTs y (7) AOCATAETHCS JIMILE IPH

(3o 1"’

aeilE

(3]

i

TIPH LBEOMY
4
i i il
a a] al
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TMoxnanatouu B HepisHocTi (7) p=g=2, aicranemo HepisHicTs Komri-

ByHAKOBCEKOTO
! L
Sas<(Sa] (Lu ). ®
i =

=

cnpase/umBy juisi Gynp-akux abicHuX a,, b, .
Buopasa 3. [{osezite HepiBHICTS (8), BHKOpHCTOBYIOUM (yHKuii

(x)=altgx+blclgx, x € 0;E ,a +b} 0.
2 )4

Bnpaga 4. [loBeniTe HepiBHiCTE
1
: Mo V(4 VT
2 \a? +b7 zL(Ea,) +[2b,) Ik
A ia ia i
BHKOPHUCTOBYIOYH (YHKILLi
f,(0)=a, sinx+b, cosx, x e [0;2n], a? +b? #0.

Mpuknan 5. Hepisricrs Minkoscskoro
(Miukoscrkuit I'. (1864—1909) — HiMeUBKHit MaTEMATHK)

Sy P o{Ser] o(Su) &

ne a, >0, b, >0, p>1.
* Hexait

|

-] 1 = 3

A(x):ia,(l,x)ha,,[l—x A,J',
= 1

" i -
e A T [kx o J',
i=l 1

£}

10k
ne g>1, ;+;=l, a, >0,b, >0, A, >0, M:[O;[

Toni

1
(=} 1 - | iF)
F=,(a, +b, )(»,x)? +(a, +b, )[l—xi)u, }' 5
i i




[image: image61.jpg]62

Marematuyri eriopu. Knmra 2

ool
xe M, 2, >0,a,50,b,>00=12,..,n), i =1, ¢>L

BHKOPHCTOBYIOYM HepiBHICTb (7), Maemo:

f,(x)s(g:,a,’)%,fz(x)s{gb,’)%.

Omxe,
-_ i
maxf‘(x)=(2a,‘]', max/,(x)r[Eb,’)’,
e M ~ xM =
;

m)s(i(a, +5, )’)' - max F),
i=l -

Tenep ariaHo 3 (2) MaeMo:
(BGaen YV <(Sar J o8]

a
PiBHicTs y (9) IOCATAETECA JMIIE MPH b—' =

Tpukaax 6. Ocuosna TeopeMa mpo cepejiii crenenesi
Hexait

1
o [gh,a,’]‘,npnxe R, x#0,
@(x)=1\i"

I‘Iaf' , mpu x=0,
i

neh, >0, i}\.‘ =1, a, >0,1<i <n, pHIOMY He BCi g, pisHi Mix co6oio. Toxi
el

¢ (x) — dyHkuis, 3pocraioya Ha R.

* Binomo, mo limo(x)=| [ a*. Omxe, dynxuis ¢ nenepepsra Ha sciii
x=0 i=l £

YUCIIOBIM TPAMIH.

MoxmBi 182 BUNAIKHA,
1) 0<B<y. PosrnsHemo dynxuii

3
ﬁ(x):k,x+l,a]x‘ L
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zek, >0, YA, =1, a, >0, M =(0;), npiomy we Bci @, pisni Mix coboro.
i=l

2
-t
Toni F(x)=x+x * ix,a,". 3a /101OMOT0I0 TOXiHOT 3HaiieMo

il

3BiKH [il,a,ﬁ ]‘E s[gh,a,‘ J: Orxe, o(B)<q(y).

=

PisHicts nocsiraeTees mume mpu a,=a, =...=a,, WO HEMOXJIMBO 3a
YMOBOIO TeopeMH. M JioBestH, 1110 (DYHKLiS ¢ CTPOTO 3pocTae Ha TIPOMIKKY
(0;9).

2) B<y <0. Tenep l<~{E i arinno 3 mynkTOM 1)

¥
1 s

w(l)<w($) a6o Y, A,5, <(2A,b,*) L b,>0,1<i<n.

= =

Toxnanemo b, =a],1<i <n. Toni Zk,a,' <[21,a}’] . 3Bincu, Bpaxo-
- it
BYIOuH, 110 Y <0, AicTaneMo:

[ﬁ‘,mz); >(Z,A,n,")i.

=1

Orxe, 9(B)<o(y ). Pyrxuis ¢ c1poro spoctac Ha mpomixky (~o=0).
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8)2C, <C_, +C,; 6) C, -C, <C; =C,; 8) C, +C, <2C,.

HepisnicTs Kowwi 3 Barosumm MHOXHUKaMu
V Teopii HepiBHOCTEH BaX/IMBY PONL Bilirpae HepiBHiCTH

[Ta <3, )
1=l i=l

ne a, >0, 4, >0, 27»‘ =1
=1

PisHicTh nocsTacTsCs /Ue NpH @, =a, =

Hasenemo nexineka foseaeHs HepisHocti (1).

Cnoci6 1. Cxopucraemocs HepiBHicTIO €HCEHA IS OMYKIIOI JIOrOpH
ynxuii y=Inx:

Lﬂi)\.,ﬂ,zz}\.‘ Ina,, ()]

inl i

ne a, >0, 1, >0, 2}” =1. I3 HepiBHOCTI (2) BuIUIMBaE, MO
i

ﬂaf‘ Sil,a,.

isl =

Chnoci6 2. Jlema, TIpu x>0, #>1 BUKOHYETHCA HCPIBHICT

x'2te-141 3)
* PosrnaneMo dyHkuiio f(x)=x"~tx+1-1, x € (009), 1 & (1;20).
S x)=6c -,
S/ (x)=0 mpu x=1, x=1 — eIMHA KPUTHYHA TOUKA DYHKILIT.

[ =tt-1Dx"?.
[ =1t-D>0, 60 t>1.
Orxe, n"l’éi;gl Sx)=fD=0. Tpu x>0 £(x)> f£(1).
x'—pe+t-120, x' 2x-1+1.*

a
Tloknazemo B HepisHoCTi (3) x=a—'>0, Toxi
2

‘
4 1 "
T+(]-;)a,’ >a,-a)".

Toknanatoun Tenep a; =b,, a; =b,, Maemo:
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TakiM 9HHOM, (YHKLIA ¢ CTPOTO 3pOCTAE HA KOXHOMY 3 IDOMIKKIB
(== 0) Ta (0;00) i HenepepBHa B Touni x =0. OTXe, BOHA 3pocTae Ha Beiif Wi~
CcrioBiit mpsMiit.*

Yucno M, :[Shla,’]x , X € R, x#0 HA3UBAETHCA 36aHCCHUM CEPEOHIM

=
cmeneneaum nopadky X NOHATHWMX wwucen a,, 1<i<n. Bpaxosyioun, mo
lim M, = n
250 =

PEOHIM 2e0MEMPUMHUM.
YaCTHHHMM BUITAZKOM 3BKCHMX CEPEIHIX CTCNICHEBHX € CepelHi cTe-
1

1, moxnanaiors M, = ]‘I a}*, 1Mo HA3MBAETHCH 36AHCEHUM Ce~
1=

: it
meHeBi, AKi AicTaHeMo, AKWO mokmactH A, =—, 1<i<m C, =

Y
n

2
xe R, x#0. Ockinsxu limC, :[Ha, )N, noxnanaiors C, =
e =l
V mKiNsHOMY Kypei MaTeMaTHKH HalGiIbul BaXIMBAMH €:
1
1) cepente apudmeTnuHe Cl =;(a, +ay +..4a, );

2) cepenne reomerpuune C, =4/a, -a, ...a,;

1 2 2 2
3) cepeane kBampatiune C, = ;(a| +a; +...+a,,‘);

n
4) cepenre rapMoniune C_ = >0,1<i<n.

"L N
@, a

3rigHO 3 OCHOBHOI TEOPEMOIO PO CePefIHi CTeneHesi,
C, =C, <C, <C,.

PiBHiCTB JI0CATAETLCS JIMIIC NP @, =4d; =...=4,.

Hepisnicts M, <M, — e HepisricTs Ko 3 BaroBUMi MHOXKHHKAMH,
a HepisHicTs Cy <C, — ue Hepisnicts Ko,

Bnpasa 5. JloseztiTs PiBHOCT, fKi MICTATE CCPE/IHi CTETEHEBi ABOX IO~
IATHHX UMCEN @, @;.

)03 =C,:C_,; 6) 0} +C; =2C{; 5) €2 -C1+C% -Cy =2C4.

Bupasa 6. [loBeaiTs HePiBHOCTI, AIKi MiCTSTH CEPEMHi CTEMEHEB] BOX 10~
JIATHAX YHCEN d,, @, .
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Mb, +haby 2B by, (@)
o !
=p k=l
Mu xosesn HepiBHicTs (1) mns n=2.
Jlani 3acTOCYEMO METOJl MaTeMATHYHOL iHAYKii.
Tpumycrumo, mo
u," - -...-a:' <A@, +h,a, +. k0,

neh,

ne a, >0, &, >0, 27», =1 [ b, >0, p, >0, Eu, =1 maemo:
i=1 1=l
Wb, FHyby B I By =1 b+, b,
[ [ }
+(p, + Rk L e >3
(T )(“k L

M LT ‘)““"‘m >

Sph R L e
St e (u.wm AT

v By Yerthan
2005 [b: S e ] =0 B b B L

1110 3aBepurye iHAYKTHBHE AOBC/ICHHS.*
Cnoci6 3. Jlema. Ilpu x>0 BUKOHYETBCSA HEPIBHICTH

Inx<x-1 )
* PoarsHemo (yKuiio £(x)=x-1-Inx, x & (0;0).

. 13

i (x)-l—x.
/(x)=0 npu x=1 — emuna Rpuriisa Touka GyHKLi,
1
f"(x)=?, S =1>0.

Orxe, na‘ig)f(x):f(l)=0.

Tpn x>0 f(x)2 1) & x-1-Inx>0 & x-12Inx.*

Tlpr A, >0
A xSV % Ay (6)

a {
Toknanemo B (6) x, =7’, A=2Ma.. Dh =1, a, >0
= &
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Tomi A, ln <A, 74‘ . Aonasmm Bei Taki HepiBHOCT pH i =1,2,.

JCTaHeMo:

$ams

1=l

1
Cnoci6 4. Jlema. TIpy x >0 BUKOHYETHCS HEpiBHICTL 1‘; <Inx

1
* PosmisHeMo yHKi0 f(x):lnxlr;fl, xe (0e0).

~]
Jikx )*- —,=);z , x=1 — emuHa xputMuHa Touka QyHKuii. Ilpn

0<x<l/’(x)<0, npu x>1 f7(x)>0, oxe, x:'r(xﬂi_n)f(x)s/(l):(). TIpu x>0

f(x)zf(l)ﬁl—%slnx.‘
Tipu A, >0

A
o —x—’sx, Inx. )

'

A "
Toknanaioun B (7) x, o A:ik‘a,,k, >0, a, >0, Z:,)»‘ =1, Maemo:
1 = =

A
A, ST <A In . Jlofasum Bei Taki HepiBHOCTI Tipu i =1,2,..., n, zicTa-

4y A" 4
o<fjx Ln- 0<Zln( J ,051:.]'[(;] ,1g !
i=l = =\ a na:*’
f=l
i1 i
Cnoci6 5. Jlema. ITpu x € R BUKOHYEThCS HepiBHICTS "™ > x.
* Posrsremo dyukuiio f(x)=e*" -x, x€ R

=e -1
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x=1 — enMHa KpUTHYHA Touka (yHKuii.
Mpu x<1 f7(x)<0, mprt x>1 f*(x)>0. Omxe,

min f(x)= =0 & et ax*

Hpu A, >0
Ll bl @®)

Toxnanemo B (8) x, :%’, A:EA,a“ A, >0, a, >0, ik, =1. Toni
= =

a L
A Sheay a,
@ AR
(A

IMepeMHOXHMBIIM BCi Taki HepiBHOCTI pH i =1,2,..., , KicTaHeMO:

] I A
% n
A

A4 1= {)
1lle oauH croci6 noBeacHHs HepiBHOCTI (1) GyB HaBeneHMi paHile.

1 e 4
Tloknanaioun B HepisHocri (1) A, =5 Maemo HepisHicTs Komi

= 1
3a, a4, S;(al +a,+..+a, )
BUAB/AETBCS, WO HepiBHicTs (1) MOXHA ofiepxkaTH i3 HepisHocTi Ko
m
* Hexait a, >0, a, >0, O<hi<l iA:; — pauioHalbHe YUCITO.

3rigro 3 HepisricTio Komi,

1
S;(mal +(n-ma, )=M| +(1-Ma,.

Slkmo A — ippaunionamshe gucao (0<A<1), Bi3bMEMO MOC/IIOBHICTE
PALOHATEHNX YHCEN P, ,P;,-., P, fIKA 36iraeTscs fo A (3posymino, mo
0<p, <D.

Maemoza”* -ay ™ <p,a, +(1-p, )a,. Mepexopsau B wiit HepisHOCTI 10
TPaHMLi NPH n —cs, MiCTAHEMO HepiBHiCTH aa}” <Aa, +(1-Ma,. Hari
JHEMO 3a JIOTIOMOTOI0 METOAY MaTeMATHYHO! {HIYKLii, Ak Gyio moxasaHo
panimre (cnoci6 2).*
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KoHcTpyloBaHHs HOBUX HepiBHOCTEM

3a nomomoroio HepisHocTi (1), BUGHpalouM CHcTeMyu yucen @, Ta A,
MOXHa JiCTaTH HOBi HEPiBHOCTI.
Panimre Gyno mokasaHo, 5K i3 HepisHOCTI (1) BHBOXATBCA HEpiBHOCTI
Bepuymi Ta lensaepa.
k -k
Mpucan 1. Hexait a, =1+na>0, a, =1, &, =~ (<k<n) Ay =",
3riaHo 3 (1), Maemo:
k n—k i
—(+na)+——12(+na)n -1 * ,
n n

3Bk (1+na)* <(1+ka)". [loKIABIIK B OCTAHHIM HePiBHOCTI a =1, MaeMo:
(U+m)* <(1+k)" npu l<k<n

2k-1 2k-1
HpmaaZ.Hexaﬂn,:k,kkv k (k=12,. n),ﬁ—nl—d, 3rinHo
k=l

3 (1), maemo:
3BiIKY

Ockinskn

ndy A _ 1 (, aa+D2n+D n(n+l)]_(n+l)(4n«l)
s (221( 72"} ’[2' 6 TNDATIE T

MaEMO HepiBHiCTh

;
= (n+D@n-1)
{Iﬂlk"") Al )ﬁn" npu n22.

