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TpUroHOMeTpis € CHJIBLHOI 30pPOcio NPH Po3B’A3yBaHHI
reoMeTPHYHMX 3ajjad i B 6araThoX BMIAJKax joloMarae
anrebpi. HemapMa B MMHYJI WacH IIKiJbHA MaTeMaTHKa
CKJAJANACE 3 TPHOX eJeMeHTiB: ajre6pu, reomertpii i
TPUrOHOMETPii.

MaremaTuuHi ifiei, IO BHKODHCTOBYIOTECS HPH PO3-
B’'A3yBaBHi 3ajla4, JOCHTH pisHOMaHiTHi. AJe NpH poa-
p’AayBanni GLABIIOCTI 3889 KOMKHOrO PO3ALAY MIKiIBHOrO
KYpCy TPHI'OHOMETDii BHKOPHCTOBYIOTLCA OCHOBHI HPOBiHL
igei, ma 6asi sxkux crBOpIOIOTBRCA TI uM iHm cmocobu
i meTopu pOSB’AayBaHHS 3ajjau MEBHOTO BUIIAZY-

ITpu posp’ssyBaHHI 3aja9 BHALIAIOTHCS TOJOBHI ifei,
NpUHOMH DO3B’A3YBAHHA OCHOBHHX 3aZad NEBHOIO BH-
raagy. Poa’acHeHHA cmocoGiB posB’sayBaHHA 3azad
COpPHAE MATEeMATHYHOMY DOSBHTKY Y4HIB, JomoMarae cBi-
JioMoMy i rauBOKOMY 3aCBOCHHIO Teopii, CTBODIOE MiLHY
6Gasy pns posp’A3yBaHHA DISHOMAHITHMX CKJAJHHX 3afad.

BizcyrHicTe HaBMYOK y BHKOHAHHI IE€PETBOPEHL Hali-
NpOCTIIIMM NLIAXOM i, HABNAKkW, HASBHICTE TIPOMI3AKHX
i CTOMJIMBMX NepeTBOpeHb € OJHI€I0 3 I'OJIOBHMX NPHIHH
[IEPEBAHTAEHHA Y9YHIB, TOMy 3HAYHA yBara B KHH3i
NPHIINAETECA PAiOHANLHOMY BHKOHAHHIO TDPHUI'OHOMET-
PHYHMX TIePETBODEHE.

Jlanuii 36GipEMK focHTh nopHMM. BiH MicTATe Bei
BUH BIpaB 3 TpUroHoMerpii. 36ipHMK CKJIazaeTHCH 3
/IBOX TIIAB:

1. TlepeTBOpeHHS TPHIOHOMETPHUHMX

BUpAasiB.

2. Posp’AsyBaHHA TPUIOHOMETPMYHMX pPiBHAHb,

cHcTeM piBHAHBL i HepiBHOCTe#.

Kosxamii naparpadg NOYMHAETHCA 3 HEBEJHMKOL Teope-
THYHOI 4YAaCTHHM i aHayisy xapakTepHuX Bupas. [laxi
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[image: image5.jpg]JIAIOTHCH BUPABM AJA CAMOCTOATIHHOIO pO3B’A3yBAaHHA 3
BiATOBiZAMK i BKaziBKAMH.

ABTOpH 3BEpTAIOTH YBAIY UMTAYA Ha Te, IO INpH
posB’sasyBaHRHi piBHAHBL i cucTeM piBHAHE Qopma samucy
HeopHoaHauHa. Opma i Ta cama BigmoBiAL, OTpHMaHa
npM po3B’sisyBaHHI piBHAHHHA, Moxke OyTu sammcaHa
1I0-pi3HOMY.

Tlpuksax piseux samucis opmiei # Tiel »x Bimmosizi:

a) 15+1m, nelZ;

4
x, ak ;
6)Z+2 , ke Z;
x=£t, fez,
4
B)
x:ﬂ leZ
2’ 3

IIpo Te, Ak HepeBipUTA ifleHTHUHIiCT: NMX BiAmOBiAelH,
yMTad mpoudTac Ha cropimkax 101, 102.

Bazaqi posTalIoBaHi B NOPAAKY 3POCTAHHS CKJAKHOCTL
i pospaxoBami Ha mMpoke KoJo wMTauiB: Bij yumin 8-11
KJaciB 3arajJbHOOCBITHEOI IIKOMM [0 Y9HIB riMHasik i
nineis, BuMTeNiB TAa BUKJAJAYIB TEXHMKYMIB, IIKil,
MAroTOBUMX BiiNeHB BY3iB.

Ilo cyTi KHUra € NPAKTHKYMOM PO3B’A3yBAHHA 3a/ia%
3 Tpuronomerpii. ToMy BOHA HaJaCTh CYTTEBY AOIOMOTY
BUMTENAM B CAMOOCBITi, 8 TAKOX B HaBUAHHI Y4HIB.
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OcHOBHI TPHrOHOMETpHUHI CHIBBiTHOIIEHHS
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n
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3HAYECHHS TPHUTOHOMETPHYHMX (QYHKIiH

0, 90°, 180°, 270°, 360°, 30°, 45°, 60°

PV o | 9gr | 1807 | 270 | 3607 | 30" | 45° | 60
nis
sin [0 |1]o0fa]ol|l g g
e M| T S50 [ T e e g g i
tg 0 c;’;_ 0 c;‘;_ 0 % 145 [ =43
ctg c;‘;_ 0 c;‘;_ 0 c;‘;_ N3 1 %

IlapricTs TPHrOHOMETPHUHHMX (yHKIiH

cos (- a) = cos

sin (- @) = —sin o

tg (- o)

- tig a;
ctg (- o) = —cig a.
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DopmyaH 3BeleHHI

@ynxnii xyris (90° + a), (180° + ),
(270° £ @), (360" + @)

1 npaemao II mpammao
BuanaunTn usepts 0°, 180°, 360" 90°, 270°

AL
VETR

36epiracTsca 3MiHIOETBCH

180°|
-
270°
Hpuxaamn
1. sin (270" - @) = - cos a
I usepts 270"
cHEYC Bix'emumit sin amiHIOETHCH Ha cOS

2. tg (180 +o) =tg o
III uBeprs 180°
TAHTeHC JOAATHMM ¢ysxnis tg sbepiraerscs
@ynxnii cymm aprymenrin

sin (« + B) = sin « cos P + cos o sin B;
sin (a - B) = sin « cos B — cos o sin B;
€08 (& + B) = cos a cos P — sin « sin B;
©08 (o — B) = cos & cos P + sin « sin f;
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Qe h= o
tg@-p= %:
dg @+ P = %

@yBknii KpaTHHX APryMeHTiB

H

sin 20 = 2 sin a cos a;

em2u=mza—sinzu.=2wsza—1=1—23inzu.;

1P g matgE ]
lftgza
2
ctg”a—1
IS e

sin 8 = 3 sin o — 4 sin® o5
c0s Ba. =4 cos” 0. — 3 €08 &3

iga—tg'a
gy Sga-tg o
te 1-3tg°a

_ Beg’a-1 .
ﬂgaﬂ_ctgaa—‘&ctgu.'
sin 3a = 4 sin a sin (60" — ) sin (60° + a);
cos 3o = 4 cos a cos (60° — @) cos (60° + a);
tg 3a = tg o tg (60° — a) tg (60° + a);
etg 3a = cig a ctg (60° — «) ctg (60" + o).
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IleperBopernst NOGYTKY TPHIOHOMETPHUHMX
dysxuii B eymy

eosacaeﬂ-%(ws(a+ﬁ)+cos(a—ﬂ));
sinusinﬂ~%(eos(a—p)—ws(a+li)):

sin o cos = & (sin (o + B) + sin (@ - B);

_ tgattgp
tgatgp= ctga+etg B’

_ctgatctgp
ctg a ctg B = o Gap

IleperBopenns aarefpaiunaoi cymu
TPHTOHOMETPHUYHHX (YHKUiHK B K00yTOK

sin o + sin p:zsin%ﬂm“—gﬂ;
sin o~ sin =2 cos T3P gin %8
mu+mﬁ=2m%ﬂm%ﬂ:
mu—oosB:—Zsin%ﬂsin%ﬁ;

tgattgp = sin (@ B)

cos o cos B’
dgategp = SmEra),
sin « sin p
asin a+bcos o = Vaa+bzsin(u.+(p),
a
cos ¢ = B
a® + b°
Ae e b
a® + b*
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Tpurosomerpwuni (ymxuii .
TMOJOBHHHOIO KyTa

1+cosa 1-cos
gl s _1-cosa,

2 l+eosa sino

@ _l+cosa _ _sina
ng‘ sin o 1-cosa

YnisepcaapHi MiACTAHOBKH

O 2y G _1—22
e T i T

tga= 2 s
g 1-22

Hepiogs TpuroHOMeTpHYEHMX GYHKIK

T (sin ) =2n, T (cos x) = 2m,
T(tgx)==, T (ctg x)==.

OGepneni Tpuronomerpuuni GymKIil

sin (arcsin m) = m (m| < 1);
€08 (arcsin m) = Vi-m (m| < 1);
(m| <1);

tg(ami-nu)w—"‘—2
1-m
Jl—m.2

ctg (arcsin m) =

1-2 -ty %
ctg o = %2 , Tae z—tgz.

(mel-1;0U ©0; 1D.
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cos (arccos m) =m (m| < 1);

sin (arccos m) = Jl —m? (m|<1)

1-m?

g (arccos m) = (m e [-1; 0) U (0; 1]);

(Im] < 1).

ctg (arccos m) =
1-m

tg (arctg m) =m;
m

sin (arctg m) =

‘Jldvma
1
©os (arctg m) = H
‘Jl+m2
1
ctg(nrctgm):; (m # 0).
ctg (arctg m) = m;
sin (arectg m) = L H
1+m?
cos (arccig m) = m H
V1 + m?
tg (arccty m)—'l'
-4 g m)=""3
amsinm+amcnsm=% mpu -1<m<1;
mtgm+nmtgm=% opu m € R;
oG L] =T X
arcsin (sin m) =m npu 2smS2,
arccos (cos m) =m upn 0<m<m;
arcg (ig m)=m mpu -~ 5 <m <}

arcetg (ctg m)=m npu 0<m <m;
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arcsin (- m) = — arcsin m;

arccos (— m) = m — arccos m;
arctg (- m) = — arctg m;

arcctg (— m) == — arcctg m. 4

Haiinpoerimi TpurosoMeTpHyni piBEAHAS

1) sin x =a, x=(-1)* arcsin @ + kn, ke Z, la|<1;
2) cos x =@, x=+tarccos a +2kn, ke Z, la|<1;
3) tgx=a, x=arctga+kn, keZ, acR;

4) ctgx=a, x=arcctga+kn, ke Z, acR.

Hajimpoerimi TpuromoMeTpuuni HepiBHOCTI

1) sin 2 > a.
Ilpu @ =1 Hemae poaB’d3KiB;
npu -1<a<1
27k + arcsin @ < x <= — arcsin a + 2nk, k € Z;
mpu a <-1 x€R.

2) sin x < a.
Ilpu a>1 x€R;
npu a € (-1; 1]
— m — arcsin @ + 2nk < x < arcsin a + 27k;
mpu ae(-o; -1] xed.

3) cos x> a.
IlIpu a21 xe€ @;
upu a € [-1; 1)
2nk — arccos @ < x < 2nk + arccos a;
npu a € (-o0; -1) xeR.
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4) cos x < a.
Ilpu a e (1; ©) x e R;
mpu a € (-1; 1]
2nk + arccos a < x < 2mk + 2 — arccos a;
npu a € (-x; -1] xe @.

5) tgx<a.

uh—%<x<nk+arctga npu a € R.

6) tg x> a.

x

nk +arctg @ < x <1zk+2

npu a € R.

T) ctg x < a.
mk +arcetga < x < nk+7 Opu a € R.

8) ctg x> a.
nk <x <7k +arcctg a npu a € R
(Bcrozm k € Z).
Toximmi TpHromoMeTpHuBMX (yHKmik
1) sin' x = cos x;

2)
3)
4)
5) (arcsin xf = —L— (-1 <zx<1);
1-2%
6) (arccos x)' = — = -1<x<1)
1-x
7 (arctg 2y = —1
14227
RN |
8) (arccig x) = 1i2
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Interpan Bij TPHTOHOMeTpWMHNX (YK

1) stxdz:sil:+t;

2) Isilxds=*0°9’*‘;

3) [tgxdr=-Ileossl+c

4) [etgxdx =Inlsin x| +c.
Tpuronomerpuami Qyskuii xyris TPUK)

sin (4 +B) =sin C, cos (A+B)=-cos C,

lill.44-13 (¢ m““’B ~gm &
3 —osg., Diied iR

Merpuuni CHiBBIIHOMEHHN B TPHKYTHHKY

" a __L_'—
Teopema cmmycis. =~ = 5B = G C =28
Pil-a*

Teopema KOCHEYCiB. cos A="—o, —
2ab 1

C VA bt ]
ms:n.%c/b, cos C =

5= %bcsmA 2R sin Asin B sin C.
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IlepeTBopenns BHpa3zis
3 TPUIOHOMETPHYHMMH (YHKI(iavu

§1. Copomenns Bupa3is

BMiHHA TIepeTBODIOBATH A0 HAMUNpPOCTIIIOrO BUIJIARY
ToM UM iHIMY TPUIOHOMETPHYHUI BHpA3 BiJlirpac OCHOBHY
ponb B 3a/jaYaX TPHIOHOMETDii.

B 3apjaHHAX jJaHOro naparpady BHKODHCTOBYIOTHCH
TPHIOHOMETPHYHI CHiBBiZHOIIEHHA:

s

g
cos a

X

2

Ansi Byap-AKOro o # , +mn, n € Z;

cos o
2. ctg ov=——
sin o

Ana Gyap-AKOro o # mn;
8. tga-ctga=1 mua Gyas-axoro at%n:

2

4. sin® o + cos oa=1;

5. sec o = Sl Ana Gypn-saxoro a#%
cos a

6. cosec a =

+7n;

= Ansi OyAB-AKOTO o # Wn;
sin o
o
2
8. 1+ ci:g2 o = cosec? o A GyAB-SIKOTO O # TR.
AJe TpeGa 3a3HAUMTH, INO B Pe3yJbTATi HepeTBOPIO-
BaHL MOJKHA OJIEPIKATH BHpa3, 0GJACTh BUSHAYEHHA SKOTO
He cmiBmajac 3 o6JACTIO BM3HAYEHHS BHXIiJHOTO BHMpA3y.
Tomy GaxcaHo BH3HAYMTH, HA SKili MHOXWHI mpo-
BefieHi NepeTBOPeHHA MAIOTh CeHC. AJie, BpaXoBYIOUH,
1Mo TYT y9Hi 3yCTpiualoTECA 3 IepeTBODEeHHAMM BIiepure,
MOJKHA TaKe JOCTI/PKeHHS He IPOBOJMTH.
sin?
cos® a cos? B

7. 1+tg’ a=sec® o gua Gymp-aKoro o # = + wn;

Tpuxaax 1.1. CopoctuTH BHpas

Poas’azaums.

sin®a —sin®f _1-cos®o-1+cos®p _
coszmcoszﬂ coszacoezﬁ
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szﬂ—m2ﬂ
= coszacoszﬂ & 3
—seco—sec?Pp=1+tg®a-1-tg?p=tg’—tg’p.
Bimmosims: tg” o - tg” p.
Hpuxaax 1.2. CnpoctuTn BHpas
e il ol
l+coso 1-cosa

mpu 180° < a < 270°.

L sl w023 =

038 AGAHEA, + =
l+cosa l-cosa

=\[z(1-eosa)+2(1+m(3_\j’4 y
1-cos’ a sin® o |sin of °

Ilpu 180" <a < 270° sin a < 0, TOMy

2 _. -2

lsin of sina
Bimmonizs: - —2— .
sin o

Ipueaax 1.3. CopoctuTn Bupas

)

w2 )

cos” a sin® a

= (1 - sec? o)(1 — cosec® &) = (- tg® o) (—ctg® ) = 1.
BifgHaunMo, W0 BUXiJHWH BUpA3 BH3HAYEHWH NpU
sin o - cos o # 0, To6r0 mpE & # 90°n.

Bigmosigs: 1 npu o #90'n, n € Z.
Hpuxaaxy 1.4. CnpoctuTd BHpas
1+sino -\’l—sina
1-sina 1 +sin o
npu 180" < o < 270°.
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1+sina w’l-—sinu._

Poar’ azamms. = - =
1-sin a 1+sin o
'\,1+sma ‘\, sin a)® _
1-sin®a l—si.nz

' AT ’ S
o (1+s|2nu) . !l—u;na) .

1+ sin of 1 - sin

feos o lcoscd
Bpaxobyoun, mo 1 +sin & 20 i 1 ~ sin o > 0, maemo:
]1+si.na] lL-sinol] 1+sina+l-sina__ 2
feos af eos of = Jeos o “leos of °
IIpu 180" < a < 270" cos a <0, Tomy
i
‘leos @] ~ cosa
Bignonims: ——2— .
cos o
Brpasu

CrpocTuTH BMpasu:
1.5. (sin a + cos a)? + (sin o — cos w?.
1.6. sin’ o - cos® o - sin® « + cos® .
e L etg’a -1

1- tg o ctg a

1 1

T o iy e

1+1tg° 2a 1 + ctg” 2o
1.9. 2sin® 0 -1

1-2cos’a’

ua—E

umuunﬂ
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s 2 2
sin” o cos” o
AL R e e e 3
145k l+etga l+tga >
112, —L1— _ g —sin’a.
cos” oL
1.13. _12 — ctg? o - cos a.
sin o

2

1.14. cos* a - cos® o + sin® & + 2 sin® & cos® o

m‘n’u—g’a

115 coszu—ctfa'
1.16. (tg a + ctg o)® - (tg @ - ctg @),
117, =2, _csd

1-sin o 1 +sin o

sin o sin a

1-cosa 1+cosa
1.19. (ctg o + 1) + (ctg o — 1)%.
l+cos o _ 1,1—(:0501.
1-cosa 1 +cos o

npu 90" <a < 180°.

JloBeneHHA TOTOXRHOCTEH

Ha npakTuni €acto NOTPIiGHO JOBOJMTH TOTOMHICTE
pisEux TpuroHoMerpuunux Bupasis. Taki gosepenHs mo-
B’ssaHi 3 BHKOHAHHAM TOTOXXHMX airefpaiuHux mepe-
TBODIOBAHE TA BHKODHCTAHHAM TPUTOHOMETPHYHMX (Hop-
My

Tipuxaay 1.21. JloBecTH TOTOXKHICTB

ctg ba — tg 20 _ tg 20

otg 20 — tg ba  tg 5o

Poas’ ctg 5o - tg 20 _
ctg 20 - tg Ha

o e o[22l =
7[';55“ tg2a).(t¢2a tg5u,]

1.18.

1.20.
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[image: image20.jpg]Crpouenns supasis

_1-tg2tgbo  1-tg2atgba _ tg20
¥f tg bo ¢ tg 20 T tgba’
mo ¥ BMMAarajoca HOBECTH.
Hpuxnag 1.22. JlosecTn TOTOMXKHICTD
2cos’ x+sin®x-3 2tgix+1
2sinz+cos’x-3  2+ig’x
5 2cos® x +sin’x -3 -9
Doas seamux. 2sin®x +cos®x -3

_ 2cos’ x +sin® x - 3 (sin® x + cos® x) =
2 sin” x + cos® x - 8 (sin” x + cos® %)

_—2sin®x-cos’x _ 2sin’x+cos’x
T -2cos’x-sin®x 2cos’x+sin’x
PosfiiMBIIM MOYNEHHO YHMCENLHMK i 3HAMEHHMK Ha
cos® x, maemo:
2sin®x+cos’x  2tgfx+1
2cos’x +sin®x  2+tgix

mo # BumMaranocs goBectH. JloBefieHa TOTOIXKHiCTH crpa-
BeJyMBa IpHM cos x # 0, Tobro npnx¢%+nn,n €Z.

Ipaxaag 1.23. JoBecTH TOTOXHICTH
3 (sin® & + cos” o) - 2 (sin® & + cos® o) = 1.
Poaw’sizamms. Poskaagaioun sin® o + cos® o ma Muosx-
HUKH (9K cymy ky6iB), 3HaxomuMo
3 (sin® o + cos® @) - 2 (sin® & + cos® o) =
=3 (sin* o + cos® o)) -
72(sin2a+oos2a)(sin‘a—sin2mcos2a+em‘u):
=8sin* o+ 3cos' a-2sin’ o +
+ 2 sin® o cos” @ — 2 cos® o =
=sin® o + 2 sin® & cos® @ + cos o =
= (sin® o + cos® @)’ = 1,
mo ¥ BHMArajocs JOBECTH.
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Bopasu .
JloBecTH TOTOXHOCTI:
1.24. (1 +tg® @) cos® a=1.
1.25. (1 —cos® ) (1 + tg® o) = tg” o

1.26. 41 — gin o = cos o ctg o.
sin ot

1.27.1—sinov.: cos.m X
cos o 1+sina

1og Seosa-4 _3+5sina

3-5sina 4+5cos o
2 2
1.29. ctgioa—cos" o _ o6
tgzu.—sinzu i

3
L0, SFTam e

sin o cos o _ 1
1+ctgo 1+tga sin o +cos o

1.31.

3 3
gin” o —cos_ & .

18 e = BID.0, 5 CO (e
1 +sin o cos o

1.33. sinow-coso _ tga-—1

sinatcsa tga+l’

184 CoB U
ctg o + sec o

185, — % — —gina.
tg o + ctg o

1.36. ctgot 1 = ctg .
tga+1

1.37 tg 20 +ctg 3p _ tg 20
T ctg 200 + tg 3P tg 3B

= sin o.




[image: image22.jpg]Cnpouennsa eupasie

1.38.

1.39.

1.40.
141,

1.42.
1.43.

1.44.

1.45.

1.46.

1.47.

1.48.

1.49.

1.50.

1.51.
1.52.

1.53.

sin® o cos®
2

3 =1
sec”a—1 cosec” o — 1

2 cos’a -3sin’a+3
2 sin® o - 3 cos® o + 3 Wesitle:
1 +sin o +cos a+tg a=(1+cosa)(l+tga)
(@ +sin a) (1 +cos a) =

= (sin & + tg a)(cos o + ctg a).
sin® o + cos® @ = 1 - 8 sin” & cos” a.
sin“o.(1+ctgu.)+cossm(1+tga)=

=sin a + cos a.
ctga—secacoseca(l—Zinza)=t3a.
sin® o +cos’ o

C R e el sec® a cosec a.
sin® o cos” o

1 (= t& o)’
ASinzacosza 4t.ga
cos o (cosec o — sec @) +

+sin o (sec o + cosec o) = sec o COSeC .
sin o (2 cosec o + ctg o) (cosec o — 2 ctg o) =
=2 sin o ~ 3 ctg a.

cosagz
1+ = sec Q.
1+cosa

sin® o + cos® o + 4 sin® o cos? o =
=1+2sin* a cos* .
(sin“a+cos°a.—1)a+27sinau.cosso.=0.
(sin o + cosec a)z+(oma.+seca.)2—
~tgla+ctg? ) =T7.
tgza.cosecza—oosec useca+ctgau.uecza=
=t¢3a+ctgsa.
21
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CniBBifHOMIEHHES Mi% TPHIOHOMETPHYHHMH
(YHKIiAMH OHOTO APryMeRTy

Ipuxaax 1.54. ctg o =4, 180° < o < 270°. 3maiiTn
sin o, cos @, tg o, sec o, cosec O.
’ ¢ il 1

Pose’sizamma. tg o = Bl

Bpaxosyioun, mo 180" < a < 270°, maemo:

cosec o = — dl+ctgzot=-‘}1+1 :—m;
i Sen s fn a1
cosec o N17

= 1 4
= e 4=
cos o = sin o ctg o 7 N

AT
sec = £
Tpaxaan 1.55. m BHPa3UTH vepe3
tg a.
Pobs’ 2 _2 sin’o + 2 cos”a

3 cos’x — 4 sin’a 3 cos’a - 4 sin®o
PosjiMBIIN TOWIEHHO UMCETLHUK i 3HAMEHHMK OZep-
saHOTO ApoGy Ha cos® o, MaeMo:

2cos’a+2sin®a _ 2+2tg o

3cos’o-4sin‘o 3-4tgia’

Bnpasu

1.56. 3maloum, mo sin o =m, 3@alTH cos a, tga,
ctg o, sec a, cosec.a.

1.57. Bmaloum, mo sec o =p, 3HaWTH sin «, cos o,
tg «, ctg o, cosec o.

1.58. 3a zaHMM 3HAYEHHAM OJHOL 3 TPUIOHOMETPHY-
HEX (yHKOi# Ta iHTepsayy, B SKOMYy 3HAXOMUTBCA o,
sHABITL GHAUEHHA IHMMX QyHKIiN:

22
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a) cou RBELE BP0 & 8

E!

5)sin0t=‘%, 1,6 n<a<2m
3 = 8
u)ctgm~—12, 2<u<x,
2) tga=-38, —%<a<0.
1.59. . i
beos”a—csin” o
1.60. O6unc. asino+bcosa

csin o« —d cosa

a) tga=2; 6) ctga=-3.

1.61.
a) sin a3 0) cos a.
actgoa+btga
cctgo—-dtga
a) tg a; 0) ctga.

Pizmi sapagi

1.62.

BUpasUTH depes ctg o.

, SKINO

3sin®a -4 cos’a BHpPAsUTH dYepes

BUDAsUTH dYepe3

Tpexnax 1.63. tg o + ctg o = A. Bnaiitn

tgzm+secacoseca.+ctgza.

Poss’szamms. A = (tg o + ctg )’ = tg”

aBigKU tgza+ctgzu.=Az-2.
sin o

Tlani maemo: A=tgoa+ctga=""" +

cos o

N sin® o + cos® o .8
cos o sin o

Orsxe, tgzu.+secacosecu.+ctgzu=

1
sin o cos o

Bimmosigs: A’ +A - 2.

o + 2 + ctga,

cos o

sin a

sec oL COsec o.

= (tg® o + ctg® o) + sec « cosec o = A* - 2+ A.
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Hpukaax 1.64. sin o + cos o = m. 3Ha¥TH

sin® o + cos® a.

Poaw’sgamus. sin® o + cos® a =
=(s'in2a+cos2a)(sin4a-sinzacoﬁzu+cos‘a)=
=sin® o - sin® « cos® o + cos® o =
=(sinza+cosza)2735inzu.caszu.=
=1-8sin® o cos® a.

HNani Maemo:
m2=(sin<x+cosa)z:sin2a+2sinucoau+coszu=
=1+ 2 sin o cos o,

e

=

Temep OfepIyeMO: 1-8sin? & cos® o =
=1—a[i'—l]z=“6’"z'3 1

2 4
Birsouins: 1+6m:—3m‘_
Tpuxaax 1.65. Buiyanmn kyT o 3 cucTeMyu piBHOCTeH
tg® o+ ctg® a=m,

sin o cos o = n.

3BifKK sin o cos a =

Po3s’a3amms.
{zgsa+ctg2a+2=m+2,

sin o cos a = n,

{(tgui»ctg m)2=m+2,

sin’ am2a=n2,

sino |, cosa) _ L, |
cos o sin & e
sinzucoeza.=n2, sin” oo cos” o = n,

=m+2,

aBigKu %=m+2.
n

24
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Opepoxcana piBHicTs m = % — 2 ¢ HeoBXifHOI yMOBOIO
n
AJs TOro, mo6 BUXifHA CHCTeMa DiBHAHBL MaJja PO3B’A3KH
BiIHOCHO Ol
Hpaxaax 1.66. osectu, mo

1

3-
sec o — cos o cosec a. — sin o
tga+1 ctga+1

1-cos’a 1-sin’a

s
sin o cos o
cosu[ +1] sma( lJ
COoS oL sin o

sinfa . cos’a " 1
sin @ +cos o«  sina +cos a lsin o + cos of

sec o — cos o cosec o ~ sin o

Wil R ieT

Poas’szamms.

Tak¥M YMHOM, CJHiZ ZOBECTH, IO
o =l d 3
[sin o + cos o

Bpaxosyiom, mo |af* = a®, maemo:

2 a6o |sin « + cos of < 2.

(sina.+cosm)2<4, 1+ 2sin o cos o < 4,
sin acos o < 1,5,

10 OYeBH/HO.
Mpuxnax 1.67. Bigomo, mo

xsin o - ycos o= Va? + 2 ()

=2 2

sin” o cos” o 1

S T T o 2

a* h2 2+ @
Josectn, mo 72 + b2 = 1.

Poas’szamns. 3 pisroeri (1) maemo:

(xsinu—yoosa)2=x2+y2,
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fuinzu—z;ryuino.eosu+y2cosza=x"'.+yz.
x’(l—sin’a)+2xusinueosu+y”(1—eouzu.)=0,
rzwszu+2xyninaeosu.+y’sin2u=0,
(xcoea+ysina)3=0, x cos o = — y sin o, 3BigKH
#* cos® o = y* sin”® . (*)
TloMHOKHBITH OOH/BI YaCTHHM pisrocTi (2) cnogaTky
nma x?, a motiM Ha yz i momaBmmM opiepikaHi pisnocTi,
MaeMo:

21 %
n s o e
a b a b
3 opepxaHOi PiBHOCTI, BUKOPHCTOBYIOUH pisaicTs (*),
MaeMo:

=1.

xzsinzu+xzeosza yzsinzo.
2

2 sin’a o Y sin®a ” % cos® a ) P cos’a e
a2 5 o2 v ’
2 2

abo =gt ”b; =1, mo # BUMArajoca JOBECTH.
a
Bupasu

1.68. Bizomo, mo sin o+ cos o = p- Buaiitu:

a) sin a cos o; 8) sin® o + cos® o

6) sin o — cos o; 2) sin® o + cos® a.

1.69. Bigomo, mo tg o +ctg o = p. 3mairta:
a) tgza+ctgﬂu.; 6) tgsu+ctxaﬂ-;

6) tg o— ctg o3 2) tg° o - ctg® a.
1.70. Bigomo, mo

(1 - sin a)(1 - sin B)(1 - sin y) =

= (1 +sin a)(1 + sin B)(1 +sin y).
Iosectn, mo
cos o cos B cos | = (1 + sin a)(1 + sin B)(L + sin Y).
1.71. x = r (cos a cos B + sin a sin B cos ),

26
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Yy =r(cos asin B cosy - sin o cos B),
z=rsin B sin y.
Jlosectn, mo xz+y3+zz=r2.
BuiyuuTH o 3 CHCTeM DiBHAHB:

172, {si.nu-rcosa:m,
sin o — cos o = n.

tga+ctga=m,
g {t¢2a+crgza=n.

174, sin® o + cos® a = n,
“ sin o + cos o = m.

175 ‘o -cos'a=n,
*7 sin o + cos @ = m.
1.76. ‘”“"4“‘ L
% sin
177, %o +cosba=1,
Tlaes
178, [ orctgazn,
{m
tg’ @
tga

1.79. {

1.80. {tg u+ctg o=x,

181, {5 cosec o = X,
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Buayeuta o i B 3 cucreM piBHAHB:

= .
xsmza.+ycoszu=l,

1.83. {ysin®p+xcos’p=1,
xtgo=ytgp.
xcoso+ysin p=a,

1.84. {xsin p-ycosa=>b,

@ +y? (:a:inznl+cosz B) = 2ab.

Bajaui MABAMEHOI CKJIAXHOCTL
1.85. Bigomo, mo sin’ o +sin®a +sina-1=0.

Bpaiiti sin o (1 +cos o), sxmo 0" <a <90
Poss’asamna. 3 yMOBM MacMo:

sin® o + sin® @ = 1 - sin a, (68
si.nzu.(1+ni.nu.)=l~sina..

TloMHOMYyIouM  06MABI 9acTMHM  piBHOCTI  Ha
1+ sin o, ofepKUMO sinza(l + sin rx.)2=cosz .

Tpu 0’ <a < 90" Gyaemo MaTH

sin a (1 + sin @) = cos o. abo sin o + sin® a = cos a.

Toai 1 +sin o +sin® @ =1 +cos a, :
sin o (1 + sin o + sin® &) = sin a (1 + cos @),
sin o + sin® o + sin® o = sin « (1 + cos «).

BuxopucroBylouu pisricTs (1), ogepixumo

1=sin a (1 + cos o).
Bigmosims: 1.

1.86. Bigomo, mpo ctg a = —,ne0<n<m,

0" <a <90'. [oBectn, mpo

cos a (1 + ctg o) + sin a(l+tgu)—coseca=ﬂ.

n
28
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Poaw’szamns.
cos « (1 + ctg &) + sin a (1 + tg &) — cosec o =

Lt+etgoy-—1--
sin o

sin
= 1+ +
cos o (. ctg o)

5
=<:osnn(1+c':gcc)+ﬁd'l (1+ctga.)—L—
sin o
2 .
:(1+ctga)m o + sin’ @ -l _l+ectga -1 <
cos o sin o cos o sin o
_sin o +cos o —cosa ]
cos o sin o cos o
1
Bupaskaioun depes ctg o, OfepIRHUMO:
€cos oL
1 _V1+ctgxa-1'1+ B el n _m
cos o etgo mi—at ° 1}”'27”_2'"'

mo # BHMArajocs JOBECTH.
1.87. A, =sin a,;, A, = cos o, sin a,,

Ay =cos o cos o, sin og , .

.cosa, ,sino,

=COS 0y COS 0ty COS Oy ..
-cos @, ,cosq, .

A,

A, =cos o co8 Oy - ...
Jloseern, mo Af + A; + A% +...+A%=1.
Poaw’szamms. A2+ A2 = cos’a,; coszuz...cosza,, _2
A AR A Y e o
A,z,+AzV1+... +Ag=coeza,,
+Af=cosza1+sinzal=l,

& Oy wae cos® Oy gy

i, mapemrri, A,z, +A,’;_l + e
mo # BUAMAraiocs ROBECTH.
1.88. Bigomo, mpo cos® o + cos® o + cos o = 1. BaiiTu

cos o (1 + sin o), axmo 0 <o < 90°.
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Poas’ azamus. .

cos? o (cos o + 1) =1 - cos 0, @)

eoszu.(1+oosu)2=sin2a,

cos a (1 + cos @) = sin a,
3BiKH l+sinu.=1+cosa+cosza.,
(1+sina)mu=wsu+cw2a+cosaa.
BuxopucToBylour pisgicTs (1), opepiumMo
(1 +sin o) cos o = 1.
Bigmosims: 1.
1.89. Bizomo, mo

cosa +sinf=t, a cos?

o +sin’ p= o
Iosecty, MmO cos” o +8in” a = ¢".

Poan’saamna. 12 = (cos o + sin P)° = cos® o + sin” B,
apigxn 2 cos o sin P =0. Moxcmsi ABa BUDAAKH:

1) cosa=0. Toai 3 yMOBM BUILIWBAE, INO
sinf=ti cos” o+ sin” o= 0 + ¢" = t", mo # BuMarazocs
JIOBECTH.

2) sinp=0. Togi 3 yMOBM BHIJHMBAE, IO
cosa=ticos®a+sin”p=1t"+0=t", mo # Bumaranocsa
JIOBECTH.

1.90. Jlosect HepiBHicTH

————a+b_2h_bl < asin2u+bcosza < ___'a+b;|a—b|~

Poss’szammss. 1. a>b. Jlama nogsilina HepiBmicTh
nabyBae BHIIAALY:
b<asin®a+bcos’ a<a.
PoarsiAiHeMO HepiBHICTHL
b<asin®o+bcos’ a, ™

aspigen b - b cos® « <a sin® o, b sin? uﬁasm o, mo
COpaBefi/MBO, 2 OCKLILKM KOXKHA 3 OJEpPIKAHMX HepiB-

30




[image: image32.jpg]Cnpowenns supasie

HocTe#t piBHOCMNIbHA BHXifHil, OTXKe, chmpaBeMBa ¥
nepisricTs (¥).
PoarasHeMo HepiBHiCTB

asin’o+bcos’as<a, o)

3BigKH bcoszu.sa—asinza, beos’ w<acos’a, mo
CTpaBe/iIMBO, A OCKiNLKM KOXKHA 3 OJlep’KaHWX Hepis-
HocTel#l piBHOCMJIBHA BMXifHIN, OTHe, chpaBe;MBa M
nepisuicts (*¥).

2. a < b. Jlana nogsilina HepisHicTh Habyjge BUIIAXY:
a<asin®o+bcos’a<h,
i zoBopuThCH aHajoriuHo Bumaaxy 1.
1.91, JloBecTn HepiBHiCTH

la sin o + b cos o < ‘Ja2+b2.

Poap’szamms. hisin o + b cos of < Va® + b,

(nsina+bcosa.)z$az+b2,
2 e f . " o O
a® sin® o + 2ab sin o cos o + b” cos” a < a” + b,
Zuhxinacosasnzcosza+bzsin2u,
(acnsa.—bsina)zzo,
MO CIpaBe/IMBO.
1.92. Jlosectnn HepiBHiCTH sinn.cosas%.
Poar’azamma. SanumemMo JiBy 9YacTMHY HepiBHOCTI y

+ 2
PHPASIE M%Ll . fix 6yno mosezeno B 1.91,

|sin o + cos of = |1 - sin o + 1 - cos of < V2.
o 2
Tomy @notesa) -1 _2-1 _ 1 .05 puere
2 2 2
JIOCH  JIOBECTH.
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1.93. JloBecTH HepiBHICTH
tga.+(1+tga)secu<2m2(;,

n
ne 0<u.<2.

Poap’azamma. Buxigsa mepiBmicTe piBHOCHIBHA KOIK-

Hi¥ 3 TaKHX:
slna.+[1+smu.). 1 3 2z !
cos o) cosa cos” a

cos o
sin o cos o + cos o + 8in o < 2. *)

o P 1 .
Ockimxu sinacosasy, a cos « + sin o < V2, TO
si.na.oosa-v—cosn.#»uinas%-l»\lf.

SammmaeThCA BiI3HAYATH, IO %+~/§ < 2, ToMy He-

piemicrs (*) cnpasepmuma.
1.94. Jlosectn HepiBHiCTH
4tg o (l+tga+sec o) <5sec’
Ze 0<a< % 4
Poas’szammn. Buxigua HepiBHiCTH piBHOCHJIBHA KOXK-
Hif 3 TakHx:
sin o [1 L sina d: J o 5

. 2 3 »
cos o cos o cos o cos” o

4
4(m'naeosza+sin2aeosa+aina.cosa)<5,
sinmcoso.(sinu.+coaa+1)<%. ()
Ockimbkn sinucosas%, a sina+cosa+ls
<VZ+1, 7o sin o cos o (sin o + c0s @ +1) € 3 (V2 + 1.
Ockiabkm @ < o To HepiBnicth (*) cnpasex-

2 4’
JMBa.
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1.95. JloBecTn HepiBHiCTH
sin® o (1 + ctg @) + cos® a (1 + tg ) < 2,
e 0<a< % 2
Posp’ssamma. Buxizpa HepismicTh piBHOCHMIBHA KOX-

tnla sin o + cos o 3 sin o + cos o
sin a cos o

< 2,

(sin & + cos o) (sin® o + cos® a) < 2,
sin o +cosa < 2,

U0 CIIpaBe/IMBO.
1.96. JloBectn HepiBmicTs

(1 + sin o + cos a)(1 — sin & + cos o) x
x (1 +sin o — cos a)(sin o+ cos a — 1) < 1.

Posp’szamma. Buxizna HepiBHicTh piBHOCHJIBHA KOXMK-
Hi¥k 3 TakuMx HepiBHOCTeM:

[ + cos 0)* - sin® a] [sin® @ - (1 - cos W)?*] < 1,
(1 + 2 cos o + cos? o — sin? o) x
x (sin® @ ~1+2cosa—cos®o)<1,
(2 cos a + 2 cos® o) (2 cos o — 2 cos® @) < 1,
2cosa(l+cosa)-2cosa(l-cosa)<1,

4cos’ o (1 -cos®a)s1,

apigxkn cos® o sin® o S% o

BpaxoByloun HepiBHicTs, goBefeHy B 1.92, Bmes-
HIOEMOCh, IO OfiepXkaHa HepiBHICTH CHpaBejJIMBa.

1.97. Jloect mnoppiliHy HepiBHiCTE
1<2 (sin® a + cos* o) < 4 (sin® & + cos® o).
Poss’asamna. a) PosrasHemo HepiBHiCTH
1< 2 (sin® o + cos* o), 1)

2. Tpuromomerpisi. 33
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% < (sin® o + cos? o)’ - 2 sin’ cusz.a,

Zainzaooszas%, sinxacoszas%.

BHKOPUCTOBYIOUM HepiBHiCTS, fioBefieHy B 1.92, Bues-
HIOEMOCB, INO Ofiep’kaHa HEpIiBHICTh CHpaBejiMBa, a
OCKiNLKM Ojiep:KAHA HepiBHiCTH PDIBHOCHIBHA BUXipmii,
To cnpaBejymBa # HepiHicT (¥).

6) PosrasEeMo HepiBHiCTH

2 (sin® o + cos® ) < 4 (sin® o + cos® @), (%)

(uin2u+coszo.)2—25in2acoszo.s
22 2 o4 2 2 4
< 2 (sin® o + cos® «) (sin” o — sin” & cos” & + cos” ),
172sinzu.eouza.szwin‘u.»ZSinzamaza.+2cos‘a,
1<2 (sin* o + cos® ),

mo 6yJo foBefeHO B NYHKTL @).

flk i B momepesELOMY BMIIAJKY, KOXHA HepiBHicTB
JAHOro MYHKTY PiBHOCHILHA BuXigHil, oToke, CipaBefIMBA
# mepiBHicTs (*¥).
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DopMyH 3BeJeHHH

Dynxyia y = f (x) HA3UBAEMBCA RADHOIO, AKUO DPA3OM
3 KOXCHUM 3HAYEHHAM SMIHHOL X 3 00.1GCMi 6USHAUEHHA
[ sHavenna — x makox 6xodumb 6 06AGCTML GU3HAUEH-
HA Yiel QYHKYI i npu YbOMYy BUKOHYEMbCA DiéHicmb:
f@)=1¢x).

Dynxyin y=f(X) HA3UBGEMbLCA HERADPHOIO, AKUO
PA30M 3 KONKHUM 3HOYEHHAM 3MIHHOL x 3 obaacmi
Bu3HavenHR [ 3HAYEHHA — X MAKOX 6xodumb 6 obaacmb
6U3HaYeHHA yiel GUHKYIL i NPU UbOMY GUKOHYEMbCA
pisticms: f (- x)=—f (x).

3 1mecTH TPUrOHOMETPMYHMX GYHKNi% KocuHyC i
cexaHc — NapHi, pemTa — HemapHi, To6TO

sin (- a) =—sin @, cos (- &) =cos o, tg (-a)=-tga,
ctg (- ay= - ctg a, sec (—a)=sec a,
cosec (— o) = — COsec O.

Ane He cIij ZyMaTH, INO KOMCHA tbyaumn € mapHoio
a6o HenapHolo. Bimemicts ¢ymknii mHe BigHOCATBCA HI
JI0 OBHOTO 3 IUX BHUAIB (yHKIiH.

Tpexaany 2.1. HNocaipuru dyHKOio

f (x) = sin (cos x)
HA NApHiCTH.
Poag’szamma. f (- x) = sin (cos (- X)) = sin (cos x),

fEx=1@®-

Bignosigs: ®yuxuis napra.
Tpuxnag 2.2, Jochiguta GyHKIi0O

fx)=2!teinx_gl-sinx
HA TApHICTH.

Poas’szaman, f (- x) =2 "*0 0 _ gl-sin(x)

_gl-smx_glisinx__ (plesinx_ gl-sinx

fEx)=-1()
Bixnosigs: PyHKia HenmapHa.
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Npmxaan 2.3, Jocxiguma dymxmio fux) =27 " +
+(x — 2) Ha napHicThb.

Poss’ssamas. [ (-x) =27+ (-x-2) =

Bignosixs: Pymknis He € Hi mapHo,

Hi HemapHOIO.

3 osHAueHHS NMApHMX i HemapHuX (yHKUil BUNUMBae,
mo rpadix mapHOi (GYHKNIl CHMETPUYHWA BifHOCHO oci
Oy, a HenapHOi — BiffHOCHO IEHTPY O (mowaTKy cHCTEMH
KOODZMHAT).

Bractupicts mapsocTi a0 HemapHoeTi mMoB’AsaEHa 3
obmacTio sajaEHs Gymkunii. Tak, HaupukIaj, QyEKOiS
y=x’, sajama Ha Bigpisky [-1; 2], He € mapHOl0 Ha
HBOMY (x0ua 6 Tomy, mo Le# Bigpisok He CcHUMeTpUYHIHK
BiffHOCHO ToOWATKY KoOpAMHAT). Are I dyHknia mapHa
HA uACTMHI IHOrO BiApisKy, HANpPHKJAJ, Ha Bigpisky
[-1; 1)

Tpuxnax 2.4. He BuxoHyIOuM HifIKUX IePETBOPEHb,
OKA3aTH, INO CIiBBiJHOLIEHHS

2°%* - x - 2.

1 + cos o + cos 20, + cos 3o
T e g e e e 1 2tg o
2cos”a+cosa-1
He € TOTOKHiCTIO.
Poap’saasms. B yisi#i wacTumi piBHOCTI 3HAXOZMTECH
napua GyHKIig, B NpaBii — HenapHa.

Bopasu
BusHauaTH, Aki 3 HaBefeHux (yHKUik € mapHAMH,
Aki — HenapHMMM, a #Ki He € Hi napEamm, Hi
HeNapHAMH.

2.5, y=1tg x +ctg x.
2.6. y =|sin x cos xl.
2.7. y =|sin x — cos .
28 y=hcoex—sinx‘
cos x +sin x
29, y-lpSRE-c8T
sin x +cos ¥
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2.10. ”=lncosx—sinx#2.
cos x +sin x + 2

2,11, y = cos (sin x).

2.12. y = tg (ctg x).

218, y=—1—
214, yo _COST
x+tgx

DopMyJIH 3BeNCHHHA

Dopuynamu 3sedennms HO3UBRIOMLLS (PODMYIU, WO
6UPAXAIOMs MPU2OHOMEMPUNHE PYHKYIT 6i0 apzymenmis

-a, ;ia, nta, %ia. 2n+ o uepes Qynkyii 8id

apzymenma o, Oe o. — dosinbre (donycmume) 3HAUEHHA
apzymenma.

Tlpu aac-mcyna.ﬂm GopMyJT 3BefleHHS MOJXHA KODHC-
TYBATHCA IIDABHJIOM:

Slxmo KyT TpEroEHOMeTpHWHOI (yEKmii, MmO 3BOAMTH-
©ef, Mae BHTASX nta, 2nta, TO HasBa Qymxuii, mo
GBOHTHCS, He 3MINIOETBCH; AKIMO APryMeET (QymKmii,
0 3BOXHTHCH, MAE€ BHIJAX %tu., 321(1, TO HA3Ba
(ymxuii, Mo 3BOAMTHCH, IMINICETHCA: CHEYC TEPEXOTHTS
¥ KOCHEYC i HABNAKH; TANTEHC NEPEXOXHTH B KOTAHIERC
| masmaxm.

3uax B nmpasi¥ wacTHHI GopMysM 3BefieHHA NUIIETHCH
I aajexHOCTI Bif Toro, AKWM 3Hak Mae GyHKIiA, WO
ABOJMTECA, B AaHiA dBepTi.

