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DEKAPTOBI KOOPOAUHATU HA NNIOLLUHI
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BiA ABTOPIB

JIx00i ner’aATUKIacCHUKH!

Mu maemMo Hamio, L0 BU HE po3dapyBajucs, obpaBLId He-
JerKui MHIJsiX HaBYATHCH B MATEeMaTU4YHOMY Kiaaci. ¥ nsomy
HABYaJIbHOMY DPOIIl BH IIPOJOBXKHWTE BHBUYATH MaTeMaTHKY 3a
noraubIeHoo nporpaMoln. Mu ciofgiBaeMocs, II0 IILOMY CIIDH-
ATUME MIAPYVYHUK, AKUIA BU TPHUMAETE.

Osnatiomrecs, 0yab jacka, 3 HOro CTpPyKTypoOIo.

I[MTigpyuyauK posxijieHo Ha ciM naparpadiB, KOXKHHH 3 AKHUX
CKJIAJAETLCA 3 NYHKTIB. ¥V NYHKTAX BHKJAJLEHO TEOPEeTUYHUMA
marepian. OcobauBy yBary 3BepraiiTe Ha TEKCT, BUALIEHHIH
JKMPHUM wpugpmom. Taxox He 3anuiaiTe Mo3a yBarow CJIoBa,
HaJPYKOBaHl kKypcugom.

3asByuyai BHKJIAIA TEOPETHYHOIO MaTepiany 3aBeplIYEThL-
cA NMpHKJaZaMH posB’sisyBaHHA 3azgad. Ili sanmcm mMoKHA
posrasamgaTH AK OAHMH 3 MOJMJIMBHX 3pa3KiB ohopMIeHHSA
PO3B’A3aHHA.

o koyxxHOro nNyHKTy nigidbpaHo 3ajgadyi AaA CaMOCTIMHOIO
po3B’A3yBaHHs, IPUCTYNATH A0 AKWUX PAJAMMO JIMIIE HicJis 3a-
CBOEHHSA TeopeTHUYHOTO Martepiany. Cepesl 3aBOaHb € AK MTPOCTi
¥ cepelHi 3a CKJAOHICTIO BIPaBH, TAK i cKaanHi samauyi (ocob-
JIUBO Ti, AKi mosHA4YeHO 3ipouxoro (¥)). CBol 3HAHHS MOXKHA
nmepeBipuUTH, PO3B’sA3YVIOUYHM 3a4a4i y TecToBi#l hopmi 3 pyOpHUKH
«IlepeBip cebe».

AKmio micnsa BMKOHAHHA AOMAIITHIX 3aBIaHb 3aJIMIIIAETHCH
BIIBHUYW Yac 1 BM Xouere 3HATHU OijgbITe, TO PEKOMEHIVEMO
3BepHyTHCA N0 pPyoOpuku «Konm 3pobieno ypokmu». Marepiad,
BUKJAQJIeHHUN TaM, € HellpocTuM. Aje THM IliKkaBime BHIIpoOy-
BaTH cBOi cmum!

IepazaiiTe! Baxaemo ycmixy!
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IIlanoBHiI kKomeru!

Mwu 3HAa€EMO, IO TTiATOTOBKA 10 YPOKY B KJAaci 3 MOrIubJIeHuM
BUBYEHHAM MaTeMaTHKH — poboTa Hesierka. Oprauisailis Takoro
HABYAJIBHOI'O IMIPOIIECY BHUMATa€e BEJIMKUX 3YCUNb YVUUTENA, AKHIHI
hopMye HaBUYANBHUM MaTepiasl Mo KpUxXTax, a3bupamuu Horo
B baraTbox mocibHmkax. Mu criogiBaeMocs, 110 e TiAPYVIHUK
cTaHe HAAIMHMM IOMIYHHMKOM V BAIINA HeJerkii i muaaxeTHii
npaili, i 6yzemMo IMUpo pagi, AKII0 BiH BaM crnomodaeTbes.

Y kHu3i gibpaHo obmMpHUE 1 pidHOMAHITHHH AUAAKTHU-
Hu¥ marepiain. IIpore sa oamu HaByaJbHHM pPiK yeci samaqi
PO3B’A3aTH HEMOJKJIHBO, Ta B ULOMY I Hemae norpebu. Pasom
3 TuM HabaraTo 3pydHillle IpamoBaTH, KOJMX € 3HAUYHHNA 3amac
sagau. Ile mae MosKJHBiCcTE peasisyBaTu NPHHIMIIN PiBHEBOI
nudepenniamnil Ta iIHAMBIAYANLHOTO MiAX0AY B HABYAHHI.

YepBoHHM KOJLOPOM MNO3HAYEHO HOMEPH 3a1ad, IO PeKo-
MEHAVIOTECHA AJA ZOMAaIIHBOI poboTH, cuMHiM KOJLOPOM — HO-
MepH 3ala4, SIKi 3 ypaXyBaHHAM IHAWUBiAyaJbHHUX ocobGauBOCTEH
VUHIB KJIaCy HA PO3CYM YUHTeJd MOYKHA PO3B’A3YBATH YCHO.

Marepian pyopuru «Kosm 3poGJieHO YPOKH» MOXKe OYTH BH-
KOPHMCTaHUH Ay opraxizaiii po6oTu MaTreMaTHUYHOI'O I'ypTKa
i hakynbTATUBRHUX BaHATE.

BaskaeMo TBOPUOro HATXHEHHA ¥ TepHiHHA.

YMOBHI NO3HAYEHHSA IS

n 3aBJHAHHA, 1110 BiAMOBIIAIOTE TOYATKOBOMY i CEPETHBEOMY
PiBHAM HABYAJIBHHUX JOCATHEHD;

n' 3aBAAHHS, IO BiANOBIAAIOTH JOCTATHBOMY PIBHIO Ha-
BYAJIbHUX JOCHATIHEHb;

n” 3aBIaHHA, 110 BiAIOBiZAOTH BHCOKOMY piBHIO Ha-
BYAJBHUX OOCSATHEHB;

n” 3amadyi Oas MaTeMaTHYHHX I'YPTKIB 1 (paKyJIbTaTHBIB;

O—-w 3agadvi, y AKX OTPHUMAHO Pe3yJbTAaT, 1[0 MOKe OYTH
BUKODPHCTAHUH NPU pPO3B’A3YBAaHHI IHIIMX 3amad;

n (m) 3ajada, sKa IIPONOHVETHCA B PIi3HHX NOYHKTAX AJdA
PO3B’sI3YBaHHA PisHUMH cnocobamu (HOMep Nl BKalye
MicIIe3HaXOJPKeHHs IIiel 3ajadi B IHINOMY ITYHKTIi);

A 3aKiHYeHHA JOBeNEeHHS TEOPeMHU.
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) MOBTOPEHHS 1
1 CUCTEMATU3ALLISA §

HABYAJIBHOIO MATEPIATTY

3 KYPCY FEOMETPIT 8 KJTACY

1. 3apaui Ha NOBTOPEeHHSA HaB4anbHOro
MaTepiany 3 Kypcy reomeTpii 8 knacy

1.1.” Biuna cropona AB i menmia ocuosa BC tpaneuii ABCD pno-
piBHOOTH Bigmosiguo 16 cm i 15 cm. fxuit 3 BiApiaKiB nepernHae
Gicekrpuca kyra BAD — ocuoBy BC um GiuHy cTopory CD?

1.2." IIpama AB poTHKaeTses [0 KoJja B rouni B, a npsima AC nepe-
TuHae Koo B Toukax C i D. 3HaiigiTe Bigpisoxk CD, axkuo AB = 6 cMm,
AC = 9 cMm.

1.3." Ha onHiif cTOPOHI KyTa 3 BePIIMHOI B TOYIl A NO3HAYHUIH
rouku B i C, a ma npyrii — mouxku D i E, npuuyomy AB = 10 cmM,
AC = 18 cm, AD : AE = 5 : 9, 3uatigite CE, sixmo BD = 20 cMm.

1.4.° IInoma mapanenorpama ABCD npopisuioe S. 3HARAITH MIOLILY
zacdapbosanol @irypu (puc. 1.1).

B C

a) 6)
Puc. 1.1

1.5." 3gaiigiTE BiIHONIEHHS IIJIOLL S, 1S, rpukyrHukis, so6paxe-
HUX HA pucyHKY 1.2 (moB:wWHEU BiApi3KiB faHO B caHTHUMeTpax).
1.6." Binpisox AD — 6icekTpuca TPUKYTHUKA
ABC, nyomja TpukyTHuka ABD jpopiBHIOE 12 cMm?, < 1
a TpukyTHuUKa ACD — 20 cm?. 3HaiigiTe BigHO- B
meHHs cTopoHu AB no cropouu AC.
1.7.° Iiaronani pisno6iunol Tpanenii € Gicex-
TpUCaAMH 1i TOCTPHUX KYTiB 1 TOUKOIO NEPETHHY I10-
minsaroorsca y BigHomerH] 5 @ 13. 3Haiaite miroiry
Tpamenii, akuo 1i Bucora gopisHIOE 90 CM. Puc. 1.2
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§ 1. [oBTOpEHH: 3 Kypcy reomeTpil 8 knacy

1.8." KaTeTuH NpAMOKYTHOTO TPHKYTHHMKA NOPiBHIOKTL 18 cm
i 24 cm. 3HalgiTe OiceKTpHUCY TPUKYTHUKA, IIPOBEIEHY 3 BePIIHHU
MEHIIIOT0 FOCTPOro KyTa.

1.9.° Mexnianu AM i CK TpuxyrHuka ABC nepneHANKYIApHi. 3Ha-
HUOITH CTOPOHU TPUKYTHUKA, AKIN0 AM = 9 cem i CK = 12 cm.

1.10." ¥ rpukyrauky ABC menianu BM i CK mneprneHANKYJIAPHI
i neperuHawTheA B Touli O. 3HAHAITE AOBMHUHY Bigpiska AO, gxiio
BM =36 cmi CK = 15 cm.

1.11.° V tpuryraury ABC Bigomo, mo AB = BC, BD i AM - Bu-
COTH TPUKYTHHUKA, BD : AM = 3 : 1. 3uaigirs cos C.

1.12. V¥V Tpuryrauxky ABC Bigmomo, umo AB = BC, BD i CK — BH-

3 _ .
COTH TPHUKYTHHKA, cos A :-7—. 3uaaiTe Bignomenua CK : BD.

1.13." Tiarosmane piBHOGiuHOI Tpamemii MepIeHAHUKYISIPHA LO
6iunOi CTOPOHM 1 yTBOpIOoE 3 ocHOBOIO Tpamenii xyr 30°. 3mainiTe
BHCOTY Tparenii, AKINO pajiyc KoJia, OIMHCAHOT'O HaBKOJIO Tpamnelii,
nopiBHioe R.

1.14.° IlobyxnyiiTe KBagpaT, IJOIA AKOTO AOPIBHIOE CYMi ILIOLI
JBOX JaHMX KBajparis.

1.15." Ha meniani AM tpuxkytHuka ABC nosHayeHo Touky D Tak,
mo AD : DM =1 : 3. Hepea Touky D npoBefieHO IIPAMY, TapaIejibHy
croponi AC. ¥V AKoMy BigHOUIEHHI I mpsaMa IinuTk cropony BC,
paxyrwoum Big Bepmmau C7?7

7 1.16.” V vorupuxyrauxky ABCD Bigomo, mo AB = AD, CB = CD.
HOBG,I[ITB, 1110 . AD 1 BC.
>~ 1.17." Ha ocnosi AC pmHoﬁe,c[peﬂom TpUKYTHHKA ABC 1mosgauyniam

Touky M, a Ha Oiunux cropoHax AB i BC BignosigHo rouku K i N
rak, mo MK || BC, MN | AB. 3uaiifgits '10BKHUHY 0iYHOI CTOPOHH,
AKINO BiZOoMO, 10 HepumeTrp doTUpuryrtHuxa MKBN nopiBHIOE
30 cm.

1.18." ¥V npamoryTuukry ABCD Binomo, 110 AB = 2AD. Touka K —
cepenuHa cropoHHn AB. 3uaigite kyr CKD.

1.19." ITobyayiiTe KBafpaT 3a TPhOMA TOYKAMM, AKi € Cepe[nHAME
TPLOX HOro cTOpiH.

1.20." [Tiaronani pisao6iunoi Tpaneuii ABCD (BC | AD) neperu-
HawTbesa B Touni M. Bigomo, mo £ CMD = £ BAD. [losenits, IO
BC = AB. )

1.21.° V piBHOGiuniit Tpamnenii ABCD (BC || AD) GicekTpucu rocTpux
KyTiB BAD i CDA ﬂepeTHHaPOTbCE B TOUYIIi, fiKa HaJeXXHUTL ocHoBl BC.
3uatiaiTe nepumerp Tpanenii, sxmo BC = 36 cm, £ BAD = 60°.
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3a/a4i Ha NOBTOPEHHA HaBYaNLHOro MaTepiany 3 Kypcy reomeTpii 8 knacy

1.22." ITobynyiiTe mapaJjejorpaM 3a Horo BePUIMHOIO i cepeuHAMM
cTOpPiH, AKHUM Il BepPIIMHA He HAJIeUTh.