=

Tipugnan 3. Hexait @, =2k-1, A, = (k ) i ,n)A I3 HepiBHOCTI

(1) micraHeMo HepiBHiCTH

2
2 =1
Rt 3.5 @n-D <4"3’l npn n>2.
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2k
i k=12,m0m).

I3 HepiBHocri (1) AicTaHeMO HepiBHICTH

.(n..Wj'H{

Tlpuknan 4. Hexait a, =k, A, =

Mpuknay 5. Hexait a =tg"o, a,=ctg’o, 0<a<90°, A, =sin’a,

’, =cos 0. Is Hepisrocri (1) Aicranemo:
sin’ o-tg"a+cos’ a-ctg o>
la a
>(1g70)™ - (otg"e) ™ * =(etg"@) ",

Po3risiHeMO TPH BHNAIKH:
1) 0° < <45°. Toni ctg”a>1, cos20.>0 i (ctg”a) ™ 51;

2) 45° <0.<90°. Toxmi 0<ctg"o <1, cos20.<0 i (ctg"a)™** >1;

3) =45, Toni (ctg"0)™ ™" =1° =1.

Omxe, mpu 0° <o <90° (ctg"a)“h >1. Toxi i3 (9) MmaeMo:

sin"? o cos™?
n e n
cos” o sint o

>1npu 0° < <90°.

Tpuknax 6. Hexait a, >0, b, >0 (i=],2,...,n),,S=a| +a,+.+a,.

a
Ioknamemo A, s

MaEMo:

LA a a

ALY TR CALBUS LN
a, i a, a, _S+ .,:fs

G|&

abo

5\ (5,)* (b, %<b, +b, +...+b,
a:) ey ) El e e e tka,

9

5 Toni &, >0, 2)», =1. 3rimno 3 mepisnictio (1),
=1
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Tpuknan 7. Mpu a >0, 5>0, n e N BUKOHYEThCS HEPIBHICTH

a
» 2(n+Da—nb. (11)
PiBHICTB ji0CsTAETHCS IMILIE TIPH @ =b.
1
* Hexait a, =a™', a, =b""', 020, b>0, }, e % :ﬁ.

I3 HepiBHOCTI (1) Maemo:

. L] sl ,,% AV
il e CLBRRE

abo

4l

>(n+Da-nb.

am g5 ™ >a.p",
n+l n+l

PiBicTs nocsraersest e npu "' =b""', 10610 Npu a =b.*
ﬂ 2 1 al 2
Bupasa 7. [loseniTs HepiBHicTS —+u—+ + 2a,+a,+..+a,
2 9 i
Brasigxa. Ckopucraiitecs Hepismictio (11) mpu n=1
Bupasa 8. [losestits, 110 nipu @ >0, 5 >0, m > n BAKOHYETCS HEPIBHICTE

g_ mb" " —na"
b" m-n
Bxasiexa. Tloxnanits b(1) a —ZT,, a,=a"", )\ —l—* Ay —;
Aeski Baxnusi rpaHuui
1. lim¥/n.
2 2
* Moknanemo a, =n, a, =1, =k :14;
3rinHo 3 (1),
2( +n=2 2
1—11 l T a6 <l+—=.
n+( ] >(«f) a6o ¥n < ke

Tpun>1 Yn>1. Orxe, 1<JZ<I+J_ 3Bizicn BUIULBRAE, uxohmif L

TomiTimo, wo npu 1<a<n 1<¥a <4/n, otxe, lxmf:lnpu'a>].
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1
Skmo 0 <a <1, moknanemo b=— o 1. OuesmpHO,

PEV-‘—‘*f:llllms/— L

TakuM YHHOM, lim%/a =1 npu a>0.*
= 1 1
2. lim 4/ l+—+.‘,+;.

== )

* TlomiTMoO, 1O

1<1 : l+ +l 1<yl ! J
+oty <nil<ifl+ -

3BinKyM BUILIMBAE, 110
. 1 1
}l«"l h’2 n
3. lim n(%—l), a>0.
* Hexait a, =n(¥a -1). Toni

a,-a,,, =n(¥a-1)-(+D(*Ya-1)=

—(nﬂ)[ e JEJ. *)
TMoknanemo a, =¥a, a, =1, 1, n+1')" :nLH'
3rigso 3 (1),
J_
25 e e,
oy n+1 T a0 34

13 pisnocri (*) 3posymino, mo a, —a
craioya. Temnep aoBefeMo, 1O

n(%/;-l)zl—%,

20 i nocnioBHICTh @, HE3po-
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2°. Hexait
Tyl 1 1 2
= 2~ 5 a5
2*32 a3 ek T e o)
Mage Micle ZOmoMiKHA HEPiBHICTL
1 2 2 36)

2Nkl e+ vke2
MiitcHo,
Gop e ML L ST ‘
(k+2Wk+1 k+1-k+2
©1<2(k +2)- 2k + 1k +2) ¢ 2/(k+10k+2) <2k +3 ¢
S 4lk? +3k +2) <Ak +12k+9,

1o crpaseumBo. JofaBuin nowieHHo HepiBHocti (35) i (36), Maemo:

| 1 1 2
>+ e %= 3
2737 B ek k2
1[0 3aBEPLIYE iHYKTUBHE JOBEIEHHs.*
TIpuxnan 12. [IoBeniT HepiBHICTEL

1 1
(I+Z](l+§)“"'(]+%)<z npu n22.

* MeTos MaTeMaTHYHOI MKl He NPOXoguTh. JoBEIeMO CHILHILTY

HepiBHICTH
Pl o8 i 1
(l+4](l+S)A._-[l+2—,)<2—2ﬂ—_l, n22.

1
1°. Mpu n=2 Maemo 1+—52~%, IO CTIPaBE/UTHBO.
* 2", Hexait

T S
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JloBesieMo JOMOMiXHY HEpIiBHICTS
1 1 1
h'zm <(2 z_k]:[z_zm J (38)

281 1 1 Kol ket
(38) =l+2m <2m > @“‘zm <1+2M S (e i L
WO cripaseuBo. Ternep NEpeMHOKXMUMO MOwIeHHO KepiHocti (37) i (38)
i micTaneMo HepiBHICTH

Aotk

110 3aBepIIye IHAYKTHBHE NOBEJICHHS,*
Tpuknan 13. (Onimniana, m., Kuis, 2002 p.) \
20 3 n
TR T e =
V250 2

* MizHecemo 0GHMIBI YACTUHN HePIBHOCTI 0 KBaApaTa:

Cnpani,

Hongni’m HepIBHICTh

R (L
23N TA T

JloBezieMo cHTbHily HepiBHICTH

3 KOi BUTUIMBAE JIaHa.

Lo k2
°. TIpu n=1 maemo ==~ e 11O CTIPaBELTHEO.

2
2°. Hexait
149 k1 k4l
25107 k74 & £
JloBenemo IONOMXHY HepiBHICTH
(k+1? k42 k+l
D4k iD” 4k “0
HiticHo,
2
@0 (k+1) k(k+2) 1 1

- 21-
(Ic+1)“+la(k+1)z 7. (IHl)‘H'l G+
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1 1
sbE adlibulg
S U+ = s 41
1O CIIPABE/UIHBO.
ITepemHOXMMO TOWIeHHO HepiBHocTi (39) i (40) i gicTaHeMo HepiBHiCTL
149 (k+1)* i k+2
275710 (k4D 417 Al +1)
1110 3aBepUIYE iHIYKTHBHE JOBENEHHA.*
Tpuxnan 14. Jlosenits HepiBHiCTH
VS L
12*34" @020 ¢

* [loBenieMO CHJIBHILTY HEPIBHICTH
LS R el
12 3477 2n-D280"6 n+2’

3 IKOI BUTUTMBAE JaHa.

1°. n=1. Maemo L

2 1O CNPaBeTUBO.

SAU TR
S

2°. Hexait

1 1 ) S 1
121347 202k 56 ke 1
JIoBEAEMO JIOTIOMIXHY HEPiBHICTh
1 1 1

QkDQk+2) k42 k43" “2)

HivicHo,
1

1
“2) & Rk < kD&Y

10O CTIPaBEUIMEO.

[Monamo nowieHHo HepiBHocTi (41) i (42) i micraHemo HepiBHiCTH

L ! 1 o ¢
121347 kD@D “6 k+3'

IO 3aBEpUIYE iHAYKTHBHE J0BEACHH:A.*

VBaxHwuii uuTay NOMITHB, 1110 33 TAKOTO CHOCOGY NOBECHHS HEPIBHOC-
Tel rojiosHe — 3HalTM Taky OyEKuiio ¢(n), mo6 3n06yTH CHILHIITY
HEpiBHICTB, 3 SO BUIUIMBAE JaHa, MOXHA 6y/10 6 JOBeCTH 32 JOMOMOroI0
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METOAy MareMaTH4HOI iHAyKil. [IeBHOIO MipoIo Lie MMCTELTBO TOTro, XTO
PO3B’A3YE 3anady, APKe MaTeMaTHKA HE JIMIIE HayKa, 3 H MMCTELTBO.

[AoseneHHs HepiBHOCTE 32 AONOMOroI0 TOTOXHOCTEH
Hexait € Toroxuicts 4=B+a, ne ¢.20. 3 wuiei TOTOXHOCTI BUTUMBaE
HEpiBHICTb A 2 B, MpUYOMY PiBHICTb 1OCATAETHCSA JIMIIE TP o =0,

1
Tpuxnan 1. JloBeniTb HepiBHICTE x+;22 nipu x>0,

* Mae Miciie TOTOXHICTB

1
x+7:2+[
x

Tyr

2
1
A=x+—,B=2,0= ) 20.
%
1
Omxe, A>B. PiBHICTb IOCATAETHCA JIAIIE NPH J;:—&, TO6TO 1pH X =1*

TMpukaan 2. Jlosectn HepiBHICTD
a® +b? +c* 2ab+bc+ca

1St IOBLTBHMX JACHMX uHcen a, b, ¢.
* Mae Micuie TOTOXHICTb

)
a’+b* +c? =ab+bc+ca+5((a ~bY +(b—c)* +(c-a)?).

Tyr
1
A=b*+c? +a*, B=ab+bc+ca, u=i((a—lz)’ +(b-0)? +(c-a)?)20.

Otxe, A>B. PiBHICTb JOCATAaEThCS IMLIE TIPH a =b=c.*

Hpuknan 3. osenite Hepisuic‘rb]|a+b|—]a—b|l$|a|+|b|.

* Mae micue Totoxnicts |a| +]8] =l a+6|-la~b||+|lal -[5]].

Lis piBHiCTH He 3MIHMTECH, SKIIO 3MIHHTH 3HAK NEPEA YHCIOM @ YK

uucnoM b, uu mepen o6oma uncaamu a ta b. Kpim Toro, us pisHicTs He
3MIHMTBCS, KO NOMIHATH a i b MicusMu. OTXe, TOCHTE PO3TIAHYTH OAHH

sumagok 0<a <b. Y 1poMy BHMAIKy
la|+6| = a+5,

|la-+l-|a—&l| +|lal-l6l| =|a+6+(a—b)-a+b=2a+b-a=a+b.




[image: image91.jpg]Poagin Il. Hepisxocri 93

x2+2(y+)x+(p+1)! - (y+1) +3p2 +6y+4=
=(x+y+1)’ 297 +ay+3=(x+y+1) +2(y+1)" +1>0,
11O CIIPaBeLTHBO.*
Bupasa 2. JToBe/tiTs HEPIiBHICTS i 3’ACYiiTe, KO IOCATAETHCS PIBHICTS:
a) a’ +ab+b* 20;
6) a® —ab+b* 20;
B) a’ +ab+b* >3a+b-1);
1) 2x% 42y +2x+2y+120;

2
n (x-p)° +[x+%] >2.

Ilpuxnan 7. [loBeiTs HEPiBHiCTH
+b+ \
aTbc >3abe,

e a, b, ¢ — HeBix'eMHI yncna. 4

* SIKIII0 XOY O/THE 3 UHCeN @, b, ¢ HOPIBHIOE HYJIIO, TO HEPiBHICTh OYeBMII-
Ha, 60 niBa yacTHHA HEPIBHOCTI HeBia’eMHa.

Hexait a>0, b>0, ¢>0. Mae micue ToTOXHICTH

1
P4y 4 =nyz+i(x+_y+z)[(x—y)z Hy-2)" +e-2"].

Sxmo x>0, y>0, >0, T0 Maemo pisuicTs A=B+a, ne

A=x*+y*+7°, B=3xy,
1
u:i(x+y+z)[(x—y)1 +(y-2) +Hz-x)']20.

Orxe, A>B i x’+y*+z’ >3xyz. Moxnasum B OCTaHHii HepiBHOCTI
x=3a, y=b, z=¥c, nicranemo: a+b+c>3abe.

PiBHicTh 10CATAETHCH JIMIUE NIpH a =b=c.*

Jlosenena HepiBHicTh € HepiricTio KoL 14 TPBOX HEBN' eMHHX YHCeT
b, e

Tlpukaan 8. JlosentiTh TIO/BiNHY HepiBHICTH

Y43 <35+ /6 <44,
* Jlema, JUist JOBUTBHUX ATACHUX YuCeN 4, b, ¢ BUKOHYETHCS HEPIBHICTS
(a+b+o)(a® +b° ~c* +3abc) 0.
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Toroxuicts cripaseuusa. Tyt
A=lal]6, B=la +6]-la-2]l, o:=[la] lel] >0.

Orxe, A > B. PiBHICTS 0CSTa€Thes JIMINE Y BUNAAKY, Konu o =0, 3BiacH
lal=[el.*

Tpaxnan 4. Jlosezits nepisnicts|a]+[b| S|a +b| +|a—b|.