Npuxnax 2.15. Jlany TPUrOHOMETPMYHY (DYHK-
1o 3BecTH 0 HAWMEHBINOrO JOJATHOrO APryMeHTY:
oo 432",

Poss’asamms. cos 432" = cos (360° + 72°) = cos 72° =
= cos (90" — 18") = sin 18'.
lpuxnan 2.16. IosectH, mo
3 _ |sin o mpm n =2k,
= “"’”)‘{-sina npn n=2k+1, keZ.
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Pogw’szamms. Ipu n =2k
sin(un+u)=sin(21th+m)=si.n:t.
Ilpu n=2k+1
sin (nn + o) =sin n (2k + 1) + o) = sin (x + @) = — sin o.
Hpuxaaxy 2.17. OGumcauT
tg 40" - tg 41° - tg 39" - ... - tg 50°.
Posp’szamms. tg 40° - tg 50° =
= tg 40° - tg (90’ - 40") = tg 40’ - ctg 40" = 1.
Ananoriuno tg 41° - tg 49° =
= tg 41° - tg (90" - 41°) = tg 41° - ctg 41" = 1.
Tomy tg 40" - tg 41" - ... - tg 45" - ... - tg 60" = 1.
Bigmomizs: 1.
Opuxxax 2.18. A, B, C — xyms TpukyTanka. Jlo-
BecTH, mo sin (B +C) = sin A.
Poas’szamms. 3a ymosoio A+ B+ C =180, apigku
A=180" - (B +C). Tomi

sin A = sin (180" - (B + C)) = sin (B+C),

mo ¥ BAMArajiocs IOBECTH.
Hpuxaanx 2.19. Yu icHye Take 9mcio z, A SKOrO

sin(270'+z):—%, a xin(lBO'—z):%?
Poas’szamma. BuxopucToByiouu ¢opMyad 3BefleHHSA,

3aNMIIEMO YMOBM Y BHIVIAAL msz:%, adnz=§. ane

Togi 4 in? z = 25 6
Al cos” 2z +sin” 2 = 4, a’e uLoro He Moxe Gymu.

Bigmorins: Take wucao He icHye.
Npsxaan 2.20. IIpu axoMy 3HAYeHHI mapaMeTpa p

BHpas y=sin°(a—2x)+sin°[32—"~a]+

+p(si.n‘(1:~u.)+sin‘ [%+a))

He 3aJIeYKHTh Bix x?
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Posw’ssamma. Ilicia nepeTBOpeHb OAEPIKHMO
y =sin® @ + cos® o + p (sin* & + cos® ).

Iliguecemo 0 KBafpaTy, a NOTIM O Ky6y TOTOXHICTH
sin® o + cos® @ = 1. Bypemo marh:

sin‘x+25m2xcoszx+ms‘x=1,
sin® x + 3 sin* x cos” x + 3 sin’ x cos* x + cos® x = 1.
3 mepmoro piBHAHHA 3HAXONMMO:
sin x + cos’ x = 1 - 2 sin? x cos® x.
3 Apyroro piBHAHHA 3HAXOAUMO:
sin® x + cos® x = 1 - 3 sin® x cos® x (sin® x + cos® x) =
=1- 3 sin® x cos® x.
TakuM YHHOM, JaHMA BHpDA3 MOXKHA 3aIHMCATH TAK:
y:l—Ssi.nzxooszx+p(l—25in2xcoszx)=

=1+p- (3 +2p)sin® x cos® x.

Ilomivaemo, mo npu 3 +2p=0, T0bTO p:~%,

GyseMo MaTH: y=1+p=1—%=7%, omxKe, JaHHK
BUpa3 He 3aJIeXKUTh BiX X npu p:—%.

Opmxnax 2.21. Buspauuté IJONly NPAMOKYTHOTO
TPUKYTHMKA, AKIO BijoMa rinmore-
Hysa ¢ i cyma cuHyciB rocTpux B
KxyriB: sin o + sin B = g. h

Poaw’azamma. Hexa¥t ABC —

JaHUM TPAMOKYTHHN TPUKYTHUK
(man. 4). Woro nsoma S Bupa-
aUTBCA m:S=%BC~M= c

=%csinu.»ccusa:

¢* sin « cos a.

B[
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Jins BusHadeHHs AoByTKY sin o - €0S & BHKODHCTO-
ByeMo AaHy piBmicTs sin o +sin f=g i, BpaxoByouH,
mo B =90 - oisin p=sin (90" - &) = cos «, NepeNHIIEMO
mo piemicTs Tak: sin a +cos a =g.

Hl,tu-leeemo obujBi HacTHHH ogepmanm pieHocTi O
xBagpary: sin” o + 2 sin o cos o + cos® a = ¢*. Beigen ama-

XojuMo: sin o - cos & = 42;1

TakuM 9HHOM, S = % c* (q2 —1). Bagaua ma€ poa-
B’asky, Sxkmo g > 1.

Bizmnosias: S=icz(q2—1), akmo ¢ > 1. :
Bupasn

Jlany TPUrOHOMETPHYHY yHKIil0 3BeCTH o Hai-

MeHIIOro ZopaTHOro aprymenTta (0 <a <% g

2.22. sin 54T .28, tg 815. ~ |

2.23. ctg 1924°. 2.29. sin (o - 3m). :

2.24. tg (- 1354). 2.30. cos (%" > ] ‘\
]

2.25. sin (- 934°). 2.31. tg [37" i u]. |

2.26. ctg (-3984). 2.32. sm[ss—“- ]

2.27. cos (- 1412). 2.33. ons( o ‘—;)

CopocTUTH BHUpasu:

\

1

l

\

]

|

2.34. tg(360'-a.)+ctg(270‘—u.)+tg(180’—m)+ '
+ctﬂ(90'—a)J

2.35. si.n[%+u}+cos(n+a)+tg(szl— ]+
+ ctg (2n — )
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2.36. sin o - sin (o — 90°) — sin (¢ — 180°) —
—sin (@ — 270°) — sin (o — 360°).
2.87. cos (a + 45) + cos (o + 135°) — cos (o + 225°) +
+ cos (o + 315°).
2.38. sin (90° + @) - sin (180" - a) x
x (tg (180" + o) + tg (270" — o).

2.39. sin ( - %] sin(u + %] - sin*(a - w) sin®(a + ) -

- cos? (o +m) cos? [ — 3—27[)

2.40. sin 20° cos 70° + sin® 110" cos® 250" +
+sin? 200° cos® 340°.
2.41. (sin 75 + sin 100")(sin 260" - sin 285°) +
+ (sin 165" + sin 190")(cos 75 — cos 100°).

242, 1 - sin (¥ - 27) cos [x—%")—

—tg(‘n—x)tg[%‘—x}~2cosz(n+x).

2.43. sin® (x - x) + tg” (n - 2) tg’ [%"+x]+

+ sin (% +x) cos (x — 2m).

JloBecTH TOTOMKHOCTI:

2.44. ctg [% - 0.] =g & = a].

2.45. cos (45° + ) =sin (45" § ).

2.46. sin (o - m) tg (o + m) + sec (o — 2m) = cos a.

2
2.47. (si.n (g - x) +sin (m — x)] +

3n 2
+ |cos ?—x +cos (2rn - x)| =2.
41
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sin (n — x) cos (x — 2x) sin 21 - X) g,
m[%—x)ctg(u-x)ctg(%’-&x]

2.48.

2.49. sin(h—a.)tg(%‘—m]—oos(a~n)—
- sin (& — %) = sin a.

o o) )

ISP G R )
2.61. tgz(n—x)ctg (x~u)+sin [x—%}+

+cos® (§+x]=2.
sm(lﬁmJ sin (-a) _
g’ @-2) | ctg@-15m)
2.53. sin 405° cos 675" + tg 562° tg 788" +
+ sec 660" sec 1200° = — 2,5.

cos o mpu k =2n,
—cosx mpu k=2n-1.

2.55. tg[ﬂm]:{‘” e 7

2.52.

2.54. cos (nk +ov.)={

2 —ctgo upr k=2n-1

nk _Jctg o npu k=2n,
2.56. ctg(z +a) {—tga. S i iy

2.57. z sin (a + 7k) =

k=0

sino mpu n=2m+1,
0 npu n=2m.

n

2.58. Y cos (o + mk) =
k=0

O6uucanTa:

2.59. sin 540° + cos 240" + tg 3810° - tg 540°.

cos o mpu n=2m +1,
O npu n=2m.
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2.60. sin?+oos&—ctg25'n+etg 3 -

2.61. cos 20° + cos 40" + cos 60° + ... + cos 160" +

+ cos 180°.
2.62. tg 20° +tg 40° + tg 60° + ... + tg 160" + tg 180"
2.63. sin 0" + sin 1" + sin 2° + ... + sin 359" + sin 360°.
2.64. ctg 15° + cig 30 + ctg 45° + ... + ctg 165°.
2.65. ctg 40" - ctg 41° - ctg 42" - ... - ctg 50'.
2.66. tg 30" - tg 31° - tg 82" - ... - tg 60".
2.67. 1gtg 1'+1gtg 2° + Ig tg 3" + ... + Ig tg 89",

2.68. Bigomo, mo «, B, y — BerMuMEM KyTiB TpH-
kyrauka. JloBecTH piBHOCTI:

in 2B _ s
a) sin 2 -85
6) sin o = - sin 2a + B +y);

o) Mina=Se 3°L_+L+_1J;

2

2) cos P =sin &Yﬁgﬁ 3
2.69. Yu . icEye Take wuMCIO 2, JAS  SKOTO

eos(90'~z)=‘]%-, a cos (180" - 2) =— g?

270. Bualima sin (o - 270), Km0 sin (360~ a) =
npn 270° < a. < 360°.

2.71. 3maittun tg (360' - o), Axmo cos (90" + o) = %
npu 270" < o < 360°.

2.72. 3Buatitu ws[ —321], ARINO tg(%+a]=—2

npu n<a<3?".
2.73. Bmadtu tg (o - m), aKmo ctg (t+ o) =2 npu

7(\(1<%





[image: image45.jpg]§3. MopmyaM JOJABAHES
OcuoBHi opmMyH
sin (o % B) = sin o cos B + cos o sin B3

cos (o F B) =cos acos P+ sin o sin B;

wen Ty
_ctgoctgpyrl
(G ER) = ctg B ctg o 7

Tprxaax 3.1. Josectn piBmicTs
cos(u—B):cosmcosB+ainauinﬂ.
Poas’ssamma. Hexait
@ (cos &, sin @), b (cos B, sin B)
(sposymizo, mo | @ =1, || =1). Kyr mix Bexropama.
@i b mopismioe |o - fl. Tomy
Sy 4 .
008 (G —P)= a@ b_) =mam|i+:mumﬂ=
@11 | ;

= cos a cos B + sin o sin B,

mo # BMMArajocs JOBECTH.
Tpuxnax 3.2. Bupaswrs sin (o +p +y) Hepes TpH
rosomeTpuuni QymKmii kytis o, B, 7.
Poaw’sizamns. sin (¢ + P +v) =sin @+ (B +v) =
= sin o cos (B +7) +cos o sin (B+7) =
= sin & (cos P cos y — sin P sin y) +
+ cos o (sin P cos y + cos P sin ) =
= gin o cos B cos y — sin o sin f sin v +
+ cos o sin B cos y + cos o cos P sin y.
Bimlonl)li:sin(a+ﬂ+‘y)=si.nmcmﬁcosy—
—~sinu.ninpain'y+coauuinﬂeosy+eoaacosﬁsin

4
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Ipuxnax 3.3. Busyautn o 3 cucremu piBHOCTEH
{tg (@+x)=m,

tg-o)=n.
Posp’sizamma. tg (x+y) =tg[(@+x)+ ¥ - )=
g+ +tg@y-o0) m+n
1-tg@a+x)tg-o) 1-mn

< : m+n
Bi L - = )
imnosims: tg (x +y) T

lpuxnax 3.4. Bigomo, mo tgu.=%, tgp=7y; i

n
 — rocrpi momarmi kyrtu. [losect:, mpo a+p= i

tgo+tgh
Poaw’ b = =
oap’szamma. tg (o + B) e
2,3
o AG IR O
SIRT2 8 T486 136 T
5 7

Bpijcu BunuMBae, mMo o + P = % (OcKiJILKH 0<u<§
i0<]3<§).
Dpuxaax 3.5. [osecTn, mo BeJWYMHA BHpPa3y
e-P-tgotigh .. o eumm six p.
tg (@ —B)-tg B
tg@-f)-tga+tgh _

Poss’azamns. WP tap
tgoa-tgh _
1itgotgp t‘“””=

tg (- P)tgp
tga-tgB-tga+tgf-tglatgPrigatg’B _

“”“"“‘”(ﬁﬁg«%} tg p
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_tgotgBigB-tga) _ .«
whtga-tgh T
mo # BUMAarajocs JOBeCTH.
Tpexaag 3.6. o i B — rocrpi gomatai KyTH.

JTlosectn, mo sin (« + ) < sin o + sin B.
Poap’szamms. sin o cos B < sin a, cos a sin B < sin B.
JlopaBuim mOYJEHHO Ifi HepiBHOCTI, OfepKMMO, IO

BUMArAJOCH.

HOpuxaax 3.7. o i p — rocrpi gomaTsi kyrm,

mpudomy sin o = u, sin (a + p) =v. BmakiTh sin f.
Poas’szamEn. sin P = sin [(@ + B) — o] =

= sin (x + p) cos o — ooe(a+ﬁ)si.nu=
SR N

Bigmosigs: v - ‘Jl—u - W 1—v
Npuxaaxy 3.8. JloBecTH TOTOXNHICTH
g+ -tgx-tgy=tg(x+Ytgxtgy.

Poaw’szamus. tg (x +y) = %,

tgE+ryQ-tgxtgy =tgx+tgy,
tgx+y-tgx+ytextgy=tgx+tgy,
SBLIKH
gty -tgx-tgy=-tg(x+y tgxtgy,
mo ¥ BMMAraxocs NOBECTH.

Npexxan 3.9. TasreHcu TPeOX TIOCTPHX K
BijmOBiHO JOPiBHICIOTH %, % u % Josectn,
nepurmi KyT JAODIBHIOE cymi ABOX iHIIMX.

Poan’scamms. Hexahi tga =%, tgh=1, tgy=

Togi

|

tg (B +1)= = 2’3
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Ockimkn Kytd o, B, Y — rocrpi, T a pismocti
tg (B +7) = tg o BunimMBae, mo P+y=0, mo # BHMara-
JIOCH  ZIOBECTH.

Hpaxcaan 3.10. Buaiim sin (60'- o), axmo tg o« =3

4
i 180" <a < 270°.
Poss’azanms.
sin (60° - a) = sin 60" cos a — cos 60° sin o =
3 1 *)
=5 cosa~2mm. *)

m\.u

3
o e ———
V1+tgza V1+*

inl o A Tl |
xmu.—tgucosa.—4 [ 5)— 5

Ilipcrasaaoun dnepmnni 3HAUeHHA B piemicTs (¥),
OJePHHAMO

. : N8 oy T sEB
B0 S '(‘5]'2'(’5) ST
Binmosizs: -ka_lz‘ﬁ.

lipmxaax 3.11. anmo sm(a.+ﬁ)—a, m(a+'{)—
npn-muy KOXHe 3 JoAATHMX wgmcen o, P i y uenme,

uhxe . BmadiTa sin (B - v).

4
Poss’szamma. Saysascaamo, mo B -y = (& + B) - (& + 7).
Tomy

sin (B - y) = sin [(@ + B) — (@ + )] =

sin (o + B) cos (o +17) - cos (o + ) sin (& +7). ()

0 <a+f < %uo < a+y < ;aaynmnolo.'l‘ouy

oon (o + B) = Vl—a—;, cos (o +y) = V1 - b,
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Tlifcrapnsmioun 3aHalifieHi 3HadeHHA B Qisn'ic'rb ™),
OfiepPIKHUMO

ain(py):a\h—bz—\]pa-“.b.
Bimosiym: aVN1-*-b g
Bupasu

OBurCIHTH:

3.12. sin 12" cos 18 + cos 12" sin 18"
8.13. sin 65" cos 55 + cos 65 sin 55"
cos 10" cos 20° — sin 20" sin 10°

sin 11° cos 19" + cos 11" sin 19"~

3.15 ctg 80" + ctg 40°

3.14.

1-tg 10" tg 50°
40° ctg 20° - 1
316, g0 ctg 20 -1
tg 70° + tg 50°
CripoCTHTH BHpPasu:
cos o= 08 —- + sin - si 2
317 30 °* 15 30 " 15
y sinﬂcosﬂ+ccs7lsinﬂ.
30 15 30 15
3.18. cos 18 cos 28 + cos 108" sin 208"

sin 34 sin 146" + sin 236" sin 304'
sin (o + B) —sin f cos &
sin (o — P) + sin B cos o
3.20. cos(a+§)+sina.sing_
cos (o — B) — sin a sin

3.21. sin (45" + o) — cos (45" + o)

sin (45" + ) + cos (45" +0)

3.19.

1+tga

3.22. .
1-tgatgh
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8.23. sin 2a ctg o — cos 2a.
3.24. sin 20 tg o + cos 20,
'3.25. sin 20° + 2 sin 40" — sin 100".
3.26. cos 10" — 2 cos 50° — cos 70".

JloBecTH TOTOKHOCTI:
2 2

8.27. sin (o + B) sin (@ — P) =sin” a — sin” B.
3.28. coszu.—oos(GO'i-a)cos(GO'—u.):%.
3.29. %sinzu+ai.n[%+a]sin[%— ]:
3.30. ctg o — ctg 2« = cosec 2.
3.31. 1 +tg o tg 20 = sec 20,

. & :
3.32. sin (@ - B) + 2 cos o sin B ~tg (@ +B).

2 cos a cos B — cos (o — B)

3.33. V2 cos o — 2 cos (45" + o)

PRy e e L
334 —Sino+2sin(60-0o) _ B ot s

2 cos (30" — «) — V3 cos &

1-tgla-TF
3.35 4

. = ctg a.
1+tg[a—§]

]
3.36. tg (@ +P) tg @ —P) = fg—?—“—%;s%'
3.37. sin (« + P) — sin a cos® P — cos o sin® B =
= sin B cos B cos (a - B).
8.38. cos (o — B) — sin o sin® B - cos a cos® B =
=sin B cos B sin (o + ).
49
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3.39. o, B, Y — MAOKATHI TOCTpi KyTH, HpHIOMY
tga:i tgﬁ:g tgy:l JosecTH, mo
12° 5’ 3% y

n

it payi= g

340. o i B — rocrpi JAojaTHi KyTH, NPHIOMY
tga=1§, wa:%. Buatima o - B.

341. o i P — rocTpi JomATHI KYTH. BualiTi
o+ B, SKmo:

o) tga=5, tgp=15; 0) clga=1, ctgh=

3.42. JlosecTH piBHICTH

o=

sin o sin (B — 1) + sin B sin (y - &) + sin y sin (@ - B) = 0.

343. o i B — rocTpi AojaTHi KyTH, HpHUOMY
cos o =@, cos (o +f)=b. Bmaiitu cos B-

3.44. TaHreHCM TpPBOX TOCTPHX KYTIB BimOBiAHO
JOPiBHIOIOTH %, % " % JlosecTn, IO CyMa NepLIMX

zBox KyTiB Ha 45° mepesmuiye TpeTi KyT.




[image: image52.jpg]§4. ®OynKnii NOXBOCHOIO i NOJOBHHHOIO
aprymenTa

OcuoBri dopmyan

sin 20 = 2 sin o cos a,

cos2a=coszu—si.nza,
tgzu=ﬂf%,
1-tg°a

2

cwzﬂ=ﬂ_ﬂf_1,

2 ctg o
1+cosa.=2!:osz%,
1—cosm=2sin2%,

o 1-cosa

S NETSe
L l+cosa’

o 1+cos a

ey A
ctgz 1-cosa’

o sin o 1-c
gy = % = S PW K

cos o sin o

Npuxnax 4.1. CnpocTuTH BMpa3

1 - 8sin”® a cos” a.
Poaw'szammst. 1 - 8sin® o cos® a =
1-2-4sin®acos®a=1- (1 - cos 4a) = cos 4a.

Bigmosigs: cos 4o.

2
Ipuxnax 4.2. CnpocTuTH Bupas L= Yo,

1+tg2a‘
£
sin” o
Poas’ 1-tg o _ cos® a e
" l4tgla- 4 osina
coszu.
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cos® o —sin’ o

= cos 20.

cos® o +sin® o

Bignosigs: cos 2o.
BayBaXkumo, WIO IEPETBOPIOBAHHA MAlOTh CHIY NpH
cos o # 0, To6TO TIpH a:%+nn, nez.
Mpuxaax 4.3. osectd TOTOYKHICTH
1 - cos 2a +sin 20
1 + cos 2a + sin 20 g
1 —cos 2a +sin 200 _

e " 1 +cos 20 +sin 20

_2sin2a+23inu.casu. =
" 2 cos? o +2sin o cos o i
2 sin o (sin o + cos &)
3 2 cos a (cos o + sin o) i
mo ¥ BAMArajock JOBECTH.
Tpakaax 4.4. JloecTH TOTOXKHICTH

sin 3a cos 3o
===+ 2

sin a cos a
Poas’sizammsa. Ilepenuuiemo piBHicTL y BUrJAAi

sin 3a cos3a.42
sin a cos o L

IloBesemo i crpaBefmMBiCTb:
sin 8o _ cos 3a _ sin 3o cos o —cos Basina _

sin o cos o sin o cos o
sin 20
= ——"—— =2,
sin o cos o

mo ¥ BUMArajoch JOBECTH.
PisnicTs crpaBejMBa TIPH Sin & €OS O # 0, To6ro npu

n
asin, nez.
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Ilpuxnan 4.5. JosecTu ToTOMNHiCTH
1-4cos’a
4sin’a-1

Poas'ssanns. "ol o 180 _ cos asin (o +2a) _

sin o cos (a + 20)

= ctg a tg 3a.

_ cos o (sin o cos 2o + cos o sin 20) _

sin o (cos o. cos 200 — sin o sin 20)

_ cos o (sin a cos 20 + 2 cos® asin o) _
sin a (cos o cos 20 — 2 sin® acosa)

_ sin a cos a (cos 2u + 2 cos® o) cos2a+2coeza_

sin o cos o (cos 20, — 2 sin® o) ~ cos 20 - 2 sin’ o

=2cosa. 1+2cos®a _ 4 cos® a-1_1-4cos’a
1-2sin0- 2s|.nu. " 1-4sina 4sin’a-1
o # BHMArasoch AOBECTH.

1 - sin 2a
1 +sin 2a

1 —sik 20 l—cos( —2&)
Poss’azanms. = =

Lgaee 1+cos(§~2a)

Ipuxnax 4.6. Cupocturn BHpas

Bixmorixs: tgz [%—u].
lpuxaax 4.7. Cnpoctutn BHpas

sin o (sin o — sin B) + cos o (cos o — cos B).
Poas’azamma.

sin o (sin o - sin ) + cos o (cos o — cos B) =

2

= sin” o - sin « sin B+ cos” o — cos o cos B =
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=1-cos (&- ;3)—2;;::12—E

Bigmosizms: 2sini 2B

2
Ipuxaan 4.8. TlepepipuTy piBHiCTE
sin 18" sin 54 = 5 -

Poss’szamms. sin 18 sin 54’ = sin 18" cos 36" =

4su11800818c0536 2 sin 36 cos 36
4 cos 18 i 4 cos 18
gin72 _ cosl® _ 1

= dcos 18  4cos18 47
mo ¥ BHMAraioch JOBECTH.

Bupasx

CopocTHTH BHpasH:
4.9. (sinﬂ-—co!a)2+sin2a.
4.10. ‘1+sinZu.z.
(smu.+ousu.)
4_11."'8}_~+j_£"._
l+tga 1-tga
412, EIotES
tg 20 — tg o
4.13. 2 sin 40° sin 50"

4.14. tg%«fctg%.

4.15. (tg 20 + sec 20) tg (% - o.).

e s S

1 +ctg o 1-ctgo





[image: image56.jpg]Dynryit nodeoenozo i norosuNNOZ apeyMERMa

O6uncauT Ge3 momoMoru TaGMHIb:
4.18. 2 sin 15° cos 15°.

4.19. cos® 15° - cos® 75"

4.20. cos 10° cos 20" cos 40°.

4.21. 1 -2 sin® 75",

4.22. 2 eos”%-l.

JloBeCTH TOTOXKHOCTI:
4.23. 1+sina=2m2(

3

4.24. 1 -sinoa= 2sm2[

i)
3}

4 2
1 - cos 20
4.25. = 4
S b
2 sin o + sin 20 2o
20— =5
26. 2 sin « - sin 20 ctg 2

4.27. 4 sin® o + sin® 20 = 4 sin® 0.

4.28. tg 15 +ctg 15" = 4.

4.29. tg 55 — tg 35" = 2 tg 20".

4.30. ctg o - sin 2a = cos 2a ctg o.

4.31. tg o + 2 ctg 20 = ctg a.

4.32. ctg o — ctg 20, = cosec 20.

4.33. 8 cos 10" cos 20° cos 40° = ctg 10°.

4.34. 16 cos 20" cos 40° cos 60° cos 80" = 1.
cos 20° 1

485 — B _ 2
(ctg® 10" — tg* 10°) sin® 200~ 4

2sin® % + V3 sin X -1
P s SR

sin &
30




[image: image57.jpg]Dynyii nodeoenozo | TIOR0BUNNOZO GpEYMENTA

sin | % + 20
2 5n
L37. = cfg|—= 2
4.37 1 =) cg[4 +u.)

CupocTuTHa:

cos 40°
1+ sin 40" "
4.39. tg o (1 + cos 20).

4.40. 1-sin 3.0'+2a) .
cos (30° + 2a)

4.38.

4.41. 2 sin® &— u}+sin 2.

npu 0 <o <90.

4.42. cos o & sin o
" \1 - cos 20 V1 + cos 2a

4.43. J + d +-cosa mpu O<as<m.

4.44.

o[
I | rolm
D=
D=

(SIS
1
=
o

Do

cosa mpu 0<asm

)
5]
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TPHTOHOMETPHYHMX (YHKNiH B
cymMy i meperBopeHHS CyMH
TPHIOHOMETPHUHMX (yHKIik
B X06yTOK

OcHoBHi (opmyn

2 sin o cos B = sin (o + B) + sin (& - B),

2 cos o cos B = cos (o + P) + cos (a — B),

2 sin o sin B = cos (o — B) — cos (o + B),
sina+ainp=2.in%ﬁcos“—;ﬁ,

cosa+oosﬂ=2cos%ﬁwosa—gg,
sinu—sin|3=2sina—;ﬁcos%,

coua—cosﬂ=2sin%ﬁainﬁ—a,

Wo-tgp - @B

cos o cos B’

osigp - BLELE

cos o cos f

otgatotgp = SLEED
sin o sin B

Tlogama y surmami cymm rtaki mobyrim.

Hpuxaax 5.1. sin o - cos B - sin y.

Pose’saamasa. sin o - cos B - sin y =

= § (sin (@ + ) + sin (o~ B sin 1=

=3 oin @+ B)siny+Lein @ Peiny=
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=%(cos(u.+B—y)—oos(u.+;3+7))'+
+L (s @-p-n-cos @-B+D-
Bimnosims: =5 (008 (o + B~ 1) = cos P+

+i(cos(a>ﬂ—v)>cos(uv}3+v))-
Mpuxaax 5.2. cosa-we(ﬁo'—a)-cos(ﬁo'+u).
Poas’ a3aHEdA. cosa.'cos(so'—a)-cos(w+u) =
=%coea.(cos 120'+cu82a)=%cosa(—%+eos 211):

:%(—cosa+2cosucos2a)=

:%(—eosa+coe3a+cosa): _co:;fg.

Bigmosias: i cos 3.
Npuxxax 5.3. JlosecTd TOTOYHICTH

cos 140

1—2ws4a+2cos8u»2cos12a=-
cos 20

Po3e’ a3ammm. 1 - 2 cos 4a + 2 cos 8o — 2 cos 120 =

= L (cos2u—2wl!2acos4a+2cos2aco98a—
cos 20.
— 2 cos 20 cos 120) = 2 (m2a—cos6a—coa2a+
cos 20
+ cos 10a + cos 6o, — cos 140.—00910(1):—@&,
cos 20t

mo # BHMarajoch JAOBECTH.
Tipukaax 5.4. JlosecTd TOTOXHICTH
cos 110 + 8 cos 9u + 3 cos To. + cos bo =

= 8 cos 8a - cosot.
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Poar’szanns.
cos 11a + 3 cos 9a + 3 cos 7o + cos ba =
= (cos 11a + cos 5a) + 3 (cos 9o + cos Ta) =
= 2 cos 8o cos 3a + 6 cos 8o cos o =
= 2 cos 8. (cos 3o + 3 cos ) =
= 2 cos 8a ((cos 3o + cos a) + 2 cos @) =
=2 cos 8a (2 cos 2a cos o + 2 cos a) =

:4cm8aeoam(eos2u+l)=8(:os8aoo!3m,
o ¥ BHMAraoch XOBECTH.

Mpmxnax 5.5. JloBecTH TOTOMHICTH

si.na+cosu.=‘l§coe(%—a}

Poss’samma. sin o +cos o =sin o +sin |5 —o|=

T
[SIE)

=2:ini‘¢0$(§—a]=\l§cos[%—u],

o ¥ BHMAraJoch JOBECTH.
Ipuxaax 5.6. CnpocTnTn BHpas
1 + sin a + cos a + tg .
Poss’szamms. 1 +sin o +cos o +tga=
~(l+tga)+cosa(l+tgo)=(L+tga)(l+cosa)=

242 sin | + o | cos? ¥

["8§+tsu)-2cos2%— c:sa. 2.
R 2 V2 sin %+u 005292£
BB .
cos o
Bopasu

llopaty y BHrasgi cymm Taki ZoGyTiu:
5.7. cos 25" - cos 10°.
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5.8, sin 10° - sin 8 -sin 6.
5.9. sin o sin (60" — @) sin (60" + 0)-
5.10. 4 sin o - sin 20 - sin 3o - sin 4o.

IlepeTBOpHTH B RobyTOK:

5.11. 3 +tg .
5.12. V3 tg & - 1.
5.13. sin o — cos @.
5.14. 1+ 2 cos o.
5.15. 1 -2 sin 0.
5.16. V3 +2 cos .

517 cos o +cos B

cos 0. — cos B
5.18. 1+ tg o ctg B.
cos 35" — sin 25°
cos 85 +sin 25"
5.20. tg 48 + ctg 68,

5.21. sin o+ sin f +sin (o + B)-

5.19.

5.22. 1 +sin o — cos o — ctg &
5.23. sin o + cos 20 +sin 8 + cos 4a.
5.24. 1+ cos o + cos 20. + cos 3a.

sin o +sin B+siny—sin (@+p+y)
cos o + cos B+cosy+cos(a+|3+y)'

5.25.

TosecTn TOTOMKHOCTI:
2B -cos®a
cos 2P + cos 2a ¥

5.27. cos o +sina _ tl(*- }
cos o — sin o

5.26. g @ +P)tg@-PH=2





[image: image62.jpg]ITepemsopenns mpuzonoempuxnuz Gynwyii

5.28.
5.29.

5.30.

5.31.

5.32,

5.33.
5.34.

5.35.

5.36.

5.37.

5.38.
5.39.

(sin (x + y) — sin (x — y)) cos y = cos x sin 2y.
ctgat+l _ =
ctga_l—ctg(lﬁ' ).

1 + cos o + cos 20 =

%O z_ o
—4oosmcos(g+§st(6—§].

sin o — sin 2m+sin3a:4sin%oosmm1;~'.

sin o + sin 8o + sin 50 + sin 7o
cos « + cos 3a + cos 5a + cos Ta

sin 10° + sin 50" - sin 70" = 0.

= tg 4o.

: 4 . sty 5
9 30"+ 1g 40"+ tg 50" + tg 60° = 5 cos 20°.

1 1
tg3a+tgo  ctg Bo +ctga

—]'z-cosecz%—eoseczo.=ctgaeosec .

= ctg 4o.

1+ 2 cos 2a + 2 cos 4o + 2 cos 6 = o 5

=<l
sin 10°
4 cos 20" = V3 ctg 20° - 1.

- 4sin 70" = 2.
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BHKODHCTAHHA B IEPETBOPEHHL
TPHTOHOMETPHUHHX BHPAasis

Tpmxaay 6.1. Jlosectn crnipaBe MBiCTE (HOPMYIH
sin 8a = 3 sin o — 4 sin® o
Poas’szammn. sin 3o = sin (o + 20) =
= gin o cos 20 + cos @ sin 200 =
— sin o (1 - 2 sin® &) + 2 sin o cos” o =
—sina-2sin’ «+2sina(-sin®0)=
=3 sin o - 45in’ 0,
mo # BHMArajoch JOBECTH.
Tpuxaax 6.2. Jlosectu crnpasefimBicTE  opMyIH
cos 3a. = 4 cos® o — 3 cos .
Poae’ azamma. cos 3o = cos (o + 2a) =
= cos o cos 20 — sin a sin 20 =
=cosa.(2coszm—l)»23i.n2acosa=
=200§3a—(}0!a-2(1—0052(1)(:050.=
=4 cos® 0. — 3 cos a,

mo ¥ BHMaranaoch JOBECTH.
Tpmkaax 6.3. BusecTd peKypPeHTHY dopmyIy

cos (n+1) a =2 cos o cos no. —cos (n — 1)
i, BUKOpMCTOByIOUM ii, 3HAWTH KOCHHYCHM KPaTHHX K
cos 2a, cos 3a, cos 4a.
Posr’mzamma. cos (n+ 1) o =cos (pa+ ) =

= cos no cos o — sin no sin o=

=(cosnucosm+cosna.eosa.)—

— (cos no. cos o + sin na sin &) =

= 2 cos & cos no — cos (n — 1) o 1
Omoxe, eos(n+1)a=2macosna—eos(ufl)u..
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IIpu n =1 maemo cos 2o = 2 cos® o — 1.
IIpu n = 2 maemo cos 3a = 2 cos « cos 2 — cos o =

=2coso (2 cos® o — 1) — cos o=
=4 cos’ o - 3 cos a.
cos 3a = 4 cos® o ~ 3 cos a.
IIpu n =3 maemo cos 4o = 2 cos o cos 3o — cos 20 =
:Zcosa(4cos3a~3wsu)—(2cos‘°‘a~l):
=8cos' o -8cos®a+1.
cos 4 = 8 cos* & — 8 cos® @ + 1.
Mpuxnax 6.4. BusecTu peKkypeHTHY (opMyTy
sin (n + 1) a = 2 sin & cos na + sin (n — 1)

, BHKODHMCTOBYIOUM ii, 3HaliTM CHHYCH KpaATHMX KYTiB
in 20, sin 3ot
Posp’szamms. sin' (2 + 1) a = sin (na + o) =

= sin no cos o + cos no. sin o =

= (sin no cos o — cos nao sin o) +

+ (cos na sin o + cos no sin @) =

=sin (no — &) + 2 cos na sin o.
Omxe, sin (2 + 1) o = 2 sin o cos no + sin (7 — 1) o
Ilpu n =1 maemo sin 2 = 2 sin « cos .

IIpu n =2 maemo sin 8a = 2 sin o cos 20 + sin a =
=25ina(1~2!inzm)+eina.:
=3sin a - 4 sin® a.
sin 3a = 3 sin o — 4 sin® o.

Npuxaax 6.5. JloeecTd TOTOMHICTH
8cos‘a—4coaam—8coszm+3cosa.+l=
8 cos’or + 4 cos® — 8 cos’x ~ B cos @ + 1

=—tg7—;<tg'—;*.
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Po3s’ a3amud.
8 cos’a — 4 cos’a — 8coso.+3cosa+1
8 cos®a + 4 cos®a - 8 cos’o — 3 cos o + 1
(Bcosov. 8cos®a+1)— (4cos o-8cos®) _
(Bcos o — 8 cos® a+1)+(4cos o+ 3 cos o)

—sln7—°'sma
=cosAa.—eosau.= 2 i tg’lumg
cos 4a + cos 3o To o 2 2
cos “5 €08 o

mo # BHMArajock JAOBECTH.
Tpuxaax 6.6. Josenits, O cos? %" € KopeHeM
piBHAHAS 64x° — 96x% + 36x -1 =0.
? " 2 2m
Poay’ s3anna. IlepeBipumo, 9H € X =C0S "g° KOpeHeM

JiaHOTO DiBHAHHA:
2 21 2 2m)* 22m_ 4 _
64(::09 9) —96(«:05 9] + 36 cos 9 -1=

=64008520 96 cos’ %"+36m2%—1=

- 6 2m _ 4 21 22m) g
—4[16005 9 24 cos 9+9cos 9) 1=

cos *—3

plc A Galag iy s
_4[_2) re1-1-0.

Tipuxcnan 6.7. ObumcimT Oes JONOMOrH Tabum
sin 18" i cos 18"

Po3s’ a3ann. sin 36" = cos 54",
sin (2 - 187) = cos (8 - 18"), aBigxu

2 sin 18" cos 18" = 4 cos® 18" — 3 cos 18,
2 gin 18" = 4 cos® 18" - 3,
2sin 18" = 4 (1 —sin® 18) - 3

2
=4(4 ek %")—1:4,;0«;12—"-1:
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4sin® 18 + 2 sin 18 -1 =0.
Bpaxosyioun, mo sin 18° > 0, Gyaemo marh:

2
cos 18" = V1 - sin® 18° = 1-(@) =

4
_\16-6+21 _ V10 +2 5
o 16 2 4 1
Bizmosigs: sin 18’="g;1, cos 18" = 10;2‘13 s

Tpuxaax 6.8. JoBectu opmysa:

a) 4 sin o sin (80° — a) sin (60° + o) = sin 3o;

6) 4 cos o cos (80° — «) cos (60° + &) = cos o3

6) tga tg (60° o) tg (60" + o) = tg 3a;

2) ctg o ctg (60° — @) ctg (60° + o) = ctg 3o
Posp’s3amna. a) 4 sin a sin (60" — o) sin (60° + o) =

2

=2 sin o cos 2o + sin o = sin (o + 2a) + sin (@ - 20) +

=25inu.(c052a.—cos120')=2sina(eos2u+l]:

+ sin o = sin 3o - sin o + sin a = sin 3a,
mWo ¥ BUMArajoch JOBECTH.
sin 3o

8) tg8u= ——— =

cos 3a
= 4 sin o sin (60° — o) sin (60" + o) _
4 cos o cos (60° — a) cos (60" + o)
=tg o tg (60 - ) tg (60" + o),
mo ¥ BHMArayoch JIOBECTH.
Ipakaax 6.9. OGumcanTa Ges gomomorn TaGaMIL

\3 tg 10" tg 50° tg 70".

Poaw’seamma. V3 tg 10" tg 50° tg 70° =

8. Tpuromomerpis. 65
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6.18. JloBecTn cnpaBejMBiCTL piBHOCTI

cos® (a + B) + cos® (o — B) — cos 20 cos 2B =
IlepeBipuTn piBHOCTI:
6.19. ctg 10° ctg 50° ctg 70" = ctg 30°.

6.20. sin® 70" sin® 50° sin® 10" = o1 .
6.21. sin 10" sin 30" sin 50° sin 70" = = .

6.22. sin 20" sin 40" sin 60" sin 80'=I%.

0,25 — cos 20° cos 40° cos 60" cos 80° _
cos 10° cos 30° cos 50° cos 70° =

6.24. cos 70° + 8 cos 20" cos 40° cos 80" = 2 cos® 35°.

6.25. tg 20" cos™! 20° tg 40° cos™! 40° tg 60" cos™! 60°x
x tg 80° cos ™' 80" = 48.

6.26. sin 10" sin 20" sin 30° sin 40" sin 50’ sin 60° x

6.23.

1

x sin 70 sin 80' = 73 .
6.27. cos 50° + 8 cos 200° cos 220" cos 80° = 2 sin®65".
6.28. tg 6" tg 42" tg 66" tg 78° = 1.
JloBecTH TOTOXHOCTI:
6.29. 4 sin (20; - %"J sin [g + 2a] sin (% - 2u) =

= cos
6.30. ctg (30" — o) ctg (150" — a) ctg (270" + o) =

= tg 8a.
O6uncauTn:
6.31. sin 20° cos 50° sin 60° cos 10° cos 45°.
6.32. cos 260" sin 130" cos 160°.
TlepetBopuTi B HOGyTOK:
6.33. sin® 20° + cos® 10°.
6.34. 4 sin® o cos 3a + 4 cos® a sin 3a.
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CropocTaT BHpasu:
SO o B P
6.35.cos§—§sm8 5 sing -

6.36. ctg (30" — ) ctg (150" — «) ctg (270" + o).
Banaui MiXBMMEHOI CKIAXHOCTL
6.37. Jlosectn HepiBHiCTL Ges AomoMoru Tabauub:
sin 32" < tg 80°.
Poss’a3amns. Buxigua HepiBmicTL DiBHOCHIBHA KO-
Hilkk 3 TakMx:
ain 82 <L, an?8r<l, 1-ccabr<2,
3 3
T e il Rigger il % 2
aBigku  cos 64 >§, cos” 64 >§, 1 + cos 128 >§,
1 - sin 38 > 4 , sin 38 < Z , WO CIpaBejJMBO, OCKilb-

9
2. 7

KU cropaBejymBa HepiBHicTh sin 38" < sin 45" = 2 <9

omie, COpaBeJyMBa ¥ BUXiJHA HepiBHiCTEH.
6.38. JloBectn HepiBHiCTH Gea pomomorm TaGmAIb:

tg 26° <% < tg 27".
Poar’szamEa. BamuimeMo 1o HepiBHICTE y BHIIAAL
tg26 <1,
1
tg 27 > 2"

a) Buxigna mepiBmicTs tg 26° <% PiBHOCHJIBHA KO-

Hiff 3 TaKHX HepiBHOCTeMH:
2 sin 26" < cos 26", 4 sin® 26' < cos® 26",

4sin® 26 <1-sin® 26, sin®26 <1, 1o 82 1,
- i3 8 R D 418
3BiKU cosﬁi: o 009527>25, 1 + cos 104 >25,
1—sin14>—2—5,sin14<ﬁ.




[image: image69.jpg]Dynicyit xpammnues. apeyxenmia

=3 tg 10" tg (60° - 10°) tg (60" + 10°) = #
w Tt o U
—‘J§tg30—‘15‘l§ 1

Bigmosixs: 1.
Hpuxnax 6.10. IlepesipuTd pisHiCTH
sin 84" sin 24" sin 48" sin 12' = & .

Poar’siaammsa. sin 84° sin 24’ sin 48 sin 12" =
_ 4 sin 24" sin (60'—24')Ein(60'+24')x
= 4 sin 36"
X4si.nl2"sin(60’«12’)sin(60'+12')_

4 sin 72 =

sin 72" sin36 _ 1

" 4sin 36" 4sin 727 16’

mo ¥ BUMAraJsoCh JOBECTH.

Tipexaax 6.11. JloecT cdopmyma:

@) ‘stat i 3smu4~sll3a;
6) cos® o = ——*30‘8“:“3“.

Poss'sizamms. BuxopHCTOBYIOYM (YHKIII NOTPOCHHX
aprymenTis
sin 8o = 8 sin o — 4 sin® &, cos 3 = 4 cos® @ - 8 cos o,
OfiepKMMO LIYKaHi (GOpMYJIH.
Hpuxaax 6.12. JloBecTH TOTOMKHICTH

sin® @ + sin® (120' + ) + sin® (240" + @) = - 3 sin 3a.

Poaw’azamma. sin’a + sins(120' +a) + sins(240' +a) =
= sin® « + sin® (180 — (60" - o)) + sin® (180" + (60" + a)) =
= sin® o + sin® (60" - ) — sin® (60" + o).

BukopHCTOBYIOUM (JOPMYJIH, IOBeJIeHi B TIONepeHEOMY
NPUKJIaAi, OAEPIKUMO
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sin® o + sin® (60" - &) — sin® (60" + o) =
_ 3 sin o - sin 3a + 3 sin (60" — a) - sin (180° — 30)
< 5 %
_ 3 sin (60" + ) — sin (180" + 3a) _
= .

_ 8sin o - sin 3a + 3 sin (60" - o) — sin B0 _

4

_ 8sin (60" +a) + sin 30 _

g =
_ 8sin o - 3 sin 30 + 3 sin (60" -~ «) ~ 3 sin (60" +a) _
. > =

=%((slna—sin 3a) + (sin (60" — a) — sin (60" + ) =

=%(25in(—a)cos2a+2sin (- ) cos 60°) =

=—%sina--4eos(30'+u)cos(30'—a)=
=—%»4sinﬂ.sin(60‘—u)sin(60'+a)=~%sin3u,

mo # BHMAaraioch JOBECTH.
Bnpasu

JIoBECTH TOTOXKHOCTI:
6.13. 8cos’ - 4cos’a-8cos’a+Bcosa+1=
To o

=—2sm7smv2-.

6.14. 8cos'a+4cos’ u+8cos®a-Bcosa+1=
=2 cos Aot cos & .
2 2
6.15. losepite, mo sin 10° € kopeHeM piBHAHHA
8z’ —6x+1=0.
6.16. Jiosecrn, mpo tg” 36" tg? 72" = 5.
6.17. TlokasaTw, mO BeJWYMHA BUPA3y
cos? B + cos? (o + B) — 2 cos & cos B cos (o + B)

He 3aJIeKATL Bij BeamumEM B.
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OcranHA HepiBHICTS CHIpaBe/HBA, OCKLILKH cupases-
JMBMA JIAHIOKOK HepiBHOCTeH

sin 14" < sin 15" = i;—ﬁ < % (uepeiprel).

0) Buxizna mepisuicTs tg 27 > —21— PiBHOCHJIbHA KO-
Hiff 3 TakMX HepiBHOCTei:
2 sin 27 > cos 2T, 4 sin® 27 > cos® 27,
45in® 27 > 1 - sin® 2T, sin® 27 > L,

1ot 2, 00554<§, sin 36" <3,

5
9 PGB L R e 18
sm36'<25,1 eos72<25,1 sm18<25,
7 B-1_ 7
sm18‘>25, 1 > 95

mo nepesipAeThea GeanocepesHBO.

6.39. [losects, mo cos 2° — wumcio ippanioHasibHE.

Pose’azawma. Bygemo fgoBoguTH Bifg CYNpOTHBHO-
ro. Ilpunyerumo, mo cos2'=r, ge r 6yaemo BBa-
JKATH panjioHaJbHAM 49ucioM. Tofi, BHKOPMCTOBYIOUH
GopMyny TOTPOGHOro ApryMeHTa, OAEpXKHMMO, IO
cos 6" = cos 2° (4 cos® 2° — 3) Tako uUMCIO pamioHaNbHE i
amanoriuHo cos 18 = =cos 6’ (4 cos” 6' —3) — Taxok
YMCIO palioHAJBHE.

Ipuiimau A0 mnpoTMpivus, OCKiNBKM cos 18° =

=\I1o+2~1§

640. JosecTn, mo cos 1° — wumeno ippamionanbHe.

— umero ippanjioHaNbHe.