1.23." IlepneHIUKYIAP, ONYINEHUIT 3 BEPUIMHKY KYyTa NPAMOKYTHHKA
Ha HOro MiaroHaJk, OUIHTE 1[I0 AiaroHajb Ha BiAPISKM, HOBMHMHM SKHX
BigHocaTeeA Ak 1 : 3. BHalAiTe KYyT MiXxk JlaroHaNIAMY IPAMOKYTHHKA.

1.24." Ha ctoponi AD npamoxyTHuka ABCD mosHauuau Touky M
rak, mo MD = CD, MA = MC. 3raigite KyT MiXK niaroHaaamu
OpAMOKYTHHKA.

1.25." Bucoru BN i DM pomba ABCD, npoBelieHi 3 foro Tymmux
kyTriB B 1 D, neperuHamoTbesa B To4ni F. 3HainiTe KyTH pomba, AKII0
NF : FB= MF : FD=1:2.

1.26." Cyma nos:xusn xaretis AB i BC npAMOKYTHOIO TPUKYTHUKA
ABC popisuwoe a. Ha rinorenysi AC nosa TpUHKYTHHKOM NoOyAoBaHO
kBagpar ACMN, piaroHasii siKoro mepeTuHaThesd B Toyii O. 3 Toy-
ku O Ha npami BA i BC onyerunu nepnesaukyasapu OK i OF sipmo-
BimHo. 3HaAITL nepuMeTp YorupukyrTHuka BKOF.

1.27." CepeiuHHHI NepHNeHIUKYJIAP AiaroHajli NpAMOKYTHHKA
yTBOpIOE 3 tiorc Hinmbimoio croporoio Kyt 60°. Biapisok mworo mep-
NeHAHKYJIAPa, AKUHE MiCTHTLCA BCepeHi IPAMOKYTHHKA, JOPiIBHIOE
12 em. 3HaigiTek GiNBIIY CTOPOHY NPAMOKYTHHKA.

1.28." Ha megiani BD tpukyrauka ABC nosHaueHo Touky M Tak,
mo BM : MD = 3 : 2. Tlpama AM nepetnHae cTropoRy BC y Touni E.
¥ axomy sBigHomenui Touka E mopninde cropory BC, paxyrod: Bifg
BepmuHU B?

1.29." Bicexrpuca kyra A napajesiorpama ABCD nepeTuHae jgiaro-
nans BD i cropony BC y touxkax F i F signosigHo Tak, mo BE : ED =
= 2 : 7. 3uaiaires Biggomennsa BF : FC.

1.30." Megianu AD i BM rpuxkytauka ABC nepeTMHAIOThHCA B TOU-
i O. Yepes Tourky O IpoBefeHO NpAMY, IKa napajieJbHa cTopoHi AC
i meperunae cropony BC y rouni K. 3uaingite BD, DK i KC, axkuio
BC = 18 cm.

1.31." Komo, LleHTp AKOro HAJEXKHUTh TillOTEeHY3l NPAMOKYTHOIO
TPUKYTHUKA, HJOTHKAEThCA OO0 OiNbIIOro KaTera i OPOXOIHTH Hepes
BEPIIIMHY MDOTUIEMHHOT0 POCTPOTO KyTa. 3HAWAITE paniyc Koja, AKII0
KaTeTH AopiBHIOIOTE 5 eMm i 12 cm.

1.32." KareTy NpAMOKYTHOTO TPUKYTHUKA AOPiBHIOWOTHE 6 cM
i 8 em. 3HaiigiTe BiZicTaHL BiJl BEPILIHMHM MEHIIONO FOCTPOro Kyra
TPUKYTHUKA /10 [IeHTPAa BIIUCAHOTO KOJIA.

1.33." Ilnoma pisHOGiuHOI Tpameuil KopiBHIOE 36+/2 cm?, a ro-
crpuit Kyr — 45°. 3HaiAiTs BHCOTY Tpanenii, AKIIO B Hel MOKHA
BIIMCATH KOJIO.



§ 1. NorTOpeHHs 3 Kypcy reomeTpil 8 knacy

1.34." BicexTpuca Kyta A TpurkyrHuka ABC (£ C = 90°) nozninse
karer BC na Bigpisku zaBmoBxKKH 6 cm i 10 cm. 3HaiigiTe paniyc
KoJia, AKe IPOXOJHUTD deped Touku A, C i Touky neperuny 1iel 6icexr-
pucu 3 Kkarerom BC,

1.35.° ITenTp KOJa, BIIMCAHOTO B PiBHOOGIUHY Tpanelliio, BigganteHui
Big KiHuis Ii O6iunoi croporu Ha 12 cm i 16 cm. 3HaligiTe nepumeTp
Tparmnerii.

1.36." [Tiaronans pisHOGiuHOI Tpamemnii momiisie BHCOTY, IIpOBeae-
HY 3 BePIIHWHHK TYIIOrO KyTa, Ha BIAPI3KH 3aBHOBXKHK 15 cm 1 12 cm,
a OiuHa cTopoHa Tpamenii mopiBHIce 11 MeHuIi#l ocHOBi. 3HANAITH
IJIOIIY Tpamelrii. -

1.37." Binsma giarosans npAMOKYTHOI Tpamerii IOZiNsfie BUCOTY,
IIPOBEJIeHY 3 BePUIMHH TYIOro KYyTa, HA BiAPisKM 3aBAOBKKH 15 cm
i 9 cm. Binbma 6iyna cropoHa Tpanenii gopiBHIOE i1 MeHIIi#l OCHOBI.
3HalaiTh IIonly Tparerii.

1.38." ¥ rpaneuii ABCD (BC || AD) Touka M — cepenuna AB.
3naixiTe miIomy TpUKyTHuUKa CMD, skmo niomia gagoi Tpamemii
JopiBHIOE S.

1.39.” Kosio, nobynosate ua giaronani AC pomba ABCD sk Ha giame-
Tpl, HPOXOJUTE Uepe3 cepeluHy cTOpoHu AB. 3HaiigiTe KyTH poMbda.

1.40.” Ha croponax AB i BC TpuKyTHHKAa ABC nobynoBaHO B 30-
BHimHi#A 6ik kBagparu ABDE i BCFG. Bussunoca, mo DG | AC.
JoeeniTe, mo TpuKyTHHK ABC ¢ piBHOBegpeHUM.

1.41.” ¥V rpuxkyrauxy ABC nposeneno sucory AH i memiany BM.
Binpisok M H neperunae d0icekrpucy CK B ii cepeauni. Jloeaits, mo
TPUKYTHUK ABC € piBHOOeIpeHMM.

1.42.” ITobyayiiTe YOTUPMKYTHHUK 3a HOr0 CTOPOHAMM 1 BigcTaHHIO
Mis¥ cepeauHaMu AiaroHageii.

1.43." Touka C HanexuTh npamomy Kyry BOA (puc. 1.3). Jlose-
JiTh, 10 nepuMeTp TPpUKyTHUKA ABC 6insmuii, Hizx 20C.

1.44.” Ha apkymi nanepy B KJITMHKY HAKDECJEHO TPUKYTHHUK
ABC 3 BepmmHaMH y By3Jiax ciTkuy (puc. 1.4). 3a Z0mIoMOroio JiHiHKYH
nodyayiTe TOUKY [ePEeTHHY Me[iaH IbOI'0 TPHKYTHHKA.

A

Puc. 1.3 Puc, 1.4



3apadl Ha NOBTOPEHHA HaB4YanbHOro Mmatepiany 3 kypcy reametpil 8 knacy

1.45.” ¥V rTpamnernii moBkuHa oxHiel 3 jgiaronasyieil OpiBHIOE cyMmi
OCHOB, a KYT Misk niarosansmu gopisaoe 60°. loseniTs, 110 Tpanernis
€ piBHOOIYHOIO. .

1.46.” Ha croponi AC tpukyrauka ABC nossauuiau rouxky K Tak,
nro BrycaHi kona TPUKYTHUKIB ABK i BCK pnorukairbseda. [loBeniTs,
o Touka K HaJe)XHUTh BOIHCAHOMY KOJYy TPHKYyTHHKa ABC.

1.47.” Ha croponax AB i CD rpanenii ABCD (BC || AD) signosin-
Ho moaHauuau Touku K i L Taki, mo £ BAL = £ CDK. loBenits,
uio £ BLA = 2 CKD.

1.48.” ¥V rocrpokyrHOMY TpUKyTHUKY ABC Biapizoxk AH € BUCOTOIO.
3 roukn H Ha croposu AB i AC onyuieHo nepnesaukyaapu HK i HL
BigmosigHo. JloBeAiTh, 1110 YOTUPUKYTHUK BKLC — BIUCAaHUI.

as 1
1.49.” Touka J HaJeKUTh TPUKYTHUKY ABCi £ BJC =90° + 5 Z BAC.

Bigomo, mo npama AJ MICTHTE LIEHTP ONMCAHOI'O KOJla TPUKYTHM-
ka BJC. HoBeniTh, 1110 J — LEHTP BIUCAHOrO KoJja TpukyTHuka ABC.

1.50.” Mauo aBa kosa. Ilepiie 3 HUX NPOXOAUTHL Yepesd weHTP O
JpYroro KoJa i neperuHae e xojio B Toukax A i B. Xopna OC nepriuo-
ro KoJia nmepeTuHae Apyre KoJuao B Toulli J. HoBeaits, mo Touka J —
IIeHTp BIIMCAHOTO KoJia TpuKyTHuka ABC.

1.51.” ¥V rpukytauxky ABC nposegerno sucotu AH i CP. 3HaligiTe
BeJIUUYMHY KyTa B, akmio Bigomo, mo AC = 2PH.

1.52." Ha croponi AC Tpuxkyrauka ABC noszsauuiau Touky D Taky, -
mo £ ABD = 2 BCD i AB = CD. Bicexkrpuca Kyra A 1iepeTuHae cTo-
poHy BC B Touni E. Horexuirs, mo DE | AB.

1.53.” Touxka D — cepenuna cropouu AC tpukyrauxka ABC, DE
i DF — OiceKTpHCH BinoBigHO TpUKYTHUKIB ABD i CBD. Binpizku

1
BD i EF neperunaiorbesi B rounti M. Hosenirs, o DM = EEF.

1.54.” ¥V npamMoxkyTHOMY TPUKYTHUKY ABC (£ C = 90°) Bigpisknu
CH, CL i CM — BignmoBigHO BHcOTa, DiceKTpHuca 1 mMemiaHa TPUKYT-
HHKA. 3HauAiThL goBxuny CL, axme CH = 6, CM = 10.

1.55.”7 ¥ rpuxkyruuxy ABC nposegeno 6icexrpucy BD. Bigomo,
mo AB = 15 e¢m, BC = 10 em. HosemiTs, o BD < 12 cm.

1.56."I B onykiaomMy 4oTHPHUKYTHUKY ABCD niaroHaJji nepeTtuHa-
orbea B Touni O. Bimomo, mo £ BAC = £ CBD, £ BCA = £ CDB.
Hoeenits, o CO-CA = BO-BD.

1.57." BicexTpucu xyrtiB A i B TpuxkyrHuka ABC nepeTHHAaIOTH
onucane Koo Tpukyruuka ABC y touxax K i L BigmosigHo. Bigpizku

9



§ 1. [NoBTOpPEHHA 3 KypCy reomeTpil 8 knacy

AK i BL neperusapoTbesa B Touni O rak, 110 A—O = ‘—32 Hosenits, 110
OK OL
TPUKYTHHK ABC — piBHOOeAgpeHHIi.

1.58." Tpamerniian ABCD (AB || CD) raxa, 1[0 KOJIO, OIIHCAHE HABKOJIO
TPUKYTHHUKA ABD, noruxkaerscsa no npsamol BC. ToseniTe, o Koo,
onucaHe HaBKOJIO TpHKYyTHHUKa BCD, notukaerbesa g0 npamol AD.

1.59.” V rpuxkyruury ABC nposeneno bHicexrpucy BK. Ha
cropoHax BA i BC mosHauusu Bianosigao toukm M i N raki, mo

1
LAKM = ZCKN = F ZABC. Hosenite, mo npama AC — goTuyHa

0 KoJia, OIMHCAHOr0 HABKOJO TPUKYTHHUKa MBN.

1.60.” ¥V koui uposeneno xopay CD napanensso giamerpy AB Tak,
o B rpanenio ABCD MoXHa BIOHCATH KOJO. SHANIAITH MOBMKHHY
xopau CD, saxmio AB = 2R,

1.61." Ha mexniani AM tpuxkyrauxa ABC mosHauuiau TOUKy F.
Toukn K i N — OCHOBH NEPIEHAUKYJIAPIB, IPOBEJEHHX 3 TOYKH F
Ha croporu AB i AC BingnosigHo. 3HaiaiTh Bigpisku FK i FN, akio
FK + FN =d,AB =¢, AC = b.

1.62." V tpukyrHury ABC nposegeHo uepiaHu AA,, BB,, CC, axi
nepetrnHawThCA B Touni M. Bizomo, mo nnoma tTpukyrHuka AMB,
MOpiBHIOE muomi TpukyTHuka AMC , niola TPUKYTHHKA BMC,
AopiBHIOE Ionli TpuKyrHuka BMA , a nJoma TPUKYTHHKA CMA,
AopiBHIOEe muowli rpuxkyruuka CMB,. Jlosexits, mo M — Touka
MepeTUuHy MemiaH,

1.63.” V rpamnenii ABCD (AD || BC, AD > BC) ua giaromani AC
IIO3HAYUAHM Touky E rak, mwo BE | CD. [JoBeniTs, 110 MJIOIIL TPUKYT-
HUKiB ABC i DEC pisui.