* Mae miclie TOTOXHICTB

la] +16] <la-+6[+|a~b|-{|a-fél|

Jtst i IOBENCHHSI JIOCHTS, 5K 1 B MPUKJIaLi 3, POSMISHYTH JIMIIC OJMH
Bunaznok 0<a <b. 3pobire 1e camocTiiHO.

Tyr

A=|a-+b|+|a—b|, B=|al+[p], a=[|a|-{5]| 20.

Otxe, A2B.

Pisicts e y sunanky, o |a| =[p|.*

Bupaga 1. Jlosenits HepiBHOCTI:

8 [2z-x-y+lx-pll<2lx-o|+2ly-2;

6) 22— x-y-|x-yll <2lx—zl+2ly~2.

Bkasieka. JIoBE/lTH TOTOXHICTh

[2c—a-b~[n —b”+[2c7a—b+ln—b”=2|a~ c[+2[b—c|.

Ipaxnan 5. Hdosenits wepisuicts 2a* +b* +5¢* ~2ab+2ac—4bc>0 ta
BU3HAUTE, KOJIM JOCATAETLCA PiBHICTD.
* Po3rnsHeMO JliBy WacTMHY HEPIBHOCTI $IK KBAIpaTHWif TPHWICH
BiTHOCHO b
b -2(a+2c)+(a+2¢)* ~(a+2¢)* +2a* +5¢* +2ac=
=lb—(a+20))* +a* ~2ac+c* =lb—(a+20))* +(a—c)*.

3n00yTHii BUpa3 HeBix'€MHHUM, 00 € CYMOK /IBOX HeBil €MHMX BHpasiB.
PiBHiCT ZI0CATa€THCS JINILE 32 YMOBH BUKOHAHHSH CHCTEMH PiBHOCTEH
a-c=0,
{bv(aﬂc):ﬂ,
3Binku a=¢, b=3c*
Tpuknan 6. JoBe/ite HepiBHicTs Xx* +2xy+3y” +2x+6y+4>0.

* Posrnsnaloun JiBy YaCTHHY HEPiBHOCTI K KBajDaTHHI TPHWICH
BITHOCHO X, MAEMO:
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JUtsi lOBEJEHHS JIEMH ITOKJIANEMO B TOTOXHOCTI i3 npuxnany 7 x=a,
y=>b, z=—c. Maemo:

a*+h’-c? +3abc=%(a +b-olla~8) ++0* +e+a)?].

JIoMHOXHMMO OGMIBI YaCTHHY OCTAaHHBOI PIBHOCTI Ha a+b—c¢.
(a+b-c)(a’® +b* —¢* +3abc)=

:%(a-)-b*c)’[(a—lz)’ +b+0)* +(c+a)?]20,

Jlemy noBeseHo. I3 leMu BHIUIMBAE, 1O 9MCIA
a+b-cia’ +b> —c* +3abc
MalOTh OLHAKOBI 3HAKH, SIKIIO JKOAHE 3 HHX HE AOPIBHIOE HYMIO.
Jliéa wacmuna. Toknanemo a =35, b=36, c=3/43. Maemo:
a@* +b* —c* +3abe=5+6-43+33/1290 =33/1290-32.
MomiTmo, o
331290 >32 271290 >32° > 34830>32768,
110 CIIPABE/UTHBO.
TakuM YMHOM, BCTAHOBIICHO, 11O
a®+b® —c* +3abe>0,
otxe, a+b-c>0, To6ro Y5+3/6 >3/43.
Ipasa wacmuna. Toxnanemo a =35, b=36, c= V4a.
Tenep Maemo:

a®+b® —c* +3abe=5+6-44+331320 =
=33/1320-33=3(/1320 -11) <0,
60 /1320 <11 ¢ 1320 <1331, mo cnpaseyMBo.
Omxe, a® +¢* —¢® +3abe<0 i a+b—c <0, Tobro Y5 +/6 <1/44.*
Bupasa 3. [loseniTh mMoABiitHy HEPiBHICTH:
a) V’E<{/§+§/l—0<%/ﬁ;
6) Y19 <32 +3/3 <20;
) ¥B31<33+35<332;
1) Y59 <6 +3/9 <¥/60.
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Ipuxnan 9. losesits, 1m0
[(3/54—%&1)3 ]:8_n+3,

ne ne N (lal — uina yactuHa nificHoro uKcna a).
* Jlema. TTpu x>1 BUKOHYETCS MOABIHHA HEPiBHICTH

Y843 <Yx+¥x+1 <VBx+4.
Jlisa wacmuna. Hexait a=3x, b=¥x+1, c={8x+3. Toni
a*+b* ~c? +3abe=x+ x+1-8x-3+3xx+DBx+3) =
=3{/x(x+DBx+3)-6x-2.
JHogexemo, o npu x21 i
3Yx(x+DBx+3)>6x+2 & 27x(x+1)(8x+3)>(6x+2)’ &
= 216x° +297x7 +81x>216x" +216x% +72x+8 < 81x? +9x-8 >0,

‘110 CIPABE/UTMBO Mpu X >1.
Orxe, a’ +b* —c® +3abc>0 i a+b> ¢, TGO

Yx+¥x+1>38x43.
Hpasa wacmuna. Hexait a=3x, b=¥Yx 1, c=V8x+4. Toxni
a’+b° —c’ +3abe=x+x+1-8x-4+3x(x+DBx+4) =

=33xxrDBx+4)-6x-3=3(Yxx D Bx+4)-2x+D).

Joseniemo, 1o mpu x> 1
Yx(x+DBx+4) <2x+1 & x(x+DBx+4) <2x+1)’ &
8x® +12x7 +4x <8x’ +12x% +6x+1 & 0<2x+],

1o cripaBe/uMBo npu x >1. Jlemy nosezneno.
Tlpu HaTypaysHOMY n

Bn+3 <Yn+yntl <V8nvd,
3BIRKH :
843 <(Vn+¥n+l)’ <8n+4i [ +¥nri)’ [=8ne3r
Bupasa 4. [loseniTn, mo:
o) [(Z2+33) ]-19;
6) npu ne N, n22 [((n+¥nr2)’ |=8ns7;
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s) npune N, n24 [(i/;+%)n+3)’ ]=8n+1l.
Hpuknaz 10. Josenirs, mo
a’ +b* +¢* +3abe 2 abla+b)+be(b+c)+calc+a),

ze a, b, c — HeBix'eMHi uncIa.
* QCKLUIbKH HepiBHICTh CUMETPHYHA BIJHOCHO 4, b, ¢, TO MOXHA BBaXa-
m, o 0 <¢<b<a. CKOPUCTAEMOCS TOTOXKHICTIO

a*+b® +¢’ +3abe=abla+b)+bdlb+c)+acla+c)+
+(a-b)*(a+b—c)+cle—aXe-b).
Tyr :
A=a’ +b’ +¢* +3abe, B=abla+b)+beb+c)+acda+c),
a=(a-b)(a+b-c)+clc—aXc-5)=0.

A=B+o, otxe, A2B*

Upmxnax 11. Bigomo, mo a’ +b° +¢* +3abe<0 i ¢>0. Hosexits, Wwo
a+b<e.

* PO3IIAHEMO TOTOXHICTh

1
a’+b’ +¢? +3alzc:::’+E(a+b~c)[(a—b)2 b+ +e+a)?].
Ocxinsk#t a’ +5° +¢’ +3abe <0 33 YMOBOW, TO
1
Al +E(a+b~c)[(a —b)? +(b+c)? +(c+a)*]<0.

¢>0 3a ymoBOIO, OTXkE,
¢’ >0i(a+b-0la-5)? +(b+c) +(c+a)*]<0.
3 ocTaHHBOI HEpiBHOCTI BHIHO, 11O
a+b-c<0ia+b<e*
Bnpasa 5. Binomo, mo
a® +b® +3abx<0 i x<a+h.

Josezits, mo x<0.
Tpuxnan 12. Bizomo, wo x+y+z>0, xp+yz+2x>0, xyz>0. [losexits,
10 YHCNA X, Y, Z AOAATHI.
* Po3rnsiHEMO TOTOXHICTB
** ~(xty+2)x? +(y+yzrz)x-xz=0.
3sincn
x* + 0+ yrrax)x=(x+y+2)x* +207,
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x(xt +xpyz o) =(x+y+2)x’ ez

Ockimskn X%+ xp+yz+2e>01 (x+y+2)x* +xp2>0, 10 it x>0. Anano-
TivHO JoBeaeMo, mo y>0iz>0*

Bupasa 6. Biomo, mo .

X+Y+2+1>0, Xy+Xxz+Xt+yz+ yi+at >0, xyz+xpt+xz2t+yzt >0, xyzt >0.
JloBesiTh, MO UHCAS X, Y, Z, [ AONATH.
Ipuxnag 13. a, b, ¢ — CTOPOHM TPUKYTHHKA. [10BEiTH, 10: >
a) (a+b-c)b+c-a)lc+a-b)<abe;
6) 2(a’? +b7c* +c%a*)>a’ +b* +¢*.

* a) (a+b-c)b+c-a)=b* —(a-c)* <b>. 1)
AnanorigHo "
(b+c-adcra-b)=c? —(a-b)* <c? i ()
i
(a+b-c)ct+a-b)=a® ~(b=c)* <a’. 3)

TepemuoxumMo mowieHHo Hepisnocrti (1), (2), (3):
(a+b-0? b+c-a)(cra-b? <a’b?c.
3sincu, BpaxoByiown, Mo a+b-¢>0, b+c—a >0, c+a-b>0, gicranemo:
(a+b-c)(b+c—a)lc+a-b)<abe.

PiBHicTB fOCATaETHCA JTHINE TIPH @ =b=c.
6) Mae Micle TOTOXHICTE

2(a?? +b7c* +cla?)=

=a*+b* +c* +(a+b+o)a+b-c)b+c-a)lcta-b).

A=2(a?p* +b*c* +c*a?), B=a* +b" +c*

a=(a+b+c)la+b-c)b+e-a)c+a-b)>0.
Ockinbku A=B+a, 10 A>B*
S3ayeaxncenna. 3rinHo 3 dopmysnoio Tepona,
(a+b+c)a+b-c)b+c-a)lc+a-b)=
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=165 =2(a%6? +b?¢* +c’a?)-a* ~b* —c*.
Tipuxnan 14. [oenits, mo npy a >0, b>0 BUKOHYETHCA HEpiBHICTH
ab(12-2a-5b)<2a+5b.
* Tlic/ist TOTOXHHX TICPETBOPEHb JiCTAHEMO HEPIBHICTH
5Qa? ~6a+5)+a (5> ~6b+2)>0.

KBanpatHi TpHWIEHH, AKi CTOSATH Y TYXKKaX, HaGyBAIOTh JIMIIE IOIATHUX
3HaueHb, 60 KOXEH 3 HUX Ma€e Bin’eMumit TUcKpuMiHaHT. OTxe, 3106yTa
HepiBHICTb CTIpaBeUTMBA. PiBHICTb OCATAETECS JIMIIE NPH @ =b=0>

Bupasa 7. JloBe/liTh HePiBHICTE:

a) a* +a’ -8a” +4a+4>0 ipn a 20;

6) a* +a’b~4a’b+ab+b* 20 npu a >0, b>0;

B) a‘-a’-3a+5>0mpu a€ R,

1) a® +3a* >13a-15 npu a >0.

Brasiexa

a) a* +a’ —8a> +4a+4=(a’ -2)* +a(a-2)%;

6) a* +a’b-4a’b+ab+b* =(a* -b)" +abla-1*;

4

1) @’ +3a* ~13a+15=ala-D* +5a* -14a+15. »

Ipuxaan 15. fosenits Hepipmicts x'? —x° +x* ~x+1>0.

* Po3rsAHEMO TPH BHITAIKH:

1) x<0. Jlisa wacTiHa HepiBHOCTI fozaTHa, 60 -x° 20, -x=0;

2
3
B) a*-a®-3a+5=(a* =1 +(a—%} +1=;

2) 0<x<l Maemo: x"+x*(1-x")+l-x>0, wo crpasemMBo npH
 0<x<l;
fF 3)1<x. Maemo: x2(x? ~1)+x(x? —l)+1>0, 110 CTIpaBe/UTMBO TIpH 1 < X.*
Bupasa 8. [loBezits HepiBHiCTb!
a) x* —x? +x* -2x+2>0 npu x€ R;
6) x*-x*+x' -x’>0mpu xe &
B) x** —x! +x¥"2 —x?"* +1>0 npu n22, ne N.
Tpuxnaa 16. osexirs nOABiHHY HepiBHICTH
3 < ab i be & ac )
4= (a+0)b+e) (atb)a+e) (a+b)(c+h) ™

ne a>0, b>0, ¢>0.




[image: image98.jpg]Posin ll. HepiHocri 99

* Mae micue ToTOXHiCTH
ab be ac i 2abe
@+0G+0 @ +h)a+o) (arb)ctd) ~ (arblb+oera)

Orxe, Tpeba soBectH, mo

3 ol 2abe
35 @b brolcra)

Tpasa yacTuHa HepiBHOCTI ouesuaHa. JoBeneMo CTPaBe/UIUBICTB JTiBOT
YacTUHU.

2abe 2abe <l
@b bralera) ~ (@+h)brolcta) 4

Yab be Jea 1

a+b b+c cta 8 3 M

3
zslf

TlepeMHOXVIBILIN IOWIEHHO TPU CHPABE/UIMBI HepiBHOCTI

JElJ—xJal

atb 2 brc~2' cta 2’
AicraHemo HepisHicTs (1).*
Mpicnan 17. Bixomo, mo a, <a, <ay, b <b, <b,. osexirs, mo

@b, +a,b, +a,b <a b +a,b, +a,b,.

* PO3IISIHEMO JIBi TOTOXHOCTI:
S, =a,b, +a,b, +a,b, =b,(a, ~a, )+(b, +b, )(a, -a, )+ (8, +5, +, )a,
Sy =ab, +ayb, +asb, <, (a,-a, )+(5, +b, N(a, ~a, ) (b, +b, +b, )a,.
JMani Maemo:
8,-8,=(a,~a, ) (5, -, )+(a,-a,) (&, -, ).