Poas’szamms. cos 2 =2 cos® 1° - 1. Sfxmo cos 1° —
uMeNO pamjoHanbHe, To i cos 2° — umeNo panioHaibHe,
i My npuiimam Ao unporupiwua (aus. 6.39).
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[image: image72.jpg]§7. Toroxmi mnepersopenns
TPHIOHOMETPHUHMX BHPa3iB

Joxnapuinre noszHadoMuMoch 3i cnocoGoM mepeTBo-
PeHHSI TPHUI'OHOMETPHYHHMX BUPA3iB — BBEJEHHAM JIONO-
mixkHoro aprymenra. Ileli cmoci6 moasrac B ToMmy, Imo
JlesiKi WHMCIAa PO3rAAjAlOTLCA AK 3HAYEHHA TPUIOHOMET-
PHIHHX GyHEKni# gonmomikHoro aprymenTa ¢. 3 Haii-
TPOCTITMMK NpUAOMAMY HA TEPeTBOPEHHS 3a /IONOMOrOI0
BBEJIHHA JIONOMI’KHOTO @pryMeHTa MM TO3HANOMMJIHCEH
B § 5.

IIpn posp’ssaHHi JeskMX 3ajad i 3oKpeMa IpH
AOCHiNAEHHI TrapMOHIYHHMX IIpOIECiB JOBOAMTECA MATH
CnpaBy 3 IEPEeTBODEHHAM B JOOYTOK CYMH BHIJIAZY
asin o + b cos a.

Tipuxaan 7.1. Tlepersopurn B A06yTOK

a sin o + b cos a.
Poas’szamms. asin o +bcos a =

a s b
T8N+ —F———Cco8 .| .
Va? + 5? Va? + b? }

b

s a3 2 A
Ockimbkm [———| + =1, To icHye KyT
[‘Ju2+b2] [Va +b2]
@ TaAKHH, moL=cosq> #=sin¢ 3Bua-
Va? + b* Va? + b2

9ATH, @ sin o+ b cos o =

= daz+b2 (sin o cos @ + cos a sin @) =
="Va® + b sin (o + @), ne

S 1y

i az+bz,

proT e B e
vd‘Ja'i»bz.
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Hpuxaax 7.2, IlepetBoputn B Ho6yTOK

Va® sin® a + b% cos® « .
Poaw'szamus. Va® sin? a + b cos® o =

b* cos® o
zzsmov.l+————2 =alsin of -
o

Hexait bc’?ﬂa = ctg . Tomi
asin o

Va® sin a+bzmsza—alsma| V1+ctg’p =a

e ctg ¢ = % ctg a.
Tpuxaag 7.3. BHKOPHCTOBYIOUM JONOMiHMA KyT,

nepersopu! B AoGyrox V7 + V5 + V7 -5 .
Posw’samms. \7 + V5 + V7 - V5 =

\/ 5 \] ) _
= 71+T+ 71—7-

=‘J7(1+cosq>;+“7(1—cosq5=
=V14cos2%+ 14sin® 3 =‘]ﬁ(cos%+si.u§]z

=2‘Pl‘[§—%} Ae cosq):é, 0<¢<g.
Xlpuxaax 7.4. IleperBoputd B n06yTOK
3 sin? (o - 270°) - cos® (o + 270°).
Poas’szammn, 3 sin” (o - 270°) ~ cos® (o + 270%) =

2 _ 8 (1+cos 2a)+ (1 - cos 20) _

e / o %
=8cos” o —sin” o 2

-

in o

il

=1+2 cos 2a = 2 (cos 60" + cos 2a) =

=4 cos (30" + o) cos (30" — a).
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Hpsaxaag 7.5. Ilepersoputa B f0GyTOK

3—45in2[g—a}

Posw’sizamus. 3 - 4 sin® [g - n.] =

=3-4cos’0=8-2(1+cos20)=1-2cos 2 =

:2(%—(:0320.]:2(00660'—@52@:

= 4 sin (30" + o) sin (a - 30°).
Npuxaan 7.6. Hepe’raopnﬁx B AoGyToK
1-3tg® (@-n).
Pose’szamma. 1 -3 tg®(-n)=1-3tg% a=

B e N L =
_3[3 tg’ cx) 3(\5 tga}(‘lg+tgaJ
= 3 (tg 30" - tg a)(tg 30" + tg a) =
_ 8.sin (30"~ a) sin (30"+ a) _ 4 sin (30'- o) sin (30'+ &)

cos® 80 cos® o cos” o

Tpuxaay 7.7. IleperBopuTtd B J06YTOK
sin 60 — 2 V3 cos”® 3a + V3.
Poss’szamms. sin 6o — 2 V3 cos® 3 + V3 =
= sin 60 — V3 (1 + cos 6c) + V3 = sin 6 —
— V3 - V3 cos 6a + V3 = sin 6a. — V3 cos 6o =

2 2
= 2 (sin 6. cos 60" — cos 6o sin 60°) = 2 sin (6o — 60°).

=2[lsin6u—i§-cosﬁu.)=

Ipuxaax 7.8. CrnpoctuTd Bupas

o s = e el Y
1 m.n{2 31:) cos” o +sin” .

3
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Poas’azamms. 1~sin[%—3nJ4cmz%+s'm’

»IR AR

51 i & oogB D 3 O o?
71+51.n2 cos™ 7 +sin” sm2+2sm

-9 gin & o P P 4 (A
—2sln4oos4+2sm 4—2sm4(oos4+sm4]—

=2\f2—si.n%sin(%+%).
Ilpamep 7.9. CnpoctuTn BMpa3
ctg (270" —a)  ctg® (360" - o) - 1
1-tg® (u—180)  ctg (180 +a)
Poas’azamma. Bmwpncmnylo-;n GopMyIHM 3BefieHH,
ctg (270° — o) ctg” (360" —a) — 1
ORCPAEMO [ tg® (- 180)). g (180" +o)

2

- tge cga-l 1., 2ctg20=1.
1-tg°a ctg o 2

Hpuxaag 7.10. CopoctuTn BHpa3

(wszm+sinza.)2—2sin2acoszuvl

4cos’a 2
———= i 2oty O
~2sin® 0 cos’ o e

4
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Hpuxaag 7.11. CnpocruTn Bupas

08 u+3 + 2 cos lln_u]
2 6
N o Lo
2sm(3+a]+\l§sm[2 a]
3n 11n
eos(a.+?)+2 (6 —u.]
Poss’azanns. =

2sin[§+a)+4§sin(%’5—uj

: n
sin a + 2 cos gt

Zdn(g+¢x)—‘l§onsu.

sina+2(cos£cosa—sin£si.nm)
6 6

2[sin£oosa+coslainu - V3 cos a

3 3
sin o + V8 cos o — sin o \3 cos a 3
= = =3 S
V3 cos o + sin o — V8 cos o sin o el
Ipexaax 7.12. JloBecTH TOTOXHICTB
1+sin o LA )
sm2u.(1+t52atgu.)+ = e _tg2a+tg [4+2)
Poap’a3anna. amZu.(l+tho.tga)+w=
sin o

=sin2m[1+sm2asma]+l+cos(90 - _

cos 20 cos o 1 - cos (90" - &)

cos 2a cos o + sin 20 sin a

- e o)

cos 2a. cos o

_ sin 20 cos +tgx[: 021.] t¢2a.+tg[ a}

cos 20 cos o

mo ¥ BHMArajJoch JAOBECTH.

5
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Tipuxaany 7.13. JloBecTH TOTOXKHICTB

cos 2a + sin 2a

4o + 4o, = -
t | cos 2a — sin 200

sin 4o 1

Po3s’szamus. 4o + 4o = =
gy e cos 40,  cos 4o

1+sin 4o _ sin® 20 + cos® 20 + 2 sin 2a cos 20 _

cos 4o cos? 2a - sin? 2a

_ (cos 20 + sin 20)" _ cos 20 + sin 2a

cos® 20 - sin® 20 cos 2a. — sin 20

mo ¥ BHMArajoch JOBECTH.
Tpuxaay 7.14. JloBecTn TOTOXKHiCTH
Rt b tlo D +2tg% o = 2 sec’ a.
tg @ +p) tg (@ -P)
tga+tgB a tga-tgP +2tg%a=
tg (o +B) tg (x - P)
—1-tgotgp+l+tgatgP+2tg’a=
=2+2tg% =2 (1 +tg’ ) = 2sec’ @,
mo ¥ BHAMArajoch JOBEeCTH.
Ipmxnag 7.15. [loBect TOTOMHICTH
sin Ta
sin o
Poas’azamns.
sin 7o
sin o
_ sin 7o — 2 sin o cos 2 — 2 sin a cos 4a
= sin a <
_ 2sin o cos 6a +sin o _sin7a.+

sin o sin a

Posp’azamms.

— 2 (cos 2a + cos 4a + cos 6a) — 1 =0.

—~ 2 (cos 2a + cos 4a +cos 6a) — 1 =

+—(sin 3a — sin o + sin 5a - sin 3o + sin Ta - sin .'ux)—s'ma:
sin a
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_sin 7o + sin o — sin 7o - sin o -0
sin o K
mo ¥ BUMAraioch JOBECTH.
Hpuxaax 7.16. Joeectu
sin’ o + cos® 0~ 1
sin® & + cos® o - 1
sin? o+ cos® - 1

Pos’sigamma. ~ o —— 5 . =
sin” o +cos” o -1

il
3

X (si.nza+coszu)2v2sinzu.cos2a—1
(sin® o, + cos® a)(sin® o — sin® o cos® o + cos® @) — 1

- 2sin’ a cos’ i

sin? o — sin® o cos® o + cos® & - 1

- -2 sin” a cos” o
(sinza+coszu)2—3sin2mcos2u—1

=—25in2or.coszot ol
-8sin®acos’a 8’
mo ¥ BHMAraiaoch JOBECTH.
Mpaxaax 7.17. JloBecTH TOTOMHICTE
16 sin® @ — 20 sin® o + 5 sin o = sin 5o
Poar’ssamms. 16 sin® o — 20 sin® o + 5 sin o =
= sin o (16 sin* o — 20 sin® o + 5) =
=sin o (4 (1 — cos 2a)® - 10 (1 - cos 2a) + 5) =
= sin o (4 cos® 2a + 2 cos 20 — 1) =
=sin o (2 - (1 + cos 4a) + 2 cos 200 — 1) =
=2 sin a cos 4a + 2 sin « cos 20 + sin o =
= gin 5o — sin 3a + sin 3« — sin & + sin o = sin 5a,
mo ¥ BAMAraaock AOBECTH.
Tpuxaax 7.18. JloBectd TOTOMHICTE

tg 27 + tg 33" + V3 tg 27 tg 33 = V3.
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Poss’szamna. Skmo tg o, tg P i tg (o + p) icmyiors,
To tg o +tg P =tg (@ +B) (1 - tg o tg P). ToMy
tg 27 + tg 33" + V3 tg 27 tg 33" =
= tg (2T + 38" (1 - tg 2T tg 33") + V3 tg 27 tg 38" =
=3 (1 - tg 27" tg 33°) + V8 tg 27 tg 33° =3,
mo # BHMaranoch XOBECTH.
Hpuxaan 7.19. JloBecTH TOTOMXHICTHL

tg o + 2 tg 20 + 4 ctg 4o = ctg a.
Poas’szamma. tg o + 2 tg 20 + 4 ctg 4o =
1- 20 _
2 tg 2a
=¢ga+2tgza+2’:t2 2o _

o

2§gz2u+2—2§g22a_t‘a+ aE
tg 20 3 tg 20
1-tgte 1 _

we ga  E™

mo ¥ BMMAranoch KOBECTH.

=tga+2tg2a+4

=tgo +

=tga+

Bopasu
TleperBoput B A06YTOK:
7.20. 1~ 4 sin® a.
7.21. cos® o - cos® P.
7.22. sin® (a +P) - sin” (@ - B)-
7.23. sin 4a — 2 cos® 20 + 1.
7.24. sin® (@ + 90°) - 3 cos® (x - 90).

7.25. sinz[ﬁ—g)wos’[ -%")

7.26. 3 -4 cos (32" u].
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7.27.

7.28.
7.29.
7.30.

7.31.

7.32.
7.33.
7.34.

7.35.

7.36.

7.37.

7.38.

7.39.

7.40.

741,
7.42,
7.43.

7.44.
7.45.

1-3tg’(a+%].
2 %
tg2+ctgg+2.

sec® o - cosec! .

gg‘a—t_.gﬂa.
ctg‘a—ctgza’

tg2 (avazlJ~ ctgz [a.+3—2n).

1 + cos (20 + 270°) + sin (2 + 450°).

1 - cos (20 — 270°) + sin (20 + 270°).

1 - cos (20 — ) — cos (4o. + m) + cos (6o — 2m).

1+cos[;+30.)—sin[?21—3a)+ctg[%n+3m).
1+ctg[%—4a)+eosec[5—;+4a].

sin o — 2 cos 3a — sin 5a

cos o — 2 sin 30 - cos 50,

sin 4o + sin 5o + sin 6

cos 4o + cos 5a + cos 6a

cos Ta — cos 8a — cos 9o + cos 100
sin 7o - sin 8o — sin 9 + sin 100

sin 13a + sin 140 + sin 16a + sin 16a.
cos 13a + cos 14a + cos 15a + cos 160

sin 2o + sin 4o + sin 6a.
1 + sin 20 - cos 2a - tg 20
— cos b cos 4o — cos 4a. cos 3o +
5 + 2 cos® 20 cos a.
sin 10a sin 8a + sin 8a sin 6o — sin 4a sin 2a.

‘thu+sinu—‘ltga—sina., 0<a<§.
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i e & 4
7.48.‘1§sm4u+1 2 cos” 2a. .

7.47. 3 - 4 cos 4a + cos 8o — 8 cos® 2a.

748 tg° a —tg° a -8tga+3.

7.49. tg' o - 4tg" o +3.

7.50. 6 sin® 20 — 1 - cos 4o

7.51. 2 cos® 2a + 3 cos da - 3.

7.52.M+M_ 4
cos 4a cos 2a

7.53. 3 +4 cos 40, + cos 8a.

7.54. V1+sin%— Vl—sin%, akmo 0 < o < 180°.

7.55. cos® o + cos? B — 2 cos a cos P cos (a — P).
2

sin’ §a+§]—sinza»sinz§
750 sin? (o + B) — cos® o — cos® B
sin 8a
sin? 20 - cos* 20
7.58. 2 - tg 4o — ctg 4a.

7.59. ctg 2a + tg 20

7.57. 2 -

1+ tg 4o tg 20
V1+sino+Vl-sina

760, ———= ——=,
V1 +sin o -Vl -sina i

a) 0'<a <090, 0) 90 <o <180
2
7.61. 2 sin® 2a + V8 sin 4o — mﬂ—_tg%.
sin 8a (1 + tg” 2a)
@ S!( ®_ Q]
(1”32““2) e ot
sin @ g

7.63. cos’ [% - 2(1.] - cos® (@ + 20.}

7.62.

4
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2

7.64. 3 tg (a+31r);u1 ¥
1-3';32(a.+?]

JloBecTH TOTOMKHOCTI:

7.65. cos o + cos 2« + cos 6o + cos Ta =

:Acosgcos@cosm:.

2 2
7.66. sin 90, + sin 10a + sin 11a + sin 12a =

=4cos % cos o in21J
= 2 8] 9 .
7.67.. QoS _ oo sec .
cos o — ctg o
40 +1 5l
7.68, S8 EEEL _ Dgin da.
ctgo—tga Y
769, L-2sin’a _ 1-tga
1 + sin 20 1+tga

7.70. (sin o™ + (bg o' = ctg 5 -

771, (cos o~ cos f)° + (sin o — sin )’ = 4 sin® E5 0.
772 tg o +sec a) (cos o —ctg a) _

(cos a + ctg a) (tg o — sec o) E

sin4a = cos2o  _ 8n
LI e 1+mza_°t“[ “]‘

in? g A
7.74.slnm+cos[3 u)cos[3+o.]-4.
775 tg 3o _l—cf_,gzacz:l
T tg*30-1  ctg 3a
7.76. cos 4a. — sin 4o ctg 20 = — 1.

— cos 4o 1+cos do

771 15 $
sec” 20— 1 cosec” 20 — 1
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7, B20sec2P-tgPoeca _ o, g

sec 2o + sec 2B

7.79. l—sin4a+ctg(3fr—2u]cos4u:0.
sin 2o + sin 5a - sin 3a
cos o + 1 - 2 sin® 20

2 -
7.81. %afl — cos 8a ctg 4a = sin 8a.

(‘I—a+‘k o

sin o + cos o

7.80.

= 2sin a.

2
7.82, ] = 2 cosec 20

7.83. sin® (45" + ) — sin® (30° - @) —
—sin 15° cos (15 + 20) = sin 2a.
784 €3¢ _ 3-tg"a
tg o 1-3tg°a
7.85. eosdu-sinhctg2a=coa2a—2cos2u.
3 + 4 cos 4a + cos 8a
3 — 4 cos 4o + cos 8o

7e7, YgorVga [% 4 a}

7.86. = ctg® 2a.

Vetg o - bga
7.88. ct.gzu.+ctggb—2_°°s %) 9=
sin o sin B

_ si’@-p)
" sin’asin?p
7.89. ctg o — tg o — 2 tg 20 — 4 tg 4o = 8 ctg 8a.
7.90. ctg o — tg o — 2 tg 20 = 4 ctg 0.
7.91. tg 6a — tg 4o — tg 20 = tg 6a tg 4o tg 2.

7.92. tg[§+%)~tga = ﬁ
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PO3R’A3aHHEA TPHUrOHOMETPHUHHX PiBHAHB

§8. OGepneni TpuromomerpHuni QyHKLIT

Dynknis y=sin x Ha Bigpisky [—%; %:l apocrae i
HellepepBHA; OT»ke, BOHA Mae OOepHeHY GYHKUilO, IO
spocrac i € HemepepBHOI.

Dynxyia, obeprena Oaa Qynxyii y = sin x Ha 6idpisxy
[—%; % HA3UGAEMLCA GPKCURYCOM | NOIHAUAEMBCR
arcsin.

3rigEo osHaveHHIO obepHeHOi dYHKNii, obmacTio BH-
3HavYeHHd apkcuHyca Gyze Bifpisox [-1; 1], a MHOsHUHOIO
n
2l

@ynknia y=cos x Ha Bigpisky [0; 7] coamae i
HellepepBHA; OT’Ke, BOHA Mac OOepHeHy GYHKIiO, Mo
cnajae i € HemepepBHOIO.

DynKkyis, o0epHeHa ONL QYHKYIL Y = cos X Ha 6idpi3-
ky [0; =], Hasueaembcs aprKocumycom i nOHavaemcs
arccos.

ObnacTio BH3HAYeHHS AapKKOcHHyca Oyje BiApisok
[-1; 1], a MHOXkMHOIO 3HadeHb — Bigpisok [0; =].

DyHKIis TAaHreHC HelepepBHa i 3pocTac Ha iHTepBami
(—%: E). oTxe, BoHa Mae obepHeHy ¢yHKNi0, mo €
HellepepBHOIO i 3pocTae.

Dynxyia, obephena Oxa QyHKYiX y = tg x Ha inmep-

5 ot g
eaai —E; E, HA3UBAEMBCA APKMANZEHCOM U NO3HA-

sl b3
smavenh — Bigpisox |- 53

waemwbea arctg.
O6nacTio BU3HAYeHHA apKTaHreHca Oyfe iHTep-
Baj (—; ®), a MHOXKMHOIO JHAYEHb — iHTepBaja

(33
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Ha imrepani (0; m) ¢ymKnis KoTaHreHC chajae,
KpiM TOTO, BOHA HemepepBHA B KOHi¥l Touni farepsana
(0; m), omxke, Ha imrtepsami (0; m) na QyHKHia Mae
obepHeny GyHKI0, IO cHajac i HemepepBHa.

Dyuryia, obeprena O0xs OQYHKYL y=ctg x Ha iH-
mepeani (0; m), HG3UBAEMbCA GPKKOMAHZEHCOM i No-
3Havaembcs arcctg.

Briguo osmauenHio obepHeHoi (yHKIii, obracTio BH-
3HAYEHHS apKKOTaHTeHca Oyge iHTepBan (- ©; «), a
MHOMKMHOIO 3HaueHb — iHTepsan (0; w).

3 osnauenHs oBepHEHWX TPUTNOHOMETPHYHHMX (BYHKIIH
BUILTMBAE:

+ sin (arcsin x) = x, skmo | < 1.

+ cos (arccos x) = ¥, sawmo | < 1.

« tg (arctg x) = x, gasa OyAp-Akoro jAilicHoro umcna x.

« ctg (arcetg x) = x, Aas Oyjp-sikoro pilicHOro uuc-
na x.

B3BopoTHMII TOPSAOK LUX omepamii pgae Tod ke
peayJbTaT:

« arcsin (sin x) =X y BMIAajKYy, Kom—gsxsEA

« arccos (cos X) = x y BUmIagKy, komu O0<x<m.

- arctg (tg x) y Bumagky, xom |x| < % A

+ arcctg (ctg x) = x y Bumagky, kom 0 < x <m.
OcuaoBRi TOTOXHOCTI

1. Ilpm Bcix AONYCTUMMX 3HAYEHHAX X CIpaBeIMBi
TOTOKHOCTI:

arcsin x + arccos X =

)

b}

arctg x + arcotg ¥ = 3 - @
JloBeziemo OfHY 3 HHX, Hampukiafg, (2).
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IlepenucaBmm #oro y Buraszai arctg x :% - arcctg x,

obumcaumo tg g— — arctg x] = ctg (arcctg x) = x.
Ockimbku 0 < arcetg x < m, ToO

X
D

28 2

—amctgz<;.

P
Takum umMHOM, JZBa uucaa arctg x i E—amctg Xy

£ : H x X o
3aMKHeHI B opHOMY iHTepBai [-E; E), MaioTh piBHI
3HAYeHHS TaHreHca:

3

tg (arctg x) = tg (E - arcctg x].
3Bpifcu BUNJMBaE piBHICTBE HMX ducesa, TOBTO

arctg x:%farcctgx abo arctg x + arcctg x =
BigsHauuMo me JAeKigbka TOTOMKHOCTel.
2. Tlpu Beix JONYCTHMMX 3HAYEHHSX ApryMeHTa X

CIpaBe/IMBI TOTOMKHOCTI:

[(SIE}

arcsin (- x) = - arcsin x, 3)
arctg (- x) = - arctg x, (4)
arccos (- x) = m — arccos x, (5
arcctg (- x) = m — arcctg x. (6)
JoBeneMo oy 3 HMX, HampHkJag, (5).
Maemo cos (arccos (- x)) =— x i

cos (m — arccos x) = — cos (arccos x) = — x, TobTO
cos (arccos (- X)) = cos (m — arccos X).
Ockimekn 0 < arccos a <7 s Gyas-saxoro |a| < 1, To
O<arccos (—x)<m i O0<m-arccos x < 7.
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TakuM u9WHOM, uWcaa arccos (- X) i 7 —arccos X,
samMkHeHi B opHOMy npomixkky [0; =], Maiote piBHi
3HaueHHs KocuHyca. OToke, [i uyucia OfHAKOBi, TOGTO
arccos (— X) = T — arccos X.

Tipukaax 8.1. 3paiiTn obracTe BUIHAUEHHA (yHKIIT

y=q 4amoos%.

Posg’azamma. ADKKOCHHYC BH3HAYEHHH JndA BCiX 3Ha-
9eHL apryMeHTa, L0 He NePEBMINYIOTh 3a AGCOMOTHOI
BeJMuMHOIO ojuHMIIo. OTixe, o6iacTh BH3HAYEHHS JAaHOL
ynxnii sHalizeMo 3 cucTeMHM HepiBHOCTeH

-1sZ<1, < aeay

ro
ﬂ:—4arccos§20, arccosgsﬁ.

n V2 Sy
Bpaxopylow, mo 7 = arccos —,-, OCTAHHIO piBHicTh

MOKHA 3aNMCATH Y BUIIAAL
x 2 *
arccos ;, < arccos - . *)

OcKiZmbKM apKKOCHHYC MOHOTOHHO crajae B obmac-
Ti BH3HAYeHHs, TO 3 HepiHocri (*) BUNIMBae, mpE

12%2%, TobTo V2 < x < 2.
IIpofoBsKyIouH DO3B’A3aHHA CHCTEMH, OJEPIKHMO

-2<x<2,

Z2<x<2
aBigxa V2 < x < 2. Omxe, obnacTs BH3HAUEHHS QYHKIIL

y= dn—4arccos; ¢ sigpisox [\2; 2].

Bimmomims: 2 < x < 2.
puxnax 8.2. 3uaiiTn obiacTe BHSHAYEHHA (QYHKIIT

y = aresin (¢ + 2x% + 3x + 1).
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Poas’asamns. O6GnacTh BH3HAYEHHS JaHOi (yHROIT
3HalieMO 3 CHCTeMH HepiBHocTel

L2 +3x+1<1, [2*+2x*+38x<0,

2 +8x+12-1, |2 +22%+3x+220,
x(x2+2x+3)s0, X OF
@+ @ +x+2)20, |r2-1,

sBigxm —1<x<0.

Bigmosims: -1 <x<0.

Tpuxaan 8.3. Obumciura arctg (ctg [~ %]]

Poas’azamms. BasHauumo, mio arcctg (ctg x) = x Jmme

B TOMy BHOAAKy, Kouu 0 < x < 7. Ockinekm n — mepiox
KOTaHreHCa, TO

R

°t‘(‘%]"°t‘[ 11*"]”“%!

arctg [cq; (— ﬁD = arcotg (ctg %) = % .
10%

1

Hpuxaan 8.4. O6uucauTu arctg (ig 6).

Bixmosias:

Poas’saamms. Maemo arctg (tg x) = x, axmp |x| < %

Yepes mnepioguunicTs TaHrency tg 6 = tg (6 — 2n), npm-
goMmy -—%<G—2n < 0. Tomy

arctg (tg 6) = arctg (tg (6 - 2m)) = 6 - 27.
Bigmosixs: 6 - 27.
Ipexaax 8.5. BusmauuTn suax BHUpasy
sin(Z mtg%+arccoe g)wg [3 arccos §+ams'm g)

Posp’szamma. BkajkemMo rpaHMIi, B SKHX JexaTh
3HAYEHHs BUpPAsiB, MO CTOATL B Ay’KKaX, i BHIHATHMO
3HAK KOJKHOTO CIIBMHOJKHMKA:
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a) a mepisuoeri 0 < . < = i uepea 3poCTAHHS AapK-
38

TaHTeHca Maemo, mpo arctg 0 < arctg % < arctg % . Bpa-

xoBylooun, mo arctg 0 =0, arctg % = % s OfiepaKyeMO

1 =, i_=
0<arctg3<610<2arctg3<3.
Ockimbku mcosg %,’m
0<Zarctg%+arccosg<%,
omKe, sin[Zarctg%+arecosg]>0'
6) 3 mepiBHOCTI ‘E<£<£

i uepes cnafaHHS
apKKOCHHYyCa MAeMo, M0

V5 AE]
arccos 9 > arccos —,- > arccos —,-

3 2 °
V2 _=z 8 _=n
BpaxoByioud, IO Aarccos —- =, A&rccos o = g, Ofep-
2 4 2 6
x N6 _m=
syemo o < arccos o= < 1
L N5 _ 3m *
3 < 3arccos g~ <. )
Jlani 3 mepiBHOCTL %<§<g i gepea 3pocTaHHA
apKCHHyCA MaeMo, UTO
il . V3 2
aresin o < aresin 3 < aresin 2 -
1 Sy . N2 m
Ockinbkm arcsin & = , aresin — - =, TO OfEPAMO
2.6 2 4
s P R s
6 < nmsm‘ e S (%)
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Takum uyuHOM, 3 HepiBHocTed (**) i (***) pumum-

BaE, mo §+g<3amws-‘g§+ucsin 3

tg[3arocos£+arcsin'\[%— <0.

< m. 3HAYMTH,

3
Omsxe, manuit BApas sk JOOYTOK JBOX YMCesn DisHMX
3HaKiB, Big eMHuUH.

Hpuxaxay 8.6. O6umcouru tg ,:2 arccos [— %]]

Poap’azamma. IlosHavaioum o = arccos |— 5|, Maemo
3

coscn:—%, ae £<a<1:.

2
Taxum uuHOM, Hamma 3ajaua 3BOJMTCA JO MOIIYKY

tg 20, AKmMO %<a<1r i eosut:—%. Poasp’siayioun 1o

aagauy, omepiyemMo tg Dos o =45
l—tfm e

cos” a

o

nepes pagukanoMm OepeThes 3HAK
BKaszaHUX Mexax tg o < 0.
Bimnosins: 4 V5.
Ipuxnax 8.7. Obunciamru arctg 2 + arctg 8.

Posp’szamms. [losHAuMBIIM ITyKaHY BeJMYMHY deped
A: arctg 2 + arctg 3 = A, obumciumo tg A. Maemo

tg A = tg (arctg 2 + arctg 3) =
tg (arctg 2) +tg (arctg 3) _ _2+3
1 - tg (arctg 2) - tg (arctg 3) 1-2-38
Teneps 3anumacTheA 3HAWTH A 3a 3aJaHUM 3HAYEH-
HAM TaHreHca LLOTO aprymenTa. J[laa Toro, mob6 ung

aagaga Gysia OHO3HAYHOIO, Tpeba BKA3aTH TPAHMII 3MiHIO-
BaHHA A.

=-1.
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Ockinbxn %<arctg2<g i %<arctga<£, O

£<mtg 2 + arctg 3 < m, T06TO aprymenT A 3akiHuyeTCH

2
B II uBepri. Orxe, A—il
Bimuosins: 34".

Tipuxnan 8.8. Posp’sizaTd piBHAHHSA
aresin x + 8 arccos x = 7.

Po3sp’szamms. arcsin ¥ + arccos x + 2 arccos x =7,

§+2uccoux 7, arccos x = Z

cns(arccosx):oos%, :g.
Bbmmizn:g.

TNpuxaax 8.9. Posp’szat piBHAHHSA
arcsin%x+arcsi.n%x=msinx.
Poap’szamms. OB1acTh JONYCTHMHX 3HaveHb |x < 1.

IlpupiBHIOIOYM CHHYCH NpaBoi # JiBOI YacTMH 3ajjaHO-
ro piBEAHHA i BpaxoBylouw, Wm0 sin (arcsina@)=a i
cos (aresin @) = V1 — a? npu Oyme-skomy -1<a<1,
OJIePIKYEMO

4 g 8 P | 8 7
sin arcmngx+arcsmgx=sm(msmx),

sm[arcs'm%x cos(msin%x]+

5 5
Omxe, MaeMo

%x Vl—%xzi-%x Vl—z%xz =x.

+ sin |arcsin — x| cos |arcsin - x| = sin (arcsin x).
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Bupinaioun kopiab x =0, micas HeobXigaux mnepe-
TBOpeHL 3Haxojumo 25 — 9% = 16 v =" 1

Orixe, MM ofepsxanu TpU Kopems: x; =0, Xy = 1.
Beanocepe/HBOI0 MiICTAHOBKOI iX y BUXifHe pPIBHAHHA
BIIEBHIOEMOCh, IO BCi BOHM MHifXOASATH.

Bimnosims: x € {0, 1, -1}.

Ipuxaan 8.10. Bigomo, mo 0<a<1, 0<b<1,
0<ec<1 i arcsin a + arcsin b + arcsin ¢ = n. J[oBecTn,
mo a‘ll—a” +b\/1—bz+c‘Jl—c2=2abc.

Posw’szamna. Hexai

%

arcsin a = «, arcsin b=p, arcsinc=y, 0<u.<2,

0<p<Z, o<y<§ ia+pty=mn

Toxi sin o = a, sin p=b, siny=e, cosu.=\jl

cos Bp=V1-b%, cos vy = V1 - ¢? . Maemo

a‘jl—a?+b\/1~bz+c‘ll—c2=

=sin a cos a + sin f cos B + sin y cos y =

=%(si.n 20 + sin 2f + sin 2y) =

=%(25in(m+|3)coa(ﬂ—9)+sin 2y) =

= sin y (cos (o~ P) + cos 7) =

=sin y (cos (. — B) + cos (1 — o0 — P)) =

:2sinycos[%—ﬂ]cos[%—a)=

=2 sin o sin B sin y = 2abe,
mo ¥ BHMArajoch JOBECTH.
Mpuxaan 8.11. Poss’szatu HepiBicTs

% 3n
arcsmz+2arccosx<7.
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Posp’agamma. arcsin x + 2 arccos ¥ < :-441 Ao

x

2

3r =
+ arccos ¥ < e arccosx<z,

3BigKA 12_2‘<xsl.

Bigmosias: g <x<1l.
Mpuxnax 8,12, Poss’asatu piBHAHEA
arccos (¢ + xy + y?) + arccos (2° - y*) = 0.

Poss’szamasa. Ockineku 0 < arccos @ < 7, jaHe PiBHAH-
Hs piBHOCHJIbHE CHCTeMi DiBHAHBL

arccos(x2+xy+y’)=0, x2+xy+y2= 1;
{arccoa @° - ys) =0, {Za -’ =1,
Lrxy+yt=1, [x=y+1,
{x~y:1, {(y+l)z+(y+1)y+y2=1.
Posp’aayioun /Jpyre DIiBHAHHSA CHCTEMH, OJEPXKHMMO
3P+ 8y+1=1, =0, y,=-1.
Topi %=1, x,=0.

Tlepesipka migTBepAKYye, IO pO3B’A3KAMM € Hapu
@3 0) i (0; -1).

Bigmorims: (1; 0), (0;-1).
Tpuxaap 8.13. Posp’asatn piBHAHHS

arcsin (:r2 + xy) + arcsin (xy + yz) =7,
Poas’szammn. OCKinbku — % < arcsin a s% , AaHe piB-
HAHHA DiBHOCHWJIbHE CHCTeMi DiBHAHBL

x(x+y=1,

arcsin (x2+xy)=%,
{v(x+u)=1,

arcsin (xy + 1) = »
3BigKH
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x_
y

x(x+y=1.
Poan’ﬁ;vqu‘u OofiepKaHy  CHCTeMy, 3HAXOAMMO

x= i% yYy=1% wl— Ilepesipka nigTBepirRye, mo mapm

[% 3 %} [— % H E) 3aJIOBLILHAIOTE PIBHAHHIO.
. " 3, 1 1 i
Bimosins: [ﬁ ; FJ’ (— '} —@}
Hpuxnany 8.14. [osectu, mo
eos(larcsmx] l+x+Vl-x
2 Sy TR &
Pozs’azamma. Hexalt arcsin x =«, Toai sino=x i
n o

n
s:st, ~Z5357 ToMy,

% \jT —\/u\]: \/2+z‘f—

1rx+2 Vlfx2+1—x_ Mrx+V1-x) _
4 = 4 i
Vi+x+Vl-x
S e s ]
mo ¥ BUMArajoce JOBECTH.

Ilpn poBepenHi Tortoxkuocti A=B, ae A i B —
obepHeHi TpuroHomeTpudHi GyHKuil abo ix komGimamii,
NPAKHJKOI0 BUJLIAEMO TPOMIMKOK, B HKOMY JexXaTb
sHavenHa A i B, a moriM GepeMO Ty TPHIOHOMETPUUHY
¢yHKIil0, MO MOHOTOHHA Ha NBOMY npomikry. Togi 3
piBHOCTI 3HaweHb wiei GyHkuii Bix aprymentis A i B
Gysie BMNUIMBATHM IOyKaHA piBHicT A = B.

Hanpuwknax, axmo A i B aexaTs B IpoMikKy
(0; m), To Gepemo @yHKUilo kKocuHyc (abo KoTaHTeHC).

Tomi 3 piBHocTi cosA=cosB (abo ctgAd=
=ctg B) pumumBae, mo A= B.
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3 jgekinbkox GyHKNiH, MOHOTOHHMX Ha BKA3aHOMY
TPOMizKKY, JOILIBHO BAGpaTH Ty, IpH AKil ABBOAKYBaHA
TOTOKHICTL 3BOAMTECA Jo Giibmr mpocToi.

TloscHMMO Ha TPHKJIAAL.

Ipuxaan 8.15. IoecTd TOTOKHICTB

arcsi.né+msini+an:ein ﬁ=£
5 13 65 2°
Poap’asamms. 3aMiHMMO JaHMM BMpa3 PiBHOCHJILHHM:
nrcsiniwwn-z:ainlfs—ﬂ—arcxini abo
13 65 2 5

1
13 65
OuinEMO BeJMYMHY apryMeHTa

8l L2516 4
arcsin +msm——amwsg.

arcsin Hn-csi.nE
13 65 °
51,16 1
Ockinbku 13<2 u 65<2’ TO
0<arcm*+nmsinl—s<amsm~+msm4<
13 65 2 2
ML
6 6 2
Omxe, uucna nmsi.u—+mmsmE i arccos ; ue-
4 13 65 5

KATb B IPOMIMKKY (0; g), Ha AKOMY KOCHHYC 3MiHIOETHCSH
MOHOTOHHO. 3HAYHMTBH, AOCHTbL JOBECTH, WIO
cos [msm % + aresin %} = cos [arcm %) *)
PO3KpHBAIOYH KOCHHYC CYMM, MAEMO
cos[arcsmi cos arcsinlg =
13 65
4

—sin arcsini - sin arcm'.lznE =+ a6o
13 65) 5
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1_25 -16%) (2 bl 16}t 4
169 .66 18.66. b5

Iicna cnpomemm NiBOI YACTHHM OJ[ePXKYEMO TOTOMK-

: 4_4 ; ¥ L
HiCTB 5°5" BBigcu BunaMBac, mo ToToxkHicTh (*), a
3HAUMTB, i JaHa, CIpaBejJMBA.

Bopasu

O6uncATH:

816. a) arcsin; e [, ?‘/5);
6) arccos ‘]25 3) arccos (_ %),
e)farctail; u) arctg (- V3);
2) arcetg V3; x) arcctg (-1);
0) aresin 1; ) arccos (- 1);
e) arccos 03 M) arcsin (— %)

8.17. tg [5 arctg g & % arcsin %

8.18. sin (3 arcig 3 + 2 arceos %]

8.19. cos (3 arcsin E + arccos (— l}]

2 2
8.20. cos (nrccos (— —‘Jzi) + % arcsin g}

8.21. sin [&rccos (— %] - arccos %)
Hosecrn piBHOCTI:

8.22. a) sin (arcsin m)=m (Iml < 1);
6) cos (arcsin m) = \1 - m? (m] < 1);
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m

1 -m*

6) tg (arcsin m) = (Im| < 1);

2) ctg (arcsin m) = 1-m?
m
(m € [-1; 0) U (0; 1))
8.23. a) cos (arccos m)=m (jm| <1);
6) sin (arceos my = V1 - m? (m|< 1)
1-m?

8) tg (arccos m) = =

(m e [-1; 00U (0; 11

2) ctg (arccos m) = (Im| < 1).
1—-m

8.24. a) tg (arctg m) = m;

m

6) sin (arctg m) = H
1+ m?

8) cos (arctg m) = L 5
1+m?

2) ctg (arctg m) = # (m = 0).
8.25. a) ctg (arctg m) = m;

6) sin (arcotg m) = ———;
1+m

@) cos (arcotg m) = =
1+m

3)tg(aroctgm)=%.
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8.20. sin [arcsin £ + arcsin 1)
8.30. sin |arcsin §+ arccos |

831. tg (arctg 1. arctg %J

8.32. ctg [arcsin % + arceos g)
8.33. sin (2 arcsin % i

8.34. cos |2 arccos (— -D
JloBecT! TOTOMKHOCTI:

8.35. arccos % + arccos [7 l) = arccos (— %)

8.37. arctg%+ﬂrctg%+arctg%+arctgé:%.
8.38. arctg §+amt3g+mtg g+arctgg:%.

JHoseeTn, wmwo:

8.39. cos (l arccos xJ Ve <

2 2
8.40. xin(%arcainx]: e ; B

. Tpromomerpia. 9
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V1= .

x

x] SN s
\Jl +af+1

Posp’sizaTi PpiBHAHHA:

8.43. 4 arctg (x> -8x-3)-n=0.
8.44. 6 arcsin (v* - 6x +8,6) = .

8.41. ctg (arcsin x) =

8.42. tg [% arcte

n

8.45. arctg (x +2)—arctg (x+1) =, .

4
8.46. 2amtg%—mtgx=—
277, = 1
8.47. arc sin o arcsin V1 —amsm8
8.48. arcsin 3x = arccos 4x.
10x

8.49. 2 arcsin x = arcsin TR

8.50. arcsin x + arcsin 2x = arcsin 3x.
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Haiinpocmiuumu mpuzonomempueniumi DiSHIHHAML
HA3U6AIOMYCA DIGHAHHA 6u2aa0y sin x =a, cos x=a,
tgx=a, ctg x=a, d¢e a — Odeaxe uucro.

OueBnziHO, PpiBHsAHHA sin x=@¢ 1 cos x =a MaloTh
poss’askM TiMEKW TpH |a| <1, a pisaEEs tgx=a i

ctg x=a — mpn OyAb-AKHUX SHAYEHHAX 4.
Po3p’A3anEa HAHNPOCTINIHX TPHIOHOMETPHYHHX
piBRAEE

1. fAxmo sin x=a, ze la|<1, TO
x = (-1)" arcsin a + nn,
Ae n — JOBUIBHe IiJe UYMCIO.
Oxpemi Bumagxu:

. A n
sin x = -1, x=—§+27m, neZz,

sinx=0, x=mn, neZ,

il

2
2. fxmo cos x=a, ae laj<1, T

x = + arccos a + 2nk,

sinx=1, x=5+2nn, neZ.

k — poBinpHe uijze wucIO.
Oxpemi BUnagkm:
cos x=-1, x=n+2nk, ke Z,
cos x=0, x:g-fnh, kelZ,
cos x=1, x=2nk, ke Z.
3. flkmo tg x=a, o x=arctg a+xf, feZ.
4. flkmo ctg x=a, To x =arcctg a +nl, l e Z.
Tpuxaan 9.1. Poss’ssaty piBHAHHS

sin [30' . 3—;] o
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Poap'szamma. BanumreMo Ne DiBHAHHS,Y BUIVIAML

R A W &
sin [2 T 30} S
Poap’saeMo #Oro BiHOCHO 3?”— 80°. OpepiumMo
Bprinzeia okl 1 5 *
% _ 30" = (1) arcsin [7 ﬁ]usom

smimeun x = (-1)**! - 30" + 120k + 20°, ge k — fosimbHe
1iJe YHCIIO.
Slkmo me HeobxigHO, samimiolouM k mapHUM abo

HemapHWM YHMCIOM, GOpMydy X = (-1)*1.30°+ 120’k + 20°
MOKHA 3amMcaTH y BUIUIAAL ABoX dopmyn:
« nupu k=2n

x=-380" + 120" 2n + 20" = 10" + 240°n;

« opu k=2n+1
x =380 +120° (2n + 1) + 20° = 170° + 240°'n.

Tpuxaan 9.2. Posp’ssaTi piBHAHHA
x—% 3 E
8 o 12«
Poap’szamma. Posp’A3yioud I PIiBHAHHA BiIHOCHO
2x-m
3

cos

, BHAXOJUMO:

2x —
3

=+ arccos (— *) + 2nk,

2x-® 1
3 Ai(n~mcos5)+2nk,

3BigKM X =t T +g+ 3nk, me k — poBiibHe Iije YMCIIO.

fxmo HeoOXifHO, OAep¥KaHy qzupriy x:tn-&%
+ 3nk MOMKHA 3AIMCATH y BHIIAAL ABOX (opMyJ:

8 T QLR

x="y +8nk i x= 2+31:h.
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Hpuxnanx 9.3. Posp’ssaté piBHAHHA cos (cos x) = 1.
Posw’sazamma.  cos x = 2nk. Opepskane  piBHAHHA
Mae po3p’askuM Jmme npu k =0, ockiteku mpu k=0
|2nk| > 1. TIpm &k = 0 maemo:
n

cos x =0, x=4

+mn, neZ.

Bimmosinp: x = %

Opuxnax 9.4. Poss’sisaty piBHAHHA
2 = _3
cos (3x~ 6) o g

1 +cos Sx—%

= P A L
2 P 3)72

keZ.

+mn, neZ.

Poap’szamns.
BizKA 6x—%=i§+2nk, x=llsilis+?,
OpepskaHy (opMysy MOXKHA 3amMcaT¥ y BHIVISAL

n |k

X Ik

= nk
Anoxq:opmy:x.x=9 a,hEle=?,kEZ-

Po3p’s3anna DiBHANG, WO 3BOXATHCH A0
KBA/[PATHHX DIiBHAHB

Tpuxaag 9.5. Posp’ssatn piBHAHES

8sin®x - 10 sin x + 3=0.

Posw’azamma. Hexait sin x = y. [lane piBHSHHA npu-
fiMe TaKkWi BHIIAA: By2 — 10y + 8 = 0. Poss’asasumu ¥oro,
anaiifiemo y, = é » Yp = 3. BHaweHHA y, = 3 He 3aOBOIL-
nae yMoBi, ockimbkm |sin x| < 1. Omxe,

si.nx=%, x=(—l)"arcsin%+nn, neZ.

Tpukaax 9.6. Posp’sisatu piBHAHHA
tg 2x + ctg 2x = 2,5.
Poap’szamna. BanuinemMo piBHAHHSA y BUIVIAML

L (76
tg2x+tg2x-2.
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Hexait tg 2x =y. [lase piBHAHHA npuﬁue TaKui

BUTJIAZA: l/+%—§ 4 2y — 5y + 2 = 0. Poss’asaBmu ioro,

aHaiizemo y, = 2, y2=%. Toxi tg 2x =2,

2x=arctg2+1tk,x——-arct52+"2k,kez ‘

1.8k 1
tg2x:2, x—zarctg2+1m, nelZ.
Hpmxnax 9.7. Poss’sasatd piBHAHHA
N2 sin® x = cos x.

Poss’ssamns. Jlane piBHAHHA DiBHOCHJIbHE DiBHAHHIO
V2 (1 - cos® x) = cos x abo

V2 cos® x + cos x — V2 = 0,
3BiIKH cos x:é 860 cos x = - V2. Ilpyre 3 opepxa-
HMX piBHSHE He Mac poss’ssky. Poap’sskom nepmoro |

piBHAHHA € x=i%+2nh, e k — joBinbHe nine

YHCIIO.

Tpeba 3asHAUMTH, IO NpPM pO3B’'A3aHHI PpIBHAHB
dopma sammcy He ofHozHa4Ha. ToMy mepej camMOCTiHHUM
po3B’AsaHHAM piBHAHL Tpe6a NOSHAKOMMTHCE 3 TAKHMM
3ayBaseHHIMH.

Bayeaxcenns 1. Ogsa i Ta  BigmoBigs, omepkana
npu posB’fzaHi piBHAHHS, Moke G6yTH sanucaHa Io-pia-
Homy. Hampuwian:

of
x=", €2
tE+‘nn,neZ; E+ﬂ,hsz; 4 F
4 4" 2 nl
1*7’ leZ

BuUABUTH ileHTHUHICTE IMX BiANOBife# Jerko Takum
nputioMom. MamioeMO KPYr i HAa HBOMY KpyXKedraMmu
MO3HAYAEMO PpO3B’H3KM, IO HANEXKAThH AAHIA MHOMUHI
PO3B’A3KIB, 3aIMCAHMX B 38raJbHOMY BHIVIAJ], 8 XDECTH-
KaMM — pO3B’f3kW, o HoMy He HazxexxaTh (Maux. 5).