1.64." Ha meniani BM tpuxkyrHuxka ABC nosHaumam Touky D.
Yepes Touknu C i D npoeesu npsami, napajenbHi Bianmosiguo npaMum
BM i AB. TlpoBeseni npami nmeperuHamTsca B Touni E. HoBexirs,
mo BE = AD.

1.65." Ha ocuosi AD Tpanenii ABCD nossauymnru Touxky M. Bizomo,
110 TePUMeTPH TPUKYTHHUKIB ABM, MBC i CMD pigui. Hoseuirs,
uo AD = 2BC.

1.66." ¥ koo Bnucano worTupukyTHHK ABCD. Ha xopai AB mno-
oyayure Touky M Taky, mo £ ADM = 2 BCM.

1.67." Touku M i N — cepenunu ocsoB AD i BC rtpanenii ABCD
Bignosiguo. Ha croporax AB i CD nosnauuau Touyku P i @ Bigmosin-
HO Tak, mo PQ || AD (AP # PB). lloeeniTs, mo npami PN, MQ i AC
[HepeTHHAaKTHCA B OQHIN TOUIl.

~
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PO3B'A3YBAHHA
TPUKYTHWKIB

2. CuvH C KOCHdeC TaAHreHc i KoOTaHreHc KyTa
Big 0° po 180
IIOHATTA «CHHYC», «KOCHHYC», «TAHI€HC» 1 «KOTaHI'€HC» IOCTPOro
KyTa BaM 3HaloMi 3 Kypcy reomeTpu 8 kiacy. Posmnpmmo i DOHATTA

s 6yab-axkoro Kyra o, me 0° < o < 180°.

Y BepxHIiN HIiBOJIOIMHMHI KOOPAMHATHOI IJIOIIMHN PO3TIAHEMO
MiBKOJIO 3 LEHTPOM Y II0YATKY KOOPAHMHAT, Pajlyc AKOro JopiBHioE 1
(puc. 2.1). Take NiBKOJO Ha3HBaXThE OJJHHHYHHM.

YA
YA Cl1
a1 M (x; y)
yr-----
M
CL
B ™\ A o N A
-1 @] 1 x -1 (0] x 1 x
Puc. 2.1 ‘ Puc. 2.2

Bynemo ropopuTtH, mo kyty o (0° < o < 180°) Bignosinae Touxa M
OJMHHWUYHOTO HiBKoJa, AKIIo LMOA = o, ge touku O i A maioTs Bia-
nosigHo koopauHatu (0; 0) i (1; 0) (puc. 2.1). Hanpuknang, Ha PUCYH-
ky 2.1 xyry, axuit gopisuioe 90°, Binnosigae Trouka C; KyTy, AKUH
nopiBuioe 180°, — Touxa B; kyTy, sakuii mopisamwoe 0°, — Touxa A.

Hexaii o — rocrpuit kyr. Momy Bismnmosimae nesaxa Touka M(x; y)
ayru AC (puc. 2.2). 3 npaMoKyTHOro TpukyTHuxka OMN maemo:

ON . MN
cosOl=——1yj SINnO=——:
oM OM

Ockinern OM =1, ON = x, MN =y, To x = €Os O, iy = sin oO.

Oroxe, KOCMHYC i CHHYC rocTpOTro KyTa O — 1ie BignosigHo abemuca
i opguHaTta Touku M ONUHHYHOIO IIiBKOJIA, AKA BiAIOBiIae KyTy O.

OTpuMaHUl pe3ynbTaT nigKasye, AK BU3HAYUTH CHHYC 1 KOCHHYC
Oyab-saKoro KyTa o, me 0° < o < 180°,

N



§ 2. PO3B'A3yBaHHA TPUKYTHKKIB

Oznmauvenna Kocunycom icurycom gyra a (0° < a < 180°)
Ha3MBalOTh BinmosigHo aGcumcy x i opauHATY Y TOukM M oxMHMY-
HOro miBKOJIa, AKA BignoBigae kyty a (puc. 2.3).

HODHCTYIOHBCB TaAKHM O3HAa-

Yi
1 YeHHAM, MOXKHA, HANDUKIAK, 3a-
nucatu: sin 0° = 0, cos 0° = 1,
Mg o] sin o sin 90° = 1, cos 90° = 0,

sin 180° = 0, cos 180° = —1.

Axmo M (x; y) — noBinkHA TOY-
\Ot Ka OJMHMYHOIO IIiBKoJa, To —1 <
Sx<11i0<y<1. Omxe, gaa
Oyab-fiKoro kyrta o, ge 0° < o <
< 180°, maemo:

0<sina <1,
-1 <cosa<l.

Axmo o — Tynuit kyT, To abcuuca TOYKM OAMHHYHOTO IIiBKOJIA,
1110 BiINOBiJla€ NbOMY KYTY, € Bif'eMHO10. OT3%€, KOCHHYC TYHOr0 KyTa
€ Bix’eMHUM 4ucjaoM. 3pO3yMLilo, 110 ClpaBeIuBe i TaKe TBepKeH-
HA: AKLIO cos o < 0, To o0 — Tynu# abo PO3roOpHYTHH KyT.

3 Kypey reometpii 8 kiacy BH 3Ha€ETe, 1O A OYAL-AKOTO rOCTPOrO
KyTa O BUKOHVIOTBCA PiBHOCTI

—
=Y

-1 cosa O

Pue. 2.3

sin (90° — o) = cos a,
cos (90° — o) = sin o

0i dhopmynu zamumarTbes cHpaBeJJauBuMH i gaa o = 0°, i qia
a = 90° (mepexoHaiiTecs B H[bOMY caMocTiiiHO).

Hexait kyram o i 180° - «, ne o # 0°, o # 90° i o # 180°,
BiZIIIOBigalOTE TOYKH M-(x]; ylj i N (xz; yz) OOUHHUYHOI'O ITiBKOJIA

(puc. 2.4),
YA

1

N(x,i y,)




2. CnHYC, KOCUHYC, TaHreHc | KoTadreHc kyta sig 0° go 180°

I[IpaMokyTHI TPUKYTHUKM OMM i ONN, piBHi 3a rinorenysow
i rocrpum Kyrom (ON = OM = 1, £ MOM, = £ NON, = o). 3Bigcu
U = Yyl Xy =%, OnKe,

sin (180° — o) = sin «,
cos (180° — o) = — cos o

IlepexkoHairTecs caMoCTiiiHO, 110 i PIBHOCTI 3aJHIIAIOTLCA IIpa-
BUABHUMH 1 o = 0°, oo = 90°, oo = 180°.

HArmo oo — rocrTpuit KyT, TO, AK BU 3HAETE 3 KYpPCY reomerpil
8 wJjlacy, cupaBeiJINBa TOTOXKHICTh

sinfa +costa=1,

KA 3aJUIIACTHCA NPaBHIBHOI Aas o = 0°, oo = 90°, o = 180° (mepe-
KOHANTECA B IIBOMY CAMOCTIHHO).

Hexait oo — rynuit kyr. Toni 180° — o € rocTpum Kyrom. Maemo:

sin? a + cos? o = (sin (180° — @))? + (—cos (1807 — @)z =
= sin? (180° — o) + cos? (180° — ) = 1.

Orxe, piBHicTh sin? o + cos? oo = 1 BUKOHYETHCH HJA BCix
0° < o < 180°.

3 reoMeTpUYHUX MipKyBaHb 3po3yMino, mo ko 0° < o < B < 907,
to sin a < sin B (puc. 2.5); konu 90° < a < < 180°, To sin o > sin
(puc. 2.6); konu 0° < a < < 180°, To cos o > cos B (puc. 2.5, 2.6).

ya A

1 .
> L) S l

-
f:‘:)ﬁli COS0f X ('Uh”

Puc. 2.5 Puc. 2.6

Osnmauvenusa Taurencom Kyrao, ge 0° < o < 180°i a = 90°,

. o
HA3WBAIOThH BiITHOIMEHHA , TOBTO
cos o
sin o
tg o=
cos o,

Ockinbru cos 90° = 0, To tg o He BUBHAUeHHH aAId o = 90°,

13



4 § 2. Po3B's13yBaHHA TPUKYTHUKIB

Ozpavenns Koramremcom kyra a (rmosHauawTh ctg o), ae

. cos o
0° < a < 180°, HasHBaXOTH BiHOIIEHHS - , ToBTO
sin o
I —_— cos o
sin o

Ockinsku sin 0° = sin 180° = 0, To ctg ¢ He BU3HAYEHWH NI
.oo=0%1ia=180° '

OueBuaHoO, 10 KokHOMY KyTy ¢ (0° < a0 € 180°) Bignosigae edu-
Ha TOYKA OJMHHYHOrO niBkojaa. OTiKe, KOMKHOMY KYTY O Bigmosimae
€AuHe YHCJ0, AKe € 3HAa4YeHHAM CHHYyca (KOCHHYyca, TaHTeHca I
o # 90°, koranrenca aua o # 0° i o # 180°). Tomy sanexHicTs 3HA-
YyeHb CHMHYyca (KOCHMHYyCca, TAHTEHCA, KOTaHIreHca) BiJl BeIUYWHHU KyTa
€ QYHKIiOHAJIBLHOO.

Dyuxuii f (o) = sin o, g (o) = cos a, h (&) = tg o, p () = ctg «,
AKl BiAmOBiZamThs UM (PYHKIIOHATBHUM 3aJIEKHOCTIM, HAZHMBAIOTH
TPHITOHOMETPHYHUMH QYHKIIAMH KyTa Ol.

O=w 3apaua. osexirs, mo tg (180° — o) = —tg «, ctg (180° —
— o) = —ctg a.

Poszeé’azanHas

. tg(180°—0t)=8m(1800_a)= sin o :—Sma:—tg(x,
cos(180°-0a) -coso cos ¢

ctg(180°—01)=c°5(180 —o&)z—cosoc:_cosa:_ctga.
sin (180°-a) sina sin o

Hpukaan. 3uaiigits sin 120°, cos 120°, tg 120°, ctg 120°.

Pose’'szamnnsa Maemo:

3

sin 120° =sin (180°-60°) =sin 60° = ?;

c0s 120° = cos (180° — 60°) = —cos 60° = — %;

tg 120° = tg (180° - 60°) = —tg 60° = —/3;

\/g.

€

ctg120° =ctg (180°-60°) =—ctg 60° = —

14



2. CUHYC, KOCHMHYC, TaHIeHC | KoTaHreHc kyTa 8ig 0° o 180°

ﬁﬂPABM

2.1.” Yomy jopisHIOE:

1) sin (180° — ), AKIIO Sina:%;

2) cos (180° — o), saxmo cos o = 0,7
3) cos (180° — @), Ao cosax—g;
4) tg (180° — «), sxmo tg o = —5;

o 1
5) ctg (180 — o), aAxmo ctg o =—5?

1
2.2." Kyru o i B cymiaxni, cosa=~g.

1) 3uaigite cos f.

2) Axwuii i3 KyTiB o i f € rocTpum, a AKHHA — Tynum?
2.3.” BualifiTh 3HAUEHHA BUPA3Y:

1) 2 sin 90° + 3 cos 0° + ctg 90°;

2) 8 sin 0° — 5 cos 180° + tg 180°%

3) tg 28°"tg 0°"tg 106°;

4) 6 tg 180° + 5 sin 180° + cos 180°;

5) cos? 165° + sin? 165°;

sin 0° +sin 90°

cos 0° — cos 90°

2.4." ObuncaiTs:

1) 4 cos 90° + 2 cos 180° — ctg 90°%;

2) cos 0° — cos 180° + sin 90° + tg 180°.

2.5." Homy HOPiBHIOE CUHYC KyTa, AKIIO HOr0 KOCHHYC JOPiBHIOE!
1) 1; 2) 07

2.6." YoMy NOpiBHIOE KOCHHYC KyTa, AKIIO HOro CUHYC JOPIBHIOE:
1) 1; 2) 07

2.7." YoMy HOPiBHIOE TAHIEHC KyTa, AKIIO 100 KOTAHIEHC HOPiB-

Hioe: 1) 1; 2) wé?

6)

2.8." YoMy HOpPIiBHIOE KOTAHI'@HC KYTa, AKIIO HOTO TAHTEHC JOPiB-
Hioe: 1) —1; 2) 37
2.9.° Buaitnits sin 135°, cos 135°, tg 135°, ctg 135°.

15



AN

T.‘f L* § 2. Po3B'A3yBaHHA TPUKYTHUKIB

2.10." Buaiigits sin 1507, cos 150°, tg 150°, ctg 150°.
2.11. Yu icHye KyT O, IJA AKOro:

1
1) sin(x:E; 4) cos a = —0,99;
2) sin w = 0,3; 5) cos o = 1,001;

3 =

3) cosa:—\/—_; 6) sina=£?