3rinHo 3 ymosow, a, —a, <0, b, -b, <0, a, -a, <0, b, b, <0.
Orxe, 5, -S| >0.*
Hpuxnay 18. Binomo, mo x; +x; +...+x? =1 [losenirs, mo

(% ~x, )1 +(x, -x, )' +ot(x =%, ) 4 (x, -x, )’ +(x-x,) 4t

+(x"‘| =%y )2 <n
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* Mae Miclie TOTOXHICTb
(x-x, )1 +(x, =%, )] ot (2, - x, )1 (=1, (%= x,) et
+(x,, %, )l =n(x? +x} +..4x} )’ —(x,+x, +...+x,)1.
3a yMOBOIO
n(x? +x} +..4x] )-(x+x, +.4.+x,,)2 =n—(x, +x, +..4X, )1 <n
PiBHICTS OCATAETECS JIALIE 32 YMOBH, 1MO
%, P A, =0,
TIpuknan 19. osenits HepiBHiCTD
la+b+c|<y3(a? +b7 +¢?).
* Cnoci6 1. Jlana HepiBHIiCTh PIBHOCHWILHA HepiBHOCTI
(a+b+0)? <3(a? +b? +¢?) & ab+betca<a® +b7 +c*.
Mu JiCTATH BiIOMY HEpiBHICTh TPHOX KBAIDATIB.
Cnoci6 2, Postisiemo sa sextopu: % = (1) ma 7 = (a;5;¢) . Ockimbki
% 3=|3] 17l cosg
(¢ Kyr Mix Bekropamu X i ), T0
(%.7) <15 J3|" abo (1-a+1-b+1-c) <3(a? +07 +¢*),

sminkn la+b+d<3a® +b +¢*).*

Tipuknag 20. osenits HepiBHICTD
(a+b—c)* +(b+c-a)* +(c+a—b)* 2 ab+bc+ca.
* TTicist PO3KPUTTS JYXOK i 3BefeHHs TIOAIGHMX WieHiB JCTAHEMO
BilOMY HEpiBHICTb TPHOX KBAIPATIB
a’ +b* +¢* zab+be+ca*
Tipuxaan 21. JloBeaiTs HEPiBHICTD
a® +b* +c? Zalb—c|+b|cfa|+c|a~b|, ne a=0, b=0, 0.
* Moxua ssaxary, 1m0 0 < a <b <c. J[lana HepiBHiCTh HaGyBa€ BUI/LALY
a? +b +¢* 2 alc-b)+b(c-a)+clb-a) & a’ +b* +c* 22bc-2ab &
< a?+(b-c)? 2-2ab,

10 OYEBMIHO.
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Pisnicts nocsraetsest pu a =01 b=c. V puxianiii HEpIBHOCTI PiBHiCTH
AOCATAETHCA JIMWIE Y BUNAAKY, Ko a =0, b=c a6o b=0, a=c, abo c=0,
a=b*

3aysascenns. Hexait a=b=1, c=-1. Topi1* +1* +1* =3, a

r1)41] <11 ~J1-1] =4,

Omxe, SKINO He KOXHE 3 uucen a, b, ¢ HeBiI'EMHE, HEPIBHICTL MOXE He BH-
KOHYBATHCS,
Bupasa 9. [lopenits HepiBHiCTS:

a) y2(a® +6?) <a+b+|a-b| npu a>0, b>0;

lta (14

b l+a|§ npu a20,520.
Ipaxnap 22. [Tosexits HepiBHicTs \
2

a 5 ¢ atbic
S
ath b+c ct+a 2

npu a>0, b>0, ¢>0.

* Maewmo:
a’+ab-ab b’ +bc-be ¢* +ac-ac_a+b+c
+ 5 2 ©
a+b b+c cta 2
. ab be ac a+b+c
Sd-——1b- de—-nasB il

a+b bic a+c 2
a+b+z ab  be  ac
g

2 a+b brc ave

(O}

Towmitumo, mo npu a >0, b>0, ¢>0 BuKoHyIOTHCS HepiBHOCTI
ab _a+b be btc ac LA
a+h™ 4 'b+c” 4’ atc” 4 °

Jonasuiy NowieHHo OcTaHHi Tpu HepiBHOCTI, JicTaHemo HepiBHicTs (1).*
Bupasa 10. osenits HepiBHicTs:
a* TR B gebie
{) e + St
bic ave arb> 2

a) (8Y (¢)'.b c a
6)(;) +[E] +[;J +b+: npu a >0, b>0, c>0;

a 5t b c
H)tH-cw ate-b atb-c

1pu a>0, >0, c>0;

23, 1ie a, b, ¢ — CTOPOHM TPHKYTHUKa;
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a5 3
L i b+c i et 2 npu a>0, b>0, ¢>0;

2 2 2
a+b bro cra” arbic
¢) abla+b)+be(b+c)+cala+c)=6abe npu a=0, 520, c20.
Tpuknan 23. JloseniTs HepiBHICTH
1 22-1 322 n? —(n-1
T2 3

* [TomiTnmMo, WO

n L ne a>0,5>0, ¢>0;

<L

n?~(n-1 n*-n+l n? —n+l 1

ntin @ +) nD(n? 7n+1)= nn+l)’

HepisHicTs HabyBae BUIANLY
1 1 1 1 3174 B 0 S

14
T s Ty g E A e

1O CTIPaBEUTHBO.*

Tlin vac IOBEACHHSA Tpumﬂome'mmuvxx HepiBHOCTE# PUPOAHO 3aCTO-
CyBaTH TPHTOHOMETPUSHI TOTOXHOCTI.

Tipuxnan 24. Jlose/tiTh HepiBHICTH

(1+sin o+ cos ) (1 +sina—cosa)(1-sino+coso) (sinot +cos o~ >0,
ne 0° <a<90°.
* (1+sin(x+cos(x)(i+sina—cosa)(lfsina+cosa)(sin0.+cosa—l):
—[(14sina)? —cos® al[cos® a~(1-sinaw)? =
—(2sin? a+2sina)(2 sina=2sin’ o) =
~4sin? ol +sino)(1-sina) =4sin? o.cos’ a=sin® 2.

Hepisricte HabyBae BUIJLSLY sin? 2¢.>0, 10 CHOpaBe/TMBO TIPH
0° <0t <90°.*

3aysacerna. BispMeMo TPAMOKYTHMH TPUKYTHWK 3 TOCTPUM KYTOM 0.
i HNOTeHY3010 ONMHMUHOT AORKITHH. KaTer BOTO TPUKYTHVKA AOPiBHIO-
10Th SinQL i €OSQ, @ MUIONIA AOPIBHIOE S.

1), 1
S=ismu-cosu~4sm2a,s 168“1 20,
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3rigHo 3 dopmyior Iepona,
1
he =E(l+sina+cosa)(l+sinu-cosu)x

x(1-sino+cosa) (sin o+ coso—1).

TIpuknan 25: JloBeAiTh HepiBHiCTS | <cos A+cosB+cosC, ne A, B,C —
KYTH [IOBLTBHOTO TPHKYTHHUKA, -
* [ana HepiBHiCTh PIBHOCHILHA HepiBHOCT

A A-B
cosA+cosB+cusC—l>0csZoos?”?-cosT-Z sin’ §>0¢
c A-B c (8] A-B (ot
©2sin>-cos——-2sin? ;:2 ﬂn*(cns—-ﬁn—J)og

2 2 2 2 2

PPRL O 11 O N S T
©2sin5| oofamo=E = >0 sin-sino--sin 550,
ABC 3
10O CTIpaBeIHBo, 60 KyTH 20 0  Toempit

Tlpuknan 26. [losenits HepisHicTn
c

A
1+cos A-cos B-cosC <2 cos-2~<cos§-cos?

* Jinst kyTiB A, B, C 0BUTBHOTO TPUKYTHHKA BUKOHYIOTECS TOTOXKHOCTI

1
l+cosA»cosB»cosC:E(sin’ A+sin® B+sin? C)

A B al . 5 ¢
2cos;-cos;ws;:ilsmA+su111+smC). :

(Mosenirs ix camocrTiiino.)
ToMy BHXiAHY HepIBHICTb MOXHA TIOATH Y BUTTL
sin’ A+sin’ B+sin’ C <sin A +sin B+sinC.

Il HepisnicTs cpasesyuBa, 60 ML KyTiB TPUKYTHHKA CIIpaBeUIHBi
HepiBHOCTI

sin’ A<sin 4, sin® B<sin B, sin’ C<sinC,
TIPAYOMY PiBHOCTi B HHX HE MOXYTb JIOCATATHCH OJHOYACHO.*

Tlpuknan 27. [osenits HepiBHICTS a sin x+bcosx<va® +b?.

* Mae Mice ToTOXHiCTE

a*+b* =(asin x+bcosx)? +(a cosx-bsinx)?, .
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2£ ABIZ ,Cg .C A-B Cl>0
2sin5-cos—— 2 F sin 2s 2msm Phra oy sin—-+- >0«

2ok
e P ot
= smz-zcos 2 + ﬂS 2 =4
[ €71 A—B] 1. ,4-B
& | sin

PIE e i ey

1O OUEBHIHO. PiBHICTH BUKOHYETECS JHIlE 32 yMOBH BUKOHAHHA CHCTEN
piBHOCTEH

=0,

3pinku A=B=C=60°.*
Tpuknan 30. Tosenits HepisHicTh

cos? au+cos® (o +B)-2 cosor- cos B- cosloc+ )20,
* cos” ot +cos? (u+ﬂ)—2 €OS0.:COS B»coim»B):

=cos® o+cos? (o+ B)— coi(x + B) [cos(u+ ﬁ)+cos(a~B)] =

1
=cos” a—cos{o+B)- cos(c— B) = cos? u—i(ccs2a+cas2ﬂ)‘

¥
=cos’ a~5(2 cos’ 0.-1+2 cos? B-1)=

1 ;
-—-2-(2 cos’ B~2)=1-cos® B=sin’ f.
Hepisnicts Habysae Bursiy sin’ p=20, mo oyesuaro. PisHicTh mocs
TaeTbes npu ot € R, B=nk, k € Z.*

Tlpuxnan 31. Jlosenits nonsiiiny HepisHicTs

3 <sin a+cos sl
* sin® o+ cos® @ =(sin” au+cos? o) (sin* a—sin? o.-cos? a+cos* o) =
=sin* o.—sin’ o cos® 0.+ cos* o=

4 ChEE 3
=(sin” a+cos? ) ~3sin? a cos? @=1-7sin’ 20.
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3BITKH
a?+b? >(asinx+bcosx)? <

o Ja® +b? >|asinx+bcosx| 2 asin x+bcosx.

PiBHICT JOCATAETHCS JIMIIE 32 YMOBM BUKOHAHHSA piBHOCTI
acosx=bsinx.*
Tipuxnax 28, 4, B, C — xymu JIOBLTBHOTO TPHKYTHMKa. [lOBEAiTH
HepiBHICTH
2 cos A+2 cos B+cosC <3.
* 2 cos A+2 cosB+cosC <3 ﬁ400$£;_E-COSAT_B‘+|—2 sin’ §<3 ©

- G AR C
<> sin 5—Zcos—2—-smi+l>0=v

it B e AR 8
s su‘IZ*CCiS_2 COS’ 2 +1>0 &

2 2

Jlina YACTMHA OCTAHHBOI HEPIBHOCTI HEBiL'EMHA. JloBeeMo, 1110 BOHA
He MOXe JopisrioBaTh Hymo, Jliiicio, AKIo

sing wsAAB 1+ in®
2 ) sin
TO MAaEMO CHCTEMY PiBHAHD

A-B L
sin® —=mel, Ly ‘A=B,

€ A-BY V4B
| sin-cos——— | +sin” — >0.

2 2

_C_ kB Yaige b Gy b Juineml
sin cos 2 =0; smz—cos 7

Poss’sskis Hemae, 60 sin%(l_'
Tipuxnan 29. A, B, C — XyTH AOBUIEHOTO TPHKYTHHMKA. Jlosenits, 1m0
3
cos A+cosB+cosC<3.

3 A+B A-.
* cosA+cosB+cosCsE o2 cos%cos-—z—xnoscsg =




[image: image105.jpg]106 Marematuini erion. Kmra 2

3pincn O, o sin® o+cos® <L
Jarni noMiTiMo, mo

360 3 1 153
1—4sm 2u7174<2(l—cos4¢1)~8+sccs4&

34 5.3
Ocxkinbxu cosda 21, TO 1-4—sm Za28+§( l)——‘

Tipmknan 32. JloBeiTh HEPIBHICTH

1
|sin - sin(60° —a2)-sin(60° +a)] < ¥
1
* sino-sin(60° ~a)-sin(60° +a) = sina-i(coslawoslzo") =

L ;o L Vit
=Esmu(cos2a+2J-2 smu-cusv2u+4sma—

=L (in3a-sino+ sina=1sin3o.
=2 sin 3 —sino +4smu—4sm

BuxizHa HepiBHICTh HabyBae BUTIALY

1
in 30 <
k sin
1O CTIpaBe/THBO.*
Tipmknazx 33. Jloseaits HePiBHICTH
sino.+sin 20 +sin 3o+ sindoc <4.