Bayeawennsa 2. Pisna ¢Qopma sammcy posB’d3kiB
MO3Ke MOSACHIOBATHCE i PISHMMM METOJaMH, 3a JIOTOMOTOI0 ‘
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[image: image104.jpg]Po36'A3GNNS_MPUZOHONEMPUNHUY DIEHAND

A

= £ 3= =
4 4 4 ¢
LL) Ix 5x Ix
v 7] 4 Z]
5 2z x %k g

1 +%n, neZ; 4 * 2 € Z;

Maz. 5a Max. 56

AKMX PpO3B’A3YBAJIOCH JaHe
pieHARHEA. B Takomy BHDaj-
Ky ifleHTHUHICTE OAEp;KaHOL
i pmamoi Bianosigi MoskHA
JIOBECTH 3a JONOMOTOI0 TO-
TOMKHIX TIePeTBOPIOBAHE.
TlosicAMMO Ha TpHKJAA.

Mpuxaax 9.8. Poas’a-
3aTH pPiBHAHHA

+ R -3
sin x — cos x = T
o Poss’ssamma.
=7 . 1€2,
Ay ’
Max. 5e
n 2-\8
x—z=(1)"m 2 nn, €7
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[image: image105.jpg]P036’43GKHA MPUZOHONEMPUYHUX DIBHANb
2-3
2

Ane ofiepakaHuil PO3B’S30K MOXKHA TIEPETBOPUTH, Oflep-
JKABINM GLABII NPOCTY MHOMKMHY PpO3B’A3KiB:

= % + (-1)" arcsin +mn, neZ.

Th g TE
_4+(1) l2+1m,, neZ.

Titicao,
. N2\ . \a-248

arcsin Sareatn——— =
2 22

5 4 e e il IR

x 28 248
—%D:arcsi.n [Tli (sin 60° — sin 30')):

Aoty TS

— . 2% gin | = arcsin [sin % | = %
2 12|~ 12 127
Ocranns  piBHICTE TpYHTyEThCS Ha TOMYy, IO

Bayeancenns 3. Jlyske uacTo MHOMHMHA pPO3B’A3KiB
TPHrOHOMETDHYHMX DIiBHAHL 3AIMCYETHCH 3a JONOMOIrOI0
Jeximbkox copmya. IHogi ix moskna o6’egmaru, i Gyze
ofiepxaHo Giabn mpocTui sammc BigmoBigi. B immmx
ske BUNAgKax GyBae, IO OfHA i TAa % MHOMKHHA PO3B’A3KIB
TIOBTOPIOETHCA JieKisbKa pasis. B nux Bunagkax HeoBxigHO
B ocrarouni¥i dopmi ni sanuer sukmounTH. fAx i B
sayBasxeHHI 1, JiorioMarac 3HaAXOJUTH MOMIMBICTE 06’
HAHHA MHOMKMHHM PpO3B’A3KiB a60 BHKJIIOYHTH Ti, IO

HOBTOPIOIOTECA — KOJIO, HA SAKOMY BijMiualoThCd KpY-
JKeUKAMH pO3B’A3KM, IO HAJEXaTb OJHIA MHOMKWHI
po3B’A3KiB, a XpecTMKaMu — Ti, INO 1 He HAJEHKATH.

Ilpumep 9.9. Posp’sizaTh piBHAHHS
sin 2xtgaxctg[x—§)=0.
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[image: image106.jpg]P036'33aHNS_MPUZONONEMPUNNLY DianaNy

Poap’s3aman. 3 pO3B’ABAHHA CYKYNHOCTI DIBHAHB

[sin 2x = 0,
tg 3x =0,
ctg(xAgJ:O

OfIePHHUMO
x="2’h,keZ, @O
x:%,nez, (I
x=‘%"+nm, me Z. )y

306pasuMo 3HalifieHi PO3B’A3KM Ha KOJI, BHUKJIOYMB-

M 3 ofepkaHMx Ti, npu Akux tg 3x abo ctg [xfg

BTPAvYalOTh CeHe, TOGTO

av)

x=g ol (]

Omoxe, SK BHILIM-
Bac 3 MaJoHKa 6, pos-
B'A3KOM JlaHOro piB-

T TV HAHHA €
x=nk, keZ i

2n
x="g +nm, neZ.
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[image: image107.jpg]P036°3301NS_MpULONONEMPUNHUX PiBNIHY
PismicTs opmolimenmmx Qymxmik
i IX BHKOPHCTANES NPH
po3e’szammi pisEAEB

o madinpocTimux piBHAHB NPHEJHYIOTHCHA DIBHAHHA
BUrasAy sin o =sin B, cos a =cos B, tg o =tg B, ctga =
=ctg B, Ze peaxi abo Bci o i P micTaTe Hesijome.

3 ymoBu piBHOCTI OJHOWMEHHMX TPHIOHOMETPHYHMX
GYHKIiM BUNIMBAIOTH NEBHI CHIBBigHOIIEHHA Mix Ix
aprymenTamM. [loBeCTH CaMOCTIHHO TBepIKeHHS:

1. fxmo sin a=sin B, 10 a+P=n+2nk, keZ;
a-B=2m, neZ

2. Sixmo cosa=cos P, 0 a+P=2x, leZ.

3. Axmp tga=tgP, 0 a~P=mm, m € Z;

X

mE o * 5+, neZ ]3¢§+ul, feZ

4. SAxmo ctgo=ctg P, 0 a -P=nk, ke Z;
mpr o#mm, neZ P#mm, me Z.
Tipuxaag 9.10. Posg’ssaté piBHAHHA
sin 3x = cos 2x.
Poas’azammsa. 3anumeMo DiBHAHHA y BHIIAAL
cos(%—.’ix]:cost.
3 yMoBM DiBHOCTI KOCHHYCIB OfIepaKHMO

3x-g:2x=2nh, kez.

3x—g+2:t=2nk, keZ, 3x—~;——21=2nk, keZ
Sx=g+2mk, keZ, x=g+2mk, keZ
_ & 2k
x=70% 5 keZ.




[image: image108.jpg]Po36'a3aNNS MpUZONOREMPUNHUX DiaNSHL

O6’epuyioun ofiepiani posB’asku, Oyzemo MaTH

n | 2nk
x~10+ B keZ.

2 e )
Bizmosixs: *=70*75 keZ.

Ipuxnax 9.11. Posp’asatn piBHaHHA tg 3x = tg x.

Poas’azamms. 3 ymo-
BA PpIBHOCTI TaHIeHCiB
MaeMo

3x-x=nk, ke Z,

npu x=%+nf, fez;

n
Bx#,+mn, neZ.

2
Oroxe,
=2 hez, ©
L3 nn
5 N i1}
Tt TS, n e z, D)
x¢§+nf,fsz. (U]

Mar. 7
Bimnosins: nl, | e Z.

Poas’szamms oxEOpixEmMx pismams a6o
piBnaEs, MO 3BOAATHCH
RO OXHOPIIHHX

PieHARHA 6U2180Y
@, sin” x + @, sin""' x cos X + ... +
3 a-1 n
+a,,sin xcos” x+ a,cos”" x=0,

Oe ag, Gy, Gy, ..., @, — OlCHI HUCRA, HO3UGRIOMbCH

odnopidnumu 6idHocHo sin x i cos x.
Poapinupm  ofuaBi wacTMHM JaHOro piBHAHHA Ha
cos” x (BIEBHMBIIMCH TONEpeAHBO, IO PO3B’A3KH DiBHAH-
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[image: image109.jpg]P036°R3GHHA_MPUZOHOMEMPULHUX DIBHANG.

Ha cos x =0 He € posB’ssKaMM BHXiJHOrO RiBHAHHA),
OJIEpYKUMO DIBHAHHA BHIVIALY

aptg" x+o, 8" x +a, tg" x4+ ... +a, = 0.
Hpuxaan 9.12. Poap’ssaté piBHAHHA
2 sin 5x + 7 cos 5x = 0.

Poar’nzamus. [limMo o6MABI YacTHHM JaHOrO PiBHAH-
HA Ha cos 5x, OJlepKMMO DIiBHOCHJIbHe PiBHAHHSA

2tg5x+7=0, tg 5x=-38,5,
sBigkn bx = —arctg 8,6 +nk, ke Z i

nk
5’
Tipnxaax 9.13. Poss’ssati piBHAHHS

x =~ ¢ arctg 3,5 + kez.

sin? x -~ 8 sin x cos x + 7 cos® x = 0.
Poaw’szamma. Ockinsku sin x i cos x He MOXYTh
OfJHOYACHO MODIBHIOBATH HYJNIO, TO 3 YMOBM NPUKIAZY
BUILIMBae, mo cos x # 0. PosgiymBmm obupsi wacTHHM
piBHAHHA Ha cos® X, OfEPUMO DIBHOCHJILHE DIiBHAHHIA
tg?x-8tgx+7=0,
fAKe, B CBOIO Yepry, piBHOCHJbHE CYKYIHOCTI piBHAHL
tgx=11 tg x=7, 3Bigkn
b3
x:z+nk, keZ; x=arctg T+nn, neZ.
Ipuxaax 9.14. Poap’sizaté piBHAHHA
8 sin® x + sin x cos ¥ + cos® x = 4.
Poap’azammsa. BanumeMo piBHSHHS Y BAIVIAZNL
Ssin21+si.nxcosx+cos2x=4(sin2x+coszx),
aBigru 4 sin® x + sin x cos x — 3 cos” x = 0.
Ockinbku cos x # 0, TO, POSALIMBIIM Ha cos® x, ofep-
xumo 4 tg® x +tg x— 3 =0, 3BigKM

tgx=-11itgx=

e
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[image: image110.jpg]Pose'asanns mpuzonoMempunLx Dignans

= A 3
x-44+1:):, k € Z; x = arctg 4+k1:.
Mpukaan 9.15. Poss’ssati piBHAHHS

2 sin® x + 1,25 sin® 2x - cos* x = cos 2x.
Po3p’szamms. BuxigHe piBHaHHA MoXHa 3sanucaTH
rak: 2 sin® x + 1,25 - 4 sin® x cos® x - cos® x =

= (r:os2 x - gin® x) ((:os2 x +sin? x) abo
2 sin® x + 5 sin” x cos® x - cos* x = cos® x - sin® x.
Opepoxany OfHODifHE DIBHAHHA 4YeTBEPTOro CTemme-
ua. PoagismBmy o6ujsi gacTMHM PpIBHAHHA Ha cos® x
(cos x #0), opepsumo 3 tg‘x+5tgzx—2:0, 3BigKu

tg® x = - 2 (memae posp’askis), abo
tg2x=é, tgx‘:i—‘%, x:i%+nh, keZ.

Pogp’'sizanna piBHANL POGKIANAHEAM HA MEOKHHKH
Hpuxaax 9.16. Posp’sisati piBHAHHA
2 sin® x + 2 sin” x cos x - sin x cos® x — cos® x = 0.
Posp’szamms. 3ammmmeMo xaHe DiBHAHHA y BUIJSAL
2sinzx(sinx+cosx)—coe2x(sinx+cos x)=0,
(sin x+cosx)(25in2x—cos2x)=0.

Opepsxane piBHAHHS PIBHOCHJIBHE CYKYIHOCTi ABOX
OZHOpiAHUX piBHAHBL

sin x+cosx=0 i 2sin®x-cos’®x=0,
PO3B’ABYIOUH AKi, OMEPIKMMO

fum, keZ abo

tgx=-1, x=-
tgzx=l x=iarctgi+1m neZ
3 z » -

Tpuxaan 9.17. Posp’sizaTé piBHAHHA
sin X + cos x + sin 2x + cos 2x = 0.
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[image: image111.jpg]Po36’R30KHA_MPUONOREMPUNNUX DIEHIHY

Posr’szamma. 3rpynyeMo Tepmmai YleH.3 TpeTim,

ApYyTHM 3 4YeTBePTHM, i KOXKHY TIpyly 3BepHEMO B
nmobytok. Maemo

(sin x + sin 2x) + (cos x + cos 2x) =

2sm8icos—-+2ms3icosz=
2 2 2 2 »
2cos£sm-—+coea~x 0,

2 (oo e )

2 cos X [cos [T - J‘+cos:4] 0,
2 252 P

x LA S Ldp W
4cosEcos(z+2)cos[4 z]-o.

Opeprkase piBHAHHA pPIBHOCMJIBHE CYKYOHOCTI piB-
HAHB:

1) wsgto, %=%+ n, x==n+2nn, neZ;
2) cos(%a-g]:(), At g T x=5 4ok
keZ;
3) coe(‘l;— ):0, x-G=g+ul x=%ﬁ+nl,
leZ.
Bimgmogins: © + 2nn, n € Z; 2+2nk, keZ;
3n
4+nl leZ.

Po3B’a3aNEA DiBHANL NEPETBOPEHEAM JOOYTHY
TPHTOHOMETPHYHHX (YEKWil B Cymy

Tipuxaax 9.18. Poss’sisaty piBHAHHA
sin ¥ sin 2x — cos 4x cos 5x = 0.
Poap’szamusa.

%(cosx~eos3x)—%(oos9x+cosx)=0

cos 8x +cos 9x =0, 2 cos 6x cos 3x = 0.
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[image: image112.jpg]P036'4301NS_MPUZOHONEMPULHUX DisHaND
Jlane piBHAHHA pIBHOCH/IBHE CYKYNHOCTI PiBHSHL

k
[cosz:O x=%+%,hsz,

cos 8x =0, )
=6 + X 3 , neZ.
Opepsxanmm fBi cykymHocTi umcen. Ilepesipumo, um
HeMae 4duces, INO HAJeXkaTh O6OM CYKYNHOCTAM OJHO-
uacHo. JInA 1pOTO pO3B’MKEMO PIBHAHHA

ﬁ+_6—=§+?’ 1+2k=2+4n, k,ne Z.
OpepsxaHe pIBHAHHSA He Mae pO3B’A3KiB B  IumMX
uMcnax, OCKiABKM MHoro JiBa uacTMHAa — HenapHe
uMClOo, a MpaBa — NapHe.

< k. L3

Biznosias: §+ s’ keZ; 6+%, nez.
Tipuxaan 9.19. Poss’ssatu pmu;nmx
sin 5x cos 3x = sin 6x cos 2x + sin 2x.
Posg’szamms. Ilicis mneperBopeHHA JHoGYTKiB TpHTO-
HOMETPHUYHMX QYHKIi# B CyMM OAep:KHMMO
3 (6in 82 + sin 22) = 1 (sin 82 + sin 42) + sin 2x abo

%si.n?x—%si.n4x+sin2x,

sm4x+sm2x 0, 2sin 3xcos x=0.
Jlane piBHAHEA piBHOCHIEHE CyKymHOCTI piBHAHB
nk
[si.nﬁx:O, x—?,kez,
o8 2.2 0, x=§+nn,nez.

Ilepesipre camocTi¥iHo, mo oepkaHi ABi cykynmocTi
He MaloTh COLILHMX YHCeJ.

Bimwosims: "%, k < 7;

H 2+1!", nez.
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[image: image113.jpg]P036’S3GNNA MPU0HONEMPUNHUX pisnsnb

Tpuxnax 9.20. Poss'sizaTé PiBHAHHA

o Tx 3% e SGRIY %
smzcus2+sin2cos2+mn2xcos7x40.

Poas’a3anua.
%(sinﬁx+sin2x)+%(s‘m 8x — sin 2x) +
+%(sin9:c~ain51)=0,

gin 8x + sin 9x =0, 2 sin 6x cos 3x = 0.

3Bsigcn
_km
[sinﬁx:(), e e
cos 8x =0, _®m 10
x-6+——3,neZ.

CyxynHicTh Wuces BUIJIA

n n
ancen BAMIAAY @+ -

Bigmosian: %. keZ.

Pose’sazanns piBEAEE i3 3ACTOCYBAREAM dopmyn

BHHIECHHA CTYNEeHS

Tipuxkaax 9.21. Poap’asaTi PiBHAHHA
sin® 8 + sin® 4x = sin® 5z + sin” 6x.

Po3p’azamnd. SHWKYIOTM fpyri cremeni i 3BoAAUM

noaibui WieHH, OfePIKUMO

1-cos Gx+
2 2 5 2
cos 6x + cos 8x = cos 10x + cos 12x,

92 cos Tx cos x = 2 cos 11x cos X,
cos x (cos Tx — cos 11x) =0,
cos x sin 9x sin 2x =0,
aBigen
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[image: image114.jpg]Po36430HMS_MPUZOHONEMPUNHUY DiEHND

1) cos x=0, x=%+nh, keZ;

2) sin 2x =0, x=%’, neZ

3) sin0r=0, x=2, 1cz

9
Mmuoskuna uucen %, neZ MiCTUTE MHOMHUHY
T
§+nk,heZ.
BmalifileMo CHiJNBHI 9HCla MHOMHH x:% i x=%l 3
T & onis Bl g
2*9,n49,179r,rez.
Binnnniau:%,naz;%l,lsz;l;egr,rez.

Tpusaax 9.22. Poss'szaté pisHsHHS

sin® x +sin® {x + 5|+ sin [x - 2 i
x + sin 7 in 216"

Pose’szamma. Macmo:

2
i
1_w5212+1—cos(2x+2] o
2 2
2
+1~cos 2x 15
2 ek
1-cos 2x)®  (1+sin2x)’ (1-sin2x) 15
2 2 2 36161

aBigKa 1 -2 cos 2x + cos® 2x + 1 + 2 sin 2x +
+sin® 2 +1 - 2 sin 22 +sin® 20 =12 abo

4-2cos 22+ sin’ 22 =10,
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[image: image115.jpg]Po3e’S3MNS_MPUONONEMPUNHUY DiBNSHY

i, mapemrri, 4 cos®2x +8cos 2x—5=0. Poga’mym'm
He piBHaEES i Bpaxosyloum, mo |cos 2x < 1, sHaxomMMO:

eostz%, 3Bigxn x=i§+lm, ne keZ.

Pipuanmg, mimilwi BigmocHo sin x i cos x

Pignanna euznsady asin x +bcos x=c¢, de a, b i
¢ — nocmiiini KoeDiyicHMUL, HA3UBGIOMbCE RiHiTHUIU
eidnocno sin x i cos x.

PoarnaneMo BUTIAMOK, Komu @ # 0, b # 0, ¢ # 0, ockijb-
ki y Bumagkax a=0 abo b=0, abo ¢ =0 piBEAHESA
PO3B’A3YIOTECH 3a JONOMOTOI0 METO/IB, POSIVIAHYTHX BHINE.

PoarnsHeMo ciocobd pO3B’A3aHHA JAHOTO PiBHAHHA.

I cnoci6. 3BoguMo fAaHe DiBHAHHSA O OZHOPiAHOrO
JADYroro CTymeHs BifHOCHO sin % i cos ; , BanMCaBIly
#ioro y BHrasAgi

Zasin%oos§+b(cos’%~ain’§)=c[sin2§—+ws’;),

aBigrn (b+c)ainz§424151::%009%4»(0—1))0&2;70.
II cnoci6. Sikmo gane piBHAHHA He Mac PO3B'A3Ky
x=mn+2nk, Ae keZ, To Horo MoXKHA 3BeCTH JO

KBaZ[paTHOTO BigHOCHO tg g , BHKODHCTOBYIOUM (opMyIi

2:3% 1-tg?
gin ¥ =———— e X =,

1+tg2§— L 1+tg?

III cnoci6. Jlane piBHAHHA MOXHa pO3B’A3ATH
3a JIOMOMOrOI0 BBeJieHHs JIONOMiKHOrO aprymenTa. Pos-
AinmuMo obuzpi wacTuHHM piBHsHHA Ha a # 0. Ogepxxumo:

b €

sinx+—cosx=—.
a a

DR

LG

Hexaif ¢ = arctg %. Toni z = tg ¢ i piBHAHHA npuiiMe

BUIJIAR, sinx+tgq>eosx=§, aBigKu
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[image: image116.jpg]Po36’a3anna mpuzoHOMemMpPUNHUX DieHaHL

si.nxcoscp+sintpcosx=§cosq> abo
: e
sm(x+‘p)=;eoeq).

Swxmo

ﬁ cos q>| <1, To piBHAHHS Ma€ pO3B’A30K
x + @ = (-1)* arcsin (ﬁc“’ q>]+ kr i

x = (-1)" aresin %cos(p —~@+kn, fe ke Z.

Tpuxaan 9.23. Poas’ssaTi piBHAHHS
8sin x +4 cos x=5.
Poss’szamma. I cmoci6. 3so,mu faHe PpiBHAHHA
70 OFHOpifHOro BifHOCHO sin % i cos ¥

2 2°
6sin§cos§+4(cos E—smz;) 5 sin?‘gi»cosz;],
9 sin* EAﬁsin%cus§+c 2§=0,

amifmu 9t32—6tg*+1—0 tg2 %,

X L " 1
2—arctga+1m, x—Zarct.g3+21m, nez.

II cooci6. Bacrocyemo dopmym
x g2 X
2tg2 1-tg 2

gin y=——"— lcomx=
1+tg* 1+tg2 %

PiBHAHHA npuUNiMe BUPAAX

6tg} 4—4«;.;2%
—_—r —= =

Ltghon s 1atghd
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[image: image117.jpg]P036°430HNS MPUZOHONEMPULHUX PIGHAND

Ilosaauanmo tg%:z, nonepejHbO nepeBipUBIIA, 1O
uuena Buraapy T« + 2nk, ke Z He € KOpeHAMH BH-
6z 4-42"
z * 2
1+2 1+2

2 = i g2 2 X
9z -62+1=0, z2=3. Tomi tg5 = 3

xijoro pismsnmEA. Maemo =5, aBigKH

x:anctq%-rmm, nez.
111 cnocif. BamumemMo piBHAHHA Y BUTTIAAL
sinx+$oosx =
3 SEg
4 .4 R
Hexaikq):arctgE.Tom3=tgw1pmnann.ﬂ npuiive
BUTJIAL ainx+tgq>cosx:% a6o
sinxeoe¢+sinq>cosx=’gcos(p,
5 5
sin x+(p)=§cosq).
- 4
Ockiipku cos arctgg =
1

- 1 = =
'\ll+tgz (arctg %] ‘ll+%

To sin(x+@) =1, *x+¢ =

ovleo

+ 2mn, x=%—q>+21m,

o)A

nelZ; x=%farctg‘§+2rm, n e Z abo

x=arcctg%+27m, nelZ.

Iile pas 3BepHeMO yBary Ha To#t (pakT, MmO TNPH
posB’s3aHH] piBHAHHS pisHAMU crocobaMu OfepIKAIHA ABi
Ha mepmaif NOrJSA PisHMX pignosigi. Hacmpasmi sk i
BifmOBiAl cHiBNaZAIOTH.
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[image: image118.jpg]Po3s’43aNNS_MpUzZONONEmPUNHUZ DiaHSMH

Tlokasxemo, mo arcctg %: 2 arctg % 3poaymino, mo

LH

0<amctg~<%10<2mtg3
Kpim Toro, tg(mctg *J:tg (2 arctg 5].
1)m(mctg4J 2,
1 2
2 tg |arctg 5 =
puraeor s
1—tg(m:g§) e

TakuM YMHOM, OJIEDPKANH BifOBiAL:

NIFI

x=2m‘ctg%+2nk, k € Z abo
A 4
x = arcetg §+27m, nez.
Piguannas, CHMeTPHUHI BifHOCHO
sin x i cos x
Tpuxaax 9.24, Posp’sisati piBHAHHA
sin X + cos X + sin x cos x = 1.
Posp’azamma. Hexait sin x + cos x = u, ToAl

sin® x + cos? x + 2 sin x cos x = u?,

2
5 . =it 7 3
apifm  sin x cos x = v . 8 BuxigHoro piBHAHHA
2

2
OLIEpIKYEMO u+t 1:1 abo u+2u-3=0.
Posp’sayioun JaHe pIBHAHHSA, OJEPIKHMO

u =1, u,=-3.

Tomy paHe pIiBHAHHA pIBHOCHJIBHE CYKYIIHOCTI JBOX
piBHAHB:

sin x+cos x=1 i sin x+cos x=-38,
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si.nx+£—ﬂ nsinx+£——a
172 1)=&
OueBuzHO, IO ApYyre 3 OUX DiBHAHbL He MAE PO3B’fA3-
kiB. Posp’sayioun nepme PiBHSHHSA, OJEPIKHMO

R S5 R LS
x= 4+(1) 4+1l:n,neZ.

Tpuxaax 9.25. Poss’ssatd piBHSHHS

sinx+cosx—-1 _ 4 (sin x +cos x)
sin x +cos x - 2 9 - 8 sin 2x

Posp’szamma. 3aMinHOoO sin X + cos X = ¥ 3BOAMMO Ie
" . w-1 4u
iBHAHHA O PAIOHANBHONO: — —— = —— — - .
L o u-2 9+3( -ud)
Posp’sasyious  ofiepskaHe  DIiBHAHHS, 3HAXOJMMO

uy =§ i uy=-3 (ue sagomospHse ymoBi). Omxe, Aane
PiBHAHHA piBHOCMJIbHE DIBHAHHIO Sin X + cos X = 2 abo

3

x) LB wrte
cos |x — 4| =g, 3BiAKE 3HAXOAUMO

x= tmcoeﬂ+21m, nelZ.

3
PisEsuEA, WO pPO3B’A3YIOTHCH 3aMiNOI0 ADPIryMeNTA

k]

Mpuxaax 9.26. Posp’ssaTi piBHAHHA

cos x =sin®[E- %
S 6 3f

Pogs’szammsa. IlospaumBimn % - g =y, 3HalfeMO

x= % -3y i mepenmmemo pDiBHAHHA B BHIVIAAL
cos [g - .':!y]:xiinz Y, sin 3y =sin2y.

BukopucToByioun Gopmyay sin 3a = 3 sin o — 4 sin’a,
oziepxumo 3 sin y — 4 sin® y= sin? Vs
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4sin® y +sin® y - 3sin y=0,
sin y (sin y + 1) (4 sin y ~ 3) = 0.
Opep:xaHe DiBHAHHA DIBHOCHJIbHE CYKYITHOCTI PiBHAHB
siny=0, siny=-1, siny= % , posB’AsyiouM ki,

3HAXOAMMO y=mn, nez; y=- % + 2nf, fez;
y:i(-n‘msm%mh, kez.

IloBepTatounch O MiACTAHOBKH, OyfeMO MaTH

T

x=5-38nn, neZ;

x=

[IER T

- 8- (-1)" arcsin % +3nk, ke Z;
x=2n-6xf, feZ.
Yipuxaax 9.27. Poss’asata piBHAHHSA
tgx = tg® (ﬁ . %}
Posp’szamusn. IlosHauaioun % - % =y, TepenuIIeMO
piBHAHRA y BATAAm tg (% - 2y} =tg’y, abo

ctg 2y =tg° y 2y #mn, n e 2).
Tlepexoasun jio dyHkuii tg y, oTpumaemo GikBajparHe

pismsmna 2 tg* y + tg? ¥ - 1=0, poss’saylouu sKe, 3HA-

xomuMo tg y,, =+ g .

Takum 4YHHOM, y=:tarctgg+nk, keZ.

IloBepratouMch 0 X, OTPUMYEMO

x=§i2mtg g+2nk, keZ.
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Mpuxaax 10.11. 3a¥iTu Bei mapu umcen x, y, MmO
3aZl0BOJILHSAIOTE DPiBHAHHA

2 2

(m x+.12)+[coszx+ 12 J:12+%siny. 2
sin” x cos” x

Pose’snzamms. IlepeTBopuMo JiBy 4YacTHHY po3B’s-
3yBAHOIO DIBHAHHA TAKMM YMHOM:

4 54 1
sin x+——,—+cos' x+——+4=
sin x cos X

. 4 4
. sin” x +cos” x
=(sm‘x+cos‘x)+‘,‘f‘ +4=
sin” x cos X
r 1
= (sin* x + cos” x) Lot mfe— e | il
sin® x cos” x

Ry
sin® x cos® x

1-Lan?or)f14-18 04y
2 sin® 2x

Omxe, faHe piBHAHHA HabyBae BHTIALY

(@ - sin 2:)[“ 16
Sln

=(1—25in2xcoszx)(l+—l—}+4=

=16 +sin y.
2x] v

Ane 2-sin®2x>1, 1+ 16
sin*

217, MpHYOMYy 3HAKH

pisHOCTI MaloTe Micme ToAl i TIMEKM  TOXi, KOMH
sin? 2x = 1. Tomy xiBa UACTMHA JAHOrO DIiBHAHHSA 6Gijb-
me abo popismioe 17, a mpaBa uacTHHA MeHma a6o
mopiBuioe 17. Takum uMHOM, JaHe DiBHAHHS PiBHOCHJIL-
He cucTeMi pDiBHAHL

%(2“1), keZz

Al P
{sm 2x=1, apigEn

siny=1,

a

Y= §+21m, nez.
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Bnpasu

Posp’ssaTi piBEAHH:

10.12.

10.13.

10.14.
10.15.
10.16.
10.17.
10.18.
10.19.
10.20.

10.21.
10.22.

10.23.
10.24.

10.25.

2 %%+ 5x _
b

zm—csin L x+l =1 - log, x.
n 2 x %

sin x + sin 2x + sin 3x + ... + sin 100x = 100.
sin x sin 8x sin 7x = 1.

2 cos 25425

(sin x + V3 cos x) sin 4x = 2.

(cos 4x — cos 2%)° = 5 + sin 3x.
x2+4xcos(xu)+4=o.
1-2x—x’:tgz(x+y)+ctg2(x+y).
(cos® x + sec® x) (1 + tg? 2y) (3 + sin 32) = 4.

[2+ lz )(4—2coszx):1+5sin3y.
cos” x

(5+3coseczx)(2—sin°z)=7+eos2y.
(4 - cos 2x) (2 + 3 sin y) = 12 + 13 sec” 3z.
(8 - sin x) (4 - cosec® x) = 12 + cos® y.

cos x + cos y—coa(x+y)=%.
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PispANEs, WO PO3B'A3YIOTHCA 32 XOTOMOrOX0
yHiBRepCATBHOI WiACTAHOBKH

Bei Tpuromomerpuuni (yHkiii aprymenTa o pa-
I[OHANLHO BMpAXKAIOTBCH depe3 tg % , SKIO O #T+
+2nk, ke Z.

@ gl

s 21 g e o Eated
L+tg® g 1+tg’ 5
2tg% 14.;2%

tgn.=’—2;, ctga=lm.
1-tg* 5 g

Tpeba maTi Ha yBasi, {0 NpH BUKOpHMCTAaHHI yHiBep-
CaNbHOI IM/CTAHOBKM MOJMHA 3aryOMTH KOpeHi DiBHAHHS,
OCKiJLKY 0BJaCTh BM3HAYEHHS DIBHAHHA MOYKe 3BYSHTACH.
ToMy Tpu pO3B’A3yBaHHi PIBHAHHA IMM MeTOJIOM He-
obximHo TmepeBipATH, WM € UYMCIA T+ 2nk KOpeHAMH
JZaHOro DPiBHAHHS.

Tpuxnax 9.28. Poss’ssaTh piBHAHHA

sin 4x + tg 2x = 2.
Posw’azamma. I cnoci6. Bupasaioun sin 4x gepes
tg 2x, oTpuMyeMO pPiBHAHHA
,2_@1, + tg2x =2,
1+tg" 2x
piBHOCH/IbHE JAHOMY, KOTpe Ticje OUEeBMAHHMX CIDOIIEHE
IPMBOJATECA [0 Ky6GigHOrO PiBHAHHS BiHOCHO tg 2x:
tg® 2x -2 tg* 2x +3 tg 2x -2 = 0.

Jlipa 9acTHMHA IHOIO PpIiBHAHHA PpOSKJANAETHCH HA
MHOXKHUKM: (tg 2X — 1)('.3z 2x - tg 2x + 2) = 0.

Posp’siayioun piBHsHEA tg 2x - 1 = 0, smaxogumo

T wn
x=gtg . BE Z.

Jlpyre piBHAHHA He Mac AiCHMX KOpeHiB.
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Tpeba sasHaunTH, WO 3araJbHAK MeTOJ palioHasi-
sanil He 3aBXJW € NPUWHATHUM, a YacTo IPUBOJUTEH
JI0 palioHANLHMX PiBHAHL BHIMX cTyneHiB. Poas’ssaHe
BUIe DIiBHAHHA MOXKHA DO3B’sidyBaTH ¥ iHakme.

IT cmoci6. BanumeMo piBHAHHA y BUIJAZAL
tg 2x -1 =1 -sin 4x,
sin 2x - cos 2x
cos 2x

= (sin 2x - cos 2:)2,

(sin 2x — cos 2x) [cosl 70

sin 2x + cos ZxJ:O,

i mane piBHAHHS DiBHOCHJILHE CYKYIHOCTI JABOX DiBHAHB:
ofHOpifHOre sin 2x —cos 2x =0 i piBHAHHA, mO 3BO-

JMTBCA JI0 OJHOPiAHOTO

— sin 2x + cos 2x = 0.

cos 2x
Bnpasu
Poap’sizaTi  piBHAHHS:
9.29. a)sinx—%; )] sinx=7“12§‘;
6)008::%; e)cosxzfg;
6) tgx=1; x) tgx=-1;
2) ctg x=3; 3) ctg x=-\3.

9.30. a) 4 cos’x—4cos x+1=0;
6) sin® x - 8 sin x +2=0;
8) cos® x + cos x — 6 = 0.

9.31. a) 2 cos® x = 3 sin x3
6) sin® x — cos® x = cos x;
8) tg 2x + ctg 2x = 2.

9.32. a) 5sin’ x = 2 sin x;

6) sin® 2x - sin 2x = 0;
8) siancos(gv ):0.
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9.33. a) tg’x+tgzx—2tgz—2=0: n
0) 1-cos x=tg x —sin x}
a)25inxtgx—sinx—2tgx+1=0.
9.34. a) sin x - 2cos x=0;
J)cosngSBinzx:O;
5)3sin2x—5sinxcosx=0.
9.35. a) sin’ x - 8 sin x cos x + 7 cos” x = 03
0) 2 sin® 2x - 9 sin® 2x cos 2x +
+ 7 sin® 2% cos® 2x = 0;
s)3sin2xcosx—4mnxoos x+cos® x=0.
9.36. a) cos® x—8sin xcos x+1=0;
0) Ssin2x+s'mxcosx+ws2x:4.
9.37. BnalifiTe saNeKHiCTE MiN o i B, axmo
a) sin « = cos B;
6) sin o= - sin B
8) cos o= — cos .
Poas’sizaT¥ DiBHAHHIA:
9.38. a) tg x = tg 2x;
0) sin 3x = cos 2x;
s)tgzx‘ctgax=0.
9.39. cos 3x —sin x = V3 (cos x — sin 3x).
9.40. 7+4sinxcosx+15(tgx+ctgx)=0.

9.41. A’ctg_x_ +sin® 22 +1=0.
1+ctg x

R g

9.42. —_S‘Z“,z’/‘“%x— +1=21tg" x.
sin® 2x +4sin” x - 4

943, tg3x-tgx-4sinx=0.

9.44. cos ' 3x — 6 cos 8x = 4 sin 3x.

9.45. ctg x — sin x = Zsmz';
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9.46.

9.47.

9.48.

9.49.
9.50.

9.51.
9.52.

9.53.

9.54.

9.55.
9.56.

9.57.
9.58.
9.59.

9.60.
9.61.

9.62.

9.63.
9.64.

sin(%+2x)ct33x+sin(n+2x)—
~ V2 cos 5x = 0.

sin x cos 2x + cos x cos 4x =

:m(gm)m(g_ax}

- 4X A
2x =cos” 5 —sin” T .
sin 2 2

(1 + cos 4x) sin 2x = cos® 2x.

sin’ 2% + sin” 3x + sin”® 4x + sin® 52 = 2.
ctg" 2z + sin™* 2z = 25.

tg 2% cos 3x + sin 3x + V2 sin 5x = 0.

ctg[%‘-fx)—tgzx:(cu 2x — 1) cos® x.

cosgcos%—si.nxsinax—sin2xsin3x=0.
2
i fin AL x
l—smsx—[smz coaz].

2 sin” x + 2 sin® x cos x — sin x cos® x —

~cos® x=0.
sin 7x + sin 9x=2(cos2{%—x)— cosz(£+ ZxD.
tgx+tg2x -tg3x=0
cos'1x+ctg3x=et¢37x.

2tg x-2tg’x+3tgx-83=0.

si.nxcoexcostcosSx:%sianx.

sin 2x sin 6x — cos 2x cos 6x =
= V2 sin 3x cos 8x.
cos 9x — cos Tx + cos 3x —cos x = 0.
sin 3x cos 3x = sin 2x.
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9.65.
9.66.

9.67.
9.68.

9.69.

9.70.
9.71.
9.72.
9.78.
9.74.
9.75.

9.76.
9.77.

9.78.
9.79.
9.80.
9.81.
9.82.

9.83.
9.84.

9.85.
9.86.

9.87.

cos 2x - Bsinx-3=0.
x =
Z(tgz—I]—cosx.

Seos‘x—swszxfcosx+1:0.

—gin |- + x|sin |7 - 6x|
4 4

cos3x=2m‘n[3'2"+x).

cas4x+25in2x=0.

3 sin 5z — 2 cos 5z = 3.

1 - cos 6x = tg 8x.

sin 9x = 2 sin 3x.

1 + cos x + cos 2x + cos 3x = 0.
cos 2x = V2 (cos x — sin X).

(sin’lz+cos‘lz)(sinz+cosz)+2:0.

2
cos x — \3 sin x + cos 3x

cos[£+5x)+sinx=2cos3x.

6 sin” x + sin xcoexfcoszx=2.
cos Tx + sin 8x = cos 3x — sin 2x.
si.nz—si.nzz':caszz-cosz.

sin z + sin 22+sin3z=cosz+cos2:+cos3z.

1 40 e
ctgx—tgz+2[——’tgx+1 + tgx_l}_‘i.

sin® x + cos' x =sin 2x — 0,5.

sin® 2x + cos® 2x = sin 2x cos 2x.
2eos2x+2tgzx=5.

ctg 2x | ctgx 31
ctg x +ctg2x+2_0'
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9.88. tg 3x + tg x = 2 sin 4x
9.89. cos 9x — 2 cos 6x = 9.
9.90. sin 2x + 2 ctg x = 8.

9.91. sin"x+cos‘x=%.

9.92. tg x + tg 50° + tg 70" = tg x tg 50° tg 70°.
9.93. cos x — sin x = 4 cos x sin” x.

9.94. sinz[%+t]=sint+sinz[%—¢).
9.95. tg x tg 20" + tg 20" tg 40" + tg 40" tg x = 1.

9.96. sin® x (1 + ctg %) + cos” x (1 + tg x) =

=2 Vsin x cos x.
1 + sin 2x l+tgx
YT ———— g -8=0.
1 - sin 2x 1-tgx
: 6 6
ggg l-sin x-cos £ o 24,

1-sin* x - cos’ x
9.99. (sin x + cos x)* + (sin x - cos x)* = 3 - sin 4x.
9.100. cos x cos 2x sin 8x = 0,25 sin 2x.

9.101. %si.n 4x sin x + sin 2x sin x = 2 cos® x.

9.102. sin® z sin 8z + cos® z cos 3z = cos® 4z.
9.103. 2 sin’#(sin 2¢ - 8) — 2 sin’t (sin 2¢ - 3) -1 = 0.
9.104. sin 2x - 2 cos” x +
+4 (sin x —cos x +tg x — 1) = 0.

9.105. 4 sin 2x sin 5x sin 7x - sin 4x = 0.
9.106. 2 (sin®x + cos®x) — 3(sinx + cos'x) = cos 2x.
9.107. tg z tg 2z = tg z + tg 2z.
9.108. sin 2z -sin 6z +2=0
9.109. sin® x + cos® x

2 cos x —sin 2z
9.110. 4 cos x = V3 ctg x + 1.

= cos 2x.
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[image: image129.jpg]§10. HecrampapTai TpHrOHOMETPWWHI
piBHAHESA

JocuTs uyacTo 3ycTpivaloThCH 3ajadi, IO He PO3B'A-
3YIOTBCA CTAHJAADTHAMM METO/jAMH, 3a JOIOMOTOI0 3BHY-
HUX IOKLUIBHUX MipKyBaHb.

Jleaxi 2 mux 3ajiau 30BHIITHEO MAIOTh XyXe HE3BHUU-
HUM BUrJIAZ, i TOMy He3poayMmijJo, AK J0 HHX WHiZCTy-
muTHCh. IHIII 3amMackoBaHi: 3 IepIIOro MOTASAAY, HAIPH-
KJaj, e 3BWYaliHe DIBHAHHSA, ajie CTAHJAAPTHAMM IIpH-
#iomamu BoHO He posB’sayerhca. Lle# Tun 3ajau yMoBHO
Ha3BeMO HecTaHJAPTHMMM. BoHM moTpeGyioTh s poas’d-
3YBaHHA KMITJIMBOCTI, BiIBHOrO BOJIOAIHHA Di3HHMH pO3-
JAiTaMM MATeMATHUKHM i BMCOKOI JIOPMYHOI KYJIbTYPH.

HemosxyMBO BKasaTH BCi MeTOgH PpO3B’s3aHHA He-
cTaHJapTHHX 3ajad. TyT JOBOJHMTECA 3aCTOCOBYBATH i
rpadikm, i cami pisni BracTuBocTi dyHKui#, i HepiBHOCTI,
i, HapemrTi, mepime 3a BasKJMBICTIO — JOTIKY.

Hlpuxaax 10.1. Posp’asaté piBHAHHA

cos 3x - sin 5x = 1.

Poas’s3amnsd. 3anuiIeMO PIBHAHHA y BHIIAAL

sin 8x + sin 2x = 2.

Ockimeku [sin o < 1, ocranne piBHAHHA piBHOCHJILHE

cucreMi piBHSAHB

8x =5 +2nn, nez,

sin 8x =1,
sin 2x =1,

[MIE I

2x=5+2nk, keZ,

n, TN
x—16+1—, nez,

n
x—z+'nh, keZ.

BuatifeMo po3B’s3KM pPIBHAHHA B LUIMX YHCJax:

sBigkm 1+ 4n =4 + 16k.
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[image: image130.jpg]Hecmandapmni_mpuzonoxempuyni pieHanus

Posp’askiB HeMmae, OCKiJbKM IpaBa 4YacTMHA OCTaHHBOY
piBHOCTI — mapHe WMcNO, a JiBa — HemapHe. 3HAUMTD,
OTpMMAaHA CHCTEMa DiBHAHbL HecymicHa i BuxigHe piB-
HAHHA HE MAae€ pO3B’A3KY.

Hpuxnany 10.2. Poss’ssaTu piBHAHHSA

1
cos bx °
Pogzp’azanms. 3anumemo DiBHAHHA y BHUIAAAL

2
cos 5x ’

cos x cos 4x =

cos 5x + cos 3x =

cos” 5x + cos 5x cos 3x =2 abo
1 + cos 10x + cos 8x + cos 2x = 4,

3BiKM cos 2x + cos 8% + cos 10x = 3.

OTpumane piBHSAHHS BHKOHYETHCA TIJBKM IIPH THX
3HAYEHHAX X, INPU AKUX opHodacHO cos 2x =1,
cos 8x =1, cos 10x = 1, T06T0 oTpHMaHe pIBHAHHA piBHO-
CHJBHE cHcTeMi

cos 2x =1,
cos 8x =1,
cos 10x =1,
)
D,
" 5 Ul
3 x
m 4 4 m
15 105 1L 0 1115101
>
. 2x
m\ 5 1‘1; m
4
n %‘ n
m m
Man. 8

127
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aBigkn "
x=mk, keZ @
x:’-z", nez, (In
x=%n~, meZ. 1)

Poas’Aayioud OTPUMAaHy CHCTEMY piBHAHb Ha xoJi,
opepiumo ¥ = 7f, feZ (man. 8).
Tpuxaax 10.3. Poap’asaTA piBHAHHA

sin™®® x + cos’™’ x = 1.

Poan’ssamus. Ockimeku |sin x[ <1 n lcos #/ < 1, To
1017

xsamzx.

sin'*® x < sin® x, cos

Tomi sin'®® x + cos'? x < 1. JliBa wacTMHA JAHOTO !
piBHAHHA He IepeBHIlye opuEMi i AopiBHIOE OfMHAIL
TiNBKM y BANAZKY, KOJNM BMKOHYETBCA CHCTEMA piBEAHB

{msmv x = cos® x,

5in'** x = sin® x.

Tlepire piBHAHHA 38/I0BONBLHAETLCS npu cos x =0 i
cos x=1. AJle IpM IMX 3HAUEHHAX X Zpyre piBHAHHA
CHCTEMH TAKOXC 3aJIOBOJBHACTHCA: FAKINO COS X = 0, TO
sinfx=1, a sxmo cosx=1, TO sin x = 0. Tomy poa-
B’GKAMM CHCTEMH, & PAsoM 3 Helo i BUXizHOrO piBHAHHA,

6ynyTe X =%+ kn abo x =2mk, fe k — Oymp-axe nine

HHUCJIO.
Tpuxnax 10.4. Poss’asaty piBHAHHA
2t F .
AE y2 — 4y + 5.
1+ tga %

Posp’szamma. 1 cnoci6. Ilpm x#n+2kn, ke
pIBHAHHS MOYKHA 3arcaTd y BArTAML si.nx:(y—Z)x-»-l
Oujnumo JiBy i npaBy HacTHHH piBHAHHA:
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sinx<l, (y-27+121.

3HauuTh, piBHAHHA Oyfe MaTH pPO3B’A3KH TLIBKH
NpY BHKOHAHHI YMOBM

ginx.=1,
w-2°2+1=1,

aBigru

%+21th, ke2z,

ER
"
0

Bimnowins: x—5+2uh, keZ, y=2.

II cmoci6. Ockineky JiBa 9acTHHA PiBHAHHA NpPH
x#n+2kn, keZ, popieHioe sinx, JaHe piBHAHHA
MOJKHA 3alMCaTH y BUINVIAZL yz 4y+(5— sin x) =0, i
poarssnemMo #oro sk xsajparHe BifHOCHO Y.

Ile piBHAHHA Mae KopeHi 3 TMX i TinbKH THX
gHaueHb X, NPH AKUX JMCKPUMIHAHT

D=sinx-120.
Bsigcu Bunimsae, mo sin x = 1. Toxi
x:§+2nn, nez y=2.
Npuxaax 10.5. Posp’ssaTu piBHAHEA
g X x-2n
sin o + 2 cos 3
Pozp’szamma. Onismmo JiBy 4YacTMHY DiBHAHHA:

=3.

sin <1 i 20051——2“

4 Gra Lt

e x—2n .
omie, sin 7 +2cos == <8, sBigkM BumIMBAE, Wo
J\aHe DIBHSIHHS MOXKe MaTH PpO3B’fA3KM JMINe SKINO

B. Tpuromomerpis. 129
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3BiAKA
x(@F+yH=-1,
{y @E+yPH=-1.
Buanauaioun miﬁmilpoan’aaxn niei cucTeMu piBHAHB,

5

TIpuxaax 10.8. Poap’sizaté piBHAHHA

OTPHMAEMO X =Y = —

x* - 2xcos ——+1=0.
==

Posp’szamma. Maemo:
3+ X

J:O A
Xl

2
(x-cos z ]+siz\2L =0.
-y x-y

Ile piBHAHHS piBHOCHJBHE CHCTeMi DiBHAHBL

(x272xcoe % 4 cos?—T ]+(l—cos
x-y x-y

=0,
< : o & -
Ockinbku piBHAHHA sin — — = 0 piBHOCHILHe Cy-
x-¥
KYNHOCTi /ZIBOX piBHAHB
cos—%— =11icos—"—=-1,
x-y x-y

TO OCTAHHA CHCTeMAa DiBHSHBL PpIBHOCHJLHA CYKYIHOCTL
JIBOX CHCTEM

x-y x-y 5
Poap’sisyloun mepmy 3 IMX CHCTEM, 3HAXOJHMO

&= 1, Tonl COSLI =1, aBigku
v-
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Po3B’A3yIouM KOXKHe PIBHAHHA CHCTEMH,.OTPHMAEMO
x=2(@k+1)m, k:(),il,t2,
x=2@n+1)n, n=0+£1,%2,

Ila cucrema Mae poss’sakM TOE i TLMRKM oz,

xomu pisEAHEHES 4k +1= 3n+1 Mae mimi po3B’A3KH.
Pogp’asyioum  #oro, OTPUMAEMO 4k = 8n, 3BiAKH

k=?7"' fxkmo n=4¢t, t=0,+1, %2, .., T k=38t —

mize, i Tomi
x=2012t+1)m, t=0,+1,+2, ...
Ils gopmysna MicTHTE Bei PO3B’SA3KHM JIAHOTO PiBHSHHS.
Mpmkaax 10.6. Pose’sizaTi piBHAHHA
2 cos® ¥ cos™ x = tg® x + ctg® x.