5 2
2.12." 3uai iTe:
1) cos o, axkmo sina=— i 0° < o < 90°%;

| = o)

2) cos o, akmo sino=- i 90° < o < 180°;

3) cos ¢, AKIIO sin o=

-

SE

4) sin o, axumo cos o = —0,8;

5) tg o, axmo sinu=— i 90° < o < 180°;

| W

12 o o
6) ctg o, axmoo coscx:l— i0” <a< 90°

2.13." 3aiigiTe:

1) cos o, axo sinazfg i90° < o< 180°;
. ) 1
2) sin o, AKIIIO cosoL=—;
6
- 5 Q [s]
3) tg o, axmo smoc:E i0" < o< 907

8
4) ctg o, Ao cosaz—ﬁ.

2.14. Yu e mpaBUILHUM TBepAKeHHA (BiANOBigbL oBr'pyHTYITE):

1) xocunyc rocrporo kyra 6inbmuMil 3a KOCHHYC TYIIOTO KYyTAa;

2) icHye Tynmuit KyT, CHHYC i KOCMHYC SKOr0 PiBHIi;

3) iCHy€ KYT, CHHYC i KOCUHYC AKOrO JOPiBHIOIThL HYJIIO;

4) KOCHMHYC KyTa TPHUKYTHUKA € HeBiJl’€MHUM YHCIIOM;

5) cMHYC KyTa TPUKYTHHKa MOX<e JOPiBHIOBATH Bin’emHOMY
YHUCTY;

6) KocHMHYC KyTa TPHKYTHUKA MO’Ke JOPiBHIOBATH HYJIIO;

7) cMHYC KyTa TPUKYTHUKA MOKe JOPiBHIOBATH HYJIIO;

16



2. CUHYC, KOCHHYC, TaHIeHC | KoTaHreHc KyTa sin 0° oo 180°

8) KOCHHYC KyTa TPHKYTHHKAa MOKe JopiBHIOBaTH —1;

9) CcHHYC KyTa TDUKYTHHKAa MOXe JOpiBHIOBATH 1;

10) cumHyC KyTa, BiAMiHHOrO BiJl npsiMOro, MeHIIMH Biji cMHYyCca
IpAMOT0 KyTa;

11) KocHHYC POSrOpPHYTOI'0 KyTa MeHIOHH Bil KOCHHYyca KyTa,
BiZIMiHHOI'O BiJI PO3IrOPHYTOI'O;

12) cHMHYCH CYMIKHHMX KYTiB piBHI;

13) KOCHHYCU HePIBHUX CYMIKHUX KYTIB € IPOTHIEKHUMH YKC-
JaMu;

14) saKIMO KOCHHYCH ABOX KyTiB piBHIi, TO piBHI i cami KyTH;

15) #AKIIO CHHYCH ABOX KYTiB piBHIi, TO piBHI U cami KyTH;

16) TaHreHC rocTporo Kyra DiibLIMHA 3a TAHIMEHC TYIOro KyTa;

17) TaHreHC roCcTporo Kyra Oijabminili 3a KOTAHTEHC TYIIOTO

Kyra?
2.15."” IlopiBusaiiTe 3 HyJ1IeM 3HAYEHHS BUPasy:
1) sin 110° cos 140°; 4) sin 70° cos 90° tg 104°;
2) sin 80° cos 100° cos 148°; 5) ctg 100° sin 114° cos 11°;
3) sin 128° cos?® 130° tg 92°; 6) cos 85° sin 171° ctg 87°.

2.16." 3HalimiTs 3HAUEeHHA BUpPaA3y:

1) 2 sin 120° + 4 cos 150° — 2 tg 135°%;

2) cos 120° — 8 sin? 150° + 3 cos 90° cos 162°;

3) cos 180° (sin 135° tg 60° — cos 135°)%;

4) 2 sin? 30°+cos? 60° + sin* 45° + tg? 60° — ctg? 30°.
2.17. Yomy OpiBHIOE 3HAYEHHSA BUPA3Y:

1) 2 sin 150° — 4 cos 120° + 2 tg 135%;

2) tg 45° sin 60° ctg 30°%;

3) sin 90° (tg 150° cos 135° — tg 120° cos 135%)%?

2.18." 3uaiiniTL 3HAYEHHA BUPAasy, He KOPUCTYIOYHUCEH TAOIMILAMHA
i KATBKYJIATOPOM:

sin 18° ; 9y 08 18° ; 3) tg 18° ; ctg 18° _

sin 162° cos 162° tg 162° ctg 162°
2.19." O6yuCcaiTE:

cos49° : 2) tg 12° : sin 53° .

cos131° tg 168° sin127°

2.20." 3HaiifiTh CYMy KBaJpATiB CHHYCIB yCiX KYTiB IIPAMOKYTHOIO
TPUKYTHHKA.

2.21. 3maiigiTe CyMy KBaJApaTiB KOCHMHYCIB VCiX KYTIB IIDAMOKYT-
HOTI'O TPHKYTHHKA.

17



§ 2. Po3B'A3yBaHHA TPWKYTHWKIB

2.22.° TlopisHsiiTe:
1
1) sin 17° i sin 35°; 3) cos 89° i cos 113°; 5) 5 i sin 40°;
1
2) cos 1° i cos 2°; 4) sin 50° i sin 140°; 6) 3 i cos 130°.
2.23." ITopiBusiiTe:

1) sin 118° i sin 91°; 3) cos 75° i cos 175°; 5) -\é—g i cos 20°%;

1
2) cos 179° i cos 160°; 4) sin70° i sin105°;  6) 5 i sin 130°.

2.24." ¥V rpuxkyrauxky ABC Bigomo, mpo, ZB = 60°, Touka O —
LEeHTP BIMCAHOrO KoJjia. YoMy HopiBHIOE KocHHYC KyTta AOC?
2.25," Touka O — UeHTp BOMCAHOTO KoJIa TPUKYTHUKA ABC. Bigo-

3
MO, oo cos Z BOC =—?. 3HAUOITh KYT A TPUKYTHHKA.

2.26." Y menpamoKyTHOMY TpukyTHHKY ABC Bimomo, mo < B = 30°,
Touka H — oprouenTtp. Yomy popiBHioe tanresc Kyra AHC?
2.27." Touka H — oprouenTp TpukyTtHuxa ABC. Bigomo, mo

2
cos £ AHC = ~§. 3HaHOiTE KyT B TPHKYTHHKA.

2.28." Toura O — HEHTpP BOUCAHOTO Kona TpukyTHuka ABC. Bino-

1
MO, 1o sin £ AOC = 5 SHaigiThL KyT B TPUKyTHHKA.
2.29." Touka H — oproumeHTp TpUKyTHuUKa ABC. Bigomo, 1o
; 3 :
sin £ AHC = " 3HalgiTe KyT B TPUKYTHUKA.

2.30." Touxa O — 1eHTp OonucaHOro Koja TpukyTauka ABC. Bigo-

; 1 :
Mo, 1o sin £ AOC = 7 3uaigite KyT B TPUKYTHHKA.

2.31." O6uucairs ctg 5° ctg 15° ctg 25°-...-ctg 75° ctg 85°.
2.32.” O6uucaits tg 10° tg 20° tg 30°-...-tg 70° tg 80°.

18



3. TeopemMa KOCUHYCIB

3. Teopema KOCHHyCiB

3 mepirol 03HaAKM PiBHOCTI TPMKYTHMKIB BUIIJIMBAaE, 110 ABi cTOpoO-
HH i KyT MiX HUMH OJTHOSHA4YHO BU3HAYaIOTh TPUKYTHHUK. OTixe, 3a
BKa3aHUMH eJleMeHTaMH MO Ha 3HaNTH TPeTI0 CTOPOHY TPUKYTHHKA.
fAx 1me 3pobuTH, MOKa3ye Taka TeopeMa.

Teopema 3.1 (teopema kKocuuycis). Keadpam cmoponu
mpurkymuura 0opieénioe cymi keadpamie 060X IHUWUX CTMOPIH MIHYC
nodeéoecHull GoOYMOK Yux CMOPiH i KOCUHYCA KYma Midc HUmu.

Hoeedernnsa. Posarnasemo TpukyTHUK ABC. [loBememo, Hampu-
KJaan, mo BC? = AB? + AC? — 2AB-AC-cos A.

MoKJIUBl TPH BHIIAAKH:

1) xyr A — rocrpuii; @

2) KyT A — TYIHIi;

3) KyT A — IpAMHIM.

B B B
!
A D C D A C A ¢
Puc. 3.1 Puc. 3.2 Pue. 3.3

e Posrinsremo mepmuii Bunanok. Axmo £ A < 90°, Troxi xoua 6
oauH 3 KyriB B i C € rocrpum. Hexait, nanpuknazn, £ C < 90°. Ilpo-
Benemo Bucory BD (puc. 3.1).

3 AABD orpumyemo: BD = AB-sin A, AD = AB-cos A.

3 ABDC orpumyemo: BC? = BD? + CD? = BD? + (AC — AD)? =

= AB?-s5in* A + (AC — AB-cos A)? =
= AB?-sin* A + AC* — 2AC-AB-cos A + AB%-cos? A =
= AB?-(sin? A + cos? A) + AC? — 2AC-AB-cos A =
= AB? + AC? — 2AB-AC -cos A.

Axmo £ C = 90°, to £ B < 90°. Toxi norpiGHO HpoBeCTH BUCOTY
TpurkyTHuka ABC 3 Bepmumuu C. Jlani noBefieHHsA aHANOriyHe poO3-
TAAHYTOMY.

e Jlna BHDAAKy, KOJM KyT A — Tynui, nposegemo Bucotry BD
TpukyTEuka ABC (puc. 3.2).

3 A ABD orpumyemo: BD = AB-sin £ BAD =

= AB-sin (180° - £ BAC) = AB-sin £ BAC,
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§ 2. PO3B'A3yBaHHA TRUKYTHWKIB

¥

AD = AB-cos £ BAD = AB-cos (180° - 2 BAC) =
= —AB-cos £ BAC.
3 A BDC orpumyemo: BC? = BD? + CD? = BD? + (AC + AD)? =
= AB?.sin? £ BAC + (AC — AB-cos £ BAC)? =
= AB? + AC? — 2 AB-AC-cos £ BAC.

o Axmio kyT A — npsamuil (puc. 3.3), To cos A = 0. PiBHicTh, AKY

noTpibHO noBecTH, HAByBae BHLIAIY
BC? = AB? + AC?
i Bupaxae Teopemy Ilidaropa nasi tpukyrtauxka ABC (£ A = 90°). A

Ta yacTHHA NOBeNeHHA, V AKiM PO3rNsHyTO BUOANOK, KOau £~ A —
npaAMui, oKasye, mo TeopeMma llidaropa € oxkpeMumM BUOAIAKOM
TeopeMH KocHHyciB. ToMy TeopeMa KOCHHYCIB € ysarajJbHEeHHAM
reopemu Iliaropa.

Axmio ckopucTaTHCa IIO3HAYEHHAM [JIs CTOPiIH i KyTiB TpHMKYT-
uwuka ABC (guB. ¢dopaaiy), TO, HANPUKIAL, JJAA CTOPOHHM d MOMHA
BalIMCATH:

a? = b%® + ¢? — 2bc cos a.

3a JOIOMOroI0o TeOpPeMH KOCHHYCIB, 3HAIOYHW TPH CTOPDOHH TPHUKYT-
HHKa, MOKHA BU3HAYHUTH, YU € BiH OCTPOKYTHHM, TYIIOKYTHHM abo
HNPAMOKYTHHM.

Teopema 3.2 (macaninor 3 Teopemun kocunycin), Hexail
a, bic — cmoponu mpuxkymuura ABC, npuwomy a — dozo Hal-
6invua cmopona. Axwo a® < b + ¢, mo mpuxymHukx € zocmpoxyn.-
Hum. Axwo a® > b? + ¢, mo mpuxymuurk € mynoxymuum. Axuyo
a’ = b® + ¢?, mo mpukymHukx € npaAMOKymHuUM.

Hoeedennsa. Maemo:

a® = b? + ¢? — 2be cos O.

3sigcu 2be cos o = b? + ¢? — a2

Hexait a® < b + c? Toai &% + ¢? — a? > 0. Omxe, 2bc cos o > 0,
ToOTO cos ¢ > 0. Tomy KyT 00 — rocrpui.

OckiapKH @ — HaWOlIbIIa CTOPOHA TPUKYTHHKA, TO NPOTH Hel
JIEKHUTE HAMOIIBIIMKE KYT, AKWH Ha mijcTaBl BHINEIOBEeLEeHOI'O € T'O-
crpum. OTiKe, V IIBOMY BHIIAAKY TPHUKYTHUK € TOCTPOKYTHHM.

Hexait a® > b2 + ¢2. Toni b2 + ¢%2 — a? < 0. Omxe, 2bc cos o < 0,
T06TO cos o < 0. Tomy KyT Ot — TymHii.

Hexait a® = b? + ¢?. Toai 2bc cos o = 0, TobTo cos a0 = 0. 3sigcu
o= 90°. A
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3. TeopemMa KOCKMHYCIB

Teopema 3.3. Cyma keadpamis diazonaneil napanenozpama
dopienioe cymi keadpamie ycix Lozo cmopin.