L
T

*OueBHIHO,
sinou+sin20.+sin 3o.+sindo <4.
PiBHICTB IOCATAETBCA 33 YMOBH, IO BUKOHYETHCS CHCTEMA piBHOCTEH
sino=1, sin20.=1, sin3a=1, sinda=1
Lls cucTema He Ma€ PO3B’A3KiB, 60 sKIIO sina=1, T0 sin20.#1*
TIpuknan 34. Jlosesith HEPiBHICTH

|4cosa- cosy -cos(ct-y )-2 cos? (a »y)fcoszﬂ <L
* 4 cos0.: cosy ‘cus(u»y )2 cos? (a—y )-cos2y =
=2 cos(a—y ) [cos(e+y )+ cos(ce—y )] -2 cos? (o ) ~cos2y =
=2 cos(o—y ) cos(ouy )-cos2y = cos20.+C0s2y ~COS2Y =COS20L

BuxinHa HepiBHiCTL HaGyBae smmuwlcosZ(xI <1, mo crpaBe/UTABO.*
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Tpuknan 35. 4, B, C — KyTut roCTPOKYTHOTO TPMKYTHUKA, Hosentits, o
A B (o]
c!g;+ctg;+c1g;stgA+th+th.
* Jlema. SIxmo A, B, C — KYT# TOCTPOKYTHOTO TPUKYTHHKA, TO
A
ZCthSthngC. (1)
CKOPHCTAEMOCS TOTOXHICTIO

sin(B+C) sin A

aatleC cosB-cosC  cosB-cosC’

Jani maemo:
A A A 4
2ccs;< S 2cos?<2cos?‘sm7 %
4 “cosB-oosC” A = cosB-cosC
K L

() e
sin

A
 cosB-cosC <sin* 7

(Mn cxopucTanucs M, 1o kyru B i C roctpi.)
Jani maemo:

—Zl-(cos(B+C)+cos(B—C))s%(l—cosA)=>

= —cos A+cos(B-C)<1-cos A ¢ cos(B-C)<l,

o cripaseynBo. JleMy 10BeEHO. AHATIOTIMHO 10BOASTECA if HepiBHOCTI
B €.
ZCtg‘z‘SlgA-HgC ) TaZc!gEStyH-lgB. 3)

Honaioun nownento wepisnocri (1), (2) i (3), icranemo Biximiy
HepiBHicTb. PiBHiCTS NOCsTaETRCH e pH A = B=C =60° *
Tpuknan 36. losenits HepiBHICTL
2 cosu%B o 1 " 1
sin(ﬂ;ﬂ+45,,] sin(45° +at) " sin(45° +B)

e 0° <a<90°, 0° <B<90°.
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sin2cu+5in2f +2/5in 26 sin 2P <4 cos? “T'ﬁ-sin(mp)a

2 sin(c(+ﬁ)»cos(tx~ B)+2+sin2a- sin2f 52(1+cos(a— D)) -sin(a+B) <
N sinZa-sinZBssin((HB)b sin2cx-sin2[3£sin’(u+ﬁ)w
1
Ly (cos2(o—p)-cos2(c+ B)< % (1-cos2(a+)) e cos2(a—p)<1,
10 cripase/uiuBo. PiBHICTL MOXUTHBA TinbKM mpH o= f.*
Tlpuknan 38. 4, B, C — yTw [oBiTbHOrO TPUKYTHHMKA. JloBentiTs, mo
23 sin A-sinB-sinC <sin® A+sin’ B+sin’ C.
* 3sinA+cos A<2. (1)
Liiicro,

V3 1
() 2| —sind+-cosd <2 <
2 2
©2(sin60° -sin A+c0s60° -cos 4) <2 & cos(60° - 4)<1,
11O CRpPaBe/TBO. 3aCTOCOBYIOUH BiZoMi GopMymH
b +c*-a?
20 17
ae a,bic— cropomu; § — rUIoLA TPUKYTHHKA, [iCTAHEMO 3 HepiBHocri (1)
2,38 +b’ +c*—a’

2
sin 4 =-£, cosA=
be

- ST 43S +b* +¢* ~a? <dbe. )
AHANOTIYHO I0BEAEMO HepiBHOCTI

438 +c* +a? —b* <dac, 3)

438 +a? +b* —c* <dab. (4

Honaioun mowieHHo HepisHocTi (2), (3) i (4), nicraremo:
1238 <Mab+be+ca)-a® —b* —c*.

Binomo, mo ab+bctca<a® +b* +c?.
Orxe,

124385 <4(a® +b* +¢?)-a? —b? —¢?,
3BIIKH
435 <a® +b* +c?, 6}
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*+ BuxiIHA HepiBHICTH PiBHOCW/ILHA HepiBHOCTI

o-f
2oy _sinls® +B)+sin(45° +a)
m{az B 45‘,] sin(4'5" +0)-sin(45° +B)

o-p (0B o) 2B
ZCOST 25m(*2 +45 )cos#2

ﬁsm[ B 45“] Sin(45° +0)-sin@5° +B)

a-p 820 a-p
SIKmio cf —2—:0. To JOCSTAETECA PiBHICTH. SAKINO X cos—z— #0, TO

cusn—;—a>0, 60 -45° SE;—BSH“.

. v 3 3 a-
IopinMBIIM OBWIBI HACTHHY HEpiBHOCTI Ha 2 cos—z—g >0, MaeMo:

wefiot R o
1 sin| = +45 )

sm( B “j < in@s® +a) sn@s° +B)

o sin@5° +a)-sin(@5° +p) < sin’ (%QMS“j o

a%(cos(a—ﬁ)—cus@ﬂ“ ot B))S%(l—cug@()" +a+p) &
& cosla—P)<l,

10 CIpaBe/yTMBO. PiBHICT: MOXITHBA JIHILIE TIPH 0.= p
Ipuxnaj 37. [loBenits HepiBHICTH

Jsin20 ++/sin2p <2 cosaT_BJsin(a+ﬁ)

npu Osuﬁg, OSBS%
* O6uIBi YaCTHHA uepisuocﬁ HeBin’emHi, 60
e 53
FArH 9w 2
TlinmeceMo o6WIBi YaCTHHA HepiBHOCTI 10 KBanpara
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3rifHO 3 TEOPEMOIO CHHYCIB,
a? =4R? sin® 4, b* =4R” sin® B, ¢* =4R’ sin” C.
Kpim Toro,
1
=iabsinC=2R1 sin 4-sin B-sinC.
Tenep i3 HepiBHOCTI (5) MaeMo:
243 sin 4-sin B-sinC <sin’ A+sin’ B+sin’ C.

PisHicts focAracTses muie npu A=B=C=60°.*
Tpuxnan 39. Hepismicts ®increpa—Xansirepa (Pinciep 0. (1894—
1970), Xansirep I'. (1908—1981) — mBeHapcLKi MaTeMaTiKH)

4435 <a? +b* +¢* ~(a—b)* —(b-c)* ~(c-a)?,
e a, b, ¢, S BIIMOBITHO CTOPOHM i TUTOIIA AOBUIBHOIO TPHKYTHUKA.
* 3actocosyruu Qopmyny I'epona, Maemo: g
a? +b? +¢? ~(a—b)? ~(b-c)* ~(c-a)? 2435 &
o (a? ~(b-0)+(b? ~(c-a)*)+(c* ~(a-5)") 2435 &

o (a+b-0a-b+o)+bc-a)b-c+a)+(c+a-b)lc-a+b)>

'
>(3a+b+)a+b-c)a-b+e)b+c-)?.
Tloknanaouy B OCTaHHIH HEPIBHOCTI:
at+b-c=x>0, a~b+c=y>0, b+c-a=2>0,
JICTAaHEMO BiIOMY HEpIBHICTH

XP+2X+ YT 3xyz( x+y+2).

PiBHICTB JOCATa€THCS JIMIIE AKIIO X =y =Z, 3BiIkM a=b=c.
Hasejiemo 1ie ofiHe foBeneHHs HepiBHocTi Mincnepa—Xanpirepa.
cosd b +c'-a’ 2§ b'+c'-a’

A RAT 2 b &S
232 5p1 P A ¢
AnanorivHo, ctgb:%, ctgC =£%, Orxe,
2 +b2 2
ctgd+ctgB+ctglC = a—“i.

Ocxinskn 4435 <a’ +b? +¢?, T0

ctgd+ctgB+ctgC >3, 1)
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Sixmo A, B, C — KyT [esKOro TPHKYTHHKa, 'm» e e =

KYTH TOCTPOKYTHOTO TPHKYTHHKA. I3 HepiBHocTi (1) Maemo:
n A n B . C
ctg[i»z-)ﬂ:tg(E—E]ﬂtg(i—;)zﬁ

abo
A LB O
tg;ﬂg;ﬂgizﬁ

ULt KYTiB JIOBUIBHOIO TPHKYTHHKA.
Tlomitumo, mo

A 1-cosd 1 be b +c’-a’ a?-(p-o?
A g B e e e e
Amaroriqso, b
tg£=b! —(c-a)? | C_c*—(a-b)?
2 45 2 as

Tenep i3 HepisHocri (2) gicranemo:
a’-(b-0? b*(c-a)? c —(a-b)?
T as

55

a* 467 +¢* ~(a-b)* ~(b-c)* ~(c—a)? 2453»
Bupaga 11. Tosexits HepisHocTi:

3
a) sinuzsin2a-sin30c<z;

6) 4sin30+5>4 cos2a+5sinc.

Bupasa 12. y=a cos’ x+bsin x-cos x+csin? x, Josezirs, umo
1 1
3 (n+c—wl(a—cJ’ +b? )sysi(anh/(aw)‘ +b? )

Bupasa 13. Josesits, Mo piBHSHHS He Mae PO3B’SI3KiB:
) sin x-cos2x-sin2x=-142;

6) cosx-cos2x+2sin2x=2,3;

B) sin x-sin2x-sin3x=
T) cosx-cos2x-cos3x=—I;

A1) sin x-sin2x+sin4x=3; B

2)
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&) cosx+cos2x+cos3x=-3.

Bupasa 14. A, B, C — KyT# JOBUIGHOTO TPUKYTHHKA. [osenith, 1Wo:

a) sin2 A +sin2B+sin2C <sin A+sinB+sinC;

6) sin2 A+sin2B+sin2C >0;

B) ctg’ A +ctg’ B+ctg’C 2l

) tg? ﬁ+tg gﬂg g>1

1) cos A+cosB-cosC>-1;

e) (sinA+si.ans'mC)(sinAfsinB+sinC)(sinB+sinCVsinA)s
<sin4-sin B sinC;

%) §in? A+sin? B+sin® C <2 sin A-sin B+sin B-sinC +sinC-sin 4;
3) 14sin? C-sin? B+2sin’ A=4y3 sin4:sin B-sinC;

A B

7+COSi+COS‘i;

K) 2(cos A+cosB+cosC)>sin A+sin B+sinC.

fun B g
‘sm2+sm2 S‘lﬂz >cos

Bupasa 15. [loseniTs HepiBHOCTi:

a) sinl°® +sin4° <sin2°+sin3°;

6) sin? 1° +sin? 4° >sin? 2° +sin” 3°;

B) sin’ 1° +sin’ 4° >sin’ 2° +sin® 3°.

Tpuxnaz 40. JloBexiTe HepiBHICTS log, (n+1)>log,,,, (n+2) mpx n>1.

* Mae Micle TOTOXHICTh

(n+1)?
(n+2)+log,,,, "’:;+2)+ Jlog,(m-l)—‘[logm n)z.

JoseniTh i cCaMOCTIHHO.
Toknanemo

log, (n+D=log

A=log, (n+1), B=log,, (n+2),

a=log, :(l: 2)+(Jlog,(n+ - Jlog, , )

(n+1)?*

>0, 60 ———= =i

>1 Omxe, A=B+ai A>B, 60 a.>0.*
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Tipuxnazx 41. Hepisnicrs Komi—Byrsikoscskoro
* Mae micie ToToXHiCTE

(a2 +a2+..+a2 ) (b7 +62 +..457 )=
=(a,b,+ayby +.+a,b,) +(a,b,-a,, )" (a6 -agb, ) 4.t
+(a,.8,-ab,,)"
I3 wief TotoxHocTi BMMUHBaAE HepipticTs
(af +a3 +..+a2 ) (82 48] +...+62 )2 (a,b, +aby +..4a,5, ),

AIKa Ha3MBAETECA HepiBHicTio Kowi—ByHAKOBCEKOr0, PiBHICTS H0CSTAETHCS
JIMIIE NpH

Tipuknan 42. Hepisuicts Komi
Hexait a,,a,,...,a, — HEBII'EMHI uncia.
Tomi
a, +a, +
n

=a,.

PiBHiCTE JoCsTAETHCS JTMIIEC npH a, =a,
* Jlema. Ilpu x>0 i k € N BUKOHYETHCA HEpIBHICTH

x* ke +k-120.
PO3IIAHEMO TOTOXHICTS
—hoetk-1=(e-D(x* 4 x4 4+ x-k+1).

IMpy x =1 06HIBi YaCTHHH Wi€] TOTOXHOCTI AOPIBHIOIOTH HYO.
Ipu x>1

Lx+x? o425 Sk,
OTXKe, O6MIBA MHOXHMKA TPaBOi YaCTHHM TOTOXHOCTI JofatHi # niBa
iacTuHa goatHa. Mpu 0<x<l

Ttx+x? +.+x* <k,

0611Ba MHOXHMKA TIPABOI YACTHUHM TOTOXHOCTI BiI’€MHi if JIiBa MACTHHA
Jlonatha. Jlemy moBeneHo.
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Hexait G, =4, -a, ...-a,, ne a, >0, 1si<k.
3ayBaXnMO, 110 SKIIO IKecs i3 wucen a, =0, T0 wepisuicTs Ko cripa-
BemBa, 60 i MpaBa YACTHHA JIOPIBHIOE HYIIO.
OueBnaHO,
k
S,
R T

-1

a, =

Mae micue TOTOXHICTh
a, +a, +..4a,
n

+(a, +3G, 4G, ) +...+ (a, +(n-1)G, , -nG, N (1

=G, +';[(a, +a,-2G, ) +(a; +26,-3G, )+

TMomitimo, 1o

Gt
a, +(k-1G, , ~kG, =+ +(k-1G, , kG, =
k k-1 k Gk

e

el A
Fiky kal i Gkvl

& s s
G = x>0, AicTaHEMO 3TiTHO 3 JIEMOI0, 110 KOXHHH 10~
k1

npu k23,

JIAHOK, TIOYHHAIOWA 3 APYTOr0 y KBANPATHMX XYKKAX TPABOI JACTHHH TO-
ToxHOCTI (1) HEBiA eMHMIA,
Ilepua jiyKa TaKOX HeBiz'eMHa, 60

a,+a,-2G, =a, +a,-2[a,a, 20.