Poaw’sizamass. OueBugHO, IO NPH BCiX JONYCTHMUX
3Ha4YEeHHAX X

hg5x+ctgax22Vtg ctg” x = 2.

Ouimom'm By WACTWHY PiBHSHH#, 3ayBAXKMMO, IO
2 cos® x cos™® x < 2. Tomy AKmO 3ajaHe PIBHAHHSA Mae
pO3B’A30K, TO NP THX 3HAYEHHSAX X, MPH AKMX OfHOTACHO
MaloTh po:m ' ABKH ;n;sa pmuﬂmm

tg® x+etg®x=2m cos® x cos' x = 1.

~ . nk
Poap’siskaMu [epHIOrOo 3 HUX € x—z+?, k e Z.

Ockinbky i 3HAUEHHS X He sa.vxosmume Jpyre DiBHAH-
H, TO jaHe DIBHSHHA He Mae DO3B’AIKY.

Tpuxnax 10.7. Poss’ssaTy DiBHAHHA
arccos (x° + xyz) + arccos (xzy +y°) = 2n.
Poae’szamua. OcKimbKy
arccos (xa S xyz) <m M arccos (xzy o ya) <m,
To faHe DiBHSHHS pIBHOCHJBHE cHCTeMi piBHAHB
arccos (x° + xy) =,
arccos (x%y + %) =7,
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T 1
B, =2nk, keZ n V:I*’ﬁ' ke Z,k#0.
AuayoriuHo po3B’A3yIOUM APYTY CHCTeMY, aHalaeMO

, neZ. Tomy jasHe piBHAHHS

x=-1iy=-1+
U 2n+1

Mae Taki po3B’A3KH:
w1, =149, keZs

1
x,=-1, yz=—l+m, neZ.

Tpuxaax 10.9. Posp’ssaTi piBHAHHA ‘
tghx+tg' y+2ctg’ xctg® y=38+sin’ @ +y)-
Poas’saamns. 3acrocosyioun Hepismicrs Komri, Maemo:

tgtx g’y |
2 = + |

tgtx+tgy+2ctg’ xotg’y=

+2ctg® xotg® y =2 Nig' xtg' ¥ +2ctg’ xotg’y =
=2 (tg" v tg’ y + ctg” x otg” y) =
3 ggzxtgzy+c§gzxc§gzu
=4 2
24 Vtgzxtgzyctgzxctgzy =4.

Tomy tg* % + tg* y + 2 ctg® x ctg” y > 4. B immoro Goxy,
oueBMzHO 3 + sin? (x + y) < 4.

Jlane piBHAHHA Mae DOIB'ASKH Topi i TinbKE TOAI,
Komm ofuasi Horo wactmEM fopismioiore 4. Tomy pxame
piBHAHEA pPiBHOCHJIBHE cucTeMi JiBOX PpiBHAHB!

wrrtgyr2cetxotg’y=4
3 +sin® (x +y) =4, (*%)
3 pisusuEa (**) maemo
sinz(x+y)=1 abo cos (x +y) =0,

v

aBigKn
k3

x+y=§+nk, k € Z abo y=5~x+kn, keZ.
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Ile smauenHa y mifcraBaseMo B piBHaHHEA (*). Orpu-
maemo tg! x +ctg? x + 2 tg® x ctg’ x =4 abo

(te” x +ctg® ' = 4,
3BiZKH, OCKiLIbKM tgz x+ ctg2 x >0;

tg‘x+ct¢zx:2.

Posp’siayloun 1ne piBHAHHA, 3HalzeMO X —% 7" 3
{y-f_(m, mn _n
ne Z. Tomi =5 (4+2]+k1{_ (k 2)

Omxe, jaHe DIBHAHHA Ma€ TaKi O3B AIKHA!

x=§+—2— iy- + k_E]"’ n,keZ.

Tpuxaag 10.10. Hpu AKUX 3HAYEHHAX IapameTpa
o pisasEEsa 1 +sin” ax = cos x Mac omum Kopius?
Poss’azamna. OueBngHO, NpH OyAb-AKOMY 3HAYeHHI X

l+sin®ar21 i cosx<1.
Tomy pane piBHSHHA piBHOCHJBHE cHMCTeMi  JBOX
piBHAHB
cosx=1,
{si.u ax =0,
3BigKH

ax =mn, neZ.
3 ocraHHROI cHCTeMHM BHKMOIaEeMo Xx. Orpumaemo:
2akn = 7n abo 2ak = n.

Sflxmo a — panjoHajbHe WHCIO, TO, OYEBHAHO, icHYe
HeCKiHUeHHa MHOXKMHA LIMX 4Yucen k i n, IpH AKHMX
BUKOHYEThCHA piBHAHHA 2ak = n.

Orxe, NpH pAaioHANbHMX 3HAYEHHAX 4 PIBHAHHA
Mae HeCKIiHUeHHY MHOMWHY DO3B’SI3KiB.

fixmo a — ippamioHajeHe umMclO, TO piBHiCTB
20k = n BUKOHYETHCA TiNLKM TpH k = 0.

Omxe, JaHe DIBHAHHA Mae€ €JUHUNA PpO3B’H30K NP
Oyap-AiKOMy ippallioHaJbHOMY 3HA4eHHI NapameTpa @.
Ile#t poss’sizox x = 0.

{x=2nk, kez,
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.
Pienocmi, cnpasedausi npu - 6cix donyemumux 3Ha-
YeHHAX QPZYMEHMIB, W40 30D0B0NLHAIOMb 300aHUM YMOBAM
(ymosan 36'43KY), HA3USAIOMLLA YMOBHUMIL.
Vmosmi pismocti I BEAY
Vmoenumu pisnocmamu I eudy Hasusaromb pie-
HoCmi, 8 AKUX OQIOMbCA CNIBBIOHOWEHHA MiNne apzyMeH-
mami, a 00800AMbCA CRIBGIOHOWEHHA MiN DYHKUIAMU
Kxymis.
Tpmkaax 11.1. Jloecs, MmO HAKINO a+B+y =% 5
TO ctgu+ctgﬁ+ctgy=ctgu.ctg B ctg v-
Poaw’szamns, CURMemUHHUl Kemoo.
o+ kn, B#nm, y#mn, ky,n,me Z.
BepyTs pane ao oueBHMjHE criBBifHOmEHHA 1 nepe-
TBOpIOIOTE B MOTPibHE:

a+B+v=§, u+B:§-1, tx(m+ﬁ)=ts[§»y),

tgottgh _ _tga+tgP
1-tgucga'°t'”’l_ 1 = ctg 1,
ctg o ctg B
o+ C o C o]
gl T
CEG\’.+CE!2 i
ctgactg B-1 Sen

ctgo.+ctgﬂ=ctg<xctgbctgy»ctgy,
ctgu.+ctgﬂ+ctgy=ctgu.ctgﬂctgy.
Ananimuunuii xemod.
o # kn, B#nmn, y#mn, k,n,m e Z.
BepyTh OfHY 9acCTHHY (aBo pisHMINO MiX JacCTWHAMM

pieHocTi, IO ZoBOZMTLCS) i TIEpeTBOPIOIOTE HA miacrasi
JAHMX CHiBBiZIHOMIEHE:

7:%-((14{5), ctg a +ctg B +ctgy =
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=(ctga+ctgﬁ)+ctg[%—(a+B)J=
_sin@+f)  sin(@+P) _
sin osin p cos(a+B)
=sin(u+B)(oos(a+B)+sinasinﬂ) Ly
cos (o + B) sin a sin g

sin (o + B) cos o cos B
_sin@+PeosacosB _ poop otg ooty .

" cos (o + ) sin a sin B

Ockinmbxn u+[§=§—1, TO

tg @+ Potgactgp = ze[%—v]ctsactaaz

= ctg a ctg B ctg v.
Tpexaan 11.2. Bigomo, mo o + B +y=mn. Jlosectn,
mo cosza+coszﬂ+coszy=1—2mea.cos]}cosy.
Poaw’ssamus. cos® o + cos® B + cos’ y =

’1+c032a+1+oos2|3+1+cos2y_
3 2 2 2 ol

=2+(cos2a.+cos2ﬂ)+(1+cosZ'y)=

_2+2cos(a+B)cos(a-B)+2coe2(n—(a+B))_
= 3 =

=1 +cos (a + B) (cos (o — P) + cos (& + B)) =
=1+ 2 cos (o + B) cos & cos B =
=1+2cos (m—7y)cos acos p=1-2cos acos fcosy,
mo i BHMAarajoch JOBECTH.
Mpexaax 11.3. Bigomo, mo u+[3+y=g . Hosectn,

mo sin2a+sin2§—ainzy=l—2coeacosbsiny.
Poap’saamas. 1 -2 cos o cos fsiny=

=1 - (cos (a + B) + cos (@ — B)) sin y =

1387
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=1-(sin y+cos (o - B)) sin y =
=1-sin®y-cos (- P)siny=

=1-siny- 3 (in @+ o= p)+sin (-0t B)=

1oty (3 )i (3 22 -

=1-sinzy—%(oos2ﬁ+c052a)=
2 - cos 2B — cos 20 _
) =

(1 ~ cos 2B) + (1 — cos 2B) _
% =

=—sin®y+

=—sin®y+

=—sin2'y+sin2B+sinza,
mo i BUMArajioch JOBECTH.
Bnpasu
IoBecTn, mo:
11.4. sin 20 + sin 2B + sin 2y = 4 sin o sin f sin ¥,
AKImMO o +P+y=m.
11.5. s‘ma—sin[i+siny=4sin5cosﬂ- sin L

2 2 2"
AKmMo o+ P +y=m.

116. 8inu+sinﬂ+siny:4sin%cos%cos%,

AKIMO 0. =P + 7.

117, cosa+cosﬂ+cosy:1+4sin%sin%sin%,
ARmo o+ P +y=m7.

11.8. sin’ + sin?p + sin®y = 2 + 2 cos & cos P cos ¥,
AKIO o+ P +y=T.

11.9. ctgactg p+ctg actg y +ctg Petgy=1,

AKImo o + B +y=T7.
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11.10.

1111,

1112,

11.13.

11.14.

11.15.

11.16.

11.17.

11.18.
11.19.

11.20.

wywhredtelwlglon,
AKINO o+ B +y=m.

o B T et C BB et
ctg2+ctgz+ctgz—ctg‘2ctgzctg 5
AKmMO o +P+y=m.
sinoa+sinf-siny . o, P
sin o+ ain ptsiny o B2 g WO
a+P+y=m.

A+tga)d+tgp)=2, ecom a+ﬁ=%.
l—cosa+wsﬂ+cos1=4sin%cos%cos%,
AKmMO o+ P+y=m.
cosza+cos2f$+ooszy~2cosu.cosBcosy:l,
AKmo o+ B +vy=2n.

cos o + cos B + cos ¥ =

:1+4cosu‘;—§wsu—;ﬁcosﬁg—x,

AKIO o+ P +y=m.
#:ctg[ﬁ»ctgy, AKIO & + B+ y =7,
sin B sin y

) sin® o - sin®
sin y = » AKMO o+ P +y=m.

sin (@ - B)
sin o +sin f+siny=1+

+4sin[%—%}sin[§~g]sin (%—%] AKIO

m+p+y=%.

St BULC A ko G By =

2 cosa+cos P
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11.21. cos 4 +cos o +cos o = 3

2 2

=4 sin (E%A) sin [" ;B) sin [E%C], AKIIO

a+P+y=m
sin A A sin C -
sin Bsin C * sin A sin B
=ctg A+ctg B+ctgC, ecm o + B +y=17.
Buaroum, mo A, B i C — BHYTpilmHI KyTH JeAKOro

B c
2

11.22.

TPUKYTHHMKA, JOBECTH DiBHOCTI:

140

sinA+sinB+sinC _ , A B
B, R AT oin B = i 182 (52
sin C o
2 Ec— = tgA+igB.

11.25. sin 4A +sin 4B + sin 4C =
= - 4 sin 24 sin 2B sin 2C.
1 o, X s 1 L
sin Asin B ' sin Bsin C " sin Csin A
23 pesd Gt VY
=oAL B

sin % sin 5 sin 5

sin A+sinB sin B+sinC sinC+sin A _
cos A+cos B cos B+cosC cosC+cos A
et Mg B ol C
—ctgzctgzctqz.

A
2
= A B

—1+sec25eczsec

A B O AN B O
11.29.tg2+tgz+tg2 tgzteztaz—

et wfd )

11.30. cos 2A + cos 2B - sin 2C =
=~ 4 cos C cos (45" — A) cos (45" - B).

11.26.

11.27.

11.28. ctg%ctg§+ctg§ctg%+ctggctg

Clle}
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11.81. cos® A + cos? B = sin® C - 2 cos A cos B cos C.
11.32. sin A sin B cos C + sin A sin C cos B +

+ sin B sin C cos A —cos A cos Becos C=1.

11.33. sin’A + sinB + sin’C = 8 cos & cos B cos £+

84 ¢ 8B 30

+008?00ﬂ?00€ 2 .
11.84. sin (A +23) 4 ain (B +C)+ain(c+ D)1=
2 2 7
R L
: 2 2 2 -
A+cos B+cosC~1 4, B [¢]
11.35, 8AtrcsBresC-1 A4, B C,
B0 AranTE Rt 2 Ve %
£ 7 : 2 2
A+sin” B-sin”C
11.36, 28 Atsin S-8sm C __ ) p4gBigC.
sin® A-cos? B-cos’C | B EB
11.37. cos A cos B cos C 2.

sin Bsin C ' sin Asin C ' sin Asin B
Ymormi pismocti II BExy

Vmoenumu pisnocmamu II eudy nasusaome pie-
HOCMI, 8 RAKUX 6UMAzacmbch Josecmu desxe cnissidno
WeHHA MIN MPUZOHOMEMPUHHUMY QYHKYIAMU, SKUO0
300aKi iHWi Cni6GIOHOWEHHA MiN MPUZOHOMEMPULHUMNU
DYHKYIAML mux e apzymeHmis.

Crnocobu poss’asaHHA 3ajiad jaHOro BHAY: a) Gearo-
CepefHbO MOBOAMTHLCH Te, INO BUMAracThCH, BUKOPHCTO-
BYIOUM NpH ILEOMY 3ajaHy YMOBY; 0) HepeTBOPeHHAM
3aJaHOT'O CHIBBIZIHOLICHHA JO BHIVIAZY IIYKaHOI'O.

Mpuxaax 11.38. Jlosectn, Imo

L, 1B
tgo _ 1-tgatgp
m+n m-n
~cmgp -

AKIO i =2
sin (20 + B) m’
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o k!
Posg’szamma. Ilepmr 3a Bce 3a3HAYMMO, HIO O # - ,

ng + mk. Kpim Toro, 2a + B # nk, e k — mnine uucio,
im@m-—-n)(m+n)=0.
PiBuicTb, IO XOBOAMTLCH, PiBHOCHJbHA PiBHOCTL

m+n 465 tg (@ + B) - m+n_
tg o m-n

tga+tgp
tga(l-tgatgP) m-n
3aCTOCOBYIOUHM MOXiZHY NpPONOPIi0, OTPHMAEMO
tgo+P-tga min-m+n o
tg o + tg (o + B) m-n+m+n
<l gin PRI S g
sin (20 + B) m "

Omke, HOJATKOBOIO YMOBOIO € PiBHICThb, PiBHOCHJBHA
piBHOCTI, IO JOBOAMTBCH, OTIKEe, OCTAHHA PiBHICTH crpa-

BeMBA.
Tpuxnany 11.39. Jlosectn, mo
sin (« + B) = 8 sin (a - B),

axmo tg o =2 tg p.
Posp’s3ammn. 3a3Ha9MMoO, IO

u¢(2k+1)%, ;3¢(2k+1)§,

sinoe _ 2sinf

¢8a=2tsﬂ,ma o'
2 cos o sin P = sin @ cos B,
sin (o + B) - sin (a—B):%(sin(m+B)+!in(ﬂ—B))v

sBifKn sin (o + B) = 8 sin ( — ), mo i Bumarazocs Ao-

BECTH.
Npuxaax 11.40. Jlosectn, o A2=Bz—C’, AKINO
A=Bsina i Acosa=Csina, a=nk, ke Z.

Poap’szamms. 3 yMOoBM MaeMo:
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A? cos® a = C? sin” o,
BigmimMaioun Bifi BepxHEOI PIBHOCTI HMIKHIO, MAEMO
A’ sin® o = (B2 - Cz) sin® o, 3Bizku, Gepyui go yBarm, mo
sin a # 0, maemo: A= B®-C°

Tpukaaxy 11.41. Jlosects, mo ctgl)' ctx Oy

sin@+fp) _p
sin @-f) ¢

Posp’zamma. Baspauumo, mo a-P#mn, g#0,
a#nk, B=xnf, p£q, k, n,feZ.

{A’ =B%sin® o,

AKIO

sin(x+f) _p sinacosPtcosasinf _ p

sin (e - B) " g’ sin a.cos P —cos asin B q

Po3AiiuMBIY uMCENLHMK 1 3HAMeHHMK ApoBy, mo
croiTh B XiBili wacTMHi gaHoi piBHOcTi, Ha sin a sin B,
MaeMo

ctg p+etga _ p
ctgp-ctga a4’

3BiiKHM, 3aCTOCOBYIOYM MOXifHY MPONOPIiO, OTPUMAEMO
ctg p = mctg o, Mo i BAMarajoch JAOBECTH.

Tprxaay 11.42. Jloectn, mo
__sinp
tB(0t+l3)—cm§_A,
akmo sin a =Asin (@ +f), cosp#4, a+p # g+un,
nez.
Pose’azamma. sin o = A sin (o + f),
sin (o + B) - ) = A sin (« + B),
sin (o + B) cos B — cos (o + ) sin B = A sin (o + B),
sin (o + B) (cos B — A) = cos (o + P) sin B,
_sinf

spimen tg (x +B) = FEerTy

BECTH.

mo i BMMarajock Jo-
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Tpuxnax 11.43. Jlosect, mo tg %tg %‘:% , AKIO

sin o + sin =2 sin (@ +B), nputomy o + B # 2nk, k € Z,
a#n+2nn, neZ, prn+2nm, meZ.

Poaw’sizammsa. sin o + sin f = 2 sin (@ + ),

zmg_;ﬁmg%ﬁ:4ma_;rlm%9'

g Pl atp o b @ B
cos — =2 cos 2 ,eosgcos2+sm2mn2_
= & B omin®emb
—Zwszeosz 2sm2mn2,

G B L B
35m23m2~coszeosz,

Tpuxnan 11.44. [losectn, mo sin (20-P) = k sin B,

AKIO W(B-u)=ﬁteﬂ-.

n
Posg’saamma. Basmauumo, mo f-o # 2t

nelZ, a¢%+nm. meZ, k-1

1=k
m(ﬂ»a)~l+kt8a,

(1+k)sin([3—u)eosa=(l—k)sinacos(B~U.),
(1 + k)(sin (B—2u)+ainﬂ)=(1vk)(xinB+sin(2a—[§)),
(1 + k) sin (B - 20) + (1 + k) sin B =
=1 -k)sin p + (1 - k) sin (2o - ),
2k sin ﬂ=(1—h+1+k)sin(2u.—ﬁ),
aigen sin (20 — B) = k sin B, mo i BUMarazoch JOBECTH.
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Hpuxaay 11.45. Buaioum, mo
sin a=Asin i tga =B tgf,

’ 2
T 1
JioBecTH, INO OfHe i3 3HauYeHb COS X € g

Bi=1
Posp’szamns. PosfinuMBmiy mowieHHO JaHi piBHocTi,

aHaliieMo: cos o = % cos f. TakuM uMHOM,

sinﬁ:%g, cnsﬁ:Bozsm.

i 2 2 2
Jlani amaxopmmo sinzﬁ+ooszﬁ=&:2—a+%

a6o A% =1 - cos®a + B? cos® a, 3BigKn

A=

A2—1=(BZ—1)coszo., cos® o = a

B-1°

Omxe, OfHUM i3 3Ha9eHb COS X €

BHMAarajiocb AOBECTH.
Buopasu

11.46. Josectn, mpo tg (o + P) = 2 tg o, sAKIMO
8 sin B = sin (2o + ).

11.47. Iosectn, mo tg E‘;ﬁ &= 3%‘% %

AKINO tgg=4tg%.

11.48. JloBectn, mo sin (a + 2B) = sin a0, AKIMO
cos (o + B) = 0.
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11.50.

1151

11.52.

11.53.

11.54.

11.55.

11.56.

11.57.

o  cos o 1 §
oBecTH, MmO + = 5
A LeiE T n® (m + n)®
4 4
sumlom u+cos & _ & , m+n#0,
m n m+n
m=#0, n#0.
JloBecTn, mo
cos 3o + cos 3B + cos 3y = 12 cos « cos P cos v,
SAKINO cos o + cos P +cos y=0.
IosecTH, mo a cos = b cos o, AKIMO
stgarbigp=@+b)tg 2L,
I[onec'm,motg(u+ﬂ)—tgu=2tgg,m€ﬂl°
cos (20 + B) = 1.
Hosectn, mo
sin 2o+ 2P) + sin 200 = 2 sin 2, axmo
tg (o + B) = 3 tg .
Hosecrn, mo tg (x +P) =3 tg o, axmo
sin(2a+5):2sin|3,a¢§+kn,kez,
b3
a+D:§+m,neZ.
rta, x—o . 2B
Ilosectn, mp tg 2 fgﬁz »tgz,
SKIO C€OS X = cos & cos f.
JosectH, mo
1+ ctg (a + ) ctg (o — P) = cosec’ y, sKmo
cos 2a. = cos 2P cos 2y.
I #) aa, + bb,
s cosila~fy=—"+—,
loBecTH, MmO (o A
sin(x-a) _a .cos(x~a)=ﬂ

T Gin(x-p) b cm@-P b
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Ymommi pissocri Il smxy

Vmoenumu piswocmamu IIl eudy nasusaiomvcs
pigrocmi, 8 RKUX OGIOMBCA 3ANEHHOCMI MIN MPUZOHO-
MempuuHumu DYRKYIAMUL GP2yMenmie i mpeba 3Haimu
3QMeHCHICINE MIN COMUML GDZYMEHMAMU.

II{o6 BCTAHOBMTHM 3aJIEXHICTH Mi’K ApryMeHTaMH 3a
JIAHMMM CIHiBBiTHOINEHHAMM Mix (YHKUiAMHM IUX apry-
MeHTiB, HWacTille 3a Bce 3ajaHe CHIBBi/HOLIEHHS Ilepe-
TBODIOIOTE TaK, oD JiBa 4acTvHa siBAANA coBoio AoByTOK
TPUrOHOMETPMYHMX (YHKNiX, a npaBa — Hyab; NpH-
DIBHIOIOUM KOMKHHY CIIBMHOSKHMK A0 HYJS, OTPHMYIOTH
mykaHi CHiBBiJHOINEHHS Mi’X AapryMeHTaMu.

Tpuxaax 11.58. Ilano: tg (o + P) sin y = cos y. Suakitu
sanexcHicTe Midxe o, B i .

Poze’szamma. [lonycTuMi sHaYeHHsS apryMeHTiB
x
2
IlepeTBOpMMO JaHe CIIiBBiAHOINEHH:

a+Pro+nk, ke Z.

sin (a0 + B) sin y = cos (a + B) cos v,
cos (o + B) cos y — sin (o + B) sin y= 0 abo
cos (@ +B+y)=0,

3BigKu m+B+y=g+nk, ke Z.

Opuxaax 11.59. Berasouru chiBBigHOmeHHS Mix

TOCTPMMM KYTaMH o, P i y, mpu Axux mae Mmicue cmie-
signomenns sin® o + sin? B — sin® y = 2 sin o sin P cos .
Posp’szamma. Jlane B ymoBi 3ajaui cmiBBigHOmeHHA
sin® o + sin® B — sin® y - 2 sin o sin B cos y = 0
po3risiHeMO AK KBajpaTHe piBHAHHA BifHOCHO sin o,
TOZL OTPHMaEMO

sin o = sin B cos y £ Vsinzﬂcosz'y—sinzﬂ+sinz‘y=
=sin P cos y = Vsin® B (cos® y — 1) + sin®y =
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=sin P cos y = V—sinzﬁsinzersing-l:
=sinBcosyi‘]sin2y(fsinzﬂ+1):
=sin fcos y £ innz'ycoszﬂzsi.n B cos y £ sin y cos f.

TakuM YWHOM, OAEPIKAaNH [Ba CIIiBBiJHOIIEHHS:
1. sin « = sin P cos y + cos P sin y; mepeTBOpUMO Horo:

sin o = sin (B +7), sin a —sin B+1=0,

3BifKu Zcm!&;&xsinghé;l=0.
Slxmo cos&;Lt‘l:O, TO

a+B+y_m

2 2
3 ymoBM 3ajadi BUIIMBAE, IO

+mk, ke Z i a+B+y=n+2mk.

0<m+B+y<ﬂ,
TOMYy OCTAHHSA PiBHICTH MOXMJIMBA JHMINe IIpH k=0, i
Tomi o+ B +y=7.

Amanoriueo 3 yMOBM sin =0 oTpuMyeEMO

a-p-y=0.
2. sin « = sin P cos y — cos P sin y, nepeTBOPUMO #oro,
orpumaemo: sin o =sin (B - y), sin a —sin B-n=0,

2mu_+_;t1,,inu_j23_+_x=m
ﬁmomug;lﬂ, Es EL;L1=%

i a+p-y=n+2krn. Ila piBHicTb HeMOMWIMBA Hi TpH
sAkomy Tinomy Fk, OCKiNBKH arigHo yMoBM  3ajadi

+nk, ke Z

A§<u+|3Ay<1r.
Sxmp Vsin bt 0] 7o
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‘alg;ﬂ=k1t ioa+y-Pp=2knt

Ane OCKiNbKM 3 YMOBM piBHOCTI BHMIUIMBaE, IO
- % <o+y-p <7, TOMy NONepefHs DIBHICTH MOXKIHMBA
Tisbkn npu k=0, Tobro a0 +y-f=0.
Bigmosigs: o + p+y=n, a - p-y=0, a+y-p=0.
HNpuxaay 11.60. Ilpn saxomy crHiBBigHOIIeHHI Mix
kyraMu o, B i y 6yse maTm wmicme piemicTs
wiwhrugtelrwbul-1
Poas’szanna. IlepeTBOpMMO 3ajiaHe CHiBBiZHOIIEHHA
A R U A G P
Ta: tsz(ts2+tzz]—l gt ),
e Pl le
1-tg5 tgy

w5t wg-aa(5el)
wheu]

o (® By
t“2‘*“[2 2 2}

P a 3 .
3BigKn §+g+%—§=nh a6o o+ P +y=n+2nk. Ie i

€ IIyKaHe CIIiBBiJHOINEHH.

Baysaxenns. Ilpu pinenni Ha tg g +;x% MH BBa-
KN, IO tgg+tg%¢0. Ase ns ymoBa He € JOAAT-

roBoo. [lificHo, axbu tg Y tg %, TO 3 maHOi piBHOCTL

BUNIMBaIO 6 -tgz B=1, mo HeMOXJHMBO AIA AiHCHAX
aHAueHb P.

Hpexaaxy 11.61. Jlna Toro, mo6 B TPUKYTHHKY
ABC opun 3 xyTis gopiemoBas 60°, Heobxiamo i gocTaTHEO
BHKOHAHHS piBHOCTL

sin 3A + sin 3B + sin 3C = 0.

149




[image: image151.jpg]Yxoeni_pienocmi
Posp’szamma. Jlocrarmicrs. fxio .
sin 3A + sin 3B +sin 3C = 0,
TO ofMH 3 KyTiB 60°.
(sin 3A +sin 3B) +8in 3¢ =0, A+ B+C =180,
asigxu 8C = 540° - 3 (A + B). Topi
2sin3A+3Bm3A—3B
2 2
3,4;-1‘1)90%(’!A;I’!B+

34+3B __8A+3B
R e rhed
sin A*8B(  84-3B 3A+3B)_
2 2 2
8C__34 3B _

€08 —5° cos 5 cos 5

+sin (34 +3B) =0,
2 sin
+ 2 sin =0,

2

0.

Hexait cos o0 0. Ockinskun 0 <C <180, To0
2
0< 229 < 270° i piBHicTh cos 3sz =0 BHKOHYETHCH JIHIIE
npu % = 90°, aBigku C = 60°. AHaIOriuHO PO3MipPKOBYEMO
i y Bunmagkax cos%:() abo mgzé:().

Heobximmicrs. flkmo oxue 3 kyris 60°, To BHKO-
HyeTbesl piBHiCTE sin 3A + sin 3B + sin 3C = 0. [losese-
MO Te.

Ba ymoBolo omuH 3 kyriB 60° i A+ B+C=180".
Ockimbxu

sin3A+sin3B+sin30=2cos%cos§2A %Bi
cos 90° =0, To sin 3A + sin 3B +sin 3C =0,
mo i BHMArajoch JOBECTH.

Tpekaay 11.62. A, B, C — KyTH TPUKYTHHKa
sin A+sin B+sinC _
cosA+oosB+c<sC~‘J§' (43 4
mo xoua 6 OAMH 3 KyTiB TPUKYTHMKa JopiBHIOE 60°.
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Posp’szamma. 3 fasHol piBHOCTI OTPUMyeMO
(sin A - V3 cos A) + (sin B - \3 cos B) +
+(sin C - V3 cos C) = 0,
(sin A - tg 60° cos A) + (sin B — tg 60° cos B) +
+ (sin C — tg 60° cos C) = 0,
aBimkn sin (A — 60°) + sin (B - 60°) + sin (C — 60") = 0,

. (A+B o A-B . C-60 Cc-60" _
2sm( 2 —60)008 2 + 2 sin g 85 =0,
i 180'~C_60.MA-B+sinC—%‘wsc—so'_o

2 2 2 Ty
. e A-B . . C Cc-60" _
sm(ao-z)coevz —sm[30—2]cos*2 =0,
. e G A-B Cc-607) _
sm[30~2](cos 7 e )-0,
2din 30._9 IiinA~B+C—(~‘;0 sinC—GO—A+B:O’
2 4 4
sin (30" = € x.n._n180 - 2B - 60 e 180" - 24 - 60 =0,
2 4 4
. el s B . CY.
m(ao‘-zjm(aO—sz(ao-z]_o.

3si . _C o B

izcu BunmBae, mo 30° _5=0 abo 30 —§=0,

ao 30‘-%:0, smimn C=60° abo B=60, abo
A =60, mo i BMMaramochp JOBeCTH.
Iprxaax 11.63. B tpuxyrauxky ABC
sin® C - sin A sin B = sin® A + sin® B.
JHosectn, mo C =120°.
Poaw’szamna I. 3 gawoi piBHocTI Maemo:

1-cos2C cos(A-B)-cos (A+B)_
2 2 ¥
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=a®+ 0%+ ab. *)
AJe 3a TeopeMOIO KOCHHYCIB
¢* = a® + b® - 2ab cos C. )

3 pisaans (*), (**) BuniwBae, mo
a®+b® +ab=a”+b® - 2ab cos C,

asimen cos C =~ % i C=120"

Ipuxaax 11.64. B Tpuxyreuky ABC

(sin B + sin C + sin A) (sin B + sin C - sin A) =
=3 sin Bsin C.

Josectn, mo A =60".

Posp’azamma. I cnoci6. 3 BuxigHol piBHOCTI Maemo:
(sin B +sin C)° — sin’ A = 8 sin B sin C,

sin® B - sin B sin C +sin® C = sin® 4,

asijgenn l—t:;m213_(:05(8—C);cas(B+C)+

+1—00520_1-cos2A
2 o 2 .

1-cos 2B-cos (B—C)+cos (B+C)+
+1-cos2C=1-cos 24,

1 - cos 2B — cos (B - C) — cos A - cos 2C = — cos 24,
(1 + cos 24) — (cos 2B + cos 2C) — cos A —cos (B-C) =0,
2 cos? A—2 cos (B +C)cos (B-C)—
~cos A-cos(B-C)=0,

(2 cos A - 1)(cos (B -C) +cos A) = 0.

A el os A 1= O g cosA:%, A IGO0

2. flkmo cos (B-C)+cos A=0, To Taka piBHiCTE
A KyTiB TPMKYTHMKa He Mac Micug, mo Gyno mosemeHo
npH poss’ssaHHi mpukaaxy 11.63.
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_1—cos2A+1—we2B
s 2 2 P

1 - cos 2C - cos (A-B) + cos (A+B) = 2 — cos 2A — cos 2B,
—cos 2C - cos (A- B) —cos C =
=1-2cos (A+ B)cos(A-B),

1- 2 cos® C - cos (A~ B) - cos C = 1+ 2 cos C cos (A - B),

apign (2 cos® € + 2 cos C cos (A~ B)) +

+(cos C +cos (A- B)) =0,
2 cos C (cos C +cos (A—-B) +(cos C+cos (A-B)=0,
(cos C +cos (A-B))(2cos C+1)=0,
TOAL
1) cos C +cos (A-B)=0,

g CAE B CA B U
2 2
a) m%éﬂ, el e u‘;_—ﬂzw,

C+A-B=180, -B=180"-(C +4), -B=B,
IO HEMOMCIMEBO.

d)cosc_g+B C-A+B _

2
C-A+B=180, -A=180 -(B+C), -A=A4,

1[0 HEMOMNUIMBO.

=0, sBigku 90°,

2) 2 cos C + 1= 0, asin cos C=~ &, C=120', mo
i BHMaraioch JOBECTH.
Posr’szamna I1. TToMHOkMBIIK 0BM/IBI YaCTHHYM BHUXij-

Hoi pisHocri ma 4R’ (R — pagiyc ommcaHoro Koia),
OJIEPIHHMO

4R sin® C - 2R sin A - 2R sin B = 4R’ sin’A + 4R® sin®B.
BacTocoByioun TeOpeMy  CHMHYCIB (@a=2Rsin A,

b=2Rsin B), mMaemo: ¢” - ab =a’ +b* abo
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11 cnoci6. IlomuoxuBITM OGHABI YACTHHM BHXiJHOL

piBHOCTI Ha 4R* i 3aCTOCOBYIOUM TeopeMmy * CHHYCIB,
oTpEMaEMo

(c+b+a)(+b-a)=38bc,
(c +b)* - a® = 8be,

- be+b=a’. *)
Ane 3a TeopeMOIO KOCHHYCIB
c*-2bcos A+b =a’ (%)

»

(I

Tlopisaiooun piBHOCTL (*), (**), Maemo: cos A =

apigxun A =60, mo i BuMaranoch JOBECTH.
Brpasu

11.65. sin (A - B) = sin® A - sin® B. Bmaittu sanesx-
miets mixk xyramm A i B.

11.66. [losecTn, mo AKIMO Ma€ Micle CHiBBiZHOMIEHHA

ctgactg p+ctg actgy+ctgPetgy=1,

me o, B iy — roerpi kyms, To o+ B +y=180".

11.67. Bigomo, mo B TpUKyTHUKY ABC

8 1 1
sinA+sinBisnC snA+einC snB+amC’

Hosecrn, mo C = 60°.
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3aranbHEM MeToJ BHIYYEHHS HAPAMETDIB i3 cucTemMm
[BOX pIBHAHb MOJATAE B TOMY, IO DO3B’A3YIOTH OfHE
3 JaHUX PiBHAHB BiZJHOCHO MapaMeTpa (SKINO Iie MOKJIHBO)
i sHalifileHe AJi HBOrO 3HAYEHHA MiACTABISIOTH B JpYre
3 JAHHX PiBHAHB.

Ane 3acTocyBaHHSA JEAKMX INTYYHMX NpPUYUOMIB Jae
iHOZi MOXJIMBICTE OTpPHMATH pesyJbTaT HabaraTo Ipo-
crime.

Ilpu BuiyderHi napaMeTpiB 3 JaHO] CHCTeMH DiBHAHB
MM OTpUMyeMO HeobxigHi (azme He gocraTHi) yMoBHM
CyMIiCHOCTI JZiaHOI CHCTEMH, TOMY LILJIKOM JONYCTAMHMM
€ Taki IepeTBOpeHH#A, IO MOYKYTH JATH CTOPOHHI KOpeHi
(manpuxiaz, migHeceHHs 000X YACTHH PIBHAHHA JIO KBaj-
pary).

Tpuxxaxy 12.1. Bunyaurs o 3 cucreMu piBHOCTeH

Jx =5 sin a,
Y =5 cos o.
Poas’azanms.
x*=25sin’q,
yz =25 cos® .

CkJaBM DiBHAHHA OTPUMAHOI cucTeMu, Oyxemo
MaTH:

2%+ = 25 (sin” o + cos® «), %+ y” = 25.
Hpukaax 12.2. Buayunts o 3 cucremMu piBHOCTeH

x =3 cos a,
y=21tga.
Poss’szamms. IlepeMHOKMBIIWM DiBHAHHA CHCTEMH,

oTrpumaemMo: xy = 6 sin o, 3BigKHM sin o = Eg . 3 mepmoro

PiBHAHHA CHCTeMH COS mz% . Tliguecemo Ao xBajpaTy

i jgomamo pIBHAHHA OTPMMAHOI CHCTEMM:

1 Baysaxenns. Bei mepersopemns jamoro maparpada BeXyTscsi B obaacti
BHoRAueREs, axy MM amwualiHO He BKasyemo.
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22
. x
umu.=yﬁl, um2m=~3£—,
x 2
cos o = o 2 =
3 cos” a =g,
PLS

s 2 e x°
sin® a + cos” a = “ge + 700,

2 2 2
asiman U+ 0 -1, @+ ) =36

Dpuxaax 12.3. BuayunuTa o 3 cucreMu piBHOCTeH

actg o=m,
b sin 2a. = n.
Poas’szamns.
a cos o
e Sy
sin @

2b sin o cos o = n.

TloMHOMHMBIIY | POSAIMMBIIM piBHAHHA
cucremu, GygeMo MaTH
2ab cos® o = mn,
a m

BBigKM

2 mn.

cos® =g 0,
Emz o= ﬂ
" 2mb

JHozamo piBHAHHA OJepXKAHOI CHCTeMH:

mn N

2ab * 2mb = 1*

Opexaax 12.4. Bupasutn
_ sin 3a + 2 sin 5o + sin To.
sin 3o, + sin 5o
gepes x = 4 cos® a.
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Poas’maamma. Maemo x = 4 cos® &, x =2 (1 + cos 200),
aBigk:A 2 cos 20 = x — 2. IlepeTBopuMO BHpa3

_sin 3a + 2 sin Ba + sin Ta _

sin 3o + sin 5o T
=(sin3a+si.n5og+(sin 50 + sin 711):
sin 3o + sin 5

2 sin 6o cos o sin 6o
Sl e e T e
2 sin 4o cos a sin 4o
< A o g
=1+3sm-2a 4sin” 20 _ 1+3 4sin” 20 _
2 sin 2a cos 2a 2 cos 2a

+4m522u71

=3
2 cos 2a

IligcraBnsioun B oTpuManuli Bupas 2 cos 20 =
=x - 2, 6ygeMo MaTH
4 cos® 20~ 1 gy 1+(1:—2)2v1 22-8x+1

ok X A
¥ 2 cos 20 x-2 x-2

Tpuxaax 12.5. Bunyuntd o 3 cucTeMd piBHOCTeH

cos o — sin a = @,
sin 20 = b.

Pose’szamms. [lifHeceMo mnepmie piBHAHHA CcHCTEMH
[0 KBajpary i CKIAJeMo 3 ApyruM:

. L
1».2smzzcnsa-a, 1.=at b
2sinocosa=b,
Tpaxaan 12.6. Buayaura o i B 3 cucremu piBHOCTEH
sin o + sin B = a,
cos o +cos B =b,
cos (o - P) =c.
Poss’azamma. ITigHecemo mepmy i Apyry pieHocti xo
kBajpary. Jlojaloum ix, OTpEMaeMo (»zin2 a + cos® o) +

+(2 sin o sin B + 2 cos a cos P) + (sin®p + cos?p) = a® + b,
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10610 2+ 2 cos (o - B) =a® + b*
BUKOPHCTOBYIOUM TpeTIO PiBHICTH CHCTEMH; OCTATOYHO
orpumaemMo 2 + 2¢ = a® + %
Tpuxaan 12.7. Buayauma o i B 3 cucremu piBHOCTEH
moosza.+»cos2[3=1,
m sin o = n sin B,
m ctg® o+ nectg?p=1.
Poar’szamms. 3anuimeMo PiBHAHHS CHCTEMH y BHIVIAZNL

(m@ -sin®a)+n(1-sin®p)=1,
mznn'zu.=nzsin2)3,

2 2
cos” o i "eos E =1

sin® o sin’p

mn B

msin2a+nsin2ﬂ=m+n—l,
mzsinim»nzsinzt}:(),
m(-sin®o)  n@-sin®f) _,
sin® o sin® B :
Bukimouaouu 3 NepIIMX PpiBHAHL CHCTEMM CIIOYATKY
sin’ @, a morim sin’? B, oTpumaemo:
n(m+n)si.nzﬁ=m(m+n41),

m(m+n)sina=n@m+n-1),

aBigKu
5 0 o o
smzﬁ=m!m+n 1) lsmza=ngm+n 1!_
n (m + n) m (m +n)

IlifcraBasiiou B Tpere piBHAHHA CHCTEMH INCJIA CIIPO-
menns, orpumacMo (m® — n”)2 =—mn.

. Bopamw =~
Busyuutn napametp o i B i3 cmcrem piBmocTeik:
5
128 1" sma’
y=4ctg o
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. -sina=ux,
129. (%0

——— —cos =Y.

cos o

asin®a+beos’ a=1,
12.10. {g cos® B+ bsin®B=1,
xtga=ytgp.

xcoso+ysinf=a,
12.11. {xsin Bp—ycosa=b,
(* + y?) (sin® o + cos® B) = 2ab.

tg(@+x)=a,
12,
L {tg (@ -y =b.

tgo+tgP=a,
12.13. {ctg o +ctg B=1b,

o+ B=7y.

cos (B +x)=m,
12.14. s

1215, {” Ly
Y = cos 2.

x=tga-ctga,
il {y:tg 20 + ctg 2o
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[image: image161.jpg]§13. CuiBsigEOmMEHHER MiZ eJeMeHETaMH
TPHKYTHHKA
HaliBaskIMBIIIAMK CIIBBIHONIEHHAMM MiX eJeMeH-
TaMM TPUKYTHHKa € TeopeMH cuHyciB i KocmHYyCiB.
Teopema cuEyciB. B fOBiIbHOMY TPUKYTHHKY BiffHO-
IIeHHSA CTOPOHM JO CHHyca HPOTHJEKHOro Kyra € Be-
JMUMHA TIOCTiWHA, IMO JOPIBHIOE JAiaMeTpy ONMCAHOro
a b £
kona, To6TO A D e =2R.
Teopema CHHYCiB BCTAHOBJIOE 3B’430K MiX pajiiycoMm
OIMCAHOrO KOJMA i OCHOBHMMH €JIeMeHTaMH TPMKYTHHKA:

a=2Rsin A, b=2Rsin B, ¢=2Rsin C.
Teopema kocumycie. Kpagpar cropoHd JHOBLIBHOTO

TPUKYTHUKA JOPiBHIOE cymi KBaJpaTiB JBOX iHIMX CTOPIH
Gez ix mNOJBOEHOTO MOOYTKY Ha KOCHHyC KyTa, IHO
MiCTHTBCA MK HMMM, TOGTO

a® = b® + ¢% - 2bc - cos A.

Mpuxxax 13.1. Jlosectd, mo B JIOBLTBHOMY TPHMKYT-
HHKY Ma€ Miclle CHiBBiJHOIIEHHT & = bcos C+ccos B
(dopmMyna KOCHHYCIB).

Poas’szamms. 3a TeOpeMOIO CHHYCIB MaeMO:

b=2Rsin B, c=2Rsin C,
ToMY
bcosC+coosB=2RsinBcosC+2RsinCcosB=
= 2R (sin B cos C +sin C cos B) =
= 2R sin (B+C)=2Rsin A=a.
AmnanorigEo MaeMo

b=acosC+ccos A i c=acosB+bcosA.

Tpuxxax 13.2. [losecTH, mo B HOBiIBHOMY TPHKYT-

A+B
tg——‘z

Cl

[

- 2o L +b
HUKY Mae Micle CHiBBiHOIIEHHH "

(TeopeMa TaHTeHCIB).
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Poap’sizamEd. 3a TeopeMOIO CHHYCiB MaeMoO:
a=2Rsin A, b=2Rsin B.

a+b _2RsinA+2RsinB _ sinA+sinB _
a-b 2Rsin A-2Rsin B sin A-sin B
. A+B A-B A+B
=2m 3 08T _t.g ]
A+B _A-B  _A-B’
2 cos g sin T tg 2
Tpuxaan 13.3. JloBecTH, IO B JOBiTLHOMY TPHKYT-
oo BB
& R a+b 2
HHKY Mae Micme criBBigHOmEHHS = c
sin o
2
(reopema Mounbselize).

Po3p’azamnsa. 3acTOCOBYIOUM TeOpeMY CHHYCIB, MacMo:
a+b _2RsinA+2RsinB _ sinA+sinB
A 2R sin C N

sin (A + B)

2 si A+B A-B A-B A-B
N sin 2 cos 2 ik cos 2 % cos 2
T i dAeB LUAEDR A+B 4 C

2 sin g 8T, cos 0.

Mpuxaan 13.4. oBecTH, Mo B JOBLILHOMY TPHKYTHH-

s Al A B
xy Mae micne crissifHOmenHs p = 4R cos 5 cos 5 cos o

9
a+b+c <
me p=""op — — #ioro HamiBIepuMeTp.

Poap’asamus.

a+b+c 2Rsin A+ 2Rsin B+ 2Rsin C
p= = =
2 2
=R (sin A +sin B +sin C) =
. A+B A-B . A+B A+B)_
=R |2 sin 5 8T 5 + 2 sin g 8T |=
=2RshA;B(cosA—B+ A+B)=

o A
» A oa® el
—43009200521:052.

6. Tpuromomerpis.
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Tpuxaan 13.5. JlosecTH, mo B JOBLILHOMY TPHKYTHH-
Ky Mae Micre CIiBBiJHOIIEHHS S = 2R? sin A sin B sin C,
ne S — nJoma 'rpnxyﬂmxa.
Poar’szaumEs. S—*absmc—

—*'4stinAsinBsmC=2R sin A sin B sin C.