HoeedenHnn. Ha pucyHry 3.4 3006parxeHo napanenorpam ABCD.
Hexait AB=CD =a, BC=AD =0b, £ BAD = o, roui £ ADC =
= 180° — o i
3 A ABD 3a TeopeMOI KOCHUHYCIB
BD? = a? + b% — 2ab cos o. (1)
3 A ACD 3a TeopeMOI0 KOCHHYCiB
AC? = g% + b — 2ab cos (180° — a) abo
AC? = a? + b* + 2ab cos o. (2)
Hopasmu pieHOCcTi (1) i (2), oTpuMaemMo
BD? + AC? = 2a? + 2b%. A
O=-w 3apmauwa. Josenits, o v TpukyTHUKyY ABC (guB. nosHa-
yeHHA Ha (popaaii):
2 _ 2% +2c% - o®

7

& 4
2 _ 2¢%+2a° - b’
A
s 2a%+2b% -¢f
m. = —,
4 .
Posza’azannsn. Hexaii Binpizox BM — mMmepiaHa TPHKYTHHKA

ABC. Ha npomeni BM nosHayuMo Taky Todky D, mo BM = MD
(puc. 3.5). HorupukytHuk ABCD — mapajseagorpam.

B
B b c
C
a a A
A b D D

Puc. 3.4 Puc. 3.5

BuxopucToByoun Teopemy 3.3, MOKHA 3alMCATH
BD? + AC? = 2AB? + 2BC? abo 4m’ +b* =2c° + 2a°.

2¢® +2a* - b®
" .
AmnanoriuyHo moBonAThkCA ABI iHmi dopmynu.

3sigeu m? =
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§ 2. Po3B’'A3yBaHHA TPUKYTHUKIB

IIpuxaan 1. Ha.cropori AC rpukyreurka ABC nosnadyeHo Touxky D
Tak, 1o CD : AD = 1 : 2. 3uadigite Bigpisoxk BD, axmo AB = 14 em,
BC = 13 cm, AC = 15 cm.

Posze’aszanna. 3a reopemoro kocunyciB 3 A ABC (puc. 3.6):

AR? = AC? + BC? — 2AC - BC-cos C, 3Bincn

K AC?+ BC* - AB* 15°+13%-142
cosC = = =
2AC- BC 2-15-13
D _225+169-196 _ 33
2-15-13 65
B C Ockinexku CD : AD=1: 2, o
1
CD=—AC=5 cwMm.
Puc. 3.6 3

Toxi 3 A BCD:
BD? = BC? + CD? —2BC-CD - cos C =13 + 5 —2-13-5-2—§=128.

Orsxe, BD =128 =82 (cm).
Bidnosiob: 8\/§ cM.

IIpuxaan 2. Ha piamerpi AB kosa 3 meHTpoMm y Touili O B3ATO
Toukr M i N rak, mo OM = ON. Ha koui mozraunau roury X. IJo-
BeniTh, mo cyma X M? + XN? He 3ane;XkuTph Big Bubopy Touku X.

Posze’'szanna Hexann X — Touka KoJia, BigmMinHa Bijg Touok A 1 B.
Toni pagiyc OX — meniana tpukytauka MXN (puc. 3.7). Ckopucras-
OIMCA KJIIOYOBOIO 3a71a4el0, BATIHUITIEMO:

_2XM? +2XN?- MN*
4

3Bigcu XM?+XN?=

X0?

4X0? + MN*?
e SRRe R . P B
Ockinbru XO — pagiyc gasoro xoJja, To
SHAYEHHA MPAaBol YaCTUHU OCTAHHLOI PiBHO-
CTi He 3aJIeKUTH Bijg BHOOPY TOUKH X.
Bunagokx, koau Touka X 30iraerncs
3 TOYKO A abo Toukorw B, poarisHbTe Puc. 3.7
caMocTiiiHO.

Mpuxnapg 3. Binomo, 1o goBxKuHa HAHGIIBIIOL CTOPOHM TPUKYT-

HHKa JOPiBHIOE J3. HoBeniTe, 110 TPH KPYIH 3 HEHTPAMH Y BepIIH-
Hax TPUKYTHHKa i pajgiycaMu 1 IIOBHICTIO MOKPHBAIOTH TPUKYTHHK.
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3. Teopema KOCUHYCIB

"Po3e’azanns. O4eBHAHO, IO Ii KPYrH NOKPHBAIOTH CTOPOHH
TPUKYTHHKA.

Hexaii v TpukyTHUKY ABC 3Haimiaca Henokpura tTouka O, aka
He HaneXuTh croponam. OueBUAHO, L0 OXZMH 3 KyTiB AOB, BOC,
COA e Menmuii sim 120°.

« 1
Hexaii, sanpukaan, ue xyt AOC. Toai cos £ AOC < — 5 3 A AOC

3a TeopeMoro KocuHyciB AC? = OA? + OC? — 20A-0C-cos £ AOC =
= 0A2 + OC? + OA-OC. 3 ymoBu BumuBsae, mo AC? < 3. Toxi OA? +
+ OC? + OA-0OC < 3. Ockinpxn Touxka O He nokpura, o OA > 1
i OC > 1. Toai OA? + OC? + OA-0OC > 3. OrpuManu CynepedHicThb.
OTs¢e, TOUOK TPUKYTHHKA, HE MIOKPUTUX ONHHUM 3 YKasaHWX KPYTiB,
He icHYeE.

NMpurnang 4. Homgarui yucna a, b, ¢ Taki, uo ¢ = a? + b? — ab.
Hosenite, o (a —¢) (b —¢) < 0.

Poss’aszanna. Ilobynyemo kyr MON, axuii gopisaice 60°. Ha
itoro cropornax OM i ON mosHayuMO BiAIOBigHO To4ukH A i B Tak,
mo OA = a, OB = b (puc. 3.8). 3a Te- M
OpeMOI0 KOCHHYCIB 2=4qa? + b? — ab.

Orxe, AB = c.

Y tpuxkytaury OAB onuH 3 KyTiB A a
i B He menmu# Big 60°, a apyru#i He
Giapmuii 3a 60°. Orike, y TPUKYTHUKY 60°
OAB cTopoHa ¢ He MeHIIa Bix ogHiel O b B N
3 IBOX IHIIMX CTOPiH 1 He Oinmkma 3a
apyry. 3sigcu (a —¢) (b —¢) < 0. Puc. 3.8

A

BIMPABW EEEERESEREGase

3.1." BuainiTe HeBimOMYy CTOPOHY TPpUKYTHUKA ABC, AKOIO:

1) AB =5 cm, BC = 8 cm, £ B = 60°;

2) AB =3 cm, AC=22 cm, £ A = 135°.

3.2." BuailiniTs HeBinomy cropoHy TpukyrHuKa DEF, sKiio:

1) DE = 4 cm, DF=2+/3 cm, £ D = 30°%;

2) DF =3 cm, EF = 5¢Mm, £ F = 120°,

3.3." Croponu TpukyTHHMKAa HAopiBHIOITL 12 cMm, 20 cm i 28 cm.
3ualigiTe HAUGINLIIIAN KYyT TPUKYTHUKA.

3.4." CTOpOHUM TPUKYTHHUKA AODiBHIOIOTH J18 cM, 5 cm i 7 cMm.
SHauiTE cepenHiil 3a BEJIMYMHOK KYT TPUKYTHUKA.
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§ 2. PO3B'A3YBaAHHA TPUKYTHWKIB

3.5." YeTaHOBITH, FOCTPOKYTHHM, MPAMOKYTHHM YH TYIOKYTHHUM
€ TPDHUKYTHHUK, CTOPOHM SIKOT'O JOPiBHIOKTH:

1) 5cem, Tem 19 em; 3) 10 cm, 15 ecm i 18 em.

2)5cm, 12cmi 13 em;

3.6." CTOpOHHM TPHKYTHHKA JODPiBHIOIOTE 7 ¢M, 8 cM i 12 cm. Un
€ IIPaBUJIBHHM TBepJKeHHsd, L]0 AaHUH TPUKYTHHUK € TOCTPOKYT-
HUM?

3.7. HosexniTs, 110 TPUKYTHUK 3i cropornamu 8 cm, 15 cm i 17 em
€ NPAMOKYTHHM.

3.8." Croponu mapaJiesorpamMa AOPiBHIOOTH 2\/5 cMi b cm, a OgUH
3 KyTiB gopiBHI0€E 45°. BHaAiTEL glaroHaJi mapajesorpama.

3.9.° ¥V rpanenii ABCD (BC || AD) BC =3 cMm, AD = 10 cwm,
CD = 4 cm, £ D = 60°. 3gaiigiTes miaronasi tpamemii.

3.10." Ha croponi AB piBHOCTOPOHHBOrO TPHUKYTHUKA ABC mo-
3HaueHo Touky D rak, o AD : DB = 2 : 1. 3uaigire Bigpizok CD,
Ao AB = 6 cM.

3.11.° Ha rinorenysi AB TpurkyTHuKa ABC HO3HAYEHO TOY-
Ky M rak, mo AM : BM =1 : 3. 3uaigite Bigpizox CM, aKIIO
AC = BC = 4 cm.

3.12.° ¥V tpuxyrauky ABC Bimomo, mo £ C = 90°, AC = 20 cm,
BC = 15 em. Ha croponi AB nosunadeno Tourky M Ttak, mo BM = 4 cm.
Buaiinite gosuHy Bigpiska CM.

3.13." Ha nmpomoB:KeHHi rinmoreHysu AB IpPAMOKYTHOIO PiBHO-
6enpenoro TpukyrtHuka ABC 3a Touky B mosHadeHo Touky D Tak,
mo BD = BC. 3uaiigites Binpizox CD, axmio kareT TpUuKyTHuxKa ABC
JOPiBHIOE a.

3.14. ¥V tpuxkyrauxy ABC Binomo, mo £ C = 90°, AB = 138 cm,
AC = 12 cm. Ha npoposskeHHI rinoresysu AB 3a Touky B nmossaueHo
Trouky D rak, o BD = 26 cm. 3HaigiTe goBKUHY Bigpiska CD.

3.15.° Ileurp Kosa, BOMCAHOTO B NPAMOKYTHHUH TPUKYTHHK,
3HAXOMUTHLCA HA BimcTaHaAx a i b Big KiHIIB rinorenysw. 3HalgiTh
rinoTeHy3y TPHKYTHHKA.

3.16." Touka O — IEHTp KoOJa, BIMCAHOIO B TPMKYTHUK ABC,
BC = a, AC = b, £ AOB = 120°. 3naiigits cTopony AB.

3.17.° JIBi cTOPOHM TPHKYTHMKA, KYT Mixk AKUMH AopisHioe 60°,
BigHOCATHECA AK 5 : 8, a TpeTsA cropoHa mopiBHioe 21 cm. 3HaUAITH
HEeBLZOMI CTOPOHHM TPHKYTHHKA.

3.18." IBi CTOPOHM TPUKYTHUKA BiZHOCATHCA SAK 1:2V3 i YTBO-

pooTs KyT v 30°. Tpersi cropoHa TPUKYTHHKA [OPiBHIOE 2\/’? cM.
SHalgiTh HEBIAOMI CTOPOHH TPHKYTHHKA.
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3. Teopema KOCUHYCIB

3.19.°” Cyma ABOX CTOpPiH TPUKYTHHKA, AKI yTBODIOIOTH KYT
y 120°, gopisHI0OE 8 €M, a HOBKUHA TPETLOI CTOPOHU CTAHOBUTL 7 CM.
SHaiAiTh HeBiZOMi CTOPOHM TPHKYTHHKA.

3.20." [IBi cTOPOHU TPHUKYTHMKA, KYT Mix sxuMu gopisxioe 120°,
BigHOCATBCA AK 5 : 3. 3HAHAITE CTOPOHH TPHKYTHHEA, AKIOO HOIo
nepumeTtp gopisHioe 30 cM.

3.21.° [Ipi cTOPOHM TPUKYTHUKA AOPiBHIOOTH 16 cMm i 14 cmM, a kyT,
NPOTHJIEKHUE MeHIi#t 3 BigoMux cropin, gopisaioe 60°. 3uaiigiTs
HeBigOMY CTOPOHY TPMKYTHHKA.

3.22.° [IBi cTOpOHH TPUKYTHHKA NOpiBHIOIOTEL 15 cm i 35 cMm, a KyT,
IPOTHIEKHUH 6inbrii 3 BizoMux cropin, nopisrwe 120°. BuakaiTs
IEePUMETP TPHKYTHHKA.

3.23.° Ogna i3 cTopiE TPpUKyTHHKaA y 2 pasu Ginpmia 3a APYTY,
a KyT MK MMM CTOPOHaAMH CTAHOBUTH 60°. IloBexmiThb, IO JaHWIl
TPHUKYTHHUK € IPAMOKYTHHM.

3.24." ToBeniTs, M0 KOJH KBAJAPAT CTOPOHH TPUKYTHHKA HOPiBHIOE
HEIOBHOMY KBAAPATy CYMH ABOX iHIIMX CTOPiH, TO NIPOTHJIEKHHH IIiH
CTOpPOHI KYT nopisaioe 120°,

3.25." loBexiTk, 10 KON KBaApPaT CTOPOHU TpuKyTHnKa JOPiBHIOE
HEIIOBHOMY KBaApPATY PisHMII ABOX iHIIMX CTOPiH, TO IPOTHJIIEKHHUH
it croposi kyT mopiBHIOE 60°.

3.26." JIsi croponu napasenorpama AopiBHOIOTH 7 cm i 11 cm,
a onHa 3 miaroHamedn — 12 cm. 3HaAUAITEL APYry OiaroHajab napaJjie-
Jiorpama.