Orxe, i3 ToToXHOCTI (1) BUIUIMBAE CTIPABELIMBICTS HEPIBHOCTI Komi.
PiBHICTL IOCSATAETHCS JIMINIE TOJ], KOJA KOXHA J)KKa B Npasii YACTHHI TO-
ToxHocTi (1) AOpiBHIOE HYMO, TOGTO yMuIe TOA, KOTH TPH k>3 Buxo-

HYETHCA PIBHICTH
G\ G,
de k 1

3rigHO 3 JIEMOIO 115 PIBHICTS BUKOHYETHCSH Juuie npu G, =G, . Orxe,
piBHicTh y ‘HepiBHOCTI Komli IOCATAETECS JIMIIE 32 YMOBH, 11O

(sBaxaemo G, =a, ).
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Jlerko 6aymuTH, 1O NPH UBLOMY a =a,=..
Tpuxnan 43. Hepisnicts AGens

(ABens H. X. (1802—1829) — Hopsesbkuit MaTeMaTuk)

Hexait € npi ckinvenni nocninosHocTi milicrix wcer: {a,} i {5},

1skzn S, :ﬁb‘. Maemo:
=

Ea‘b‘ =a,b +a,b, +...+a,b, =
A=l

=a,5, +8,(5, -5, )+a,(8,~8, ) +...+a_, (S, , =S.., )+a,(s,-s,,)=

=S, (aI =@, )+S, (az -ay )+S, (a, -a, )+..A+.S‘,H (a__, =z, )+S,a,A

Orxe, Mae Micrie ToToxHiCTE AGeis.
.

Sah-as s (-0, )mes -5 o

Bpaxosyioun, 1o

S
=

<Shl,
k=1

HiCTAHEMO 3 TOTOXHOCTI (1):
[S 0t |sas.l+ Sl o,
k=1 k=l

Ls nepiBHicTs HasuBaeTsCa HepivHicTio AGens.
BiskMeMO oMH WiKaBHit YacTHHHMI BUNATOK.

Hexait nocnigosHicTs {aA} cnanae, a, >0, 1<k<ni§ 2|mgx|s,,|, Toni
sksn
i3 HepiBHOCTI ABexsi sicTaHeMO:

|2 ab,

<S(a, +a,-a,+a,-a,+..+a, , -a,)

e
k=1

Tlpuxnan 44. osenits HepisHicTS

abo

<Sa;. @

n

l“| sinl+a, sin2+...+a, smnl<ﬁa‘, e a; >a, >..>a, >0.
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£
* Hexait S, = , sini. Hexait max|s,|<S.
1<k<n

=

1 1

cos —cos| k+5

S, =sinl+sin2+...+sink= %
25ini

Tomy

[ <2.

g
(}()S2 Ccos. +2

2
BissMemo Ha rpadiky yHKuii y =sin x Touky A [%,%) . O — mouarok

242
koopmuuar. IlpamMa OA Mae PiBHAHHSA y=TW/—xA Dynkigis y=sinx
T . 242x 3
Xe 0;; omyksa joropu. OTXe, npu X € O;Z sin x> . OCKiIBKF
n
0<7<Z,m
Wl 221 2
LA
Orxe,

1l =
ls‘|<£_ﬁ_s.
n

Tenep ia repisnocrti (2) npuknany 43
k3
|aI sinl+a, sin2 +...+a, sin,l<—ﬁa| o

Tpuknay 45. Hepismics Ye6umona
Hexait {n.} a {8, }, 12k <n — mpi spocratoti abo cramui CKiHYeH
nocninosHocti. Tomi
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(al +ta, +..+a, )(bl +b, +...4b, )<n(n]b| +a,b, +..+a,b, )
SlKiio oaHa 3 LUUX NOCHINOBHOCTEH 3pocTaiova, a Apyra criafHa, T
(a,+a;+..4a, ) (b, +b, +..48, )>n(a,b, +a,b, +..+a,b, Ik

'V BUNIazIKy, KOJI O/jHA 3 LMX MOCTA0BHOCTE MOHOTOHHA, a pyra cTa-
J1a, BUKOHYETBCS PiBHICTH
(a1 +a, +...+a, )(IJl +b, +...45, ): n (albl +a,b, +...+a,b, )
*Jlema. Hexaii € 18i ckiHveHHi 3pocratovi moCTinoBHOCTI {a,}ra{s, 1
L<k<n. Toni
ab, +ayby+..+a, b +a,b < ab +a,b, +..+a,b,.

JliitcHo, 3rinHo 3 ToTOXHiCTIO AGens (mpuknaz 43),

-l
B =ab +ayb, +..+a,b, =a,s, +§S,(ak =al ; ), 4
nes, = ﬁ‘,b,.
=

-t
B,=ab, +a;b; +...+a, b, +a,b =a,S, JrE(S,| =b+by )(a‘ B )
k=l

Hani MaeMo:
B8 =565, )(aia,.,).

Ockinbku nocninostocti {a, } i {5, } spocratoui, To

b b, <0ia,-a, <0,

oTXe,

(65 )(aa,, )>0
npu l<k<n-L

Mpu joBenu, mo B, >B,, mo ¥ moTpi6Ho Gyno K0BeCTH. AHATONYHO 10
JICMA MOXHa JIOBECTH 1Ie 7—2 TaKi HepiBHOCTI:

a,b; +ab +...+a,b, <ab +a,b, +..+a,b,,

a,b, +ab; +...+a,b, <a b +a,b, +..+a,b,

nOns

ab,+a,b,, +..+ab <ab +ab, +..+a,b,.
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JlomaBIIM TMOWIEHHO Wi HepiBHOCTI, HEPIBHICTS i3 JIEMI i fomaBuu 10
060X uacTMH 3106yToi HepiBHOCTI CYMY @b, +a,b, +...+a,b,, nicraHemo
HepisricTs YeOumona

(aI +a,+..,+a,,)(b| +b, +...4b, )<n(a,b| +ayb, +..+a,b, )
Sxuio o6uBi MOCTINOBHOCTL {a,}i {b,} cnanni, nosenenns Moxna
picratn, moxnasum b =b,_, ., @, =4, ., 1<k<n. Tomi micramemo JBi

3pocTaloui MoCiNoBHOCTi @;, i b . HapernTi, AKINO OJIHA 3 MOCTIIOBHOCTEH
3pocTaioya, a ipyra cnagHa, To

B <B,i (a, +a, +“.+n_)(b| +by +..4b, )>n(a|b| +a,b, +...+a,b,,)."

Ironi HepiBHicTs YeOuII0Ba HOPMYTIOIOTH TaK:
Hexait {ak} i {b,,}, 1<k <n — 1pi HecrianHi (He3pOCTAION) CKIHYCHHI

mocnigosrocti. Tomi
(Ea.][zbk]sda,b.,
k=l k=1 k=l

TIPHYOMY PiBHICTH JOCSTAETHCH JIHMIIE TOMi, KO/ XO4 OJHA 3 TOC/IIOB-
HocTei mocTiitHa, SIKIo X OfHA 3 IMX JIBOX TIOCIOBHOCTEH HeCTAIHA,
a Jipyra He3pocTaio4a, To

(8o ) En)zrEeee
= =1 =
Tpaknax 46. JloBeniTs HepiBHICTh

i

L SRRl S

" s a5y
(Jcl Xy -...-x,,) SX XY e Xy,

ne x; >0(<i<n).

* [Iponorapi)MyBaBIIM BUXIAHY HEpiBHICTh, MAEMO:
1
5 (xl L ) (ln x, +lnx, +..+Inx, )s

<x, Inx, +x, Inx, +..4x, Inx,.

Moxia BBAXATH, 110 X, <X, <...<x,. Tomi Inx; <lnx, <..Inx,.
OTXe, MoC/iIoBHOCTI {x,} i{lnx,,} HecraHi. ToMy 3riIHO 3 HepiB-
micrio Yebumosa

(xl +X, +o. %, )(lnx, +Inx, +...+Inx, )5
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s(xl Inx, +x, Inx, +..+x, Inx, )
PiBHicTs focAraeThes e IPK X, =X, =..= X,.*
Hpugnan 47. a, b, ¢, A, B, C — signosigso CTOPOHH ¥ KYTH J0BUIEHOTO
TPHKYTHMKa. JloBesiTh, 10
acosA+bcosB+ccosC 1

atb+c 2
* MoxHa BBAXATH, 1O
A<B<C. Toni a<b<ci cos A >cosB>cosC.
3rinno 3 HepisHicTio YebHmosa,
(a+b+c)(cos A+cos B+cosC)>3(a cos A +bcusB+ccosC)

3pincn
acos A+bcosB+ccosC _ cos A+cos B+cosC 5
atb+c - 3 :
Binomo, mo
3
cusA+cosB+cusC<5
Otxe,

acos A+bcosB+ccosC 2 1
. a+b+c i

PiBHicTs MOXUIHBA JivIIe TipU @ =b = c.*
Tpuxnan 48. losezits, wo npn p=1, g1 a60 p<I, g<1 BuKoHyeTLCH
HepiBHiCTh
(n—1? pg+(n-1) +1
ws(n—llpq+l, neN.
* Ockinbku
(n=1? pg+(n-1)(p+q)+1=((n-Dp+1) ((n-1)g+1),
TO ]aHa HEPIBHICTh PIBHOCHIILHA TAKiiA:
((n—l)p+l)((n—l)q+1)Sn[(n—l)qu]. (1)

Tpn p>1, ¢>1 nocninosHocti

Pybs-s 2,1 T2 14,4,...,q,1
n-lpm -l pas
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nespocraioui. [lpn p <1, ¢<1 ui nocyinosHoCTi Hecnani. 3riHO 3 Hepis-
icTio Yebumiosa, Maemo HepiBHicTs (1).*
Bupasa 16. loseniTh HepiBHOCTi:

a) n-ia,’ S[Ea,’")-[iaﬂ ],ne a,>0,ne N, pe N;
=] i

it

mﬁ+bl £+t£
6)—ﬂ—£842>l ne a, b, ¢ — cropoun, 4, B, C — Kyti
a+b+c X s P R

JIOBUIBHOTO TPMKYTHHKA.

HepisHocTi, nos’s3aHi 3 KBaApaTHiHUMU dopmamu
Ksanpatnynolo HOpMOI0 HA3HBAETBCA BUPA3
Ax® +Bxy+Cy® + Dx+Ey+F,

ne A,B,C, D, E, F — nesiki piiicui wucna. OTXe, PO3IISHEMO HepiBHOCT
THITY
Ax? +Bxy+Cy’ + Dx+ Ey+F 20.

TToKa)eMo IeKUIBKA CIIOCOBIB JIOBEACHHS TAKUX HEPiBHOCTEH.
Tpuxnan 1. losenits HepiBHICTB

3x? +3y? —4xy+6x+6y +18 0.

* ]-ii cnocif. BunineHHsl KBajapara TpUtIeHa.
36epeMo BCi AONAHKH, AKi MICTATE X: 3x? —4xy-+6x, | BAILUMMO KBaJpaT
TPUWIEHA.

4 Rty g 4
Aga % @ 2 e Ke RN g
3x? —4xy+6x 3(): ny+2x) 3[(): 3)H-lv] 9y l+3y].
Hepisuicrs HaOyBa€ BATIALY
% ka1 8 3
3([x—3y+l] —3% 71+3y +3y +6y+1820‘
abo

2 B TP T
(x—3y+l) 37 —1+3y+y +2y+620,
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2 2 2
[x—;yﬂ) +5(§+1] 20,

1110 CNpaBeUIBO. PiBHICTL I0CATAETLCS I 32 YMOBH BUKOHAHHS CHCTE-
MH DiBHSIHB

20
x=3¥+1=0,

2

3+1=0,

3BiaKM y=-3, x=-3,
2-Ui cnoci6. BumineHHs KBajpata ABOWICHA,

4
xt eyt —-J-xy+2x+2y+620,

4
%3 —(gy—2)x+y1 +2y+620,

it 2 2
(p(%yfl]] —[%y—l] +y? 42y+620,

AR SR TY
(x—z,wl] +9y +?y+520

i nani sk nix yac BUKOHAaHHA criocobom 1.
3-i cnoci6. Tlincranoska y=tx. Hepisnicts Ha6ysac Bursiy

4
(l’ f§l+1)x’ +2142)x+6>0.

3HalIeMO AMCKPUMIHAHT ) KBAIPaTHOIO TPUWIEHA

[1‘ —gm)x’ +(21+2)x+6.

4
D=(21+2) —24(:’ —§x+l)=—201’ +401-20 =-20(¢-1)* <0.

Omxe, HepiBHicTs cripaBeymBa. PiBHiCTs AocATaeTses mume mpu D=0,
TO6TO £=1, 3BinKM y=x. TIpH y =X BUXiHA HEPIBHICTL HAOYBAE BUIIIALY
2x? +12x+1820, (x+3)* 20,

IO CNpaBeUTMBO.
PisHicTs MoXJHBa e Npn x =y =-3,
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Baysascenns. 3a yMOBH 3aCTOCYBAHHSI LIEOTO COCO6a TpeGa nepesipaTi
suaverHs 7 =0. Ipu wpsoMy y =0, HepiBHicTh HabyBae BUIIHTY
3x? +6x+1820, x? +2x+620,

IO CTIPABETABO.
4-it cnoci6. Tloxinna. Bynemo posrisyiaTh JTiBy YacTHHY HEPiBHOCTI K
dynkuilo Bi X.
f(0)=3x" +3y? ~4xy+6x+6y+18,

y — CTana BeTHYMHA.
S (0)=6x-4y+6.
f(x)=0
2
npu 6x-4y+6=0, x, :Ey—L
OueBuIHO,
& o
£(x,) =minf(x)=§y‘ +10y+15=§(y+3)1.
Otxe, min f(x)=0 npi y=-3. TIpu oMy
2
%23 (-3)-1=-3
Tlpuxnan 2. [loBenits HEPiBHICTH
5x? 42y ~6xy-2x+2 20.
* Po3rAHEMO JBYy YACTHHY HEDIBHOCTI AK KBalpaTHHH TPHWIEH

BITHOCHO Y.