Tpukaan 13.6. I[onecm, mo B JIOBiILHOMY TPUKYT-
HHKY Mae nucue cnmm)momemm

r= LRmAsmgsmg,
e r — pajiyc BIMCaHOrO, a R — papjyc OmMcaHOro.
KoJa.
d
- absin C .
Po3s’a3amns. r=§= 12 = obsinC _
P E(a+b+c) a+b+e

o 4R sin A sin B sin C
2R sin A + 2R sin B + 2R sin C
_ AR*sin Asin Bsin C
3 c

BRcos%cos%cosE

Tpmxkaax 13.7. Jlosectd, mo B AOBLIBHOMY TPHKYT-
HUKY Mae Mlcl.le cmnm)n-lomeﬂna

s Sy kg O
44Rsm2smzsm2.

az:osA-rb<:osB+:ccysC~21:1,s

Poap’sisamms. acos A+bcos B+ceosC=

=R(25'mAcosA+2si.ansB+2si.nCcosC):
=2RsinC(cos(A~B)+cosC)=

A—123+COOSA—§—C

"

=2Rsin C - 2 sin
=4RinCoos18042B<xmA_180.+A i
2 2
~ s 4 25
=4R smCmBsmA=i (zuB. mpuxnax 13.6). 1

& |
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Tpuxaax 13.8. JlosecTd, Mo B AOBIILHOMY TDHKYT-
HAKY Ma€ Micie CHiBBiZHOIIeHHS

actgA+betgB+cetgC=2 (R +r1).
Posp’azamnun. actg A+bcetgB+cctgC =
=2Rcos A+2Rcos B+2Rcos C =

=2R (cos A +cos B +cos C) =

=2R(2cmA;Bcosé—;—§+cosC]=
= BicHAl S p Dgain p
=2R 2sm20os 2 +1-2sin 2)
c i

=2R 1+2m.u2 coe 2])

cafraie i o)

— 2R 1+4si.n£sinA—‘B+180 =C: i 180°'-C-A+B o

2 St 1 1
w e Cugi i Aucs BY
-2R[1+4smzsm2sin ZJ—
=ZR+SRsin%singsing=2ﬂ+2r=2(ﬂ+r).
Bnpasu

JIoBecTH, IO B AOBLILHOMY TPHKYTHMKY MalOTh Micie
CriBBi{HOIEHHA:

1890ctg74 = —o8nB
c-acos B
2 2 .
iggproabii sin (A-B)
¢ sin C
a@+c-b 1-cos A
1831 = == ——C e
b®+c-a) 1-cos B
13.12. a+b=4.Rcos%cos%.
1313, a-b=4Rsin Son A2 .
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13.14. a+b+c—8§ws‘3m€cos

13.15. a+b—c—8ﬂm%smgcos

13.16. acos A+bcos B+ccosC =
= 4R sin A sin B sin C.
13.17. a (sin B - sin C) + b (sin C — sin A) +
+¢(sin A—sin B)=0
asm(B C) bsm(C A)
sin A sin B

MIO N[Q

13.18.

13.19. (a®-b% ctg C+B* - P ctg A+

= (c2 = az) ctg B=0.
18.20. bcos B +ccos C=a cos (B -C).
18.21. sin® A =sin® B +sin® C - 2 sin B sin C cos A.
JoBecTn, mO AJAs AOBiNBHONO TPHKYTHMKA 3i CTOpO-

Hamu a, b i ¢ i kyramm A, B i C ¥oro miomy MokHA
BU3HAYMTH 32 GOpMYJIO0:

164

1822 S=p@-otg 4.

¢’ sin Asin B
2sin C J

13.24, s=(p-a)’tg§ct.g§ctgg.

13.23. S =

A, B +b+ec
13.25. S=p2tg§tgitg%, e p=“—2—.

13.26, S:(p—b)(p—c)ctg%.

13.27. S=aRsin Bsin C, ie R — pagiyc
ONMCaHOoro szyl"ﬂ.
2 2
1328, S = b*‘%‘_ A

1329, S=NLRn, 1,1, .

2




[image: image166.jpg]§14. 3apaui HAa BCTAHOBJEHHS BHIY
TPHKYTHHKA

OCHOBHMM MeTOJOM pO3B’S3aHHA 3ajad, B AKHX
'BUMATBETECH BCTAHOBMTH BHJ TPMKYTHMKA 32 TeBHHM
 CHiBBiHOIMEHHAM Mi WOro eJeMeHTaMH, € IepeTBOPeHHS
JIAHOTO BMpA3y TaK, o6 B OfHi# uacTuHi 6yB HyJB,
a B iHmil wacTMHI — JOGYTOK TPHIOHOMETPHYHHX
ymxnii.

Hpuxaan 14.1. Kyrn TpukyTHHMKa moB’asaHi cmiBBig-
HOIICHHAM sin o = 2 sin B cos y. JloBecTH, MO TPUKYTHHK
 piBHOGepeHMHA.

Pozp’szamma. Maemo: sin o =sin (B +y) +sin (B - y)
abo sin o = sin o + sin (B — ), 3Bigkm sin (B -y) = 0.

: Ockimeku B i Y — kyT™s TpukyTHHMKa, To B=17 i,
omxe, b=c.

MNpuxaax 14.2. JloBecTH, INO TPHKYTHMK NPAMOKYT-
‘Hul, sxmo coszm+wszﬁ+coezy: 154

Poaw’szamma. Maemo:

1+c§s2m+1+e;s2ﬁ+wszv=1,

cos (o + B) cos (o — B) + cos® (o + B) = O,
cos (a + PB) (cos (a — B) + cos (o + B)) = 0,
2 cos (o + B) cos o cos B = 0.
Sxkmo cos o =0, T0o 0o =90";
axmo cos p=0, To B=90";
akmo cos (@ +P)=0, T0 A+P=90 i y=180" -
- 90" =90
B ycix Tprox BHnajxKax TPUKYTHHK NPAMOKYTHHIA.
Ipaxaax 14.3. fikmo B TPHKYTHHKY
3.0 _ 3
%:c2 u sin o sin B=Z’
‘TO TaKkMii TpMKYTHMK — piBHOGiuHMi. [loBecTn.
Pose’szamma. [lepeTBOpEMO Nepime 3 JaHUX CIIBBiHO-
enp: a® +0° - =(@a+b-c)c?,

i a3+b3—c3=(a+b)c’—c3,
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[image: image167.jpg]Badavi na ecmancerenns UZASDY MPUKYMHUXG ‘
@+b) @ -ab+b")=(@+b)c’, |

Ockimbkr a@ i b — CTODOHM TPHKYTHMKa, TO
a+b$01'rouya —ab +b* =" 1
‘Ba 'reopeuum Kocuxycm meuo c?=a® +b* - 2ab x

x cosy, omxke, a’—ab+b>=a’+b® - 2abcosy, sBigkm

cos'y:% iry=60.
sin o sin ﬁ:%, %(cos(u-fﬁ)~c0€(ll+ﬁ))=

B

[SICURNIT

cos(o.—B)+cosy=%. cos (o — P) + cos 60" =
cos (@-P)=1, a—p=0, a=f.

3 cucremu
{Y=60'.
=p
MaeMo a =f =17 =60

Tpuxaan 14.4. fxigo B TPUKYTHHUKY

sin B + sin A
sec B+sec A’
TO TakW# TPUKYTHHK NpAMOKyTHuH. JloBecTH.

sin C cos Bcos A =

Pogss’sizammn. Sposymino, mo cos A cos B # 0.
A sin B +sin A
B _snB+sind
sin C cos B cos A % 1

sin B+sinA _ (sin B+sin A
T +L_[ |
cos B cos A ‘
sin B+sin A _

cos B+cos A

A+BmA—B

2 2E 0 T AvB
A+Bm3A—B

2 2

aBigkn sin C =

2 sin

2 cos

=tg
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3 orpuManoi piBHOCTL si.nC:ctg% Gyaemo Mart:

c
RS
2!m2m2 —¢ > imn
sin's
2
2sim*$=1, 1-conC=1, cos C=0, C=00,

mo # BMMarajioch JOBECTH.

Iipmxnax 14.5. Sxkmo B TPUKYTHMKY BMKOHYETHCH
crissigsomenns (b%+ ¢?) sin (C - B) = (> b* ) sin(C + B),
TO TaKM¥ TPHKYTHHK NpPAMOKYTHMM a60 piBHOGegpemHmii.

Poas’szamms. 3a TeopeMOIO CHHYCIB

b=2Rsin B, ¢ =2Rsin C.
IligcraBngi09u B 3afiaHe CHIiBBiAHOMIEHHS, OTPUMAEMO
4R’ (sin® B + sin® C) sin (C - B) =
= 4R? (sin® C - sin® B) sin A,
1-cos2B+1 -cos 2C

3BigKU 2 sin (C - B) =
_1-cos2C-1+cos 2B S

2
(1 —cos (B +C)cos (B-C))sin (C-B)=
=sin (B + C) sin (C - B) sin A.
PoarasreMo BHUnAagKM:

1. sin (C - B) = 0, sBigxu C = B. TPUKYTHMK piBHO-
Gempenwii.
2. 1~ cos (B+C)cos (B -C)=sin® A Togi \

1+cos Acos (B~C)=1-cos® A abo
cosAoos(B—C)zvcoszA.

a) flxmo cos A=0, mepi A=90". TpUKYTHMK mnps-
MOKYTHHH.
6) Sxmo cos (B - C) = cos A, T0
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cos (B-C)+cos A=0 abo

2cm]BkC+AmEB—C—A 1
2 2 y

Tom cos B=0*4_0, B-cra-180, -c=c,
B-C-A
L0 HEMOMJIMBO. cosT=0,

B-C-A=180-C-A=C+A, C+A=0,
mo HemosmBo. TakuMm umHOM, -a6o A =90, abo
B=C.
Ipuxaax 14.6. Skmo B TPUKYTHHKY BHKOHYETBCH

cHiBBiHONIEHHA atgA+bth—(a+b)tgAzB TO

JaHWYA TPUKYTHMK piBHOGiuHMH. [oBecTH.
Poas’nzammsa.
atgA+btgB= atgA;B A+B

(tgA tgA+B]+b[th @A+B] o

-B A-B
asm—2 ] b sin 3 t,
cosAcosA;B t:m;Bccbs—A;;i

Sxmpo: 1. ai.nAzB—O, A =B. Tpuxyraux piBHO-
GeapeHmii.

. aLi Ll . 2RsinA _ 2Rsin B

i cosA cosB’ cosA ~ cosB ’
tg A=tg B, A= B. Tpuxkyraux pisHOGiunmit, mo # BH-

MAarajock JOBECTH.
Ipuxaax 14.7. Skmo B TPUKYTHUKY BHKOHYETHCHA

criBBigHOIEH %= 2 cos C, To AaHW¥ TPHKYTHHK DiB-

HoGiunmii. [loBecTH.
Posp’sizamEa. 3a Teopemoio cHHYCIB

b=2Rsin B, a=2Rsin A.
IligcraBadgio9M B JaHe CHiBBifHOIIEHHA, OTPHMAEMO
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sin B
sin A
sin (A+C)=2sin Acos C, cos Asin C =sin A cos C,
tgC=tg A, A=C,
mo # BMMaraioch JOBECTH.

=2cos C, sin B =2 sin A cos C,

Bnpasu

14.8. 3maliTn sanexHiCTH MiK CTODOHAMH TPMKYT-
HUKa, #AKIMO MHOro mJoma BHUPAXKAETHCA (HOPMYJIOIO

g %
s=8 2t

14.9. BusHAuMTH BHA TPHKYTHMKA, B AKOMY
2h, = a tg B.

JloBecTH, IMO IpH BUKOHAHHI TAKUX YMOB TPHKYTHHMK
Gyne mpamoxyTHEM (C = 90°).

B _atce
14.10. ctg R
14.11. cos® A +cos® B - cos® C = 1.
JloBecTH, 1IN0 IPH BMKOHAHHI TAKMX YMOB TPHKYTHHK
6yme abo mpAMOKyTHMM, abo piBHOGeApeHMM:

1412, B _ sin’B

tgA  ginA°
cos C+2cos A _ sin B
14.13. el e A

14.14. flkmo kBagpaTH ABOX CTOpiH BigHOCATHCH,
AK IX TMpOeKNii Ha TPeTi0 CTOPOHY.
A+cosC sin B
1415, SSAtCS®  smg
cos A+cos B sinC
JloBecTH, mMO B KOXHOMY 3 TAKMX BUIAJKIiB TpH-
kyrHHK Oyze piBHOGeapeHHMM:

1416. o= 2bsin 4.

14.17.
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[image: image171.jpg]§15. HigcymoByBanasa
Bazaui Ha MiiCYMOBYBaHHA MAIOTH BelMKe 3HAWEHHS

ANs MATeMaTHYHOro PpO3BHTKY yuHiB. IlizcymoByeamnsa
TPUIOHOMETPHYHHMX BMpasiB 3/iHCHIOETLCA DPiSHUMH crio-

Hait6imsm B)xuBaHuM B TPHroHOoMeTpii cmocoBom mia-
CYMOBYBAHHSI € NPpEJCTABJEHHS CIILIBHOTO WieHa CyMH
pisHMIEI0 NeBHUX (YHKILIH.

TIpn mifcymoByBaHHi cuHyciB ao KocmHyciB, apry-
MEHTH §KHX YTBODIOIOTh ApH(METHHHY mNporpeciio 3
pisHMIEI0 &, JOCHTbL WIYKAHY CyMy IIOMHOMWTH # pO3-

AimATA Ha 2 ain% i Bci oGyTKM NepeTBOPHTH B CYMHM.

Ipuxxan 15.1. 3palitu cymy
S = sin o + sin 20 + sin 8o +... + sin no.

Posw’szamma. OCKiJTbKH apryMeHTH YTBOPIOIOTH apH(-
MeTHYHY Nporpeciio 3 piSHMIEIO o, TO, MOMHOXKMBIIN

obupsi wacTuHM nomepegHboi piBHOCTI Ha 2 sin %, OTpHU-

Maemo:
Zsm* S= Zsmzsmm+29m2m2a+..+
+2 sin 3 sin no,
in & __ 3o 3a
2sm2 S = cos o8 9" +€08 "5 + ...

s s )l i 2

T R i I
2$m2 S =cos 2 cos(na+2]

s'mn+1 -sin 2
- P 2t
GpigHR- S = ——— - et s
sin &
2
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2 0, Tobro «=2muk,

HAII PO3B’H30K He IPOXOAWTH. AJle 3PO3yMiso, IO HpH
o =2nk

Baysamcennn., Sxmo sin

sin o = sin 20.= ... =sinna =0 i §=0.
2anetl '
sin “o—asin 5o
Bi mie: = npu o # 2nk, k € Z,
sin o

0 npu o = 27nk.
Tpexaag 15.2. O6uncautu cymy
cos o + cos 5a + cos 9 + ... + cos (4n — 3) o = S.
Pozp’szamma. OCKiJEKH ApryMeHTH YTBODIOIOTH apud-
MeTH4YHy INporpecilo 3 pisEMneio 4o, TO, IOMHOMKHBINHM
0buABl wacTHHM moIepeAHBbOI piBHOcTi Ha 2 sin 20, OTpH-
maemo: 28 sin 20 = 2 sin 2a cos a + 2 sin 20, cos 5a +

+ 2 sin 2a cos 9a + ... + 2 sin 2a cos (4n - 3) o,
28 sin 20 = sin 3o +sin o + sin 7o - sin 3« + sin 110 —
—sin 7o + sin (4no — o) - sin (4na - 5a),
28 sin 2o = sin o + sin (4no — o),
2S sin 20 = 2 sin na cos (2ro — o),

ot S sin me;:szg:n -Da .
Amnarnoriuao npukiagy 15.1 maemMo BifmoBigs:

sin 2na cos (2n - 1) nk

v OpE o # -,
sin 2o
0 mpm u=ﬂ, keZ.

fxkmo mocnioBHIiCTE WieHIB CyMM 3HAKO3MiHHA, TO
KOMHHUN WIeH NpejCTaBJIAIOTh CYMOIO JOJAHKIB.

Hpuxaan 15.3. O6umcanTu cymy

S =sin « - sin 2a + sin 3a — ... + (-1)" "' sin na.

171
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Posp’azamns. OCKiNbKY apryMEHTH yTBOPIOIOTH ApHd-
MeTHdHy mporpecilo 3 pisHMUeO o, a BHpaasin o cos B
TIepeTBOPIOETECA B CyMy, TO, NOMHOMKHBINM OOMABI wac-

THHM monepefHbOI piBHOCTI Ha 2 cos % , OTPHMacMo
(3 i & _ 9 o
28c09242smucosz 2sm2acos2+

o
2
28 cos o 8 o 5a Codt s 5 o

2=sm?+sin-2——sin?—sm?+sin g =

2n +1 2n-1
2

+Zsi.n3acos%—...+(—l)""~2si.nm1cos

= sb (12 Pisin

o+ (1" 'sin =P a abo

E 2n+1ul
2 2

e B g1
2Scosz~sm2+(1) sin

Ilpn napHOMy n 3HAXOAUMO

spigkm S= ——————— npH a#mn+ 2nk.

Ilpu HenmapHOMY 7 3HAXOJMMO:

O 2t BN SRt
25m2~m2+sm 2 *
o ne . n+1l
230092—200323111 2 *
no . n+1
cos - sin o
= 2 2
BEIRKE S E ———er——av
cos %
2
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[image: image174.jpg]ideymosysanna
Hepa)kxo BIEBHMTHCH B TOMy, IIO B OGOX BHNAAKax
BIANOBIE MOMKHA 3AMIHWTH TAKOIO:
1 N 8 =) . (ne  n=m
§=- asm( 2 a+(n+1)2]sm[2+2)»
cos ‘2‘

" 1 sin("+1)(u+")sin"(a+m.
o 2 -2
%89
Bayeaxenns. OcranHi¥ BUpa3 MOXXHA OTPMMATH 3pa-
3y, SAKI[O JAHy 3HAKOSMIHHY CyMy 3aMiHHTH TaKoIiO
3HAKONOCTIHHOIO:
S = sin o + sin (2o + ) + sin (3o + 27) +
+ sin (4o + 37) + ... +sin (no + (n — 1) @),
B #AKi# apryMeHTH yTBODIOIOTH apMdMeTH4Hy Iporpeciio
3 pisHHLEIO X + 7.
Tpuxaay 15.4. 3malimu cymy
S =sin® o + sin’ 20 + sin® 3¢ + ... + sin® na.
Posp’szammna. Ilepin 3a Bce 3HM3MMO CTeNiHb TPH-
TOHOMETPHYHHMX (GYHKIi#, OTpUMaEeMo:
1—m32a+1—cos4a.+1—cosﬁa
2 2 2
- 1-cos 2na cos 20 + cos 4o + cos 6o +...+ cos 2no
2 2 ’
B ancensHMKy Apo6y MpaBOpyd MAEMO CYMY KOCHHYCIB
KyTiB, I0 YTBOPIOIOTH apMpMeTHYHy mNporpeciio 3 pis-
HUE 20. Ik i B nomepegHBOMY NPUKJIAZL, TIOMHOMHMO
i poaginamo Bci 4wieHw njei cymm Ha 2 sin o.
n 4
S=5-
2 4sina

S= +s F

=2
-2

(2 sin o cos 20 + 2 sin o cos 4o +

+ 2 sin o cos 6a + ... + 2 sin a cos 2na) =

=2_— 1 (ein 80— sin o+ sin 6o - sin 3a + sin Ta -
2 4sina
—gin 50 + ... +8in 2n + 1) a —sin Cn - 1) o) =
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[image: image175.jpg]o AP . =T ®
= 4sinu.(m(2"+1)a sma)_

=g_cos{n+1)asinnoc
2 sin o
fxmo o =nk, To S=0.
Npuxaax 15.5. 3madita cymy

S =sin® o + sin® 20 + sin® 3a + ... + sin® na.

Poss’azamma. Bigomo, mo sin 3o =3 sin o — 4 sinsu,

7 g 3 sin o - sin 8«
G A i R e

1 . Toxi maemo
S= 8 sin o — sin 3a L 8 sin 20 — sin 6a &
4 4
+3;;1:13(1.4—511:9(7. AR 3smm1;sm3nu I

=%(sinu+sin2a+...+sin no) —

—%(sin 8+ sin 6a + ...+ &in 3n0). *

B mpuxaazi 15.1 nokasamo, mo

" 1 <
sin |n + | o sin

sin o + sin 2 + ... + sin no = g -
O
)
Hexa#t S, =sin 3a +sin 6a + ... + sin 3na.
2 sin 3% 5, = 2 gin 3% sin 80 + 2 sin 2% sin 60+ ..+
2 2 2
+2ain3—;ain3m1, '
ndg _ 8 % 9a 150
2sm2s,_ 2 cos2+cos2 cos2+
+...+cos—£——)3 2’;_1 a—cmla(2;+l)m,
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Zsil1§:,2(£~sk=cm;:"?'J"Acme—(—l3 2’;+1 a,

8a. a4 8n+3 . 3n
2.sm2 S, =2 sin g osiny

smL ";‘Duaina?na.
apigkm S, = T M e
f2y

HOBep'mlO‘chb Ao piBHocTi (*), oTpuMaemo:

< RS Y) . 38n
sin us‘m— sin 2 o sin 5" a

S
4 3 3
sin E 4 sin 2

®

Immi npmioMm macymoByBamEs
Hpuxaax 15.6. Bnavitu cymy S = sino
cos o cos 2a

sin o ik LR sin o
cos 200 cos 8o. | cos no cos m+1)a 7

Poas’szamms. 3asHaunMo, mo

sin o _sin[(k+D)o—ka] _

cos ko cos (B + 1) o cos ka.cos (B + 1) a

:sin(k+1)ucoska—coe(k+l)a.sinka -
cos ko cos (kB + 1) o

=tg (k+1) a - tg k.
Buxopucrosyioun otpumany dopmysy, Gysemo MaTH:
S =tg 20 - tg o + tg 3o — tg 200 + tg 4o - tg 30 +

+.nttg(n+1)a-tgnoa=
sin no d
cos (n + 1) & cos o

=tg(r+Da-tga =
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2

Opuxnax 15.7. 3paditn cymy S = o s

;& 1

+ + o .
cos x + cos bx cos x +cos (2n + 1) x

s e 1 b
B 'sgz[cosxcos2x+m2xcog3u+
L 1
+ .+ o S
cosn.xcm(n+1)xJ 2 sin x 7V
me S, — cyma, poarasHyra B 3sajasi 15.6. Tomy

gL Tl — ey dgnax. i o
2s8inx cos (n+1)xcosx

- sin nx
sin 2xcos (n + 1) x

Hpmxaax 15.8. O6umcantu cymy
S = cosec x + cosec = + COSeC 25 + ... + cosec - .
2 2 g
Poss’szanms. BuxopucroByioun dopmyay
ctg % —ctg o = cosec «,

OTpHMAaEMO Szctg%—ctgx+ctg§«ctg§+

+ ...+ clg e tg*'ctg -ctgx=

2-41

s (t= 35

sin —%— sin x
2“61
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Hpuxnax 15.9. O6uncourn cymy
S=tgat32a+t32atg3a+tg3mtg4m+

+.. +tg (- 1) o tg na.
Po3r’nzamns. Buxopucrosyioun supas

- = L“ — !ﬂ ﬂ
tg (@~ p) Titgatap’
OTPUMy€EMO

_tgo-tgp
G R *

Topatoun xoxmmit popamox AaHol cymM y Buraami
pisHMIi, sacTocoByouM dopmyny (*), orpumaemo

g-t82-tga 1 4 &3a-tg2a

tg a . tg o T
+_"+tgmx~tg(n»l)a_1:ina—tga_("_1).
tga tg o

Iipuxnax 15.10. O6umcamrn cymy
S=tga+2tg2u.+4tg4a.+...+2"t52"a.
Posw’azamma. 3 sigomoi dopmynu
ctg®a -1
2ctga
oTpuMyeMo 2 ctg 2a = ctg o - tg a, 3Bigkm
tgm:ctga—thgZa.

Topaloun kosxuuit AOMAHOK JaHOI CyMM y BHIrIaAi
isHMIL, 3acTocoByIOUM onepskany (opMysy, oTpuMacmo

S=ctgu—2ctg2a+2ctg2a—4ctg4u+4ctg4o.»
~ 8ctg 8a +... + ctg 2% - 2 ctg 27 o =

ctg 20 =

=ctg o - 2" ctg 2"y,
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Bnpasu

OGumeauTH CyMH:
15.11. cos o + cos 2 + cos 3 + ... + cos na.

15.12. m%+m%“+m%+...+m%‘—la

15.13. cos x + cos (x + h) + cos (x + 2R) + ... +
+ cos (x + nh).
15.14. sec o sec 3a + sec 3a sec Bo + ... +
— +sec (2n —1) o sec (2n + 1) e
15.15. cosec x + cosec 2x + cosec 4X + ... +
+ cosec 2" x.
15.16. cosec o. cosec (o + P) + cosec (o + B) x
xeomc(a+25)+...+cosec(u+n|3)wsec(o.+|3+n|3).
15.17. ctg o — tg o — 2 tg 200 — 2 tg 4o — oo
- 2° tg 2"




[image: image180.jpg]§16. Poss’szamEs cHCTEM TPHIOHOMETPHIHMX
piBEAHB

TIpu posB’sizaHHi CHCTEM TPUIOHOMETPUYHMX DiBHAHB
BUKOPHCTOBYIOTHCA Ti ¢ NpUHOMM, 1Ko i Tpu po3s’sazanHi
cucTeM ajreCpaluHMX PpiBHAHE.

Tpuxnay 16.1. Posp’sszaté cucTeMy DiBHSHB

28
tgx-tgy="5—,
CiSeE
Ve
Pm’mmOcldJmmtgx—tgy:w,m
cos x cos J
3a/laHa CHCTeMa DPIiBHOCHJIBHA TaKiM:
o 1
sin x-y) _ 23 2 248
o i A i P
n
e Ok x—y=€,
3 V3
co8 X co8 Y = -, [cosxcosy=",
s \[3—
X-y=¢- cos (F-U)="5
_B _B
cosxeosy—T, eossty—._,,
cosxcosy+smxsmy=?, sin xsiny=—o.

Bigmimalouu Bif mnepimoro piBHSHHA CHCTEMH JpY-
re, MaeMO: €OS X cos y — sin y sin x =0, cos(x+y)=0,

x+y= % +nn. Temep MaeMo cucTeMy piBHAHB

®
1 +
<
(]
A
2
<

L3
L
I

ola n|a
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[image: image181.jpg]P036°A3GNNA CUCTEN MPUZONONEMPULKUX DIBNANY

) 2n n R n o, mn
3pigen 2x = +1m,::-8 ,y—-0+2.

3

Bimmogins: x=§+ﬂ, y—7+7, nez.

Tpukaax 16.2. Posp’sisaTé cHCTeMy DiBHAHB

_IL J=z

2
sin xsin y=- &
Yi5ias
Poas’azamma. Bpaxosyiouu, o sm——l ——‘[
=é(sinx+si.n Y), MAEMO CMCTeMy PiBHAHB
1 I ¥ th gl
2(sl.u:c+x;my)—4, sin x + sin y 3
sinxsiny=—%, smxsmy———;-

Posp’a3yi0uM JaHy CHCTeMY PpiBHfAHB, OTPMMAEMO:

sinx=1, %+2nk.
< el %
S VSS o o] p=C
sinx:—%, x=(1)’"1%+1m,
siny=1, y=%+2nk.
x=§+2nh, x:(—l)"”%+7m,
Bipmosizs:

y=Cn" gtmn, |y= 2+21:k,

nkeZ
Iipuknax 16.3. Posp’ssata cucreMy PpiBHAHB
sin” x = sin y,
{cos‘ x=cosy.
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[image: image182.jpg]Po36’33aNNA CUCmEN MPUZONOMEMPUNHUY pioNa,

Posr’szamma. Baysaxaimo, mo siny20 i cosy>0,
To6TO 2nnsys£+21m, nez.

Mignocaan mownenno zo xBappaty o6uasa pismsHHs,
2 NoTiM CKJABIIM iX, OTpUMAaEMO:

sin’ x + cos® x = 1. (65}

Hani sa.ma-muo, mo sin’x <sin®x, cos® x < cos? %

spimen sin® x +cos® x < 1. Pismicts gocsraetess mame
Y BMIAJKY, KOJNM X 3ajIOBiILHSE CHCTeMi piBHAHB

{si.n‘ x =sin’ x,

cos® x = cos® x.

Mosxnusi Taki BapiamTh:

1. sinx=0, x=nk.

Tenep 3 pismsimms sin’ x = sin Y 3Haxosmmo, mo

2
Tlepesipka migTBepKye, mo mapu BUTIAZY
(x=nk, y=2nn, k, ne2)
32/IOBOJILHAIOTE BUXiZHiN cucreMi piBHSHB.

siny=0, y=nk (21rnsy521m+£].

2. sinx=1, x= %-«-21:)!. 3 piBHAEHEA sin? x =

=sin y sHaxogmmo, mo siny=1 i y7-2—+21m [umxe
2tn<y< % * Znn}
Tlepesipka migTBepmNKCYE, IO nmapu BUIJIALY

2 2

€ DO3B’S3KAMHM BHXiJHOI CHCTEMH.

( =E+2nh, y= —+21mJ k,neZz

3. sinx=-1, x=—g+2nh, y=%+21m.

Ilepepipka migTBepskye i napu Taxoro BHIIALY.
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[image: image183.jpg]P036'S3GNNA_CUCTEN MPU20HOMEMPUNHUX PISHAND

Bixmogixs: (x = nk, y = 21k),

x:%+2nk, y=§+21m].

=—*+2nh y—v+21m), rae k,n e Z.
Tpuxnax 16.4. Poss’ssats cucremy PiBHAHDB

cos (x+y) _ 1

cos(x-p 9’

—-

sin x-siny=3.
Poar’szamns. [lepenmmeMo Iepine PiBHAHHS CHCTEMH
TAKMM YHHOM:

cos xcos y—sinxsiny _

1
cosxcosy+sinxsing 9

IlifcTaBAfAOYM B OTpUMaHe PiBHAHHA sin x sin y =

wh—-

cosxcosy—% 1 5
MaeMo: ———— 1 = g aBigKA cos x cos Y =g -
cosxcosy+§

Temep MacMO CHCTeMy PpiBHSHB

s
12°

< < 1
sin xsin y=3.

cos x cos Y =

Jlomaiouy MOYNEHHO OOHMABA PiBHAHHA OTpHMaHOI CHC-
TEeMH, MAEMO:

cos(x—y)=%, x—y:tuccw%+21m. neZ.

BiguimMalouu Bij mepmmoro piBHAHHA ApPyTe, OTPHMAa-
emo: oos(x+y)=%,x+y=;tmcosﬁ+2nk ke Z.
MaemMo cucTeMy PiBHAHBL ]

4y=1mcos%+2nn,

x+y=tamm%+2nk
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[image: image184.jpg]Pose’ssanns cucmex mpuzonoxempuunux piansny

Mooxymsi  Buman:

3
x—y=ucmz+27m,

1 1
x+y=arccosﬁ+2nk,
1 3 1
x = (arceos 7 + arccos 1o +mn + nk,
y=lxn-ccosl—m-ccos§ +nk + nn.
2 12 4
3
x—y:—meosz+21m,
2,
b
x+v«arccos12+21dz
1 1% 3
x—z arccos 12 arcoos4 +7n +nk,
y:l arccosl‘rarceoea +nk + mn.
2 12 4
x—y:arecoe%+21m,
3.
x+y—-arccos%+21tk
1 3
x=3 (ﬂrccos 4 — arccos 12)+1m+nk,
y=—%(mcosé+mcos%)+nk+nn.
3
x—y:—arccosz+2nn,
4.
=—uccos%+21[k
oL arccos - +ameos3 + nn + nk.
2 4 i

1 3
"‘z(“"“’% e T

Lj+nk+1tn, n,kelZ.
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[image: image185.jpg]P036°S3GHNA_CUCTIEN MPUZOHOMEMPULHUY PiBHANY

e [y ok 3 ES
Bigmosixs: (x—z[arccos4tarccos 12 +nn + 7k,

"=i§ arcoosﬁi arccos - +nn+1:k],

b 3 e 3
(x=i§(mwsﬁ+ mcasz +nn + nk,

1 3 1
y=75 amosztnrccos 13 +7nn + nk|,
n,keZ.
Mpuxnan 16.5. Poss’sisgatu cucreMy DiBHAHB
sin x +cos y =0,
sin® x + cos® V=75-
Posp’szamma. 3 mepumioro DiBHAHHSA CHCTEMH 3HaXO-

JuMoO, o cos y = — sin X, cos® y= sin® x. Tenep a3 Apyroro
PIBHAHHA CHMCTeMH MaeMo:

1 1 i
20“2":5, l+cu2y=§, cos2y:—§,

2y=i%"+2-nh, y=:t§+uk, n,keZ.
Ilpn npoMy cosy::t%.
PoarsisHeMO BHIATKH:
cosy=l, y=t£+21m,
1. 21 3
sinx=-5, ::=(—1)'+1%+1rk, n,keZ
= cosy:—%, y=i2?n+21m, -
sin x = 5

5 x=CV G4k, n kD,
TlepeBipka migTBEPAKYE sHaMifieni poO3B’A3KH.

Bigmosias: (x = (-1)‘*1% +ak, y=2t % +2nn,n, ke Z|

(x:(—l)’%+nh, y=i%"+2m. n,keZ}




[image: image186.jpg]P036'43GHNA_ClUCMEN MPUZOHOMEMPUNHUX DIBHAND
Hpuxaax 16.6. Posp’ssat cucreMy piBHAHB
V3
2

sinnx—uinny:%.

€OS X — COS MY = —

Poap’szamma. Maemo:

—25]‘1]”:;' sinnx—kgn =—g

B
(*)
2mﬂx+xz sinnx;n[ = %
,lImmuo oﬁmun YaCTHHM NepuIoro piBHAHHA Ha Bif-
noBiAHi wacTMHM iHmoro piBHAHHs. OTpuMacMo:

Ximy _
=i 5,
aBigKM
=lm+§, (7%)

ne keZ.

Posrnamemo Temep aBa Bumagku, komm k=2n i
xoma k=2n+1, ge ne Z.

a) Hexait k=2n. Toai pisramma (**) mae Burasy

‘[nx;n = 21m+§ . il
X + 7]

IligcTaBasoun 3HAYeHHS 3 piBHAHHS (**¥),

HanpHKJaf, B piBHAHHA (*), oTpumaemo:

2cm3m¥l-—a6osm—ﬂ %,
3BigKA
e A (3te%)
e leZ.

Hexalt l=2m, ge m € Z. Topi 3 pisHAHHa (***¥)
OTPHMAEMO:
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[image: image187.jpg]P038’33GHNA CUCTEN MPUZOKONEMPULKUX PiGHANL

oM _ %y omm
2 il 3 >

3 nporo piBHAHEA 1 piBHAHHA (***) yTBOpIOEMO
cucremy piBHAHB. Maemo:

X + W n
e

2 3
X — T, L3
3 -G+2nm.

Tipasi # JriBi wacTHHM PiBHAHB Ij€l CHCTEMH CKIA/EMO
i BigmiMmemo. OTpumMaeMO
xz
2

ny=1é+2(n—m)n,

x=5+2(m+n)mx,

3BiAKH x:%+2(m+u) u y:Z(n—m)+%, m, n e Z.

Hexait Tenep L= 2m + 1, ge m € Z. Topi 3 piBHAHHA
(**%%) oTpHMaEcMO:
X -mY _ 5% onm.
2 6 .
3 nporo pismsHEA i pismsmEa (***) yreBopuMo cuc- l
Temy. Maemo: ‘

X + 7| n
A _ %+ 2mn,

R o]
L;"lz%+2nm,

3BifKyM micna ckaajaHHA i BigHiMaHHS OpaBMX i miBux
yacTMH piBHAHHA I{€l CHCTEMM 3HAXOAUMO:

nx:%"+2(m+n)1:,

ny=—%+2(n—m)7:.

Tomy x:%+2(n+m) i y=2(n4m)—%, ze

m,neZ.
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[image: image188.jpg]P036'43GNNS CUCTIER MPUONONEMPULHUT. PiGHAND

0) Hexait k=2n +1. Toai piBHanmsa (**) Mac Bu-
TR

ux;" = 431+2nn.

Jlami pobumo Tak camo, AK i B IOIEpeAHLOMY
eunagry. Ilpm npoMy sHaligemo me i Taki poss’ssku
JAaHOI CHCTeMH:

1

x

I

B[ o |~3

+2 (n+m), %
i
+2(n-m) 7

+2 (n+m),

O pojen

y= +2 (n-m),

Ae m,n € 2.
Hpuxaax 16.7. Posp’sasatu cucTeMy piBHSHB

tgxtgy=2, ®)
tgxtgz=3, (&%)
|lex+yt+z=m (#%)
Poar’szammna. 3 pieHasEe (*) i (**) maemo:
= b 1t 68
tgy= iy tgz= tgx"

Ockimku 3 piBHAHHA (**%) BunmMBac, mWo Y +2z =
=n-x, T0 tg (y +2)=tg (n - x) abo

tguetgs T

1-tgytgz
apigkm tg x + tg y + tg 2 = tg x tg y tg 2. B ne piBHAHHA
3 PR 3 -
TiZCTABIAEMO 3HAYEHHA tgy—a i tgz:a . Togmi

micAA HEeCKJAJHUX IepeTBOPeHb -OTPHUMYEMO 0-32 x=1,
o 3 2
3Bi, x=%11i metobat 20
e tg tgy e
Jlana cucTema piBHSHE DiBHOCMJBHA CYKYIHOCTI Ta-
KHMX JBOX CHCTeM:

tgx=1, tgx=-1,
tgy=2, iitgy=-2,
X+y+z=m X+y+z=m

1R7




[image: image189.jpg]P036’43a NN CUCTEN MPUZOHONEMPUYHUX PiBHAMNY

Posp’Asyioun ILii CHCTeMM, 3HAXOJUMO:
.

z=%+nk,
y = arctg 2 + 7n, ¢

z=i—n—arct¢2—(h+n)n

n
x-—4+uk,

y =—arctg 2 +nn,

z=57"+nctgz—(k+n)ﬂ, k,n € Z.

Tpuxaax 16.8. Poas’ssaTH CHCTEMY PiBHAHB 1
sinx:siny:sinz=4:3:5,
x+y+z=".

Poap’asamas. OCKITbKH sin x : sin y : sin 2 = 4:3:5,

7o sin x = 4a, sin y = 3a, sinz=b5a, e a#0, a €R.

3 piBHAHHS X + Y +2Z =T OTPHMYEMO, MO

sin (y + 2) = sin x,
gin (z + x) = sin ¥, abo
gin (x + y) = sin 2,

sin y cos z + sin z cos y =sin x,
sin z cos x + sin x cos z = sin ¥,
sin x cos y +sin y cos x = sin 2.
TlicTaBasAiodM 3HAYCHHA sin x, sin y i sin 2, oTpH-
Maemo:
3a cos z + ba cos y = 4a,
ba cos x + 4a cos z = 3a,
4a cos y + 3a cos x = 5a,

3pifKU, OCKINBKH a=0,
Bcosz+b5cosy=4,

5cos x +4cos z=3,
4 cosy+3cosx=5.
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[image: image190.jpg]Pose'asanna_cucmeM mpuzonoMempULNUY PIGHAND

Posp’Aayioun LJ0 CHCTeMy PpiBHSAHB BiIHOCHO COS X,
cos y i cosz, 3HAXOZUMO:

cos =t cos -éioos2‘0
x=5, V=5 =0.

Jlana cucTeMa piBHOCHJBHA TaKii:
4
cosy=7g,

cosz2=0,
X+y+z=m,
3Bi[JKM OTPHMYEMO pO3B’A3KH:

x=%-nrccos%»(2h+n)n,
y=arwos%+2nk,
2=£+1"0-
2
Bnpasu

Poap’si3aTi CHCTEMH DiBHAHbL!

16.9.

16.10 gin x = cosec x + sin y,
“ )eos x =sec x + cos y.

2
16115 S g
tgnx+tgny=2‘]§.

| S
1612, V¥
tgx+tgy=1.

Ky
16.13. i
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[image: image191.jpg]Pos6’4SGHNA CUCTEN MPUZONONEMPULHUZE DIEHANY

1
cos (x—Y)=5
16.14. 1
eos(x+y)=—i.
tgx—tgy=2,
16.15. 3n
x+y="3-
sin x +cos y =1,
16.16. _®
xty=3-
.1
x+ty=79»
16.17.

si.nx:siny:%.

n
1618 1 * V=g
sin® x +sin” y=1.

5 < ot
16.19. 5™ (x + 10") sin (y+20)=§ 5

x-y=10.

»

-l

gin® x - sin® y =
16.20.
x-y=
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[image: image192.jpg]§17. Po3p’#3yBaHHA TPHIOHOMETPHUHHX
HepiBHOCTEH

Haiinpocmiutumu mpuzoHoMempusHuMu HepieHoc-
mamu HG3UBAIOMLCA HEPIBHOCME 6UzAAdy
@, <sina<b;, a,<cosa<b,

a;<tgasb, a <ctgas<b,

de a,, b,, a,, b, ay by a, by — 3adani uucra.

Ilpu pose’ssaHHi IMX HepiBHOCTeHl AK JONOMIMKHHN
sacif apyYHO BHKOPHCTOBYBaTH rpadik BigmoBizHOI GyHK-
uii abo TPHIOHOMETPHYHE KOJO.

1. sin x > a.
arcsin @ + 2nk < x < m — arcsin a + 27k,
keZ nmpu -1<a<1;
npu a 21 HeMae pO3B’A3KiB;
mpu a <-1 x e R.

2. sin x <a.
7 — aresin @ + 2nk < x < 2n + arcsin a + 2=k,
keZ npn -1<a<1l;
npu a < -1 HeMae PpO3B’f3KiB;
npu ¢ >1 x€R.

3. cos x > a.
2nk — arccos a < x < 2nk + arccosa, ke Z
npy -1<a<1;
npu @ 21 Hemae pO3B’A3KiB;
npu a<-1 xeR.

4. cos x <a.
2nk + arccos a < x < 2nk + 2r — arccos a,
keZ nmpu -1<a<l;
npu a < -1 Hemae Ppo3B’A3KiB;
npu a>1 xe€R.
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[image: image193.jpg]P36’ R3aNNA_MPUONOXEMPUNHUX Nepienocmel

5. tgx>a.

nh+arctga<x<%+nk, keZ npu‘aER.
6. tg x <a.

nh—%<x<1!k+arc¢ga, keZ upn a € R.
7. ctg x > a.

1wtk < x <mk +arcctg @, k € Z npu a € R.
8. ctg x <a.
mk +arcetg a < x <m+nk, k€ Z npu a € R.
HepibricTs, Mo He € HAKNPOCTINIO, 32 JOIOMOTrO0
HAKTPOCTIIINX TepeTBOpeHs Tpeba 3BeCTH A0 piBHOCHIBHOL
malinpocrimoi HepisHocTi abo fo cHCTeMM HanpocTilmux
HepiBHOCTE#.

Dpugnax 17.1. Posp’ssati HepiBmicTs cos® 3x <%.

ltcosbxy 1  opgy<-

)
Poas’szamud. 2 1

|-

2

4n
3+21th<6x< 3+27!h,
L e AR k.
AT R
Lo on mk 2 mh
Blmw-w.9+3<x<9+3,kez.

Mpuxnax 17.2. Posp’ssatu HepiBHicT

kelZ.

©ola

2 sin® x + sin x > 0.

Posw’szamma. Hexait sin x = ¢. Maemo cucTeMy He:
piBHOCTEH

2t +£>0,
-1<t<1,
3Bigxu —1st<—l, 0 <<l
@) sinz<-5, - iomk<x<-g+ih kel
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[image: image194.jpg]P036’R3G1NA MPUZOHOMEMPUNHUX HepiBHOCMEL
0) sinx>0, 2Znk<x<mn+2nk, ke Z.

Bimmosixs: an—%<x<2nk—%;
2nk <x<m+2nk, keZ.
Npuxaxay 17.3. Posp’ssatu mHepiBHicTH
tg?x-5tgx+6<0.
Poap’szamma. 2 <tg x < 3,
7k + arctg 2 < x < nk + arctg 3, k € Z.
Bimgmorines: arctg 2 + nk < x < arctg 3 +nk, ke Z.
Tpuxaay 17.4. Poap’ssatu HepiBHicTH

sin® x - sin 2x + 8 cos® x < 0.

Poaw’szammsa. IlepenmuineMo BHXifHY HepiBHICTH Tak:

2

sin® x - 2 sin x cos x + 8 cos® x < 0.

PosrssiHeMO JBa BUNAJKH:

a) cos® x=0.

Topi 3 ocTaHHEOI HepiBHOCTI OTPHMAaEMO: sin® x < 0,
po3B’AskiB HeMae.

6) cos® x > 0.

Poapinusimm o6uABi YaCTHMHM BUXiZHOI HepiBHOCTI Ha
cos® x, OTPHMAEMO DIBHOCHJIBLHY HEpiBHICTB

tg?x-2tgx+3<0,
fAKe He MaE PpO3B’A3KiB.

Bimnosims: x € @.

Tpuxaay 17.5. Poss’asa™a mepisHicTS sin 2x > cosx.

Poas’s3amma. 2 sin x cos x — cos x > 0,

cos x (2sin x - 1) > 0.

Hexait f (x)=cos x (2 sin x -~ 1). ®@ynknia f mepio-
Ju9Ha 3 nepiofioM 2n. BHalileMO MHOMKMHY PpO3B’A3KiB
puxizHoi HepiBHocTi Ha npomiky [0; 2r]. Ha mpomy
£, wms S5

npoMiskky GYHKIiA Mae Taki KopeHi: 6’ 2° 6°

3
5
7. Tourosomerpia. 193




[image: image195.jpg]P036'ASGNNA MpUZOHOMEMPUNHUZ MepieHOCTEi:

Craaziaemo TabaMIIo: g
. %) |(z, =)| (=, 5u)|(6x 3=)|(3n,
= |o%) G 3|6 =) 555 =]
.
cos x + + | = — +
2sinx-1 = o & — —
f(x) = it = i =

3 Tabmmi smaxogumo, mpo f (x) > 0 npu g<x<g

a6o % <x< 32l . Bpaxosyiouu nepiopuunicTh (yHKOi

f, orpumyemo BigmoBife: 21:k+% <x <2-uk+g 3

21m+%‘<x<21m+37", k,neZ.

Tpuknax 17.6. Posp’szaTw HepiBHiCTH
leos | + 3 cos x < 1.

Posp’szamma. PosrisHeMO JBa BHIAJKH:
) {cos x <0,

2608 m <1, cos x <0,

2nk+§<x<%"+2nk, kez

cos x 20, 1
0) {4cosx<1, 05mx<4,

= 1
21zk—2$x<21ck—arcoos4,

2k + arcoos - < x< G + 2k, k € Z.

B¢ HABIINA De3yNbTAaTH, OTPHMYEMO BiATIOBiZb:

2nk+mwﬂ%<x<2nk+21¢—arcws%, ke Z.
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[image: image196.jpg]P036’33011S MpUZONONEMPULNUX MepisnOCmEiL

Tpuxaax 17.7. Posp’asata HepiBHiCTH
sin® x + 2 sin x cos x - 3 cos® x < 2.
Poar’szamms.
sin2x+2si.nxcosx—3cos2x<2si.nzx+2caszx,
sin® x - 2 sin x cos x + 5 cos® x > 0. *)

IIpu cos x = 0 HepiBmicTs mpuiiMe BurusA sin’x > 0.
Poasp’sakom cucremm

cos x =0,
sin® x > 0
n
€ x=§+1m, nez.
IIpn cos x # 0 HepiBmicTs (*) piBHOCH/IBHe HepiBHOCTI
tg?x-2tgx+56>0, ()

ofepskaHi¥i finennsM HepiBHocTi (¥) Ha cos’ x # 0. Sk
HECKJIaJHO BIIEBHHTHCh, HepiBHiCTE (**) BHKOHYyeTHCH

npn O6yAb-AKOMY X # g + mn.