3.27. [HOiaronaJji mapaJiejorpamMa AOpPiBHIOOTHL 13 cm i 11 CM,
a ofHAa 31 cTopiH — 9 cMm. 3HaHAITE HepHMeTp Hapajegorpama.

3.28.° liaronaJi napanenorpaMa AopiBHIOIOTH 8 cM i 14 ¢m, a ofgHa
3i cropin wa 2 cm 6Ginpima 3a Apyry. 3HaUIiTL CTOPOHU Iapajiesio-
rpama.

3.29." Croporu napaJjenorpama gopisaiooTe 11 cm i 23 cMm, a iioro
gilarosHaJni BifjHOCATECA AK 2 : 3. 3HaMAiTL AlaroHaJsi napaJsesjorpaMa.

3.30." CTopoHH TPHKYTHMKA AOPiBHIOIOTL 16 cM, 18 cm i 26 cm.
3uaigiTs Meaiany TPUKYTHHUKA, IIPOBEACcHY A0 Horo 6inninoi cTopoiu.

3.31." IIBi cTOpOHHM TPHKYTHHKa NOopiBHIOIOTHL 12 cMm i 14 cwm,
a MeJiaHa, IIpoBeJeHa OO0 TPETLOL CTOPOHH, — 7 cM. 3HAHAITH
HeBiZOMY CTOPOHY TPHMKYTHHKA.

3.32." [IBi cCTOPOHU TPUKYTHHUKA JOPiBHIOIOTEL 3 CM i 4 ¢M, a CUHYC

; ; 35 g i
KyTa MiX HHMH JOPiBHIOE rE 3HalOITE TPETIO CTOPOHY TPHUKYT-

HHKA.
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g § 2. Po3B'A3yBaHHA TPMKYTHWUKIB

3.33." Ha cropoui BC rtpukyrauka ABC mos3HadeHO TOYKy D
Tak, uo CD = 14 cm. 3Haigite Bigpisox AD, akmo AB = 37 cwM,
BC =44 cm i AC = 15 cm.

3.34." Ha croponi AB tpuxkyrHuka ABC nosHaueHo Touxky K, a Ha
npoaosxeHHi croporu BC 3a Touky C — Touky M. 3HalAiTh Bifipisok
MK, axmo AB = 15 ¢cm, BC = 7 cm, AC = 13 cm, AK = 8 cm,
MC = 3 cm.

3.35." ¥V rpukyrauxky ABC Bigomo, mo AB = BC, £ ABC = 120°.
Ha nponossenHi Bigpiska AB 3a Touky B nosmadeHO TOYKyY D
Tak, o BD = 2AB. Hosenits, 1m0 TpuKyTHUK ACD piBHOGEH-
PeHHH.

3.86." Buaiigire agiaronans AC yoTupurkyTHuka ABCD, sKIo
HaABKOJIO HBOI'0O MOJKHAa OIIMCATH KOJO0, i AB =3 ¢cm, BC = 4 cwMm,
CD =5 cm, AD = 6 cM.

3.37. Un MOKHA ONMCATH KOJIO HABKOJIO YOTHPUKYTHUKA ABCD,
akuo AB=4cm, AD=3cm, BD=6c¢cm i~ C = 40°?

3.38." Josexirs, mo mporu GilBIIOro KyTa mapaseiorpama Je-
KUTh binpmia giaromans. Chopmysioiire i gosenitn obepHEHE TBEp-
JKEeHHs.

3.39." OcHoBa piBHOGEAPEHOr0 TPHKYTHHUKA TOPiBHIOE 4-/2 cMm,
a mejaiana, nposefeHa o 6iuHol croponu, — 5 cm. 3ualgiTe Giuny
CTOPOHY TPHKYTHHKA.

3.40." osexits, mo B TPUKYTHUKY ABC BHKOHYETHCS pIiBHICTE

2 2 2
m, +m, +m, E

a+bt+et 4

3.41." NoseaiTs, 1m0 KOMU B TPUKYTHUKY ABC BUKOHYVETHCH
piBHiCTH mf +m;Z =5mf‘, TO e TPUKYTHUK € IPAMOKYTHHM.

3.42° loBexiTh, 110 KOAHM B TPHUKYTHHKY ABC BUKOHYEeThCS
piBuicTe a®? + b? = 5¢?, To mMeaianu, nposeneHi 3 BepmuH A i B,
neprneHIuKyJIApHI.

3.43." [loBeaiTk, 1m0 cyMa KBagpaTiB JOBKWH MeiaH TPUKYTHUKA
He MEHIa BiJ KBajpaTa ioro miBmepumeTpa.

3.44." [lano aBa KoJsa, AKi MaloTh cOiMbHUI HeHTp (Taki Koxa Ha-
3UBalOTh KOHIeHTPUYHKUMH). [loBexniTs, 110 cymMa KBaApaTiB BigcTaHel
BiJ TOYKHM ONHOrO 3 KiJI 4O KiHIIB giaMeTrpa Apyroro KoJa He zaje-
"KUTE Hi Bim oOpaHOl Touku, Hi Bij obpaHoro miamerpa.

3.45." JloseniTs, 110 cyma KBajpariB giaroHaseil YOTHPUKYTHUKA
B IBa pa3u Oinbina 3a cymy KBanpartiB Bigpiakis, axi a3’equyiors ce-
pPeIuHN NPOTHJIEXKHUX CTOPIH.
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3. Teopema KOCWHYCIB

3.46.” B onykJoMy YOTHPUKYTHHKY BiZpi3Ku, AKi 3’€AHYIOTH
cepeAMHH NPOTHIEKHHUX CTOPiH, HJOPIBHIOIOTE M i n, KyT Mix HUMH
nopiBHioe 60°. BHaiiAiTh HiaroHasi YOTHPUKYTHHUKA.

3.47.7 MTiaronasi OMyKJOro YOTHPMKYTHHKA NODiBHIOIOTH a i b,
KYT MiX HuMHU gopiBuioe 45°. Smaizire Biapisku, aki 3’eqHYIOTH
CepeNHHH MPOTHJIEKHHUX CTOPIH YOTMPHUKYTHHUKA.

3.48." Biacrans Misk cepeauHaMu Hiarosasel tpamelii gopiBHIOE
5 ¢, a 11 6iuni cToponu mopisHOOTE 6 ¢cM i 8 cvm. 3HaHAITE BigcTaHb
MiK cepejMHAMM OCHOB.

3.49.” V¥V rpaneuii ABCD (AD | BC) Bimomo, mo AB = 5 cwm,

1
BC = 9 cm, AD = 16 cmMm, cosA=?. 3HalgiTe cropouy CD Tpanenii.

3.50.” ¥ rpanenii ABCD (AD | BC) Bigomo, mo AB=+15 cwm,
BC =6 cm, CD =4 cm, AD = 11 cm. 3HalgiTe xocuHyC KyTa D
Tpamnemnii.

3.51.” ¥V rpanenii ABCD (BC || AD) BC =1 cm, AD = 6 cwm,
AC = 3 cm, BD = 5 cm. 3Hainite kyr AOD, ne O — To4YKa NePeTHHY
Jgiarosasei rpanerii.

3.52." V rpuxkyranxy ABC nposeneso sBucoru AA i CC,. Bigomo,

1
mo A, C :AC=§, AB = ¢, BC = a. 3uaiigits AC.

3.53." 3 Bepmuuuu D pomba ABCD no croponu BC mpoBefeHO BH-
cory DE. IJiaronanp AC neperuHae Bigpizsok DE B Touui F Tak, oo
DF : FE = 5 : 1. 3naiiniTe cTopony pomba, akio AE = 35 cMm.

3.54.” B onykioMy 4oTHPHKYTHHKY ABCD Bigomo, mo AB = a,
BC =b, CD = ¢, DA = d, npuuomy a? + ¢ = b*> + d*. JosexiTh, 110
AlaroHaii UbOIro YOTUPUKYTHUKA IePIeHANKYIAPHI.

3.55.” V napanenorpami ABCD niaronani AC i BD nepeTHHAIOTLCA
B Touni O. Bigomo, mo AB = a, BC = b (a 2 b), £ BOC = «. Josexnirs,

a2 = b2

a® +b*

110 COS (L =2 g

3.56.” Ha pgiamerpi xosa 3 menTpom O paziyca R IO3HAYMIH
Touky M. IloBeniTs, 110 cyMa KBajapaTiB Biacrane# Bim Tourku M go
KiHIIB XOpAu, MapajenbHOl 1IbOMY HiaMeTpy, He 3aleXHTh BijJ BH-
0opy XOpou.

3.57.” Koxua i3 CTOpiH ONYKJIOro YOTHPUKYTHHUKA He BGiabIna 3a
7 em. [oBeaiTh, mo AnA 6yAb-AKOl TOYKHM YOTHPUKYTHHKA 3HAHAETHCS
BepIIWHA, BijicTaHb BiJ AKOIl A0 Liel TOYKH MeHIIAa Bim 5 cM.
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§ 2. PO3B'A3YBaHHA TPUKYTHWKIB

3.58." (reopema Crwapra). Ha croponi BC rpuxkyTtHuxka ABC
B3saTO ToukKy D. HoBenits, 1io
AB?-DC + AC?*-BD — AD?-BC = BC-DC-BD.
3.59.” 3HaiigiTh HaliMeHIlle 3HAYEHHA BHPAa3y

J1+x2—x +\/1+x2 —x+/3.

3.60." IoBexirs, mpo V1+x? +\/1+x2 -x/3>3
3.61." loBeniTs, 10 MJIA AOLATHHUX YHCEJ @, b i ¢ BUKOHYETHCH
HEepiBHICTE

Ja® —ab+b* + b2 —bc+c? >a +ac+ct.
3.62." Uu icuyroTh Taki Tpu Toukm A, B i C, mjo gas 6yab-aAKol
Touku X xoua 6 omuH 3 BiapiskiB XA, XB, XC mae ippaiioHalbHY
JOBXKHHY?

4. Teopema CUHYCIB

3 npyrol o3HaKHW DiBHOCTI TPHKYTHHKIB BHIJIHBAE, IO CTOPOHA
i mBa mMpuUIeraux A0 Hel KYTH OJHO3HAYHO BH3HAYAIOTH TPHKYTHUK.
Oroke, 3a BKAa3aHUMH eJIEMEHTaMM MOHA 3HAWUTH Bl iHIII CTOPOHH
TPpUKYTHUKA. AK e 3pobuTH, migrasye Taka Teopema.

Teopema 4.1 (teopema cunycis). Cmoporu mpuxkymuuia
NPONOPYLUHL CUHYCAM NPOMUNEHHUX KYMmiE.

Jlema. Xopda xona dopienroe dobymry diamempa nHa cunyc
6y0b-2K020 6NUCAHO20 KYMA, AKUL CLUPAEMbCA HA Y10 X0pdy.

Hosedenmna. Ha pucysky 4.1 Bigpizok MN — xoppa kosa 3 LeH-
rpom y Touni O. IIposememo amiamerp MP. Toui £ MNP = 90° sk
BOHCAHMH KYyT, 1[0 CIMPAETLCA Ha Hia-
MeTp. Hexail BeslMuuHA BOHMCAHOIO KYTa
MPN popiBawe o. Toal 3 IpAMOKYTHOro
TpuKyTHUKA M PN 0oTpHMYyEMO

MN = MP sin d. (1)

¥Yci BorcaHi KyTH, AKi CIHPaIOTHCI Ha
N xopay MN, nopisaioiors 0. a6o 180° - .
Omr>xe, ix curycH piBHi. ToMy oTpuMaHAa
piBHicTh (1) cupaBegnuBa A BCiX BIIH-
CaHUX KYTiB, AKI cnupalThCcA Ha XOpAY
Puc. 4.1 MN.A

28



4. Teopema cCUHYCIB

Temep Mu MOKEMO JOBECTH TeOPeMy CHHYCIB.
Hosedennsn. Hexait y tpukyrHuky ABC AB = ¢, BC = a, CA = b.
HoBenemo, 110
a b c

sinA sinB sinC

Hexaii pagiyc onucanoro kosua rpukyrauka ABC mopiBHioe R. Toxi
3a memo0 a = 2R sin A, b = 2R sin B, ¢ = 2R sin C. 3Bigcu

I DV -

sinA sinB sinC

Hacainox. Padiyc onucanozo xona mpuKymruka MOHCHA 06-
yucaumu 3a Gopmynoro

R=—2

2sino

de a — cmopoHa MPUKYMHUKA, 0. — NPOMUneHcHUL Il Kym.
NDpuxanapg 1. ¥V tpukytauky ABC Bigomo, 1o AC=\/§ cM,
BC =1 cm, £ B = 45°. Bruaiigite kyT A.