3 32
2y? —6xy+5x* ~2x+2 =2[y—ix] fgx’ +5x? -2x+2=

3ok adiig 3y 1 4
=2(y72 x] X —2x+2=2[y—§x] +E(x—2)4
BuxinHa HepiBHICTL HabyBae BHIIAILY
ANt i
Z(y—ix) +E(x—2) 20,

1110 CHIPAaBEUIMBO. PiBHICTb I0CATAETECA JIMIIIE 32 YMOBH BUKOHAHHS CHCTE-
MM DiBHAHb

3
y=5 x=0, x-2=0,
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3Binkyu x=2, y = 3. [IponoHyeMo IMTaYaM AOBECTH, L0 HepiBHICTH IHIMM
cniocoGamu.*

Tlpuxnaz 3. JloBelliTh HEPiBHICT
25(x2 +y?)+(12-3x-4y)* 272,
* 3pobumo mincranosky y=tx. HepisricTe HabyBae BHI/LLTY
25(x? +12x7)+(12-3x-41x)* 272,
(41 +24¢+34)x* ~12x(81+6)+72 20.

OG6YMCIIMMO AMCKPMMIHAHT BATIOBIIHOTO KBAZPATHOTO TPHWICHA.
D=12"(8t+6)* ~4-72(41r* +241 +34) =
=—144(18¢% ~481+32)=-432(3t-4)" <0.
IIpu t =0, y =0 HepiBHicTs HaGyBae BUIISIY
25x* +(12-3x)* 272, 34x* -72x+72 20,
IO CMPABEUTHBO MPH X € R.
Ockinbku D<0, To HepiBHiCTH crpaBefiuBa. PiBHICTB JOCSTAETHCS
smme nipu D=0, To610 npu
3t=4, l=%, y:gx.
BuxinHa HepiBHicTh HaGyBae BUITISILY

16
25(;’ +§x’]+(12—3x-?x] >72,

25 25 Y
25-—x'+(l2—?5x] 272.

9
1250
= x?=200x+7220
25 ¢
Z[T x—GJ 20,
LIO CIIpaBeTMBO.
18 24

PiBHICTb IOCATAETHCA JIHILE TIPYU x=35¥=5%

JLoBE/iTh 110 HePiBHICTh IHINMMM CTIOCOGAMH.
TIpocTe OBE/IEHHS BUIUIMBAE 3 TOTOXKHOCTI

25(x? +y? )+(12-3x-4y)" ~72 =(3p-4x)’ +2(4y+3x-6)" *
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Tpuxaax 4. 3HalniTh HAHMEHIIE 3HAYCHHS BAPA3y
(x—y)l+(x+(y—1)1)z.
* PosrisHEMO 1ieit BUpa3 AK QYHKIGO Bl X, Ae y — CTANA BEIHYHHA.
F=(x-p) +(x+(3-1)")" =222 42x(y* -3y+D) 43 +(3-1)".
£ (0=4x+2(y* -3y+1)

—y*+3y-1
e

yredy-1 ) (—pPe3p-l
f("n)=[yT“YJ N

1 1 1
=7 +y-D) gt -y)' =5 (2 Syt

f(x)=0npn x, =

Ockimbkn

puyoyfn t¥on
Vi F RSy ‘*'4—4,

1) 9
/(X)ZE-(Z] =3

Bhosion L L
ionoside. 35 ph x =g, y=7:
Mpuknan 5. [osesits, W0 mpu x* +y* +2° >0

x? +19y? +627 —8xy—4xz+12yz>0.

* PO3INAHEMO JBY YACTMHY HCDIBHOCTI AK KBAIPaTHWH TPHWICH
BIIHOCHO X.

x? —4x(2y+2)+12y2+19y” +62°.
D — IMCKPHMIHAHT 1{bOTO KBAPATHOTO TPHWIEHA.
D
T:A(Zyﬂ)z -12yz-19y* -62> =
—-3y? +4yz-227 =—y? -2(y-2)" <0,

Otxe,
x? +19y? +62° -8xy-4xz+12yz20
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Tipy Gy/Ib-sIKMX AIHCHUX 3HAYCHHSX X, ¥, Z. PIBHICTS MocsATacTLCA NUIIE NPH
D=0, To6T0 npu y =2z =0. 3 ymosu BunMBae, mo npn p=z=0 x* >0, omke,

x* +19y? +62% ~8xy-4xz+12yz>0
Tipy GyAb-AKUX JIMCHUX X. IHIIe TOBENCHHA MOB’A3aHE 3 TOTOXHICTIO
x* +19y? +62% ~8xy—-4xz+12yz=

2 2N 0w
=(x-4y-22)" +3 y-Zz| +>22*
3 3
TIpuknan 6. Yu mMoxe Bupas

z=x" +2xy+3y* +2x+6y+4

HabyBaTH Bi/l'éMHHX 3HAYEHb IIPU JIACHAX X, }?
* Po3r/siaio s BUpas AK KBAIPAaTHUA TPHWIEH BiTHOCHO X, MAEMO

z=x? +2x(y+1)+3y* +6y+4=
=(x+y+1)’ =(y+1)" +3y? +6y+4=

=(x+y+1)" 42y +dy+3=(x+y+1)" +2(p+1)" +1

3pincH BuIUMBaE, mo z>1>0 npu AiHcHUX X, .

Bidnosids. He Moxe.*

Bopaga 1. [losenits HepiBHOCTI:

a) 5x7 +5y* +2x+6y+220;

6) 10x? +13y* —18xy-2x-8y+520;

B) 25x? +20y? +12xy-54x-36y+8120.

Bnpasa 2, Yn Moxe Bupa3

z=5x"42y* -2 xy+6y+5

HaGyBaTH Bil’€eMHMX 3HAYCHB TIPH AilicHuX X, y?

Bionoside. Hi.
Bupasa 3, 3HaiiAiTh HAMMCHLIC 3HAYCHHS BUDA3Y:

a) (2x-y)" +{(x-1? +y)";
6) (x+2y)1 +(2,t—(y—2)1)2.

1 1
Bionogide. a) 2 6) 3;,
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Tpuxaan 7. Binomo, wo 2x* ~4xy+3y’ =3.
B SIKMX MeXax 3MiHIOETbCS BHPa3 x-+y?
* Hexait x+y=t. Togi x=¢—y. 3 yMOBH MaeMO:
2t-y)’ ~4(t-y)y+3y* ~3=0 abo 9y* -8y +2£* -3=0.  (
My micTami KBanpaTHe PiBHAHHS. BOHO Mae po3B’si3KU 32 YMOBH, 1
11070 MCKPUMIHAHT HEBiL EMHUI, OTKE,
D=64r* -36(2¢* ~3)=108-8¢".

2 3 3
D20 8 <108 ¢ 577@-3\{;5&3&.

3’sicyemo, MPH AKX IHAUSHHSIX X T4 J 3MIHHA  10CSTAE HAUOUIbLION
HalMEHIIIOro 3HAYEHb.

I3 pisusianst (1) micraemo:

3 27 3
2 _24.(= —3= 1_8. /= =
9y* -24, 2y+2 2 3=0,3y"-8 2y+8 0,

,i‘fi & 4,\/5 i\ﬁ_éﬁ
T P R O R R
3
s

13 pisusians (1) micTanemo:

Aol i3
e P Rt e Y g
Bionosiob. -J‘E <x+ y<3\j§ A

.37 < <33

Tpuxnan 8. Bigomo, mo 3x? —2xp+2y* -4x+3y=1.
B SIKMX MeXaX MOXC 3HAXOIMTUCH 3HAYCHHS BUpasy =2y —x?
* [lincTaBnaoum x =2y~ B IAHE PIBHAHHS, JCTAHEMO:
3(2y-1)" -2(2y-1)y+2y? -4(2y-1)+3y-1=0
abo
10y? —10fy+3¢* =5y+41-1=0.

KsanpatHe piBHAHHS BITHOCHO Y
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10y? =5yt +1)+31? +41-1=0 1
Ma€ JTMCKPUMIHAHT
D=25021+1* ~40(3¢* +41-1)=-20* 601 +65.

JUst TOTO 10 KBajApaTHE DPIBHSIHEA MATO PO3B’S3KH, HEOBXHO i A0~
CTAaTHBO, 1106 BUKOHYBaIACh HepiBHicTb D=0,

4_3 V223

207 —60+6520 ¢ 41* +121-13<0 e ———— <t < 2

OBGUHCTMMO, TIPH AIKHX JHAYCHHAX X, ¥ SMIHHA 7 IOCATAC HalGLIBIIOr0
3HaYCHHHA, TOGTO

2-3
S
I3 kBanparHoro piBHsnHa (1) Maemo: N
31-
10y? -5y(+22 -2)43. —— 6‘[_ +2422-7=0,
40y* -20y(+22 »2)+65-10J27 =0,
222
P
BimmoginHo
gy 022 33 1
Sy Rt

Bidnogios. te[ﬁ;ﬂ_a}‘
2 2
Bnpasa 4. Bitomo, wo
x? -3xy+3y* +2x-y=2.

B sIKHX MeXaX MOXe 3MiHIOBATHCH BHDA3 f = x+2)?
Tpu sKMX 3HAYCHHSAX X | y Leit BUPa3 focATae HANGUILIIOrO 3HAYe HHS?

Bidnogide. IE[—]43,3 Hait6insimoro 3uauenns (=3 jocsirae mpu

x=p=L
Bupaga 5. Bizomo, mo
2x? —xp+3yt —x+2y=5.

B sixix Mexax Moxe 3MiHIOBATHCH BHPa3 1=2x+y?
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1-16v31 1+16¥31
B igBmL):

TloKaxeMo, IK MOXHA BUKOPHCTATH MOHATTS AMCKPUMIHAHTA VI 3HA-
XOIDKEHHS HAMOUTBIIOr0 abo HANMEHIIONo 3HAYeHHS ACSKUX (yHKUiA
omniei aMiHHOL.

Tpuxnan 9. 3naitnith HaiGUBNIE | HalMEHIIE 3HAYEHHS DYHKIIT

Bidnogide. t e[

LRl oxt
Ty
* PiBHICT 3aNTHIIEMO TaK:
y(x? +x+1)=x? —x+1a60 (y-1)x* +(y+1)x+y-1=0. (1)

3n06yre kBanpatHe piBHsHHA (1) Ma€ PO3B’A3KYU 32 YMOBH, 110
1
D>0a60 (y+1)° —4()!—1): >0 3y* -10y+3<0 @55y53.

13 pisrsinust (1) maemo: 1) sxmo y=3, T0 2x* +4x+2=0, x=-1
Orxe, m:}xy=y(—l):3;

e
3

1 2
2) AKmo y:g, TO ——jx + -5=0, x=1

1
Orxe, min y:y(l):i
Bionosids. max y = 3; rﬂi;xy = %f
Bupasa 6. 3HAMIITE MHOXMHY 3HAUCHB yHK1Li:
S0
x*+x+1’
x+2
O)y=egEs

Yyt
g ey

a) y=

zi?.wﬁ]. )[Mg@]
ey i il B
TIpuknan 10. 3HaiiiTh HAHMEHIIE 3i 3HAYEHD, SKHX MOXE HaOYBATH BH-
Pa3s x+5y, SKILO YMC/A X, Y JOJATH i 3aI0BOIHAIOTE YMOBY
x? ~6xy+y? +21<0.

Bionogidb. a) E;Z}; 6)[
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* Hexaii z=x+5y. Ockimbku x>0, y>0, 10 z>0.
& x=z-5y.
I3 nanoi HepiBHOCTI HicTaHEMO
(z-57)" ~6(z-5y)y+? +21<0, 56y ~167p+2> +21<0,
3106yTa KBanpaTHA HEPIBHICTH Ma€ PO3B’SI3KH JIMIIIC 33 YMOBH, IO Bil-
TIOBITHWM IMCKPUMIHAHT HEBil'eMHHUIA,

D=(162)" ~224(z* +21)=322* ~4704.
Omxe,

3227 24704, 22 2147, [2l> V147 = 743.
Bpaxosyioun, 1o z>0, Mmaemo: 7> 73.
Bidnoside. 74/3.*

3 v \
Tprrnan 11, 3HaiiniTs Hai6iTbIIE 3i 3HAUCHE, IKIX MOXE HAGYBATH BH-
Pa3 £=x+3y, SKIIO YHCIA X, y JANOBONBHAITH HEPIBHICTH

x* 4+ xp+4y? <3,
* x=t-3y.
13 nawoi HepiBHOCTI micraHemo:
(1-3y)" +(1-3y)y+4y? <3 60 10y* Sty +1* ~3<0,
3106yTa KBANPATHA HEPIBHICTE MAE PO3B’SI3KH JIMNIE 33 YMOBM, IO
BIIMOBIAHWIA AMCKPAMIHAHT HEBil'€EMHMIA,
D=251* ~40(* -3)=—15" +12020, 151> <120, 1* <8,

| <+B=2+2.

Omxe, maxt=242.

Bidnoside. 2+/2.%

Bupasa 7. 3naiinits HaiiMeHe 3i 3HAYEHD, SKUX MOXe HAGYBaTH BHpA3
x+3y, SIKIO YucHa X, y AOJATHI i 3AM0BOMBHSAIOTH YMOBY

2x? =3xy+y? +11<0.

Bionosidn, 477,

Bnpasa 8. 3naiinite HaiGinbie 3i 3Havens, TKMX HaGyBae BApa3 2x+y,
AKIIO YHCIA X, Y 3a0BOJIBHSIOTE HEPIBHICTH

2x? -2xy+3y* <4.

Bidnosids. /144,
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Tipuxnan 12. Bizomo, mo x’ +2y” +3z” =1 3uaiite HaiGimbme 3Ha-
YCHHS BUpAsy 7 =X+y—Z.
* X=t—y+z
[1iCTaBUMO 11e 3HAYCHHS X B JIAHE PiBHAHHA
(1-y+z)’ +2y* 432> =1, 3y" -2+ )y +42* 42 +262-1=0.
31106yTe KBAJPATHE DIBHSHHA BIHOCHO y Mae JlificHi PO3B’A3KM JTHLIe
ToMi, KOMH HOTO AUCKPUMIHAHT HEBiI eEMHUHA.
D=4t +2)! 1204z +¢* +21-1)20 a6o 112* +41z+2t* ~3<0.