06’cayiour OTpUMMAaHI pesyJbTaTH, MAcMO BiJNOBijb:
x € R.

Tpuxnan 17.8. Pose’ssatu HepiBHicT:

tg x cos 2x < cos 2x tg 2x.

Poas’szammn. 3aypBakumo, WMo npu 2x # ; + mn,

mﬁrmx=%+% cos 2x tg 2x = sin 2x.
x  7n 3 A
Tomy mnpu L2t ara n € Z BUXifHa HepiBHicTB

piBHOCHALHA Takih:

tg x cos 2x < sin 2x. *)
5 s =
Hexalt tgx=2z. Bigomo, mo cos2x = —,
142
sin 2x = 5 3 5 - Hepismicts (*) mpuiiMe Burasg
+2z
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[image: image197.jpg]§18. JloBeeHHS CIPaBeIIMBOCTL
TPHrOHOMETPHYHHX HepiBHOCTeH

JloBefieHHS CIIPaBeJIMBOCTI TPMIOHOMETPMYHUX HepiB-
HOCTed, IO 3B’A3YIOTH 3JHAYEHHS TPUIOHOMETPHYHMX
GyHrni# ma Beifh umcropid oci abo Ha geakomy il
TNPOMIYKKY, 3BMYaiHO IPYHTYETHCH HA AOCJIJKeHHI BJac-
THBOCTeH (YHKIi#: MOHOTOHHOCTi, OOMEXKEHOCTI TOLIO.
Kpim Toro, mpH JoBefieHHi CIpaBeJIMBOCTI TPUIOHOMET-
PMYHMX HepiBHOCTE# BHKODHMCTOBYIOThCHA anrebpaidni He-
piBHOCTi, IO BCTAHABMIOIOTH 3B’A30K MiXc cepefHiM re-
OMeTpHYHMM i cepegHiM apudmeTHuYHMM gBOX abo Je-
KLTbKOX JOJATHMX GHCEJ.

TunoBa IOMHAIKA, AKY POBIATHL IPH JIOBeJieHHI HepiB-
HocTed, monArae B TakoMy. HepiBHicTe, mo migiarae
JIOBe/IeHHIO, TEPeTBOPIOIOTE 1 NPHXOAATH [0 OYEBMJHO
cripaBeZyMBol HepiBHOCTI (HanpukJjag, (2 sin x — 1)21 > 0),
micas 9oro po6GaAThL BHCHOBOK: <Omoke, HepiBHiCTH Jo-
BEJIeHO» .

Ile JsoriuHa NMOMMJKA: 3 TOro, IO OTpHMMaHa Ipa-
BHJIbHA HepiBHiCTb, 30BCiM He 06OB’S3KOBO BHIJIMBAE,
mo BWXiZHA HepiBHiCTH BipHA.

JloriyHO NpaBMJILHO NPOBOJMTH MIDKYBaHHA B 3BO-
poTHhOMY mopsaAky. HeobxifHo B3ATH JesAKy OYEBHAHO
cripaBe/i/IMBY HEPiBHICTL i NpoBecTH HaJ Helo Taki me-
PeTBOpEeHHA, HAKi NpHBeAyTh Ao Tiei HepiBHOCTI, AKY
BUMAraJoch JOBECTH. BaJMINAETHCA TOJIOBHE NMTAHHA: 3
Akol ¢ HepiBHOCTI Tpe6a BMXOZMTH i sk 1i TIepeTBo-
pioBath, mo6 npuiTH Ao mykaHoi HepiBHoCTi?

Jna sigmosisgi Ha HBOro Tpefa IpOBECTH IOIIYK
JioBefieHHsA, TOGTO IepeTBOPEHHA 3aNpPONOHOBAHOI HepiB-
HOCTi, fiKe NPMBOJAWTE HAC O OYEBM/HO CHPABEJIMBOIL
HepiBHOCTI, & NOTIM B3ATH IO OYEBHAHO CIpaBEJJIHBY
HepiBHiCTH 1 mpoBeCTH Haj HeO Ti K NEPeTBOPEHHS,
TIBKM B 3BOPOTHLOMY NODSAKY.

Ane uacrime 3a Bce pobaaTe jemo imakime. fkmo
B Tpoleci MONIYKY JOBeEHHA /O OUYEBHJHOTO MM KOMeH
pas 3aMiHIOBAJNIM HepiBHICTE HA PIBHOCHIBHY, MHifKpec-
JIOIOYM e, TO OCTAHHS HEpiBHICTL DiBHOCHJLHA BHMXifgHIiM,
a ToMy 3 ii crnpaBeZJIMBOCTI 3pasy 3 BHIIMBAE CIpa-
BeMBiCTL BHXiJHOI HepiBHOCTI i 3BOPOTHI# Xiz BHKIAZOK
He TOTpiGeH.
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[image: image198.jpg]Pose’30MNS_MpUZONOMEMPULHUX HepigHocmeil

2,
2(1=2) ., 2z

142 1+2

5, 2(-2) <25

z(-17z2)<0, z2>0.

tg x>0, nh<x<%+1:k. ke Z

n nn - .
Bpaxosyiouu, o X # 4 + 75 , MAaeMo BimOBi B!

nh<x<§+nk, §+nk<x<12j+nk, keZ.

Buopasu
Poap’sizaT!  HepiBHOCTI:
17.9. sin x > % 5
17.10. cos x <-— g

17.11. tg x < - 3.
17.12. tg Te<1.

17.13. 3 ctg [4:: = ]

1 1
17.14. 3<smjc< 2-

17.15. -1 <ctg x < 2.
17.16. sin x < cos X.
17.17. sin 3x < sin x.

17.18. cos® x — 3 cos x < 0.
17.19. sin x + V3 cos x > 0.
17.20. 2 cos® x+5cos x+220.

1721 sin® 4x > 3 .

17.22. cos® x sin 3x + sin® x cos 3x <%.
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[image: image199.jpg]Jfosedenns cnpasedausocmi mpuzonoNEmpUNHLY Hepienocmei: -5

ITpumimxa. Tlpu pxoBepenni HepiBuocTeil, B KHHM3
3BOPOTHil XiJ BUKJIAJOK He HABOAMTECH, OCKiZbKM KOJKHA
HepiBHICTH 3aMiHIOBAJack Ha piBHOCHABHY 1.

Dpmknax 18.1. Jlosectn HepiBHICT

V2+1 3

tga(l+igotseca)s — 5 sec o |

npu 0<a<%.

Poss’szammd.

si.na(1+sina+ 1 ]S V2 +1

R
cos o cos 0. CcOS O 2 cos” a

sin o (cos o + sin o + 1) 2 +1
2 s e
cos” o 2cos a
2sinu.cosa.(cosm+sinu+1)g\l§+1,
sin 20 (cos o +sin @+ 1) < V2 + 1. ™*)
OuinuMo 7By YacCTHHY oTpuMaHOi  HepiBHOCTi:
0 < sin 2o <1 mpH 0<a.<§, cos o + sin o < V2.
Takum uuHOM, Hepiemicrs (*) cmpapejiuea, a 3HA-
uuTH, cOpaBejIMBa i 3ajaHa mepisuicTs. PiBHicTb JocA-

raeThcA JMINe IpH o

Npmxaax 18.2. Jlosectw HepismicTs

‘8“+(1+'.gu)secas[%+\[2_}secza.
Poh'# sina+cosu+si.nu<l+‘&- 1
cos o coszu. “\2 coszu'

sinacosa+cosm+sinu$%+‘]§.
Oninumo JiBy YacTHHY oTpumaHoi HepiBHOCTI:
sinacosa:%sinZas%, cos a + sin a < V2.

Omxe, mepiBmicTs (*), a 3HAYHTH, i sapana, cnpad
BeJMBi.
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[image: image200.jpg]Jlosedenns cnpasedAusocmi mpuzonoMempuuHUX nepisnocmeit
Tipaxaan 18.3. Jlosectn HepiBHicTH

o 9
thzstga.(4wsu+l) < S anrOny
ne 0<u<g.

Poaw’szamma. 1. CnouaTky AOBefeMO CHpaBejIMBiCTL
HepiBHOCTI

9tg 5 < tga(deos o+l *)
Tlosuaunmo tg%:z. Toni
) s - Rz
tga = 1o cos o = s

Iipcrapasioan B HepiBmicTs (*) i Bpaxomylounm, mo

0<u<%, 2>0, o'rpm\meno:!)zs1222 4 1_22+1J,

-2 14z
2z 5-32°
R S 5o =g
T2 aret’
2
9 < —“I:ff : %)

. s o n
Ockinbru 0<a<§, TO 0<2<Z’ T06TO

O<tg%<l, omke, z<1 i 1-2z*"> 0. Buauuts, Hepis-
micts (**) piBHoCcWIBHA HepiBHOCTI
9-92'<10-62°, 92 -62°+120, 32°-1)°20,
mo crupaBeAiMBO. PiBHiCTE JocCAracTLCH JMIIe IpU
. a_1 o
z—‘ls—,'mﬁ'mtgz—‘ﬁ,a—s.
2. JloBegemo cnpaBefIMBicTH HepiBHOCTI
9
4 DS =
B Com S = e 5e
s“14(1(4(:0811.&'1)S—,L—,
cos o 4 sin o cos o
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[image: image201.jpg]J{osedenns_cnpasedausocmi mpuzoHONeMPUNILUE HepisHOCmED
dsina(dcosa+1)<9, 4(1-cos’a)(dcosa+1)<9,

16 cos® o + 4 cos’ @ — 16 cos o + 52 0,

(2cos o~ 1) (4cos o +5)20,
[0 CHpaBejJuBO. PiBmicTs JOCATAETHCA JHMINE TPA
o= % . Takum uMHOM, HaBefleHa B YMOBi HepiBHICTb
cnpaBejMBa. |
Tpexnax 184. A, B, C — Benuuuuyu KYTiB JIleAKOTO
TpukyTHEKA. [loBecTH, 110 THCIA sin A, sin B, sin C —
JIOBYKMHM CTODIiH JEAKOro TPUKYTHHKA. 4
Poas’saamma. Hexal sin A 2 sin B > sin C. 3a Baac-
TUBiCTIO TPMKYTHMKA @ < b + ¢. BUKOPHCTOBYIOUH TEOpeMy ;
cunycis @ = 2R sin A, b=2Rsin B, ¢ =2Rsin C, orpu-
MaeMo :
2R sin A < 2R sin B + 2R sin C, ‘
3Bijm sin A < sin B + sin C, mo # s3akinuye JOBeJSHHH. -

Mpuxaax 18.5. ABC — TOCTPOKYTHMM TPHKYTHHK.
JloBecTH, IO uucna a sin A, b sin B, ¢ sin C — CTOPOHM |
JIeAKOr0 TPHUKYTHHKA.

Posp’szammsa. He BTpavadu aarajeHOCTi, OyAemMo
pBaXkaTM, IO 3 BEJWUMH @ sin A, bsin B, ¢ sin C Haif-
Ginsmoto € c¢ sin C. [loBejemo Temep, IO

a sin A+ bsin B > ¢sin C.
BHKOPHCTOBYIOUH TeOpeMy CHMHYCiB
a=2Rsin A, b=2Rsin B, c=2RsinC,
orprmaemo 2R sin® A + 2R sin® B > 2R sin’ C,
in? A +sin® B > sin? C, sin® A +sin® C > sin® (4 + B),

1-—cos 24 i 1-cos2C _ 1-cos2(A+B)
2 2 2 '

1 +cos 2 (A + B) > cos 24 + cos 2B,
2 cos® (A + B) > 2 cos (A + B) cos (A - B),





[image: image202.jpg]Jlosedenns:_cnpasedausocmi mpuzonoNempuHUx Hepignocmeit
cos? (A + B) > cos (A + B) cos (A - B).

OcTaHHA HepiBHICTH JJs TOCTPOKYTHOTO TPHKYT-
muxa ABC cnpaBepiuBa, OCKimbkM cos (A+B)<0, a
cos (A-B)>0 (ockimkn 0°<C <90, 90°<A+B<
< 180°).

Tpuxnax 18.6. [opectn cnpasesiuBicTs HepiBHOCTI
tg 50° > % Gea obuMcimOBaNLHUX 3acOBiB.

Poap’nzamms. tg 50" = tg (45" + 5) =

1+"¢.';LG

_l+tgh _
1-tg6 P
1-t835

Ockinmbxkn npu 0<x<% tg x > x, TO
Uty = o 14,;]—6 8

% L Ty
e s
mo # BHMAraJoch IOBECTH.
Tipuxaax 18.7. Jlosectn HepimHicTs
V1 —sin x + Vsin x > 2 cos ¥ — cos’ x.
Poap’szanns. ONiHAMO JiBY UacCTHHY JaHOI HepiBHOCTI.
Hexa#h V1-sinzx +\sinx =A. 3asHaunmo, 1m0
A > 0. Toxi

A*=1+2Vsinx(1-sinx) 21,

8pifkuM BUIIMBaE, mo A= 1.
OujiEMMO NpaBy HacTHHY JaHOl HepiBHOCTI.
2 2

2cos x—cos“x=1-1+2cos x—cos” x=

=l—(l-2max+coe2x)=l—~(cosx—1)zsl.

TakuM YHHOM,

N1 sinx+Vsin x 2122 cos x - cos’ %,
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[image: image203.jpg]Josedenns cnpasedsusocmi mpuzonoMempuyHux HepisHOCTEiL
mo 3aBepIIye JOBefeHHSA. PiBHiCTE BHKOHyeTHCS NPH
x=2nk, keZ. .

Hpaxaan 18.8. [losecTu HepiBHIiCTH

'\’2009;\: 1’2<2cﬂsx 2 1
S + 3 S3smx+2sinx

npu o<x<%.

Poas’szammsa. OmiEMMO JiBy 9aCTHHY AaHOI HepiBHOCT.

Hexait A= qz::;-%x+ \lg_—z;“J > 0. Topi

3BiZIKM BHILUMBAE, IO AS\E

OuinvMo DpaBy YACTHHY JaHOI HepiBHOCTI, BHKODHC:
ToByloun HepismicTs Komri, mo BCTaHOBMIOE 3B’A30K Mi
cepeAHiM apudMeTHIHUM i cepe/iHiM reoMeTPHIHHM 2
JAOFATHHX HHCeJ:

2 i \/_ it el i
3smx+2sinx22 sin X - 28_)“:_2.‘\]_4"3_

TakuM YHHOM, OTPUMaHa HepiBHIiCTH

1’2cosx 1’2 2 —s~smx+ 1

2sin x

3aBepinye JOBeJeHHA.

202





[image: image204.jpg]JTlosedenna cnpasedausocmi mpuzonoxempuunuzx nepignocmei
Tpuxaax 18.9. Jlosectu HepiBHiCTB

1 1 2
1+sin’a 1+ecos’a 1 +sin o cos o
npu 0" < a <90°.
Poae’szamma.
1+cos®a+1+sin’a < 2
2 ~ l+sinacosa’

1+ sin”® & + cos® a + sin® o cos

3
2 + sin” o cos®

2

1 +sin o cos o’

8. : O
3+ sin 20 < 4+Esm22u,

sin® 20 - 3 sin 20 +220,
(sin 20 - 1) (sin 20.-2) 20,
MO BipHO, OCKiNBKM BHpAsH, 3aNMCaHi BCePefUHI KOMK-
HOI 3 OTpPMMAaHMX JYKOK, HejoAaTHi. PimmieTs BUKO-
HyeThCH JHMINe mpH o = 45°.
Ipaxaax 18.10. JloBectu HepiBHiCTH
sin 32" < tg 30"
Ges momomor# OGUMCITIOBAJNBHUX 3aCOBIB.

Posw’azamma. IIpoBesieMo cepilo DiBHOCHIBHHMX Iepe-
rRopens: sin 32° < tg 30, sin 32" < % eint8z <L)

1-cos64 1 o= L 9 e o 1
2 <3,cos64>3,cos64> 3
1+coa 198 1 1 min@8 10 L%l
2 >9, 2 >9,m38<9.
3 orsajy Ha JAHIIOXKOK HepiBHOCTeH
sin38'<sin45'=g<%

JlaHa HepiBHICTH cHpaBeAIMBA.




[image: image205.jpg]Jlosedenns cnpasedausocmi mpuzonoxempuunux nepienocmeii
Bupasu 4

JloBect: HepiBHOCTi:
2 cos o cos

18.11. cos® o + cos® B <
cos” a. + cos” B D)

s Ae
n
0<a, 954.

18.12. —Ssm « +sin® a cos o + sin® « cos® o +

+sin o cos® o + cos® a <

.Me\

18.13. 1+ctgmsctg%, rae 0'<o.s%.

18.14. sin® o + 2 sin® « cos o + 3 sin® & cos® o +

+ 4 sin o cos® o + 2 cos? 0. 2 0
JloBecTr Gea AOIOMOrW OGYMCIIOBANBHMX 3aCOGiB:
18.15. sin 85° < tg 30" < sin 36".
18.16. tg 26° < sin 30° < tg 27".

18.17. sin® 26 < 0,2 < sin® 27'.

18.18. cos® 36" < 2 < con? 35,




[image: image206.jpg]§19. Poss’asyBanHs DiBHEHL 3 NapaMeTpPaMH
Hpexnan 19.1. Tlpu sxux 3HAUeHHAX 4@ DIBHAHHS

el 3

Mae Kopeni?
Pose’szamms. Maemo: % [cos 2mx + cos g] =a, 3Bigku

4a -1

1
oos2mx—2a—2,ws2mx— 3

3 njei piBHocTi BMMIMBae, mo

—1s4“2'151, -2<4a-1s2, -154a<3.
S B 1 3
Bigmonins: —ZSasz.

Mpexnan 19.2. Poss’ssatH piBHAHHSA
sin® x + cos” x +sin 2x +a = 0.
Posw’azamms. Maemo:

(sin2x+oos2x)2—2sinzxooszx+sin2x+a=0.
1-2sin2x+sin2x+0=0,

sin® 2¢ — 2sin 2x -2 @@ +1)=0,
apigKn sin 2x = 1 + V2a + 3. Ymosoio icHyBanHS KOpeHIiB

€ 2a+320, abo a2~—2-.

Ockimekn |sin 26 <1, 1o [1 +V2a + 3| < 1.
PosrnsHeMo OKpeMo OcTaHHI chiBBifHOIIEHHS:
1. 1 -V2a + 3| <1, smigxn

3 1 *
-gsesy. *

3a miei ymoBu sin2x=1-V2a+3 i
i
x=%+£1;Larcgin(l—\}2a+3). **)
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[image: image207.jpg]Poss’asysanna _pisnanys 3 napaxempaxy

2.1 +V2a + 3| <1, ane ockiieku, 3 immoro Boky,
1+V2a+321, To \2a + 8 = 0, TobTO bw=gs Tomy
B HLOMY BUNAAKY

sin 2x = 1. (1)

OcKiTBbKA a=—% Bxomute B (¥), TO po3B’A3KH

pienannsa (***) BXOZATE B poas’aakm (**).
l
Bigmorixs: x=l2*'+g_—;)‘msin @ —2a +3),

3 ¥
Ae —Esasz.

Tpuxnax 19.3. Poap’asatd piBHAHES
sin 8x + sin 2x = m sin x.

Poas’siamns. IlepeTBopuMO 3ajiaHe DIBHAHHS TaKMM
upHOM: sin (2x + X) + sin 2x = m sin x,

sin2xcosx+cosz;rsinx+sin2:—msinx=0,
sin x (2 cos? x + cos 2x +2 cos x - m) = 0,
sin x (4 cos®x +2cosx-m-1)=0. )

OcKkifbKY KBAaAPATHMA TPUWIEH, MO B AYKKAaX, Mae
-1+Vdm +5 -1-Vim +5
o 4 $ 1

KoOpe! , To pipasHEA (1
posnajiaeTeCA Ha TPH:D

sin x =0, )

e Lm0 ":m*r-" P 3)

-1-\dm +5 (4

o TR B ‘

3 (2) oTpuMyeMo X = mk. YMOBOIO iCHYBAaHHA KOpe!
pisasmna (3) i (4) e mepisricts 4m +520,

mz—z.
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[image: image208.jpg]Po36’43y6anNA pi6HANL 3 NGPANEMPANL
1l[o6 pismsuEsa (3) Majo poaB’s3ok, me HeobXigHo,

mo6
‘—1 +Vam + 5

4
a pgns Toro, mob piEAHHA (4) Mano po3B’A3OK,

HeobXizHO, W06
-1-Vam +5
4

<1, (5)

<1. (6)

3 (5) BumumBae

|-1 +V4m + 5| < 4 abo —4<-1+Vdm +5 < 4,
-3<Vam +5 <5,

3BiKA 7%sm55.

3 (6) wmaemo —4<-1—\dm +5 <4, sBimu
A%Smsl. Orsxe, x, =nk npu Gyab-saxomy m;

x2=2uktmeosit:m—+s npH —%Smss;
x3:2nkiarceos_l—_:—m %smsl

Npuxaan 19.4. Poas’asata piBHAHHA
sin® x + cos® x = a.
BusHAUMTH 3HAYeHHHA @,) TUPH $KHX PIBHAHHA Mae
pO3B’A3KH.
Posw’szamma. IlepeTBopMMO 3ajjaHe DiBHAHHA
(sin? x)° + (cos® )’ = a,

(sinzx+coszx)(sin‘x—sinzxcoszx+eos‘x)=a.
sin‘x+2sinzxcoszxd-cos‘x—asinzxcoazx:a,

o 3 ¢
(sm’x+cos2x)2‘2-4um2xcoszx=a,

3 in?ox-=
1 35 Fxi=d,
apigxm  sin® 22:4(13—1) abo l—c2094x:4(13—a).

Beigcn
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[image: image209.jpg]P036’33y6aHHS DiGNANs 3 NGPAMEMPANU
8-5 . *)
P *
HeobxizEolo i gocraTHBOI yMOBOIO iCHYBAaHHA PpO3-
B’A3Ky 3aJIAHOTO DIBHAHHA € HepiBHICTE —1 < 803_5 30 I

3BigKA

cos 4x =

l £
gsesl (§d)
Ilpn Bukonauri ymoB (**) i (*) orpumyemo
4x=21:htmcossa3_5 i
x—ﬂilmwssa_s
274 3
SR 8a-5 1
Bigmosigs: x-2i4 coS. 3 upuASasl.
nk
Bokpema, AKmo @ =1, mx=7,

a AKIo a=%, TO x=%i%.

Npuxaay 19.5. Posp’sisatu piBHAHHA
a (cos x — sin %)+ bcos 2x = 0.

Poaw’sizamms. Jlane pDIiBHAHHA II€PeTBOPMMO TaKMM
IHHOM:

a (cos x —sin x)° + b (cos” x — sin® x) = 0,
(cos x — sin x) (b - a) sin x + (@ + b) cos x) = 0,
sBifkn
cos x —sin x=0 wm (b-a)sin x + (@ + b)ycos x=0.
Ilepme 3 nux piBHAHL Mac KOpeHi x=i+nk, e
k € Z. Posp’aayeMo pDiBHAHHSA

(b-a)sin x + (@ +b)cos x=0.




[image: image210.jpg]Poss’asysanns pisnany 3 napaxempaxu

frkmo a=b=0, 10 ne DiBHAHHA BUKOHYETHCH NPU
OyAp-AKAX 3HAYEHHAX X.

fikmo a=b#0, TO 3 OCTAHHBONO pIBHAHHSA OTPHM-

maemo cos x =0 i x=%+uh, ne kelZ.

a+b

Sxkmo a#b, ™0 b-a=#0 i tgx:a b

» 3BigKH

a+b
a-b

x = kn + arctg , Ae keZ.

L
i

a+
a-b

Bigmosigs: fIxmo a #b, To x = kn + arctg
n
x=z+lm, ne keZ;

axkmo a=b#0, T0 x=§+lm i

x=%+ku, ne keZ;
akmo a=b=0, To x — 6yanL-sake
JAificHe udmcIO.

Buopasu

Poap’si3aTi piBHAHHS:

19.6. sin 2x + 22 V2 (sin x —cos x) + 1 — 4a = 0.
19.7. (a + 1) cos x — (a — 1) sin x = 2a.

198, asinx+b acosx+b

becosx+a bsinx+a




[image: image211.jpg]§20. Pismi samaui .
20.1. ina xyris TpukyrHaka ABC fioBecTH HepiBHiCTH
\sin A + Vein B > ein C.
20.2. Ilpn axux niaux k piBHAHES
2 sin® % +6 cos® 5 =5 - 2k
Mae poaB’saaku?
20.3. 3uaiiTu crinbHI PO3B’A3KM PiBHAHB
8 sin® x -~ 3 cos® ¥+ Tsin x —cos 2x +1 =0,

cos® x + 3 cos x sin 2x — 8 sin x = 0.

n L3 n n
20.4. [loBectd, mo NpH 35a<2, ESB<2
2 LT 1 e 1 Al

cos o + cos B oS o cos B

20.5. JlosecTH, IO cHcTeMa HepiBHOCTeMH

lsm x> \32* _ 20x + 32,

cos x > %

He Mae PpO3B’A3KiB.
20.6. Ilpu sxomy G piBHAHHS

6sin x=a (7 +cos 2x) i 3asin x - 8 =a (4 +sin 3x)

MaloTh COUILHHH KOpiHB?
20.7. Posp’szaté piBHAHHS

1 —
cos 3x

cosx"jL—l-rcosax 1=1.
cos X

20.8. JloBecTn HepiBHiCTH
cos” o + cos® B 2 2
e —he o+ ctg® B)-
20.9. Iosectn, mo fkmo o, B — rocrpi Kym: i
tgp=3tga, To P<30 +a. .
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[image: image212.jpg]Pisni sadavi

20.10. Posp’asaT piBHAHHA

\sin x - Vsin x + cos x = cos x.

20.11. Jlosectn piBHicTH
cos 15" + sin 15°
g8 S0 +En D 3
cos 15° — sin 15 %

20.12. Jloectw, mo BCi pO3B’A3KM pIBHAHHA
(2 V2 cos 25" — 1) tg 2" = (2 V2 sin 25" — 1) tg 8x° — minmi
qHcJa.

20.13. Ilo Gineme: tg 6 tg 42° wm tg 12° tg 24'7
20.14. Posp’asaTd piBHAHHA
(3 sin x+\]§cosz+5y)z=37 a +yz).

20.15. Kyr A tpuxyrauka ABC popismioe 60°. OG-
YMCJMTH #HOro iHmI KyTH, AKIO

a+b

2cos B-1= 5
a+c

20.16. Posp’sasatd piBHAHHSA
cos™ x + sin® x (1 + cos® x)° = 1.
20.17. Posp’ssati piBHAHHS
4sin'® x + 4 (sin® x + 1) cos® x + 3 sin? 2x = 4.
20.18. Posp’asatd piBHAHHS
V2 -2 cos x + V10 - 6 cos x = V10 - 6 cos 2x.

20.19. JloBecTH, Mo ANA TPUKYTHMKA CIpABEIABA
HepiBmicTe @ 2 2k, tg % .

20.20. [losectm, me saxmo o+p=60, «>0,
B>0,’mtgu.-t§ﬁ§%.

20.21. JloecTn cnpaBejMBiCTE UMCIOBOI piBHOCTL

b3 T oy 18z _ 1
sin 3g 8 gg 5in ‘35 =76 (B = 2).
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20.22. Jlosectd, mO AKMO X, Y, Z — KYTH FoCT-
POKYTHOIO TPUKYTHHKA, TO .

tg"x+tg"y+tg"‘zz3‘l3—”.

20.23. Posp’sizaté cucTeMy DiBHAHB

sin® x = sin y,
sin® y =sin 2,
sin? z = sin 0y
akmo 0<x<m, O0<ys<m O0<z<m.
20.24. JlosecTu crpaBejimMBicTh Takoi piBHOCTI:
tg 55" - tg 65° - tg 75° = tg 85'.
20.25. Jlosects, mo He icaye TpuxyTHuka ABC, ans
KkyTiB skoro Mana 6 micue piBHiCTH

tgA+tg B+tg C=ctg A+ctg B+ctgC.
20.26. Uu mae po3B’'ssKH HepiBHICTH
3x-tgx>12

- . n
Ha Bigpisky [0; E}P
20.27. o Ginbime:
4tg 5 tg 9 um 3tg 6 tg 107
20.28. Poss’ssaTa piBHAHHA
sin2x+sinzy=sinxsiny+sinx+siny~l.

20.29. PosramysaTd B MOPAAKY 3POCTAHHA THCTA
4tg 1, 3tg 2, 2tg 3, tg 4.

20.30. JloBecTH, IO HpU 0. > 2 BHKOHYETHCH HepiB-
3

2 .
micTs sin ~ > ——.
x Va? + 9
20.31. Poss’asaTh PpiBHAHHA
sin (45’ + x) sin (75° + 2x) = V2 sin (75" + x) cos 2x.

20.32. [losecTd, IO MAIA JOBLIBHOTO TPUKYTHHKA
ABC BMKOHYETHCA DIiBHICTB
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cm%ws[%+3]+wsgew(§+c]+
+cosgeos(§+A]=0.

20.33. O6uucaNTH NpPH JOBLILHOMY O CyMY
sin? o + sin? (& + 1°) + sin? (0 + 2) + ... + sin? (o + 179°).

20.34. Bapjanmi worwpu kyra o, B, y i 8, Taxi, mo
o+PB=y+8<180°, npuuomy Bei kyrm gojaTHi i
tgo:tg B=tgy:tgs. Jlosecrw, mo o=y i B=38 abo
a=90"+38 i y=90"+8.

20.35. lna TpukyTHMKAa ABC BHMKOHYEThCHA piBHICTH
sin A+sin B _ sin 24 + sin 2B Tomecrs, 10 =

SHG S Gl b En 20 b oo
mopIif PpiBHOCHJLHA DPiBHOCTL

cos A+cos B=1.

20.36. BupasuTu uepes cTOpoHM TpMKyTHMKa ABC
BigHomrenna sin (B + 2|* sin 3
20.37. 3Bmaigite kyr P, akmo umema o, B, y i
cos® a, cos® By cos? Y cKJajaoTh apudMeTHuHi mporpecii.
20.38. Megiana BM TpuxyTHuka ABC yTBOpIOE 3i
croporowo BC xyr ¢. JloBefiTs, mo
ctgAzzﬂfacosg.
sin ¢
20.39. [osezites HepiBmicTs TIolirenca: dAKIO
0<m<%, To 2 sin o+ tg o > 30.
20.40. B Tpuxyrauxy ABC b +c = 2R V3. [losecrn,
o 8in24 _ 2
M0 GmgA = 8"
20.41. Posp’asati piBHAHHSA
2 + sec x sec 3x = 2 ctg 2x tg 3x.
20.42. Jlosectu, mo axmo A, B, C — kym™a Tymo-
KYTHOro TpukyTHMKa ABC, TO
tgA+tg B+tgC<0.
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Sk CKIACTH TPHrOHOMETPHIHY TOTOXHIETS ‘
|

Hexaii, Ak 3BHYAHO, CTOPOHH HOBLILHOTO TPHKYT-
HMKA MaiOTh JOBXMEM @, b, ¢, @ TMPOTAJEXKHI KYTH

BiATIOBIZHO JOPIBHIOITE O, By 7.
3a TeopeMoio xocun‘ycm

a? = b? + ¢* - 2bc cos a. (83}
BrifEo 3 TeopeMoio CHHYCIB,
a=2Rsin o, b=2Rsin f, c=2Rsiny,

Ze R — pagiyc KoJa, ONMCAHOTO HABKOJO TPHKYTHMKA.
IligcTapnsioun Ii 3HAYEHHA B pismicts (1), oTpu-

MyeMo:
4R? sin’« = 4R’ sin®p + 4R? sin’ — 8R” sin f sin ¥ cos &,
3BifKH
in? o = sin® B + sin® y - 2 sin B sin y cos . (2)

JloBegemo, 1m0 ToTokHicTe (2) BHKOHYETHCA HE
TiMbKM AAS  KYTIB JIOBLILHOrO TPUKYTHMKA, axe 1
Ans Gymb-aKuX KyTiB o, B, Y, MO 38/I0BOJEHSIOTH yMOBi
a+P+y=m.

Temep a=m—(B+y) 1 coso=-cos B +y). Hani
MaEMOo: sinzﬂ+sinzy—2sinﬂsin1wsa:

:%(1—0092[3)1»%(1—(:0821)»

—cos a(cos (B-y)—cos B+1)=
=1—cos(B+y)cos(ﬁ—'y)—cosacns(B—y)+
+cosocos (B+y)=1+cosacos (B-1)—
Acosu.cos(B—'y)—coszu=1—cosza.=si.n2m.

AmpaJoriguo JoBefieMO, 10 OpH o + B+y=mn cupa-
BeJLMBI TOTOMKHOCTL

sin? p =sin®y +sin’ o - 2 sin ysinacos f,  (3)
sin?y=sin®a +sin*p-2sinasinPeosy. (4)
Jopasum NoYJeHHO pisrocri (2), (3) i (4), oTpumyeMO:

sin? o + sin® B + sin” y = 2 sin B sin y cos o +
+ 2 sin v sin o cos p + 2 sin o sin B cos . 5)
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[

Hexalt o+B+y=m. Tloknapemo ul=%—2,

ﬂ,:%—g, yl=§~l. BasHauumo, IO

3n a+B+ 3n =
m1‘*"31""11:? 42E_I=?"'2‘=“~

Tomy pmns xyriB o, By, Y, COpaBeIMBa TOTOX-
Hiets (2).

sin® o, = sin® B, + sin® y, — 2 sin B, sin y, cos a;, 860

28 P e Proe L g ®
cos” 5 ='cos” g +ooa” o Zcoszeoazsmz. (6)
Amnajorigno ZoBefieMo, IO

mgg=m2%+m’%—2cos%m%smg )

W el e & e Dinin L
cos” 5 =cos” o +cos” 2cos2ws2sm2. ®)
Cxnaziaioan mownenso pisuocti (6), (7) i (8), orpm-
Myemo piBHicT :
zﬁ B

st

2+

cos® £ 4+ cos

20 L
2 + cos’ 2—2cos cos

2 2

+2m%m%sin%+2cos%cos%sing. 9

3poaymino, MO TAKHM YHMHOM MOXKHA OTPHMATH 3
ToTokHOCTI (2) HOBi ToTORHOCTI. Hanpukiajy, moknasmmma

op=n-20, By=n-2p n=n-2, ge a+tP+y=m,
oTpuMaemMo 3 ToTOkHOCTI (2)

sin® 2 = sin? 2B + sin® 2y + 2 sin 2P sin 2y cos 2a. (10)
Hexaif o +B+y=mn. Toai —cosa=cos(B+7)=
=cos B cos y - sin P sin vy,

aBigKK cos B cos y + cos o = sin P sin y.
Iligrocaun zo kBagpaTy o6MABI YACTHHH OCTAHHBOL
piBHOCTI, OTpHMYyeEMO:
(eosDcouy+cosm)2=sinzﬂsinzy abo
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eoszﬂooszy+2cosawsbcosy+mszu‘=
= - cos® P) (1 — cos” 1),
QBW'H MBEMD.
cos? o + cos® B+eosy 1 -2 cos o cos P cos y. 11
3 roroskuocti (11) oTpuMyeMo TOTOMKHOCTI AN KYTiB
o, B, Y, IO 3aOBLIBLHAITH ymoBi o +p+y=m

o L | s LR PR ey §
sin® 5 + sin 5 *+&in 2—1 2m25m23m2

. n o ks n
(pontem ,-5-5 m=3-5 n=3-1
cos22u+eos’2ﬂ+cos22y:1+2coe2ueo52|3cos27
(samimn o, =7 — 20, By =7 - 2B, ¥ =® -2
SK CKNACTH TPHIOHOMETPHWHY HepiBHiCTH

PosrssHeMO TPUKYTHMK 3i CTODOHAMM 4, bjlci
BiANOBIAHMMHM KyTAMH O, B, y. Bimomo, mo

V3 sin o +cos & < 2. 1)
PisHicTh AoCATacTLCH JHINE IPA X = 60°. Bmwpncmny-
joun Biomi dopmyH mnm:ﬁ i ma_ﬁ;ﬂi
be 2be g
< d 288 b+c’-a

maemo 3 HepisHoeti (1) r= + %be <2,

448 8 +b% +c* - a® < 4dbe. &)
AmajoriuHo JoBeAeMo, INo

43 S +a®+b -’ < dab. ®)

JlopaMo TOYJIEHHO pienoeri (2) i (8):
88 S + 2b% < 4bc + 4ab, abo

43 S < 2ab + 2bc - b*. 4)

Pisuicte B HecTporili HepiBHOCTL (4) pocaraeTsed
swmme mpu o= =60".

Bigomo, mo S= 2R® sin o sin P siny. 3 Teope-
MM CHHYCIB BUIUIMBaE, MO @ = 2R sin o, b=2Rsin B,
¢=2Rsin Y.
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IligcTaBasioun Ii SHAYeHHs B HepiBHiCTH (4), MaeMo:
8V3 R®sin asin B siny <
< 8R” sin o sin B + 8R’ sin P sin y - 4R%sin” B abo
23 sin o sin y < 2 sin o + 2 sin y - sin p. (5)
Mu orpuManu HepiBHiCTB, CHOpaBefJIMBY MIA KYTiB
o, B, y AOBLILHOTO TPHKYTHHKA.
Kyru u1=1‘2‘—%, Bx=%_gr 71=%_% TaRoHc €
KyTaMH JedaKxoro TpukyTHuka. Tomy 3 piBasrs (5)

OTPMMYEMO: ZVEsin[l—E)sin E—l]s

218 272

in [B_2 in (B G me B
525111(2 J+2sm[2 2] sm(2 2] a6o
L S e T e B
2\[§m52cos252cosz+2cosz cos 5. (6)
Kymn o) =n-20, p=n-2B, vy, =n -2y € xyramu
TPHKYTHHKA, fAKINO KyTH «, P, y rocrpi. Tomy pna

KyTiB o, P, Y FOCTPOKYTHOrO TPMKYTHHKA OTPUMYEMO 3
HepiBHOCTi (5):

243 sin (n — 2a) sin (n — 2y) <
< 2 sin (r — 2a) + 2 sin (n - 2y) - sin (x - 2p) abo
2V3 sin 20 sin 2y < 2 sin 20 + 2 sin 2y - sin 28.  (7)
TakMM YMHOM MOXXHA OTPMMYBATH HOBi HepiBHOCTI
3 HepiBHocTi (5). BuKOHyIOThCs HepiBHOCTI, aHajoriusi
HepiBHOcTi (5):
23 sin P sin y < 2 sin B + 2 sin y - sin o, ®)
2v3 sin o sin f < 2 sin o + 2 sin P — sin y. ()
JopaBmm mounenno HepisHocTi (5), (8) i (9), Maemo:
%(sinmsin B iy sty )
<sin o + sin B + sin v.
PiBHicTe B ocTaHHiM HepiBHOCTI JocAracThCA JMITe
mpu a=f=y=60.
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§ 1.

1.8 2., 1.6, 0. 3731000851, 1859, 130,
ctg? o — ctg® . 111 sin acos a. 112, cos’a. 113,
sin’e. 114, sin’a. 115, tg®a. 1.16. 4. 1.17. 2sec o.
1.18. 2cosec a. 119, 2cosec’a. 1.20. 2letg | 1.56.

2

cos o =+ V1 - m?; tga:i\]#;ﬂgﬂ

L 157

1
seco =+ ——; £OBEOE = ke
‘Jl—m
sina =1 ‘Jl—%;tgm:t“pz—l; ctga==%
P

coseca.::t——:;—. 1.58. a) sina:%; tgo=—

A
W ]

12, . 13, 8
ctgu.__5,seca.— 12,c(me(:u.—5,l)')cosu.—ﬁ,
i 25 2o 8 o5 5
tgu.——a, ctga = el aeca._a, cosec oL = e

Bl o sy = Hoi gook g
coseca.—lz,a)ctga— 33 seca V10; cos a 10}

b _. 08w __Nio acf_,gzou—u
sin 0. == T cosec o=~ g . 1.59. bt e |
2a+b a-3b -3
.60. 5 S S el | —4;
1.60. a) % a 6) = T3 1.61. a) 7sin” o 6)

2 2
3-Tcos’a. 162 a) a+btgzu.; o actgzu+b.
c-dtg o cctg®a—d
2_q 2p? _ pt
168 =1 uNa-pt; Sp@-phy LHEEE
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1.69. a) m®*-2; 0) t\]m*-4; &) m®-3m; 2)

Nm”—«;(m’-n. 172. m*+n*=2. 173. 2+n=mb
1.74. m 3-m?%=2n. 1.75. 2m*=m* +n. 1.76. 2p—
=1- m* + 2m®. 177 4l~1 3m +6m 178.n m*-
-3m. 179. 4(m®-1) -m (m* - 1)t~ 1.80 v,
-2=x 18L 16x*-25)" = 400. 1.82. xy @« +y +
+3 3 i 188 x=y wm x+y=2xy. 1.84. 2@+
)—(a+b)
§ 2.

2.5. Henapua. 2.6. Ilapma. 2.7. Hi napma, Hi He-
napea. 2.8, Henapma. 2.9. Hi napma, i Henapma. 2.10.
Henapma. 2.11. Tlapra. 2.12. Henapma. 2.13. ITap-
Ha. 2.14. Henapna. 2.22, -sin 7. 2.23. —tg 34°. 2.24.
ctg 4°. 2.25. sin 34°. 2.26. - ctg 24". 2.27. cos 28'. 2.28.

—ctg5. 2.29. -sino. 230. —cosg—a} 2.31.

—tg(“ia‘J 2.32. (st‘ »ul 2.33. —cos(—g—a).234.
0. 2 . 2.36. sina. 2.37. 0. 2.38. . 1.
240. 1. 241. 0. 242, 3sin?x. 243. 2. 2.59. %-

1 1
-5+ 260. -1-—=. 261 -1. 2.62. 0. 2.63. 0. 2.64.
60. B 63.

2
0. 265. 1. 2.66. 1. 2.67. 0. 2.69. Iouye. 2.70. 13—51
271, 2"—. 2.72. 2"—. 273. 1.
§ 3.
312 1. 318 % 3.14. V3. 315 3. 3.16.
lll?' 8.17. cos 75 . B.18. cos 10 319 1. 3.20. 1.
321 tgo. 3.22. %((“—‘g; 3.23. 1. 324 1. 3.25.

sin 40°. 3.26. - sin 40°. 3.40. 7. 3.41. a) 1857 0) 135",

8.48. ab- Va’* - a® - b2+ 1.
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§ 4. N

49. 1. 410, 1. 411 tg20. 412, sin 20. 4.13.
sin 80°. 4.14. 2 cosec . 4.15. 1. 4.16. tg2a. 4.17.
Legoe 418 1. 410, % 420. £ . 421 —g.
422, Q. 4.38. tg 25 4.39. sin 20. 4.40. tg (30 - ).

4.41. 1. 4.42. 2 ctg 20.. 4.43. cos . 4.44. sin 4

§ 5.
57. % (cos 5" + cos 15). 5.8, i (6in 4"+ 8in 8 +

+sin 12' sin 24). 59. > sin 30. 5.10. % (1 - cos 60. -

1
% 568 S0 dows10c), w5 K1, . 228860 to) “wign
cos o
2ain@-80) T 0 gy NG| Eoal 514
cos o 4

i e o x o
4cos(30+ 2 cos(ao’ ] 5.15. 4sm[12 2] cos[lz + 2}

T

5.16. dcos| 75 + —) m[~ = —} 5.17. ctg %P otg B2

12 2
5.18. ﬁ(“—fﬁ. 5.19. ctg 40" tg 15",
cos « sin f
cos 20° . at+P o B
5.20. o8 48 cos 22 ° 5.21. 4 sin g Cos o8y -
2\l§cos7(45'-%)sin(a—45')
5.22. 5 523, 4cosax
sin o ;
xsm(4 2) s(%—%} 5.24. 4008(‘1.!:0!321-4133?u '

s e ey
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§ 6.

3\2 1 33 3
6.31. F' 632 5. 633 = cos 40 634

8 sin 40. 6.35. smf. 6.36. tg 3a.

§ 7.

7.20. 4 sin (o + 30°) sin (30" - o). 7.2L sin (B - @) x
x sin (« + B). 7.22. sin 20 sin 2B. 7.28. \2 sin(da — 45°).
7.24. 4 sin (a + 30) sin (30" - @). 7.25. cos (o + P) x

x cos (o — B). 7.26. 4ms[%+u)cos %—a.
: i o 4sm( +“]
77, 4sm(u.—6'0')2m.n(a+60)_ i 172)
sin” o sin o

720, 1698 Ie g0 1g8q. 781 4820 gy
sin” 20, sin® 20

2 V2 cos a cos (45" — o). 7.33. 2 V2 sin o cos (45° — ).

7.34. 4 cos o cos 2a cos 3o..

Z‘J—coszau' i—aa

7.35. ;)
cos 3a
2V2 cos 20 cos %—Za o
7.36. . 7.37. ctgz[~ - uJ ctg 3a.
cos 4o, 4
7.88. tg bo. 7.89. ofg 1;" .70 g3 7a
22 cos %4{ 20
4 sin 3a cos 2a cos a.  7.42.
cos 2a

7.43. 2 cososin 2usin 6. 7.44. 2 cos 2o sin 6a x

x sin 10 7.45. 2 Vg a cos [% W %J

7.46. ‘]—xm(4m 60"). 7.47. - 8 cos 4a..
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42 sin (0. — 45)sm(u 60') sin (x +60°)

7.48. 7.49.
cos”
8 sin (o — 45°) sin (a+45)em (= 60)51n((x.+60)
cos* o

7.50. 8 sin (2« + 30") sin (20 — 30).
7.51. 8 cos (20 + 60°) cos (20 — 60). 7.52. ﬂﬂ""‘—“ﬁ X

7.53. 8 cos’ 2a.. 7.54. Zs'ln . 7.55. sin® (o — B). 7.56.
- tg o tg p. 7.57. 4 cos® [Z~2n.].

4 sin® % - 40 g
7.58. - 5 . 7.59. 2 ctg 4. 7.60. a) ctg o3

(] i X 29
0) tg2. 7.61. 2mn(4a—6]. 7.62. sec 7" 7.63.
sin 4a. 7.64. tg[%—u)tg(%-ru)tgza.

§ 8.

816. 0) 55 0 §: 0 532 gi @ 5 ™ 5

2
2-Lwio-LiaEiwmn-]. s
-1. 818, —g. 819. 1. 820 -1. 821 g 8.26.
2 x £ 22 +V3
2. sz - .8 [T s TEE . sm

2+53 83 (@7-162)\T
- 8L 37. 832 5 . 833

37 7
s - 884 5.

-2. 846. 1. 847. 2 848 1. 849. 0. 8350 0.