Pozs’azannsa. 3a TeOpeMoio CHHYCIB
BC _ AC

sinA sinB

Toni maemo:
B i - sl o
ST Csmle sin4b :éz-\/_zl.
AC J2 2 2
Ockinexu BC < AC, to £ A < £ B. Otxe, £ A — rocrpuit. 3BigcH,

g 1 o
YpPaxoBYIOUH, IO Sin A=-2*, orpumyemo £ A = 30"
Bidnosidv: £ A = 30°.
Ipuxnapng 2. ¥ tpuxkyrHury ABC Binmomo, mio AC=+/2 cM,
BC =1 cm, £ A = 30°. Buaiigires xkyT B.
Poszé’asannsa Maemo:
BC _ AC
sinA sinB’
ACsinA 2
BC 2’

sin B=
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% 3‘ § 2. Po3B'a3yBaHHA TDUKYTHUKIB

Ockinskn BC < AC, 1o £ A < £ B. Toai xyr B moxe 6yTu
AK rocrpum, taxk i rynum. 3Bigcu £ B = 45° abo £ B = 180° -

— 45° = 185°.
Bidnosiov: 45° abo 135°.
IIpuxanan 3. Bigpisok BD — Gicekrpuca tpukyTHHKa ABC,

Z B=30° 2 C=105° BHaiiaiTe pagiyc Kojia, OIHCAHOIO HABKOJIO
TPUKYTHHKA ABC, sSIKIO paaiyc KoXa, OIHCAHOTO HABKOJIO TPHKYT-

BHKa BDC, nopiBHIOE 86 cm.
Poseé'szanns Hexait R, — pajiiyc KoJia, OIMCAHOTO HABKOJIO TPHU-
kytHuka BDC (puc. 4.2), R, =86 cm.

C
D éCBD:%LABC:ISC’.
3 A BDC:
A 5 £ BDC=180° — (£ CBD + £ C) =
— ° _ < oy o
Puc. 4.2 = 180 (15" + 105 ) = 60"
Toni *i—zz.ﬁ’“ 3Bigcu
sin £ BDC
BC=2R, sin £ BDC =2-8+/6 sin 60°=24+/2 (cm).

3 A ABC:
ZA=180° - (L ABC + £ C) = 180° — (30° + 105°) = 45°.
Hexait R — myxkaHM# pagiyc KoJsia, OINHUCAHOTO HABKOJO TPHKYT-

HuKa ABC. :
244/2
Toni BC =2R, 3Bigcu R= il = V2 =24 (cm).
sin A 2sin A 2sin 45°

Bidnosidv: 24 cm.

IIpuxknanx 4. ¥ piBHo6Giuni#t Tpamnernii ocHoBH nopisHIOIOTE 21 M
i9 cMm, a Bucora — 8 cm. 3HalAiTh pajiye Kosa, OMMCAHOrO HABKOJIO
Tpamerii. B C

Poss’aszannasa IlpoBenemo BucO-
Ty BM piBHOOiIuHOI Tpameuii ABCD
(puc. 4.3). Bigomo!, mio

AD - BC AL D
AM =——, M
2 Puc. 4.3

! Iup. katodoBy sanauy nyHkry 10 kuuru «A. . Mepaask, B. B. lonoHcekuii,
M. C. Akip. 'eomerpisa. ITigpyuynuk ana 8 wkjacy 3 noraubJAeHHM BHBUEHHAM Ma-
TemaTuku. — Xapkis: I'imuasia, 2008». Jlani nocunaTuMeMoca Ha [0 KHUIY TaK:
«eomeTpin-8».
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4. Teopema CUHYCIB

MDzmTM. Maemo: AM = 6 cm, MD = 15 cm.
3 A ABM orpumyemo: AB=+AM?+BM?=462+82=10 (cm),
_ BM 8 4
sinA=—=—=—.
AB 10 5

3 A MBD orpumyemo: BD= VBM? + MD? =8 +15% =17 (cm).
Komno, onucane HaBroao Tpaieilil ABCD, € TaAK0M» ONHMCAHHUM

KoJoM TpukKyTHuka ABD. Bigpizox BD — Xxopza usoro xoJa,
Z A — BIHCAaHHH KyT, L0 CIOUPAEThCA Ha 10 xopay. IlosHauus-
HIM IMykaHuid paniye R, moskHa ganucatu: BD = 2R-sin A. 3Bigcu
BD 17 85
=——=——=— (c™m).
2sinA , 4 8

2

INMpuxnapn 5. Ha wait6inewiit cropoui AC rpuxkyrauxka ABC no-
3HayeHO TouKky X, BigMiHHy Bin BepmiuH A i C. 3 Touku X onyuieHo
nepneHguKyiaapu XM 1 XN Ha npami AB i BC BignosijiHo. 3HangiTs
TaKe HOJIOMKEHHS TOUuKMu X, IpH AKOMY JOBXuHA Bigpiska MN Oyae
HaWMeHIIO.

Posze’'aszannsa. Ha pucyHEky 4.4 mokaszaHo BUNIAJ0K, KOJIY TOUKH
M i N JjexxaTh Ha CTOPOHaX TPUKYTHHMKA, 4 HA PHCYHKY 4.5 — Bu-
IajgoK, KOJH TiIBEKYU OJHA TOYKA, HANPHUKJIAA TouykKa M, NeXHUTh Ha
CTOPOHI TPUKYTHUKA.

Jlerko nokasartu, o Touku M, B, N, X je:xaTh Ha OAHOMY KOJIi
3 niamerpom BX. Biapisox MN — xopaa uporo KoJga, Ha AKY CIIU-
paerbcsa KyT B (puc. 4.4) abo KyT, cymiskHuii 3 kyrom B (puc. 4.5).
I KOXHOTO 3 UMX BHIIAAKIB MoyxkHa sanucary MN = BX -sin B.
Orixe, noBiuHa Biipiska M N HabyBae HAWMEHINIOro 3HAYEHHSA, SKIIO
HaOyBae HaMeHIIOro 3HAUEHHS NOBXXHMHA Biapiska BX. A usa ymoBa
OOCATaETLCS TOMAL, KOJMH TOUKa X € OCHOBOIO BUCOTH TpUKyTHHUKa ABC,
NpoBeieHO1 3 BepinuHu B.

B

Puc. 4.4 Puc. 4.5
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BMPABW

4.1." 3uaiigire cropony BC rtpukyraunka ABC, 300pasKeHoro Ha
pucyHkKy 4.6 (moesxuHu BiApPi3KiB HaHo B caHTHMeTpax).

4.2, BHaigiTe KyT A TpuxytHuKa ABC, 300paXeHoro Ha pPUCYH-
Ky 4.7 (ZOBXKUHU BIAPISKIB JaHO B caHTHUMeTpax).

B

45°

A 60°
a2z ©

Puc. 4.6 Puc. 4.7

4.3." Bnaiigite cropony AB tpukyTHuka ABC, aximo AC = J6 cmM,
£ZB =120° £ C = 45°,

4.4." V tpuxyrauxky ABC Bigomo, mo AB = 12 cm, BC = 10 cmM,
sin A = 0,2. 3uaigite cunyc Kyrta C TPHUKYTHHKA.

4.5." ¥ tpuxkyrauxy ABC Binomo, mo BC =a, ZA=a, £ C =1.
Suatixite AB i AC.

4.6." Iliaromans mapasesorpama gopiBHIOE d i yTBOPIOE 3 HOro
cTopoHaMH KyTH o i §. 3HaiiniTe cTOpOHU mapaJjesiorpama.

4.7.° Buaiinite KyT A TpuxkyTHUKA ABC, SKIIO:

1) AC =2 cM, BC =1cmM, £ B = 135°;

2) AC=+2 cm, BC=+3 cm, £ B = 45°.

CKinbKH po3B’ASKiB v KosKHOMY 3 BHNankis mae samaua? Bixno-
BifkE OOI'pyHTYITE.

4.8." Yu icaye tpukyrauk ABC rakuii, mo sin 4 = 0,4, AC = 18 cm,
BC = 6 cm? Bignosins ob6rpyuryiite.

4.9." Ha npogoesxenHi ctoporu AB rpukyrunka ABC 3a Touxky B
nmo3HaueHo Touky D. 3mHaiixiTe paaiyc Koja, ONMCAHOIO HABKOJO
rpuxkyrHuka ACD, axmo £ ABC = 60°, £ ADC = 45°, a paniyc koua,
OITMCAHOTI'0O HABKOJO TPUKYTHUKA ABC, nmopiBHIOE 4 cM.

4.10. Pagiyc xoJia, ONMCAHOTO HABKOJIO TPUKyTHUKA ABC, n0piB-
Hioe 6 cMm. 3HaAITE pamiyc Koma, onMcaHOr0 HABKOJIO TPHKYTHUKA
AOC, ge O — Touyka neperuHy bicekrpuc TpukyTHuxka ABC, sakigo
Z ABC = 60°.
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4. Teopema CUHYCIB

Y o p
C a D A C B m D

Puc. 4.8 Puc. 4.9

4.11." 3a pucyukom 4.8 sHaitaitTe AD, akmo CD = a.

4.12." Ba pucyHkom 4.9 smaitgite AC, axmo BD = m.

4.13." Ha croponi AB tpukytHuka ABC nossadeHo Touky M Tak,
mo £ AMC = ¢. 3uaiigites Binpisox CM, axmo AB =c¢, £ A = q,
£ ACB =y.

4.14." V tpuxkyrauky ABC Bigomo, mo £ A =«, £ B = 3. Ha
cropoui BC mosHadeHo ToukKy D rak, mo £ ADB = ¢, AD = m.
3uaigiTe cropony BC.

4.15." JorexnirTs, 110 icHye TPUKYTHHUK, CTOPOHM AKOIr0 JIOPiBHIOIOTH
sin A, sin B, sin C, e A, B i C — xyTtu gaHoro tpukytHuka ABC.

4.16." JoBeaiTh, KOPUCTYIOYMUCH TEOPEMOIO CUHYCIB, 1m0 6icekTpuca
TPUKYTHHKA NOAiJIS€ HOro CTOPOHY Ha BiAPI3KH, NOBXHHH AKHX
nponopiifini npunernum cropoHam’.

4.17." HomemiTs, mo GicexkTpmca TPUKYTHHUKA MMOAinsie HOro cro-
POHY Ha BiJipidKH, HJOBXHWHU AKHX o0epHeHO HmpomnopliiiiHi cuHycam
HpPHJIerJuX 0 IIiel CTOPOHH KYTiB. '

4.18." Ins cTopiH i KyTiB TpukyTHNKa ABC BUKOHYETHCHA PiBHICTH

BC AC

= . HJosemitn, mo AC = BC.
cos A cos B

4.19." Ipi cTOpOHN TPMKYTHHMKA AOpiBHIOIOTL 6 cM i 12 cM, a BU-
coTa, IpoBeJeHa A0 TPeThbol cTopoHu, — 4 cm. 3HAUAITL pajiyc KoJia,
ONIMCAHOT0 HABKOJIO JAHOTO TPMKYTHHKA.

4.20." 3aligiTe pagiyc Koja, OMMCAHOTO HABKOJIO piBHOGEADEHOTO
TPUKYTHHUKA 3 OCHOBOIO 16 cMm i 6iuHoI0 cTOpOoHOIO 10 cM.

4.21." CropoHa TPUKYTHMKA AOPiBHIOE 24 CM, a paZiyc OIMCAHOTO
KoJja — 8\/5 cM. YoMy AOPIBHIOE KYT TPHKYTHUKA, NDPOTHJIEHKHUNA
JTaHi# cTopoHi?

4.22." ¥V tpukytaury ABC AC = b, / A=, £ C =vy. 3gaigiTe
ficexkTpucy BD TPUKYTHHKA.

! Haragaemo, uio ueit dakt 6yiao goBejeHo y 8 KJaci 3 BUKOPHMCTAHHAM TeOpeMH
npo nponopiifiui Bigpisku (gue. «'eomerpia-8s», n. 16, Treopema 16.2).
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§ 2. PO3B'A3YBaHHA TPUKYTHUKIB

i

4.23." OcHoBa piBHOGeApeHOro TPUKYTHUKA JOPiBHIOE @, IIPO-
THJAEXKHHUH 1M KYT OOpiBHIOE O. 3HaiAiTes DiceKTpHCcy TPUKYTHHKA,
NPOBeAeHY 3 BEPILUHHH KyTa IIPH OCHOBI.

4.24." Bigpisoxk CD — bicekTpuca TpukyTHHKa ABC, y AKOMY
ZA=q, £ B = 0. Yepes Touky D npoBeJeHO IPAMY, SKa IapajelbHa
cropoHi BC i meperunae cropoHy AC y Touui E, npuyomy AE =
3uaigire CE.

4.25." Megiana AM tpuxkyrHuxa ABC popiBHIOe m i yTBOpIOE 3i
croporamMu AB i AC kyru o i 3 Bigmosigxo. 3HafigiTe cropoHu AB
i AC.

4.26." Meniana CD tpuxkyTHuKa ABC yTBOpIOe 3i croponamu AC
i BC kyru o i B Bignosiguo, BC = a. 3uaiigits meniany CD.

4.27." Y npsamoryTHOMy TpuKyTHUKY ABC uepes Bepmmuu A i C
1 cepeguny M rinoreHysu AB npoBeneHo KoJio pagiyca R. 3HaigiTs
pajgiyc omucaHoOTo KoJia TPUKyTHuKa CM B, axkmo £ A =

O—w= 4.28." Bucotu HenmpsAMOKYTHOTO TpukyTHHKa ABC mneperu-
HaoTeea B Touli H. JloBexniTe, mo pagiycu Kij, onucaHMx HABKOJIO
TpuKyTHUKIB AHB, BHC, AHC i ABC, piBHi.

4.29." IlenTp BMHCAHOTO KOJA PiBHOGEPEHOI0 TPUKYTHUKA JiIUTH
BHCOTY, IIPOBEJIeHYy IO OCHOBH, HA BiJIPi3KM 3aBHOBXKKH 5 cM i 3 cmM,
pPaxyrou4H Bij BepIIHHU. 3HaAHAITH pagiyc OIMHMCAHOrO KOJia.