3p06yTa KBaapaTHa HEPIBHICTD BiIHOCHO g MA€E PO3B’A3KM JIHILIIE B TOMY
BHTIAAKY, KOJIM BUINIOBIAHN JuCKpuMiHaHT D HeBij'eMHHiA, TO6TO

D, =161 442" ~3)>0 abo 181* <33,

11 ' 11
3BUIKH |I| SJ;. Orxe, HAWGLTBINE JHAUCHHSA  IOPIBHIOE ‘/;

11
Bidnogid. \/% %

Bupasa 9. Bizomo, mo 2x’ +p? 4z +x=2. JloseniTs, MO

-1-434 J34-1

<2x-y+zs
<L2x yrest,

Mpukaan 13, 3HAWLTS HANGLTBLIC 3 THX SHATEHD Y, VLA AKUX icHy0Th
yMcna X, Z, SKi 3a00BOJIBHAIOTH PIBHAHHS

2x? +y*+2t —xp+xe-ye=1
* Po3rIsAAEMO JaHe PIBHAHHS SK KBANPaTHE BITHOCHO Z!
2 +(x-y)z+2x? +y? - xp-1=0. :

3HAuEHHS X, Y, Z, SKi 3a10BOJBHAIOTL Le .piaunmm iCHYIOTh TUIBKH

B TOMy BHTIAIIKY, KOJH HOTO JMMCKPUMiHAHT D=0.
D=(x-y) -4(2x* +y? ~xy-1)=-Tx* -3y* +2xy+420
abo
7x* —2yx+3y* —4<0.

3n106yTa KBALPATHA HEPIBHICTE BiJHOCHO X Ma€ PO3B’A3KU TUILKH TOA,
KO/ BIITIOBIHMI IMCKPHMIHAHT [ HEBICMHMIA.
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7
D, =4y*-28(3y* ~4)=-80y* +112>0, 5y* <7, Iyls‘/;.

7
Otxe, HalbiNbLIC 3HAYEHHS ¥ NIOPiBHIOE ‘E 2

Bopasa 10. 3uaiilith HaiiMEHILE 3 THX 3HAYEHb X, JUIst AKMX iCHYIOTH
YHCIA Y, Z, SIKi 3a0BOJIBHSAIOTH PIBHAHHS

7
Bidnosids, _‘/;

Bupasa 11. 3uaiiniTs HaiGinbwe 3i sHaveHs 2, UL AKMX ICHYIOTh unCna
X, ¥, SIKi 3a10BONBHSIOTH PiBHAHHS

2x* 42"+ + oy +yzeax=4.

x 42y +2% 4 xy-xz-yz=1.

Bidnoeids. /5.

HAoeeaenns HepiBHOCTel 33 fONOMOroi0
XHLOro po3B’asyBaHHs

Hexait notpi6Ho gosects, mo npu x € M CIPaBE/MBA HEPIBHICTH
J(x)20. 1)
Omnn 3 crocobis posp’ssamna TaKoi 3ajadi nosrae B TOMy, 10
PO3B’A3yI0Tb HepiBHICTE (1) i BeTaHOBMOWTS, M0 M M,, ne M, — mmo-
KMHA PO3B’A3KiB HepiBHOCTI (1),
PosrsHemo xapakrepri mpuknamm.
Hpaxnan 1. Tosenits, mo npu x € (I,S; 3,5) CIIpaBe/UTHBA HEPIBHICTE

x* =2x ~11x+12 <0.

* ¥ upoMy Bumanky M =(1,5;3,5). Iozamo JlaHy HEDIBHICTb Y BHIJIA/I
(x+3)(x-D(x-4)<0.

Poan’s3abuin HepisnicTs, MicTanemo MHOXHMHY i poan’sskin M, s
M = (-e5-3) u(14).

3amumaerses sasHauuTH, mwo M c M, *

Tpuknax 2. Binomo, mo 2 <|x—5| <4. Jlosestits, mo

2x-1
WSJ' .
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* Po3n’skeMO HepiBHICTH |
2<x-5<4, [7<x<9,

2<"':.5l<4w[—"«<:675<—2 Sli<x<3

o (1;3)u(7;9).

Omxe, M=(1;3)U(7:9).
Tenep 3uatinemo MuoxmHy M, O3B’ AIKIB HEPIBHOCTI

%=1 x+13
<3&0<

Xid x+4
M, =(»oe;—13]u(44;w) &

o (cos-13]U(-4).

Mu Gaunmo, o M ¢ M, .*
Tipaxnan 3. losenits HepiBHicTh

[l 4hx-1l 21 {
i 3'scyiiTe, KOJIM JIOCATAETECS PiBHICTD.

* QuepaHo, M = R. P03B'SDKeMO HCPIBHICTS, POSI/ISIAKYH 1i Ha pi3HMX
TIPOMDKKAX TMCIOBOT TPAMOi.

: x<-2,
) -2-x+l-x2L

-2<x<0, -2<x<0,
2+x+l-x21; &

x<-2,

p 0<x<l, 0<x<l,
2-x+l-x21;

1sx<2, 1€x<2,
2-x+x-121, (121

s REX 2
) \x-2+x-121 |2
HepinuicTs cripase/umiBa TIpH Gy/tb-KOMY niticiomy x. M, =M =R.

Jins Toro 106 3'ACYBaTH, KOIH AOCSTAETLCT piBHiCTB, Tpe6a PO3H’A3ATH
PIBHAHHA |2‘|x||+|x—1| =1, 3Bikm 1< x<2.*

<
=x

Tipaknan 4. Tosenith To/IBiitHy HEPiBHICTH
242 <Ix+2 +6-x <4,

*Tyr M =|-2;6]. Poss’sKemo TOIBIiHY HEpIBHICTS.
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Jliga wacmuna
-2<x<6,

W {xe2 4% o> ‘85 24242 (GG D 46-x "
{—2 <x<6,

Ll = £ 5

PiBHiCTS HOCATAETECS TIPH X =2 260 x=6,
IIpasa wacmuna
-2<x<6,

Sy {8+21/(x+2)(6~x) <16

~2<x<6, —2<x<6, -25x<6,
WG4 7 |x42)6-0<16 |(x-2) 0
©-2<x<6.
PisnicTs mocsraerses mume npn x=2. Mu 6aummo, mwo
M, =M=[-2;6]+
Tpunan 5. losezirs Hepivmicts 2" +2'" >5 npu ne N,
*'Y usoMy Bunanky M = N. Poss’mkemo HEpIBHICTE
2’f‘ 427256227 525 1250

1
o 2* Si 60 2* 22) & (x<-1a6o x>1).

M, :(—w;—-l]u [1;00) — MHOKMHA PO3B’A3KiB HepiBHOCTI. anumacTecs
nomitury, mo M c M, .*
Tpuxnan 6. Tosenits HepibiicTs
cos(sin x)>sin(cos x).
* PosrnstHeMo GyHKmjin
Jf(x)= cos(sin x)-sin(cos x), x € R.
Hyxni dynkuii suaigiemo 3 PiBHAHHS

S(x)=0, cos(sin x)-sin(cos x) =0, cos(sinx)—cos(%wosx)ﬂ,

7 n T g
smx+i—cosx 7 ~cosx—sinx

2sin 2 sin 2 =0. f
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Ockinmsku 0<1<§, To npu x & [0;1] tgx>0. Taxum YHHOM, IpH x € M

tex>0. M, =M.*
Tipuxax 8. Jlosexits HepiBHicTL 8
2% 435 48 +12% 425 25% +10% +15* +20*
i 3’icy#iTe, KONM NOCATAETHCS PIBHICTE.
* PosrsiHeMo dyHKILIO

« 437 _seose| (2] L[3Y
¥, (x)=2*+3* -5 =5 [(SJ +[5J ~l].

Ockinekn 5* >0 mpu x € R, 10 3naK dyHKuii ¥, 3aIEXUTh Bill 3HaKa
Gyt
2% (3)F
(p(x):(g) +(§J -1 \

2\ 2™
Dynxuia ¢(x) cmanna, 60 koxHa 3 hyHKuiH (g) Ta [E) € CTIazHoIo.

Omxe, ¢(x)>0 npu x <1, p(x)=0 npr x=1, ¢(x)<0 pu x>1, BimmosizHo
¥,(x)>0mipm x<1, y, (x)=0npu x=1, ¥,(x)<0 npu x >1. Aranoriuso Ko8e-
nemo, mo dyHKuis
¥, =17 +4* 5%
JHonaTHa npy x <1, Mae euHmit Hyns: x =1, Bix’eMua npu x > 1. Takum ui-
HoM, dyHkuii y, (x) Ta y,(x) MatoTs oHAKOBi 3HAKH IIpH x#1 | OxHOYACHO
TIEPETBOPIOIOTECA B HYJIb ITpy X =1.
3BiAKM BUIUIMBAE, 1O
¥, ¥, 20260 (2% +3* -5%) (1" +47 -5*)>0.

Po3kpuBaioun yXkH, dicTaHeMo moTpiGHy HepiBHicTb. PiBHicTh n0CA-
TAETBCA JIHIIE NPy x=1*
Tpuxnan 9. Binomo, wo
4n 2n
CDST <Xx<cos 7.
Hosenits, mo 8x° +4x* ~4x<1,
* Mosenemo, mo MHorowneH f(x)=8x> +4x? —4x-1 mae KOopeHi

6m 4n 2n
%, =C0S=, X, =C08s—, X, =cos—-

(y mopsunky 3pocraHus). .
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n
sinx+f—casx o
1) sin—z—:o, sinx+i—cosx=27w, nelZ.

sinx»cosx:Zm—g,
- T ful i sl oo 1
ﬁsm[x—“]dnmz, neZ. sxn(x—4)—ﬁn[n—4], neZ:

Tlpu ninomy n

>1.

1
o [,.-4-]
OTxe, PiBHAHHS

¥ k]
sin X+E*C0$X

2 i

sin
He Ma€ PO3B’A3KiB.

bl .
5 —cosx—sinx

2
BCTAHOB/IOETBCA AHAIOTIYHO.

Oynkuia f(x) HeniepepsHa Ha Beiif THCNOBIH mpAMii i He Mae HyJiB.
Omxe, 1 GyHKuis 36epirac 3HAK Ha Beill UACIIOBiM MPAMIK

f(0)=cos0-sin1>0.

f(x)>0 npu x € R, a ue i TpeGa Gyyio posecTH.*
Ipaknan 7. JloBemtiTs HepiBHICTD

Vx?+5x+6 el

* OBnacth BM3HAYCHHs M 3HaiaEMO i3 cucTeMu

2) sin =0. Lle piBHAHHA TAKOX HE Mae PO3B’A3KiB, 110

2
X=X
R )]
x?+5x+6
cosx#0.

M:(—B;—Z)U[O;ll Tomitumo, 1O .—1r<f3<—2<—%, OTXe, TpPH

xe (—3;—2) tgx >0,
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2n n 2n
= 3 — 2 — ——
f(x;)=8cos 7 +écos’ = 4 cos 7 5

3a [I0IIOMOT0I0 TOTOXHOCTEH
1 1
cos’ o= ;(3 coscu+cos3e) Ta cos” o= 30+ cos2a)

MaeMo:

2 6n 4 2
f(x,)=8'}‘—(3 msl)rcus——]-e-l[hcosi]—4cns—n4=

v 7 . 7
o eos 2ot oos S o1
kel 0057+COS7+COS7 +.
Hexait
PR R A
=005 +C0s 008 7
Toni
d D s Wi M ™ ‘L"Z-E n
~Sll'l7= sln7-cos7+ sm7-cns7+ sm7~cos7‘
. T . 5 T
Zsm7 2sm7
A LI R
_sm7—sm7 SI‘I'I7 sm7+slnn sm7_—sm7~ l,A
i 2sin’ e S
s R

Tomy [(x, ) =2 A+1=0. AHajIOriaHO IOBEJEMO, 110 UMC/IA X, TA X, Ta-
KOX € KOPEHSIMA MHOrowieHa f(x). 3riHo 3 YMOBOIO, X, <X < X;. 3a goro-
MOTOIO METOJTy iHTEpBAB BCTAHOBMMO, IO DK X, <X <X, [(x)<0, mo
i Tpe6a Gyno nmosecTH.™

Bnpasn fuist camocTiinoro PO3B’AIYBAHHA

1. Binomo, wo x € [0;4]. Mosenirs, mo x* +x* ~22x-40<0.

2. Biztomo, mo x* ~3x-4 <0, Jlosenits, mo x* +3x” ~25x-75<0.

3, Nosenith HepiBHOCTi:

a) V2-x-x* (x* -2x* ~9x+18)20;
6) V6—x—x (x* +3x? ~16x-48)<0;
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= (s 50 ;
B) l_”‘(x +3x? ~10x-24)<0;
1) ylx-2]-lx+2](x* -9x? +23x-15)<0;
n) V3x-2-x* (:—;-3_—"}20.

£
4. Binomo, mo 2,5<|x+1,5/<3,5. JHogexnits, mo
x* +4x° -14x* ~15x-18 <0,

5. Binomo, mo 2 <Ixl <3. losenits, mo
x+2 _1-2x

s as

x-1""x+T"
6. loBextiTs HepiBHiCTS:
a) |x+1]+]x] +]x-3| 4
6) |x+2]+|x-3]+|x-5|>7;
B) 3|x+3[+2|x+2| +]x-1]26; ,
) |x+4]+2|x+2]+3]x-1|211;
2 —|x—2]|+|x+l| 2l
) 3-x+2[| +)2 1| >2.
7. NoBenits nosiliny HepiBHiCTS:
a) V2,5 <\2x-1+VA-x </75;
6) 242 <Vx+6+v2-x <4;
8) 243 <Vx+5+47-x <26;
1) V7 V8= x+42x-2 <+21;
n) I <5x+15+8-2x<7.
8. [osenits HepiBHicTs cos(cos x)> sin(sin x).
9. losexiTs HepisHiCTH

2
cos <0,

AKo 63x? +188x+140 <0.

.
10. Hosenits HepiBHicTb cos—— <0, axmo 3x? —31x+80 <0,

r