8.43. 4; -1. 8.44. 4; 2. 845. -1;
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§ 9.
929. a) -1 T +nk, keZ; 6) ++2nk, keZ;
3 4

n n
8) 4+1!k, keZ; 2) 6

keZ e :%uuk, keZ; x) %k, ke

+mk, keZ; 0) ()M % +mk,

3) %+nk, keZ. 930. a) +3+2nk, keZ; 0) §+

+2nk, keZ; 6) 9. 9.3L a) (~1J'%+nk, keZ; 6)

n+2mk, 542w heZ; 0) S+ hcz 932 a)
nn, ne€Z; (—1)'arcsin§+1:k, k e Z; 6) %, ke Z; 8)

%,nsz; %’+nk,kez. 9.33. a) —§+1m, neZ

+arctg V2 +nk, ke Z; 6) 2nn, ne Z; %+nk, keZ
8) arctg%Jrnn, neZ %+2nk, keZ 934. a)
arctg 2+mn, neZ; 6) kgl LeZ; 6) nk, keZ;

arctg§+1m, neZ. 935 a) arctgT+nn, neZ;

neZz E+7Lk, ke Z;

n nn
4-«-nk, keZz; 0) g8t 2

?1
1 7, iy K . T .
281‘0'982+2,fEZ. 5)2+m,nez,4+1zk,hez,
nrctg%+nf,fez. 9.36. a)ngk.kez; arctg 2 +

x
4

9.37. a) a+B=g+21m, neZ; u-p=§+2nh,ksz;

6) a+PB=2rn, neZ; o-P=n+2nk, keZ; o)
o+B=mn—-2nn, ne€Z; a-P=n+2nk, keZ 938

+mn, neZ; 6) - +nn, neZ; arctg%+1th, kelZ.
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: onk %
a) nn, n € Z; 6)%+21tn.nsl:1%+%,hez;'s)
&z n L4

0t 5’ neZ 939. §(4k+l), §(12h+1), keZ.

1 Tk
9.40. (-1) TR
n  2nk

z o L A RE
9.42. 4(2h+1), keZ. 943. =k, ke Z; tg+t g -

044 % ah-1), keZs %amgs»fﬂ, ke Z. 9.45.

SR+, S@k-1, kez. 946 76 @k + 15

keZ. 941 %(4)!71), keZ.

¢ Tk 3 de e
0 T+, heZ. 9047 Jp (k- keZ. 948

% @k+1), keZ; (D % +am, neZ. 949. G @k +1),

keZ; (—1)"1"—2»,%, keZ. 9.50. %(2“1), keZ;

m m nk
X (@k+1), keZ. 951 J; Gkt D), keZ. 952 T,
keZs g(sus), keZ. 953 nk, keZ; %(4“1),
keZ 954 §@k+1D), heZ. 955 nh kel e
% 2k +1), ke Z. 9.56. ﬁ(u—l),hez; tmtg%+

ink, keZ. O5T. S@k+1, kel . henm
1 nk L3
n(2k+ﬁ} hez. 958 "E, heZ. 950§kt

keZ; §(4h+1), ke Z. 9.60. %<4k+1), keZ 961

k. T gyt E xR
%k kez. 062 o@D, keZ (DM

keZ 963 %, keZ; §@k+1), keZ. 964 %,
keZ; T"E(e»ﬂ), ke Z. 9.65. (—1)"*‘§+uh, keZ.
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9.66. %(41’ +1), keZ 967. =arccos [_1 i‘fg] +
nk

vouk; 2 hcz 968 T, hez. 969 ST D),

keZ; tg+nk, keZ. 970 Ter+D, kez;
k 2nk

n
is+ 5 keZ. 9.71. 06 ° keZ;
o ok wh %
5nrctg5+ 5 ke Z. 972 3,heZ, 12(4h+1),
= nk 4
kez. 973. 2 ,118+3,kez. 9.74.2(2k+1),
keZ; %(2“1), keZ. 975 y+mk, keZ. 976
w1 % Tk d ;
MY, keZ 977 §@k+1), keZ;

%(4» 1), k € Z.9.78. 'nk, ke Z; (—1)'%»,%, keZ.

9.79. - *+1Ik,hEZ, nrctg*—rnk ke Z. 980.
ke Z; 5(4)1—1), keZ; E(4k+1)’ keZ. 98L
2nk,keZ;12"(4k+1),kEZ. 9.82.%(4“1),&52;
%(aktl),ksz. 9.83. mtg(—Zt\r)+— 9.84.
§(4h+1), keZ. 985 5(41”1), keZ. 986

Zki1), heZ 081 F@RED, heZ. 088 kg,

4
@ +1k, keZ. 9.89

Hemae poap’sakis. 9.90. %(4k+1), keZ 991

keZ, kedl+2 £} arcoos

%(Skil), keZ. 992 §+nh, keZ. 993

%(4»-1), keZ: —(4k+1), ke Z.

8. Tpuromomerpis. 225
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9.94. =k, keZ; %(Bk +1), keZ. 995 %.+1:k,
keZ. 9.96. ﬁ(su +1), keZ 997. =k, keZ;
arctg 2 +nk, ke Z. 998 1"—8(6» +1), keZ. 999.

- Tk A
16 4k +1), ke Z. 9.100. 5’ ke Z; 2 2k + 1),
nk

keZ. 9.10L 7 @k+D), kez 9102 %, keZ
9.103. %(4“1), keZ; D'z arcsm(lf‘r)+
keZ 9104 §@k+1D), keZ. 9105 X kez

2"—4(2k+1), ke Z. 9.106. g(znl), ke Z. 9.107. nk,
keZ; nk-arctg3, keZ 9108 %(4&-1),“2.
9.109. %(4»-1), kez; 7(21”1), kez; amg~+

+mn, neZ 9110, g(s»u), keZ; ?(1+Bh),

keZ.
§ 10.

10.12. 0. 10.13. 1. 10.14. Hemae poan’s:min 10.15.
—2v+ 2nk, k € Z. 10.16. Hemae poss’sskis. 10.17. o +21m,
neZ 1018. x,=-2, y,=nn, neZ, x372, Vz=A

=@m+1)y, meZ. 1019 x=-1, y=1+3+mk,

keZ. 1020. x ==k, keZ,y»;", meZ, z=

m\:

x(4n-1), neZ. 10.21. x=1k, ke Z, y=€(4h+1),

k€ Z. 10.22. x=§(2k+1), keZ; y=nm, m € Z.
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1023. x=3@k+1), kez, y=3@m+1), mez,

E]

z:%, neZ. 1024, x=-;‘(4k—1), ke Z; y=9x

s n
§+2n(k+n), h=g+
+2n (k +n), y2=—§+2u(h~n);

x@2n+1), neZ 1025 =x, =

x

3
xa:%q-zn(k-r—n), y,=—§+21:(k—n); x4:§+21lx

+2n (k-n); x,=—

x (kB + n), y‘=—%+2n(h—n), k,neZ.
§ 11.
1165. A-B=mn, neZ ao A+B=g+2nk,

keZ.
§ 12

2
128 B B0 _q g9 122 y2o3 1210
X 16x xy

PoaginuMo Bei wieHM neplmoro piBHAHHSA CHCTEMH Ha

cos®a, a Bei wremn Apyroro — Ha coszB.
2 1
s b=
ol cos® o atg2a+b:1+tgzm,
a+btg’p=—L—, Jarbte’p=1+ig’p,
cos” B |xtgo=ytgh,
xtga=ytgph,
e = 120,

tga@-1)=1-b,

tg?pd-1)=1-a, {, 2, _l-a

xtgo-ytgh, e
2 tg” a =y’ tg” B,

F1-b _yd-a
a-1 b-1
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(x cos o + y sin B)® = a?,

12.11. {(x sin B - y cos o)® = b%, ’

(@ + y*) (sin?® o + cos® B) = 2ab.
Bragsiexa. ITlicns mifHeceHHA B CTeMiHb, CKJIABIIA DiB-
HAHHSA CHCTEMH, OTpHMAEMO 2 (.::2 + yz) =(a+ b)%
1212, tg (x+p) =tg (a +2) - (@ - ) =

tga+x)-tg@-y) _ a-b »
l+tg@+x)tg@-y) 1+ab’

1218, cigy=22%. 1214 mo+N@-mH(A-nd =

ab

—cos 2x. 12.15. y=1-2¢%. 12.16. y=—%-;.
§ 14.
2 2
148. 3 pisuoorelt S =1 ab sin €, =4 macwo
1 ¢ _a’+b2 S _a2+b2 S _a b
zabumC— 71 , 28inC= o , 2sin _b+a'

OuiHioiouM JiBY i MpaBy YAaCTHHM OTPMMAHOI PiBHOCTI:

2s8inC<2, %+%22, OTpHMYEMO
F
2,

2sinC=2, A
3BiiKM BMIJIMBAE: g B
a=b, C=90.

149. ABC — € D g
JaHui TPHKYT- Pumc. 9
mnx, CF 1 CB.

CF = a tg p = 2h, 3a ymopolo. 3nauuth, AD — cepefus

mimis ABFC. Toxi CD = DB i AC = AB. [launit TPHKYT-
HAK — piBHOGeApeHui.
14.10. Ba Teopemolo cHHYCIB
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a=2Rsin A, ¢=2Rsin C.
IlifcTapnsaoun B ZaHe CHiBBigHOINEHHS, OTPUMAEMO
B _ 2Rsin A+2Rsin C

ot o 2R sin B :
aigxu 1+ cos B-sin A -sin (A+B) =0,
2cos? B _g g 24¥B  B_,

2 2

2
2cmg(eos%-sin 2BJ o.

Ockimkxu A+ B +C =180°, To

BB
20092[cusz—m(90'+ 2
B L A B0 & A-C—B
2

4(:05581!1 2 oS ——

amimen sinB—*—g‘—c=o, B+A=C;

m%:o, A=C+B.

TPUKYTHUK NPAMOKYTHWMIM.
14.11. 1+cos 2A+1+cos 2B~-1-cos 2C =2,
1 + cos 2C — (cos 2A + cos 2B) = 0,
2 cos” C - 2 cos (A + B) cos (A - B) = 0,
A+B=180 -C, 2cos’ C+2cos Ccos(4-B)=0
2 cos C (cos C + cos (A - B)) =0,

A-BYC _A-B-C_,
2 ST o
A-B+C

aBigkn cos C =0, C =90, ws—z—=0.

Takoro BHmagxy OyTH He MosKe, OCKiNBLKM
A+C-B=#180.
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Takoro BUmajKy OGyTH He Moxce.

lilzdansAisinzB cosA _snB .
“ cos BsinA  gin?A’ cos B sin A’ PN

0. .

¥M sin 24 - sin 2B = 0 Tomo.
14.13. sin A cos C + sin 24 = sin B cos C + sin 2B,
cos C (sin A - sin B) + (sin 24 - sin 2B) = 0,
cos C (sin A - sin B) +sin (A - B) cos (A+ B)=0,
cos C (sin A — sin B) — cos C sin (A - B) =0, ®
A-B__A+B_
2 2

A-B A-B
5 8T cos C =0,

3Biku cos C =0, C=90"; TPHKYTHHK IpPAMOKYTHMIA,
a6o

2 cos C sin

— 2 sin

mA—B(cMA+B_mA—B)=0’

2 2 2

sinAg_Bsinésin§=0 3BizKH
2 2 2 '
m%:(w, A=Y B
TPURYTHUK DiBHOOEApeHM.
1414 = B
Cat o
¢, =ccos 4, c, a

a,=acosC.

Migcrasasioun Aani A D c’

3HAYEHH#, OTPMMAEMO
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2
% = :2:-‘2, ¢=2RsinC, a=2Rsin 4,

4R’sin®C _ 2RsinCcosA sinC _ cos A

4R?sin?A 2RsinAcosC’ sinA  cosC’
sin 2C = sin 24,
2 sin (C - A) cos (C + A) = 0 Tompo.
g i) D B

2 cos cos s
14.15. e 2.,
2cos%uos——;— 2sin 5 cos >

3 pisHocti A + B +C =7 oTpuMyeMo
ALC" iy Be AR X

RN T e T
IlizcraBisioun oTpHMaHi 3Ha4eHHs, GygeMo MaTH
251n§eos47_c Zschosg
2 i 2 2 L0
c A-B A7) C ?
Zsmicos 3 2sin 5 cos 5
= B! A=C c B A-B
smz(cos 5 ©08 5 —cos 5 cos 2) :
=0,

sin - cos 98T o
Ilicna mepeTBOpeHB OTPHMAEMO

singcosAcos(‘g+B]=O TOIO.
14.16. BacTocoByl0OuM TeopeMy CHMHYCIB
a=2Rsin A, b=2Rsin B,

orpumaemo 2R sin A = 4R sin B sin 2,

]
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dsinBcosf —2sinBeing-0. .
Ockrinsku A #0, TO

s e o ey
cosy uus[z B]—D.

o (A . A
2sm(E—;—B]sm[§—§— J:o TOIO.

14.17. BacTOCOBYIOUM TeOpeMy CHHYCIB

a=2Rsin A, b=2Rsin B,

sin B = sin (A + C) + sin (4 - C),
sin B = sin (180" — B) + sin (A~ C), sin (A-C)=0,
spigku maemo A =C. Tpuxkyrauk pisHOGeApeHwMii.

§ 15.
n+1 . on
5 osinya
1511, ————————— npu a+#2xk; n upm
s
o =2k, ke Z.
sin® 75 si.n%(u-tl)eos—zx;nh
15.12. . 15.13. &
in & sin e
sin 5 2
sin 2na =n (ZH" i %)
15.14. — = . 15.15. :
sin 2o cos (2n + 1) cos o sin % gin 2% %
2
1516, —28n(BB) 54 oot o 93,

sin B sin (« + af + B) sin o
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§ 16.
s Lt Cilaiin =Bk
16.9. (x—6+2, v73+2]. 16.10. [—4+2x

o 8n moaa = s
x(k+n) y=- 4—2(311 n)} 16.11. (x-n+3,
y=%—n). 16.12. (x:nn; y=4£+1m], (x:mtg3+
+7m;y=%+arct33+1m. 16.13. [x=%+£2’i+1m;
® = _E mh bk
y= 12+2—1m, x—12+2+1!n, y—u 2 mn .
16.14. (x=§(sk+en:1); y=%(2k72ni1)}
( =%(2k+2n11); y=1'6—(6k76ntl)].
16.15. [x=~1lz(12n—5); y=§(3n+1)), [x=_112x

x(2zn-1y y= E@n+p) 1616 (x=c1'x
x arcsin 24*/8_~L+1n;y=%—(—1)'msln ‘Jz-J§~nn).

12 2
16.17. &:mtg%mk; y=arct32—nk]. 16.18. [x:
8t =k m_mk — 35+ 00k: y=
Sigdensii Vet g 2). 16.19. (x=35"+90k; y=
= 25"+ 90%k). 16.20. (x:(—1)"%+%+%’1; v=(1"x
x_x 7k
Xs— 6+2).
§ 17.
17.9. %+2xn<x<%+2nn. 17.10. 37"+21m<
<x<§7n+21m. 17.11. —g+1m<x<—%+1m. 17.12.
x  mh & 7k wh
_ﬁ+7<"<28+7'l7‘13' 213 <% <
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1 2 mk S L3
<4arcct33+4 . 17.14. arcsln3+21m<x<6+21m,
5n

?+21m <x<m Varmin%+21m. 17.15.  arcctg 2 +

+nn<x<ﬂ+1m. 17.16. —3l+21m<x<£+21m.

4 4 4
17.17. —2+21m<x<21m, %+21:n<x<37"+27m.
n+‘2nn<z<%+2un. 17.18. —%+21h<x<%+27:k.
17.19. —%+2nn<x<%’+21m. 17.20. —24;+21m<
<x<2?"+21m. 17.21. lis+"7k<x<?—;+%. 17.22.
—%+%<x<%+%.
§ 19.

19.6. fxmo0 <a <1, 70 x = kn + (-1)" arcsin (2a —

—1)+§— i x=21th+y, ke Z; akmo a=0, T0 x=

=2nk—% i x=2nh+%, pe ke Z; axmo a<0 abo

3n

a>1, To x=2rnk + 1 19.7. Axmoa =1, 10 x = 2nk,

ne keZ; akmo a=-1, TO x=2nk~%, me keZ;

AKIIO a=—%, T0 x=2nk+7 i x:2nk—2nmtg%,

pe ke Z; axmo ~1<u<—% abo 7%'<a<1, TO

-at VZ(I—az)

x=2nk+2arctgl a1
a

a <-1 abo a > 1, To piBHAHHA He Mac posp’sskis. 19.8.
fxkmo a=0, b#0.a6o b=0, a#0 i %#i*lf, TO

5 keZ; AKINO
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x=nk+%, ne ke Z; saxmo £=E’ T Xx=2nk+

+3 ke Z; mano f:-ﬁ, To x=2nh+6f, kez;
AKkmo @ =b=0, To piBHAHHA He Mac po3B’A3KiB.
§ 20.

20.1. Ockimbkm cos A<1, cosB<1l, sinA>0,
sin B > Oy To sin C=sin (A + B)=
=sin A cos B + sin Bcos A <sin A + sin B.
AJe axmo umena @ i b pomarmi, TO

&+ Vb > "‘Ja+b,

oTxKe, \ein 4 + Vein B >n‘lsinA+sinB>’:lsi.nC, mo
# BUMarayoch J(OBECTH.
20.2. BactocoByioun ¢opmymu sin’x=1-cos’x i

2 coszg =1 + cos ¥, mepenMmeMo DiBHAHHA y BHUIJIAZAL

2 cos® x - 8 cos x = 2k.

Ockiymbkn —3<2cos’x -8 cos x<5, To zyisa wac-
THHa piBHAHHA Ha BiApisky [-1; 1] Moke npuiimaTh
apavennsa —2, 0, 2, 4, omxe, k Moxxe npUMMATH 3HAYEHHS
-1, 0, 1, 2. Ilepepipsioun, 3HaXOAMMO, INO OTPHUMaHe
piBHAHHA, a 3HAYMTH, i BHXiZiHe, Mac PO3B’H3KHM TLILKH
upu k, mo popiemworores 0, 1, 2.

20.3. Ilicns mnepeTBOpiOBaHB i TO3HAYEHHA Sin X = Y
JAaHi DIBHAHHA NEPENUIIYTHCA Y BUTVIALL

3 +5)° +Ty-3=0, 6+’ +2y-1=0.

Slxmo Temep @ — cHiibHMI KOPiHb IMX DiBHAHB, IO
JexuTh B npomikky [—1; 1], To sigmimaioum Bix mepmroro
piBHAHHSA, NMOMHOXGEHOro HA 2, Jpyre DpiBHSHHS, OTpH-
MaeMo, IO @ € KopeHem pimsmEs 9y’ + 12y - 5=0,

3BigKA y=%. Ilepesipka mokasye, o y=% AiticHO
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3afioBoyibHAE 00OM piBHAHHAM. 3BificM BUIUMBae, MmO
CHiMBHAMA KODeHSMM JBOX JAHWX PpIBHAHB € KOpeHi

PiBHAHHA si.nx=%. TO6TO x:(—l)"nrcsin%+nk, e
keZ.
20.4.3&yuonom0<cosas%i0<cosﬁs%,mAi

O<cosa+cosP<1i 0<cosacosﬂs%.

BeegeMo NO3HAUeHHHS coso +cosPf=a 1 cosox
xcos B=0 i mepemamemo AaHy HepiBHiCTH y BHIVIAAI
= ; Lo g *b | Ocxinekn obuei wacTiEw orpuma-
Hoi HepiBHOCTI ZopaTHi, TO (2 — a)2 <a® (1 - a + b), Tobro
a® -a® - 4ab + 46 <0 abo (a-1) (a® - 4b) < 0.

Area-1<0, a a244b=(cosa—cos 5)220; apigcm
BUIIMBAE CHpPaBeAJMBICTh JAHOI HepiBHOCTI.

20.5. Ockinbku |cos x| <1, To =mena x Taki, mo
|« > 1, saspanerigs He sajoBomBHsIOTH AYTi¥ HepiBHOCTI
JaHOl CHCTEMHM i TOMy pO3B’A3KM JaHOI CHCTeMM 3a-
JOBOMBLHAIOTE CHCTeMi

0<3x"-20x+32<1,
~1<xi<1.

Ane wHa Bifpisky -1<x<1 TpuwIeH Y= 8x% -
—20x + 32, ax Jerxo GauutH, cmajac i npuiimae, TakuUM
uMHOM, CBOE€ HaliMeHINe HAa IBOMY Bif[pisKy 3HaYeHHA
mpu x=1. Immumm caoBamu, axkmo -l1<x<1, ToO
3x% — 20x + 32 > 15, a me o3Hauac, MO OTPMMAHA CHCTEMA
HepiBHOCTeli pO3B’A3KiB He Mae, OTKe, 1 faHa cucTeMa
He Mae pO3B’A3KiB.

20.6. Ockineku gas Gyab-AKOTO X

6 sin x > - 7 - cos 2x,
TO 3 NepIIOro piBHAHHA BHIUMBAE, IO

_ _6sinx

= ==,
7 +cos 2x
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8 jpyroro piBHAHHSA OTPHMYEMO

8asinx-8=a(4+38sin x-4sin’ x),
a+2
a
BUIUMBae, mo a < -1. Takum YMHOM, @ MOXe JOpIBHIO-

BaTH TiAbKH —1.
IlepeBipka mokasye, mo npu a =— 1 fani piBHAHHS

3BiKH sin® x = 3 mepisHocTeM -1 < % <1

MaTh CHiMbHI KOpeHi x=—§+2uh.

20.7. Ockineky B 061acTi BUSHAYEHHS JAHOTO PiBHSH-
HA BHKOHYIOThCA HepiBHOCTI cos x > 0, cos 3x > 0, To
#oro MOXKHA IepemMcaTH y BHIIAZL

me—m;;+Vm8x—cm23£:1.

3asHauMBIIM Temep, IO NP JOBLILHOMY AificHOMY

2z Mae Mmicie HepiBHiCTH z—z’s% , TpHYOMY PpiBHiCTH

AOCATAETECA TLMBKHM IPH z=% , OTPHMYyEMO, IO AaHe
piBHAHHS PpiBHOCHJIBHE cHCTeMi

cosx=75,

1
cos 8x = 2"

Ane mns cucreMa He Mae pO3B’E3KiB: AKINO
cosx:%, To cos 3x =4 cos® x — 8 cos x = -1. Omxe, i
BUXiZHe DIBHAHHA He Mac poO3B’i3KiB.

20.8. JlogaBmm o o6ox wuacTMH JaHoi HepiBHOCTI
mo 1, oTpumaemo

2 L Ty el
sin® o + sin® B 2[ainzu. sinzﬂ}
(sin”® o + sin® B)® > 4 sin” o sin® B,
(sin? o - sin? B)% 2 0.
TakuM YHHOM, BHXiZHY HepiBHICTH JOBeZieHO.
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20.9. Ockinexn dynxrnia y =tg x spocTac Aud TOCT-
pux KyTiB, To B - o — jojaTHME rocrpuit kyr. Maemo
tgB-tga 2tga
—a)= = =
by l1+tgBtga  1+3tg%a
o S B
ctga+3tga V3’
ocximsin ctg o +3tga =2 B otgatg o =23,
Bpigen B - a <30°, mo # BUMaranoch JAOBECTH.
20.10. Beaxuii pO3B’A30K JlaHOTO PiBHAHHA  38J10-
BinbEse HepisHocTi cos x = 0; ame Tomi
Vein ¥ romx > Ve 2 sinz,
i, TakWM uMHOM, MifKopeHeBHMii BuWpas B JiBili uac-
THHi piBHAHHS € JojaTHMM. lle osHauae, o KopeHi
piBHAHHS TOBMHHI 3aJOBONLHATH piBHOCTAM cos x =0,

Vsin x = sin x, 3BigKHM OTPUMyEMO x=£+2nh, keZ.

2
B
307
x
15°
A y-x M x Ci X N

Man. 11

20.11. Poap’szamms 1. PoarasHeMO NPAMOKYTHHM
TpukyTHMK ABC, y #iKOro

AB=1, A=15, xr=BC =sin 15,
y=AC =cos 15° (mam. 11).
Ilobyzyemo Ha kateri AC i #oro TPOJIOBXKEHH] TOIKA !
M i N Taki, mo CM =CN =x, togi AN=x+y. 3a-
crocyeMo TeopeMy CHHyciB Zo TpuxyrHukis ABM i

JloXs 805 o 0 1
ABN. Maemo: 5= = o 5o, U= X="5,
y+x _ sin120° 3
T 45.,y+;vz &°
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3Bpizicn sHAXOAMMO, IO
y+x _ cos15 +sin 15" _ V3
y-x  cos15 -sin 15° ’
Poaw’nzamma II. Hexath AACD cuMeTpUuUHMI: TPHKYT-
HUKY ABC BigHOCHO oci AC, Toxi

Sump =%y =7 sin 30 =1,

-

Takum wmaom, x>+ 32 =1, xy= l . Bsigen

(x +p)° _1+l, y+x=

n

o 2

1
W-o'=1-5, y-=

ptx 43
y-x

20.12. Ockinmeku tg 8x =

1
TOMY :ﬁ:*ﬁ.
sin x + 2 sin x cos 2x _
—cos X + 2 cos x cos 2x
2cos2x+1

S a1
TO JaHe DiBHAHHA DiBHOCHJIBHE CYKYITHOCTL

tg x'=0,

2cos2¢'+1 _ 2V2cos 25" -1
2cos 2x" -1 22 sin 25° -1~
Ilepme piBHAHHA Mac Kopeni x = 180°n, ne€ Z, a 3
JZpyroro piBHSHHA oTpuMyeMo (mpocTime 3a Bce 3a
JIOIIOMOTOI0 TIOXiZiHOI mpormopii)
V2 (cos 25" + sin 257 - 1
axi- o loeui tea co) L
HoR I o A B 25
IIpapa 9acTMHA OTpHMaHOro piBHAHHS JOPIBHIOE
2sin 70° -1 _ sin 70" - sin 30°

Fen 20 T en B0 0% s
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i Tomy Horo posB’f3KAMH € 3HAUEHHH
x=1256"+180n, ne 2.

Takum 9MHOM, BCi PO3B’A3KHM BUXiZHOrO DiBHAHHA —
min uncxa.

20.13. Maenmo: tg 6° 42" — tg 12 tg 24’ =

_ 5in6’ sin42” cos12" cos24'— sin 12" sin 24’ cos 6 cos 42°
cos 6" cos 42 cos 12° cos 24

16 sin 6° cos 24 sin 42" cos 12° = 16 sin 6’ sin 66" x

4 sin 6" sin 66" sin 54

.

x sin 42° sin 78" =

sin 54"
4sm1851n785in42 _sm18m54_1
sin 18" ~ sin 54° sin 18"

(ryr w™Mm Buxopucrasu ¢QopMyay sin 3o = 4 sin a x
x sin (60" — o) sin (60° + a)).
16 sin 24° cos 6’ sin 12" cos 42° = 16 sin 24" sin 84" x

 sin 12° sin 48" = 4 sin 24’ sin 84’ sin 36"

sin 36"
4m.nl2sm485m72‘s1n725in36'_1
sin 72 ~ sin 86" sin 72°

3pigcu BanIMBae, mo JAaHi Ao6yTKM piBHI.

20.14. Ockimsxu 3 sin x + V3 cos x = 2‘J_sm[x+6],
TO JaHe DIiBHSHHS MOJKHA NePENMCATH TAKAM UYMHOM:
3y2 - 58 ty - 3!2+g=0 ne !-sxn(x«t‘] Orpumam
KBajpaTHe DiBHAHHA BiffHOCHO y, HOro AMCKpUMIHAHT
JAopiemioe 111 (tz—l), To6rOo pIiBHAHHA Ma€ pPO3B’A30K
Juire npd ¢ =+ 1.

53

Sxmo t=1, T x1=—a~+2nh i Y=g 0

"’|a

axkmo t=-1, T0 xzz—%+2uk i y,:—5
k=0, 31,+2, ...
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20.15. TIpoememo Bucory CD. Tomi ZDCA =30,

b
b b WA )
DA—z,DB—c-Z,cosB——*a =Snga
IlpupiBHABIM 3Hali/ieHe 3HAYEHHA cos B ;o sagaHOro

B yMOBi, OTpHMyeMO a2=czwabv—é~bc+%ac. Ane 3a

TEOPEMOIO KOCHHYCIB a?=b* +¢® - be. Tomy ¢*-ab -

~%bc+%ac = b2+cz—bc, 3Bigku (@ +b) (c — 2b) = 0.

Topi ¢=2b. Omxe, a=bV3, wsB:%. 3uauuTs,
B=380, C=90.
20.16. Maemo: cos'? x + sin® x A +cos’x)’=1,
(sii:z x)a {nl _+cnsz :nc)= -1 — cos'? %) =0,
(A - cos® x)° (1 + cos® 2)° - (1 - (cos* 1)*) = 0,
1 - cos® x)° - 1 -cos* x) (1 + cos? x + cos® x) = 0,
(1—cos‘x)(—3cos" x)=0,
aBigKu cos* x=1 abo cos‘x:O, ToBTO
cosx=+1 abo cos x=0,

oTIHe, x=1—:2£, gae & =0, 21,42
20.17. Bupaxaioun cos®x i sin’ 2x gepes sin x,
oTpUMaEMO 4 sin'? x+ 4 (sina x+1)@A- sin? x)" #
+8-4sin’x (1 -sin®x) = 4.
Ilicnia cmpomenHa GyjemMo MaTH

sin'® x —sin® x =0 a6o sin® x cos’ x =0,

TOMY KOPEHAMH [aHOTO DIiBHSHHA € r=% , Re n —

uivre 4YHCIO.
20.18. 3asHauMMoO Iepm 3a Bee, N0 AKINO NEpEHECTH
Bei WieHM pIBHAHHA B JIBY YACTMHY, TO OTPUMAaEMO
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napuy GyHEKOiO 3 mepioiom 2m i TOMY JOCTATHBO
po3B’AsyBaTH PiBHAHHA HA sigpisky [0; =]. Ha TPOMIKKY

[%; n:\ piBEAHES pO3p’A3KiB He Mae, e BHILIMBAC 3
HepiBHOCTEH \2-2cosx 22214,

V0 =6 cos x > VI0 > 3,1, V10 - 6 cos 2x < 4.
L3
2"
ZBAC = ZCAD=x, AB=AC=1, AD =38, Toai 3a Teo-
PeMoI0o  KOCHHYCIB. nepumii fopaHOK B JMiBiM wacTHHI
PiBHAHHA € J[OBKHHOIO CTOPOHH BC Tpuxyrauxa ABC,
a pApyrHi — JOBXKMHOIO CTOPOHM CD TpHUKYTHHKA
ACD. TIpasa % 9acTWHA PiBHAHHSA SBJIAE coB0o10 IOBIKHHY
pippisxy BD, ToMy AaHe DiBHAHHS piBHOCHIBHE piBHOCTL
BC + CD = BD, mo o3Ha4a€, IO TOYKa C 7nexATH MM
roukamu B i D. Taxum 49wMHOM,

Hexatt 0<x < Posrasuemo AABD, B sKOMY

Sapc + Sacp = Sasp» T6TO sin x + 3 sin x = 3 sin 2x,

. 2 2
sBifKm cos X =g abo x = arccos g -
Kpim Toro, wmciao 0 € xopeHeM PpiBHSHHSA, 3HAYATH,

Ha Bifipisky Bif — m j0 ™ BUXigHe piBHAHES Mac CHiNbHL

KOopeHi — arccos %, o, nrccos%, a cniybHMA pO3B’H-

30K 3ANMCYETBCH ¥ BHTIAAL B
x, = 2nk, = o e s
2
x,:iarccoe§+21lh, keZ.

20.19. OnuieMo HAaBKOJIO
TPUKYTHHKA ABC KOJIO
(man. 12). Bumcora h, TPH-
KYTHWKA He NepeBHINye BH-
corn MN cermenty CAB,

D49
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To6T0 h, < MN. Axe MN-gctg%, TOMY
A A
h,s%ctgi, ao a22h,tg % -

20.20. Ockimbku tg (x + B} = % =43, 1

gatgp=1- MALEE o4 !

> 2 cos o cos B 7,

= 1_1—1—— £3-
§+cos(a.—ﬂ)

x T . 13%
20.21. sinascosas sin g

1[487: . 6n) . 18n 1 . 8rx . 13z
=5 [sin 5 LI 2

D6 36 80Uk 2 36kt 186
18n _1( . 6u - o20m) 1 bn_
4 1°%36

= oo -lw.[gﬁ):llfe(«af@.

20.22. BigoMo, mo Ans KYTiB TOCTPOKYTHOI'O TDH-
KYTHMKA BHKOHYETHCA CIIBBiJHONIEHHS

tgx+tgy+rtgz=tgxtgytgs ane
tgx+tgy+tgz23 "Jtsxtsytez,

apigkn tg xtg ytgz=38 a‘}t_gxtgytgz, TAKUM YHHOM,
Lgxtgytgzz‘l—a. 3Bigcu maemo

tg"x+tg"y+tg" 223 thg"xtg"ytg"zz
3
>3 \J(\la—“)"=3 B3

o ¥ BMMArayioch JOBECTH.
20.23. Cknajaioud piBHAHHS CHCTEMH, OTPHMYEMO

sin x (sin x — 1) +sin y (sin y — 1) +sin 2 (sin 2 - 1) = 0,
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aze sin x, sin y, sin z Ha 3ajAHOMY Bigpiaky Heix'eM-
mi, omke, sin x =0 abo sin x = 1. %
ﬁxmosinx:O,'rosiny:sinz:(),imxo'rpuuyeuo
pos’siaxm: (0; 0; 0), (0; m; 0), (0 0; ®), (0 m =) i
(@3 0; 0), (m = 0), (m 0 m), (m ™ m-
flxkmo sin x =1, TO sin y=sinz=1, 3BiiKM MaeMoO
T [1. x, @)
22" 2
20.24. Maemo: tg 55° tg 65" =

= S g _3-tg’5
tg (60" - 5°) tg (60" + ") 1316
2 g
. _ . _ 5= 1-3tg° 5
tg 76" = ctg 16" = ctg 3 S -t 5
TaxuM UYUHOM,
5 3 . : ot 3
tg55tg65tg76=tgﬁ.~t585.

20.25. Posrnsuemo pisammio D:
D=-tgA+tg B+1tgC—(ctg A+ctg B+ctgC)-
QOueBUAHO, INO
ey BEMSAUS
D= mAmbc'[(tdA+tsB+tec)x

xtgAthtgc-thtgc—thtsA—tzAtsBl-
Are zns KyTiB HENPAMOKYTHOTO TPHUKYTHWKA cnpa-
BepyMBa piBHICTH tgA+th+th=tgAthth.

e L o
Touy D= i e pige (EA+18B+1E0)

—(gAtgB+ig BtgC+tgC tg Al=
s cp e 1 SIS 2 2
= zmuwwmutsﬂ) +(tgB+tg O +
+(tg C+1g A0,
mo # BUMArayoch JOBECTH.
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20.26. [locuTb BHEBHMTHCH, INO JaHA HepiBHiCTH

3aJIOBINLHACTECA NPH X =

INE

n x 3n 9
3'4—t84-4‘1>4_1—1’25'
TakuM 9HHOM, Ha Bifpisky [0; g] JiaHAa HepiBHiCTH

Mae poaB’si3oK.
20.27. Posraanemo Qynkuio f, BusHaYeny (opMyJIow0
fx= EGI_J'

2 A B .
3poaymino, moO Ha INPOMIKKY [0; E] ii moximma

x
3 —t&x § .
f(x)=cosx _ Xx-sinxcosx _ 2x-sin2x
s x* cos® x 22% cos® x
JojaTHa, i OT:Ke, HA IBLOMY NPOMIMXKKY (yHKIis apoc-
TAe; TOMY

6 5n bn 6% i o
Ta0i"% Tan- ¥ T80 epintBE ke b
Asmanorigso orpuMyeMo HepiBricts 10 tg 9° < 9 tg 10°.
TlepeMHOXXHMBIIM /iBi OCTAHHIX HEPIBHOCTI, MM OTpM-
maemo, mo 3 tg 6 tg 10" > 4 tg 5° tg 0.
20.28. TlomHOxMBIIM OOMABI YaCTHHM PpIBHAHHA Ha
2 i mepenocauM Bci #oro uieHH B JiBy uacTHHY, OyaeMo
mam: (sin® x — 2 sin % + 1) + (sin® y - 2 sin y + 1) +
+(sin2x+sinzy—2ai.nxsiny)=0, abo
(sin x - 1)? + (sin y - 1)* + (sin x - sin y)* = 0,
spigkn sin x =1, sin y =1, sin x = sin y.
TaxuM 9MHOM, po3B’AsKkoM piBHAHHsA Gyje Oyxb-sika

napa BHAY x=%+21lk, y=%+21m, k,neZ
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20.29. TlosmaunMO BeJMIMHY KyTa B 1" mepes « gt
poarasHeMo QyHKIIO f: x_)_fgz_x’ x € 10; 5of.

E—-tgx i
Ocxki f(x)=c°s xz =2x;sm22x
x 2x" cos” X
dynxnis f 3spocTae i, TAKMM UMHOM,
tgo _ tgde g2 _ tgda
o 4 ' 20 3a
3 immoro Goky, 3 tg 2" > tg 4, ockimeku ns HepiB-
HicTh DIBHOCHJIbHA HEPIiBHOCTAM
. 2tg2 S
3tg2 > 1—_3;;2?, W<y,
a ocraHHA HepiBHiCTH BipHA.
Bpigcu i 3 (1) orpumyemo, Imo
4tgl'<tg4'<3tg2'<2tg3'.

> 0, T0

20.30. Ockineku npu o > 2 0<£<%, TO
t8£>£>§. 3  ToToxHOCTI eosza.=’—12' oTpH-
o« (o e 1+tg"a

mo ¥ BAMAraJjock JAOBECTH.
20.31. Ockinbku cos 2% = sin (90" + 2x) =

= 2 sin (45" + x) cos (45" + X),
1o pIiBHAHHS PpOSNAZACTHCA HA IBa:
sin (45" +x) =0 i
sin (75° + 2x) = 2 \2 sin (75" + x) sin (45" - 2).
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Posp’askoM mepmoro piBHsHHA Oyze x=- 45"+
+ 180k, k € Z.

Ipyre piBEsHHA micas saminu 2x + 30" =y i mocxi-
ZOBHHMX MepeTBOPIOBaHL Habyzie BUrIALY

sin (y + 45°) = V2 (cos y — cos 120°).

3eigcn -gsMy+gmy=Emy+g,

sin y =1 +cos y.
Togi y, = 180 + 360°k, y, = 90° + 360k, k € Z. Omxce,
pO3B’A3KAMM JAHOTO DIiBHSHHA €
x, = 75" + 180k, x, = 30" + 180k,
Xy =~ 45"+ 180°k, k € Z.
20.32. CrOpHCTAEMOCH TOTOMKHICTIO
t:o:;m—;'—ﬁeo;:m'—;Q = %(cmuntwsﬁ).

3 A s[4 4,
Maewmo: coszcos(2+B)—
3] 1
=E(cos (A + B) + cos B =E(cosB—eosC),

cosécos[g-fc):%(mc-cosA),

2 2
ms%cos(%+A)=%(oosA—msB).

OweBnzpo, mo cyma AOOGYTKiB, IO pPOSIIAJAIOTHCH,
nopieaioe 0.

20.33. O6’cpnyioun mnepmui JOJAHOK 3 JeB’SHOCTO
NepImUM, JAPYrHi — 3 JieB’SHOCTO JAPYIMM TOLIO, i
KODHCTYIOUHCEH (POPMYJIOI0 JOBYTKY, OTPHMAEMO:

(sin® @ + sin? (@ + 90°)) + (sin? (« + 1°) + sin® (o + 91°)) +

+ .o + (sin® (0 + 89") + sin? (o + 1797) =
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& (ai.n’ o+ cos® o) + (si.ﬂ2 (@+1)+ cos? (a + 1:)) +oane +
+ (sin® (o + 89°) + cos” (a + 89") = 90.
20.34. Maemo:
1 _iga
1-tgatgP J_Di
tga+tg P tg o il
tg B
sty
Anagnoriugo ctg (y +8) = L AJE 5
L H +1
tg 8
BpaxoByious yMOBY 3a/iaui, OTPHMYEMO
e £ )
p
3y

ctg (@ + f) =

m:—tg—g—tg-y abo
- - tga-tey

tgp tgd
Ockimbku 3 yMOBHM 3ajiadi BMIJIMBacE, IO 1

tg p
G A S S L 1
Slgotgd, . tgotgd g6 S ) E
1
tg v — ———— +1|=0.
(tg v tsa)(m“gs + )
3 poarnsfy OCHAHHBOI PiBHOCTI pOGMMO BHMCHOBKH:
a) tgy-tga=0, a sHaunTs, tgy=tgo i y=05
1
2 e
tgatgd
tga=-ctgd=tg (90" +8) i o=90+35.
flwmo o=y, To 3 ymoB: o +f =35+y BUIImMBaE,
mo B=v.
Asarnoriuso, skmo o =90 +5, To y=90"+p.
20.35. Jomamo pxo oBox wuAcTHH JAaHO{ pierocTi
mo 1: 3

+1 =0, 3HAUMTH,
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sin A +sin B +sin C _ sin 24 + sin 2B + sin 2C

sin C sin 2C
Hesaxxko foBecTH, mO Aid KYTiB TPMKYTHMKA MalOTh

wmicue piBHOcTi sin A + sin B + sin C=£,

. 2SA
sin 24 + sin 2B + sin 20:7,
Ae p — HaniBmepumeTp TpuKyTHMKa, R — pagiyc
ONHMCAHOrO HABKOJO HBOro Kona. ToMy oOTpUMyemMo
28, c

Rsin C ~ RPgin2c”
3pigcu  3HaxOAMMO,

mo cosC:%. b, a
Ane cos A +
+cos B+cos C=1+L
R’A D B
B3HAYMTH, [~
cos A+cos B=1. Max. 13
20.36. 3a Teopemolo cuHyciB 3 TpukyTHMKa ABC,
ne D — ocHoBa Gicekrpucu CD (man. 13), maemo:
sin ADC : sin < = sin (B+—§~J=b:AD,

me AD=bc: (a+b). 3Bigcn

g):sing=b be, - omatb,

ain(B+ 3 :a+b =S e
20.37. 3a ymoBolo o +y=2B i cos’a +cos’y=
=2ms’p, aBifKu M;i+1+—°20821=1+ws2ﬂ,
cos 2a + cos 2y = 2 cos 2B,
cos (o +7) cos (a — ) = cos 2,
cos 2P cos (o — y) = cos 2B, cos 2B (1 - cos (x - )) = 0.
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SThemo cos 28 =0, o = @k+ 1) 3
akmo cos (@ -7y)=1, T o -y =2nk.
TakuM 9YAHOM, AKIO PisHMIA apudMeTHIHOI NPO-
rpecii o, B, y AopiBHIoe Tk, TO B — nopinbHe, & AKINO
BoHa BijpisHseThCa Bix Mk, TO B:%(Zh +1) pna Gyas-
sAKOro HATYpAJbHOTO k. B
20.38. Ilobyayemo A\
Touky D, IEHTPaJLHO
CHMeTpHUHY TOUIi B
B cuMmeTpil 3 IeHT-
pom M. TlospaumBmm A
BC=a, BM=m, 3 M c
TpukyTEakis ABD i
AMD 3HaXOAMMO:

AB? = o + 4m® - V

- 4am cos @, O i

AM? = a® + m® - 2am cos @ (Max. 14).
3 TpukytHuKa ABM

2 _ 2
e ABHA% BM

ge S — mioma TPUKYTHHKA ABC.
IlifcTaBAsOMA B OCTAHHIA BHpas sHalifieHi 3HaYEHHA
AB i AM i Gepyum jo yBard, mo S = am sin @, OTPUMAEMO
2 Ot
ot A= a” +2m '3amcos2 %o
am sin @
a 2m

BuxoAauy 3 HepiBHOCTI Mix¢ cepepHiM apudme
i cepesHiM reOMeTPUYIHWM, po6UMO BMCHOBOK:

_a_ ., 2m_, 2.8,
msing asing sing
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Pipmicts Mae micme mpu @ =m V2, TOBTO KoIM
JOJAHKH, INO CTOATH B JiBik qac'nmi\ HepiBHOCTi, Of-
A 22 —3os g
sin ¢
20.39. Posrasnemo ¢ynknio f(x)=2sin x + tg x —

HakoBi. TaxkuM YuHOM,

- 38x. Toai f(x)=2eosx+ -3=
A
_ (cos x — 1)2(2cosx+1) 0
cos x
AR 0sx<2, npudoMy f (x) =0 Timekm mpu x = 0.

Tomy f(x) spocrac B obnacri 05x<%, a 3HAYMTH,

f(0) <f(x) g poBineHOrO 0<n.< mﬁmf(a)>0
sigxn 2 sin o + tg o > 3a.

20.40. IlepexyciM 3asmauumo, mo b #c. Hacnpas-
K, axkmo b=¢, To sin B=sin C u pisnicte b+c=
= 2R3 mabyge Buruazy

sin B +sin C =B, abo sin B =3 8.

3pigcu Bunumsae, mo A=B=C=60". Are B npomy
BUNafKy BifHOmMeHHSA sin 2A : sin 3A BTpauae cMHCI.

Orxe, b#c, A:% . BHKODHCTOBYIOYM TeOpeMy CH-
HyciB, MoxHa pisHicTE b+ ¢ =2R V3 sammcatn Taxum
aunOM: sin B + + sin C = V3. IleperopuBmy mo piBHicTS,

OTpUMAEMO ZM%MM%:‘JE. Ockimexu b #c,
0 B#C i 0<cosB;c<1, a Tomi sin¥>g
abo m%>£ 3‘5qu<§ i%<cosA<1.

Hosememo, mo sin 24 : sin 3A> . [Jli¥icHo,
y-sin24 _  2sindcsd 2cosA  _
sin 34  sin A(3-4sin®4) 3-4sin’A
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2cos A
dcos’A-1"

Tloxknagemo 2 cos A = x, ToAi l‘:xzx T A<x<2).

Ane dynknia y = npu x > 1 MOHOTOHHO cmajiae,

1
L
x
1 2 2 2
TOMy y> 7 = 3- Omrxe, sin2A:um3A>§.

Qs
2

20.41. O6aacTe JONYCTHMMX 3Ha4eHb JAHOTO DiB-

HAHHA BH3HAYAETbCA yMmoBamMM cos x # 0, cos 8x#0 i

sin 220, asimen x =22 i v+ 2 2 B it osmcri

REReME Bt Het B = S BE R AINRY 1y

3 sin 2x  cos 3x it

sin (3x - 2x)
sin 2x cos 3x *
2sin x
2 sin x cos x cos 3x ’
sec x sec 8x = sec X sec 3x.
Omxe, 0BnacTs po3B’A3KiB aHOTO PIBHAHHA CIiBHIAZac
3 ofnacTioO AONYCTMMMX 3HAYEHb.
20.42. Maemo: tg A+tg B+tg C =
=tg (180° - (B+C) +tg B+tgC=
=-tg(B+C)+tgB+tgC=tg B+tgC -

sec xsec 8x =2 -

sec x sec 3x =

_tgB+tgC _ o D e ol
1-tgBtgC (tﬁB+t§C)(1 l—thtZC]
<9 . —tgBtgC _

7 ~cgBrtg0). LBME

=-tg(B+C)tgBtgC=tg Atg BtgC.
Omxe, tg A+ tg B+ tg C=tg Atg B tg C. Ockimsku
JaHUl TPUKYTHMK TYIOKYTHMM, TO mNpaBa dYacTHHA OT-
pumaHoi piBHocTi Bif’emEHa, a ToMy i x;iBa wuacTHEA
Big’emua, TobT0 tg A+tg B+tg C <O0.
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