4.30.” Iiaronani omucanoro 4oTupuryTHuUxa ABCD neperuHa-
roreeca B Touni O. Pagiycm onmcanux Kija tpuxkytHukis AOB, BOC,
COD, DOA signosigHO ,u,opmmoio'rh R, R,, R,, R,. [loBexiTs, 110
R+E, =R 1R,

4131, Ha CTOpOHi AB rpukytHuka ABC nosHaueHo Touku M i N.

‘Bigomo, 1110 pajiycH onmMcaHuxX Kin TpukyTHHUKIB ANC i BMC piBmi.

Kpim Toro, pagiycu onucanux Kin TpukyTHuKiB AMC i BNC Takomx
piBHi. [ToBexnits, mio TpukyTHUK ABC € piBHOGegpeHMM.

4.32." 3 Touxu M Kojaa nposeneHo Tpu xopau MN = 1 cm,

=6 cm, M@ = 2 cm. Binomo, mjo £~ NMP = / PMQ®. 3aiigite
paniyc xoJia.

4.33." 3 Touku M, sika HaNeKUTHh KYTy, Ha HOTo cTOpoHH AB
1 AC onycTHUIH ITePUEHIUKYIAPU, iK1 JOPiBHIOIOTH J7 emi Zﬁ cM.
Baatnite MA, axnipo £ A = 60°.

4.34.” lano nBi npaAMi, AKi MePeTHHAIOTHCSA 1 KYT MiK SKUMHU 1O-
piBHOE 0. 3HAliTE reoMeTpUYHe Miciie Touok X TakuX, 110 BifcTaHb
Mi’K OCHOBAMM MNepPHeHJUKYIADPIB, IpoBefeHux 3 TOUKH X A0 JaHUX
NpAMHUX, NOPIBHIOE 3a/aHili BeJIWYUHI a.
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4. Teopema cuHycCIB

4.35.7 3 Touxu M wona Ha tioro piamerpu AB i CD omycTuIn
neprneHAUKyaapHu. [oBeniTe, 1o BigcTaHp MiXK ocHOBaMM HepPHEeHIH-
KyJIspiB He 3aJIe’KUTh Bl BUOOpPY Touku M.

4.36.” Hasxoso TpukyTHuKa ABC omnucasHo kKojgo. 3 HOBiIbHOI
Touky M Koaa npoBeneHo nepreHAuKyasapu MN i1 MK pgo npsMux
AB i AC BignosigHo. na sakol Touku M pnopxuHa Bigpiska NK
€ MaKCHUMAJbLHOM?

4.37.” BicexTpucu TpukyTHuKa ABC nepeTHHAOThCcA B Touli O.
[Ipsama AO BApyre NepeTHHAE OMCaHe KOoJo TpUKyTHUKa BOC B To4-
ui M. Suaiigite OM, axmo BC = 3 cm, £ BAC = 120°.

4.38.” Touka J — LEHTp BOHCAHOIo KoJja Tpukyrauka ABC. Ilpsa-
ma AJ BApyre nepeTHHae onucaHe Kono TpuryTHuka ABC y Touni D.
Buangite DJ, aknio BC = 6 cMm, a pajgiyc onucaHoOro Koja JOPiBHIOE
2\[5 CcM.

4.39.” ¥ rtpuxyrHurky ABC Ha cTOpoHiI AB icHye Taka Touka D,

AD AB . & . '
1110 e HoseniTs, mo Kyt C — TynwHii.

4.40.” Ha giaromani BD xBagpata ABCD nosHadyunu Touky E.
Hexait O, i O, — UeHTPHW ONHCAHMX Kia TpuryTHuUKiB ABE i ADE
BignosigHo. JoBeairs, mo 4oTUPUKYTHUK AQ EO, — kBajpar.

4.41." IiarosaJji BOHCAHOTIO YOTHUDPH-
KyTHuKa ABCD neperuHAawTbhCH B TOY-
ui K. Bimomo, mo AB = a, CD = b,
< BKA = o. 3mannire pagiyvc xoaa,
OIIMCAHOTO HABKOJIO YOTHPHUKYTHHKA.

4.42." Y KOJIO BIMCAHO YOTHPHKYT-
HUK ABCD (puc. 4.10). Ilpami AB i CD
neperuHamThcA B Touni M, a npami
BC i AD — y Touni N. Bigomo, ujo
BM = DN. Hosenits, o CM = CN. Puc. 4.10

35



' h § 2. Po3B'A3yBaHHA TPUKYTHWKIB

KOJIN 3POBJIEHO YPOKMW TR
Tpuronomerpuuna ¢popma reopevmu Yesu r -

¥ 8 kaaci BM BMBYaJaH Teopemy Yeru. Haramaemo Ii.

Teopema Yesu. Jas mozo wob wesianu AA , BB i CC, mpu-
rymuurka ABC nepemunanuca 6 o0niti mouyi (puc. 4.11), Heob6xidno
i docmamubvo, w006 6UKOHY6aANACA PiHICcMY

AC, BA, CB _,
C,B AC BA
Teopema cuHyCiB mO3BONAE 3aNMUCATH

KpUTepifi KOHKypeHTHOCTI mpamux AA ,

BB,, CC, B inmiit dopmi.

Ilosnauumo KyTH, AKi yueBianu AA,, BB,

i CC, yTBOPIOIOTH 31 CTOPDOHAMHU TPHKYTHHKA
C ABC, Tak, AK IIOKa3aHO Ha pPHCYHKY 4.11.

3 TpukyTHuka AC ,C oTpuMyeEMO:
AC,  sinZ1
CC, sin £LC,AC’
CC, _ sin £ C, BC
C,B sinz2

)

3 rpukyTHuKa BC ,C oTpuMyemMo:
3Biacu
AC, _ sin £1 _sinACIBC_ 1)
C,B sinZC AC sinZ2
AHaJoriygo Mo Ha IoKas3aTH, Lo
BA, __sinZ 3 sinZACA 2)
A,C sin ZC,BC  sin /4
CB,  sin«£5 ) sin £ C, AC
BA sinZACA sinZ6
IlepemuozxkuBin piBHOcTi (1), (2) i (3), orpumaemo:
AC, . BA, ) CB, sinZ1-sinZ3-sin£5
C,B AC B/A sinZ2-sinZ4-sinZ6
Toni HeobOxigHY i HOCTATHIO YMOBH KOHKYDEHTHOCTI 4eBiaH AAI,
BB, i CC, mO)XxHa BUPa3uTHU TAKOIO PiBHICTIO:
sin £1-sin £3+sin £ 5 —
sin £ 2-sin £ 4 -sin £ 6

(3)
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Konu 3pobneHo ypokwn

HNpuxaaxg. llectrukyruuk ABCDEF BnucaHo B KoJso. [loBenirts,
mo giaromani AD, BE i CF nepeTuHaOThCA B OOHi#N Touni Toxni
i TimeKH TOOl, KOJMH

AB-CD-EF = BC-DE-FA.

Pos3é’azanna Posrnaaemo Tpu-
KyTHUK ACE. BBenemo mosHayeHHs KYTiB
TakK, AK [I0KaszaHo Ha pucyHky 4.12. He-
xall pamgiyc Koia aopieHioe R.

Topmi:

AB = 2R sin £ 1;

BC = 2R sin £ 2;

CD = 2R sin £ 3;

DE = 2R sin £ 4;

EF = 2R sin / 5; Puc. 4.12

FA = 2R sin £ 6.
sin £1-sin £3-sin£5 AB-CD-EF
sin £ 2-sin Z4-sin £6 BC-DE-FA

Iiaromani AD, BE i CF € KOHKYPeHTHUMHM TOZi i Tinexm Toxl,
KOJIM JIiBa YacTHHA 3alMcaHol piBHocTi nopiBHIoE 1. 3BigcH BHIIINBaE
CIIpaBelJINBiCTH TBEPAKEHHHA, 110 JOBOLUTHCH.

3Bigcu

BrNPABU

1. Ha cropornax AB, BC i CA trpukytauka ABC nmosHa4YeHO BiAIO-
Binuo Toukm C, A, i B, Tax, wo npsami AA , BB, i CC, KOHKYpeHTHi.
Hogenite, mo npami AA,, BB, i CC,, cumerpuyHi upamum AA,, BB,
i CC, BimnocHoO GicekTpuc kyTiB A, B i C BiANOBiAHO, TAKOX KOHKY-
PEeHTHi.

2. Ha croponax AB, BC i CA
TpuKyTHHKA ABC mosHa4yeHO Bij-
nosiguo Touku C,, A i B, Tak, 110
npami AA |, BB, i CC, KOHKYpeHTHI
(puc. 4.13). Ha croponax A B,
B,C, i C A, rtpukyrHuka A B C,
nosHadyeHo Biagmomiguo Touku C,,
A, i B, rak, mo npami A A,, BB,
i C,C, xonrypenTHi. [loBenirs,
mo npsami A4,, BB, i CC, takox A B, C
KOHKYPEHTHI. Puc. 4.13
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b\ § 2. Po3B'A3yBaHHA TPUKYTHUKIB

Brazisra. JoBenits, 110
sina, AB, -C A,
sina, A,B, -AC,

®opmyna E#inepa nas 3EaXonxeHHA Bincrami mix mesarpamm
BIIHCAHOTO i OIIHCAHOrO KiJl TPHKYTHHKA

Teopema. Bidcmans d misn yenmpamu énucanozo i OnUcanozo
Kil mpurymHuura obuucnioemsea 3a Gopmynow

d=.\R*-2Rr

deri R — gidnoeidno padiycu 1020 nUCAH020 i ONUCAHO20 Kil.

Hoeedernna. Hexait O, i O — meHTpHU BOMCAHOTO i OIMCAHOIO K
BigmoBinHO (puc. 4.14). BicexkTpuca KyTa B IepeTHHaE ONHUcaHe KOJIO
B Touni D. 3rigHo 3 KA04Y0BOI0 3anadero 18.25 («['eomerpin-8»)

B0 ~0 D= R —00%= R —d?, (*).
Hexait BnucaHe KoJio JOTUKAaEThCA 10 ctopoHu BC y Ttouni K. Toui
O K r

3 tpukyTHuka O BK orpumyemo: BO, = = g
B 1 ey ' sin £ DBC sin £ DBC

3a nmemoro 11. 4 maemo: DC = 2R sin £ DBC. 3riiHO 3 KJIIOY0BOIO
saga4deio 11.25 («I'eomerpin-8») O D = DC = 2R sin £ DBC. Otpu-
MaHi pesyJybTaTH migcraBiaseMo vy dopmyay (*):

-2Rsin £« DBC = R* —d*.

r
sin £ DBC

3sigcu d2 = R? — 2Rr. A

Ockinbku d? = R? — 2Rr, To R? —
— 2Rr = 0. 3BigcH OTPUMYEMO, IO AJIA
OyIb-IKOT0 TDHKYTHHKA BUKOHYETLCSA
HepiBHIiCTE

R = 2r.

Y wi# HepiBHOCTI piBHicTh gocsara-
eTbedA ToAl i TinbkuM TOAL, KOMH UEHTPH
BIIMCAHOI'O 1 ONIMCAHOI0 KiJI TPHUKYT-
Huka 3biraroTecsa. Taka BIacTHUBiCTB
IIpHUTaMaHHAa JIMlle PIBHOCTOPOHHLBOMY
Puc. 4.14 TPUKYTHUKY.
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5. Po3B'sA3yBaHHA TPWUKYTHWKIB

5. Po3B'si3yBaHHA TPUKYTHUKIB

Po3B’s13aTH TPMKYTHHMK — Ie 03HAu4ae 3HaliTH HeBizoMi itoro cro-
POHM 1 KYTH 3a BiIOMMMH CTOPOHAMH i KyTaMu.

¥V 8 KJjaci BM HAaBUMJIMCS PO3B’ SI3YyBaTHU NPAMOKYTH]I TPHKYTHHKH.
TeopeMH KOCHHYCIB i CMHYCIB M03BOJSIOTL PO3B A3aTH Oyab-AKHH
TPHKYTHHK.

Hpuraang 1. Poss’saxiTe TPUKYTHHK (pHuc. 5.1) 3a cTOpOHOIO
= 12 cm i pBoma kyTamu B = 86°, y = 119°.
Po3ze’sazannsa Maemo:
o= 180° — (B + y) = 180° — 155° = 25°,
3a TeopeMoOI0 CHHYCiB!

b a

sinB_sina’

b:asinﬁ:12sin36 =12'0’588=16,7 (cm); c
sin o sin 25° 0,423 Pue. 5.1

c a

= 3
siny sino

o= asiny _ 12sin119° . 12gin61° _ 120,875 ~24.8 (cm).
sin o sin 25° sin 25° 0,423

Bidnosgide: b = 16,7 cM, ¢ = 24,8 cm; oo = 25°,

3ayBasKuMoO, 110 3HAYEHHA TPUTOHOMeTPHUYHHUX (DyHKIIH 3HalijieHo
3a Tabnuiero, po3MiineHow Ha c. 267 nigpy4yHHKa. Ix Takox Mo:xkHa
3HAWTH 3a AOIIOMOTOK MiKPOKAJNBKYJISATOpPA.

HNpuxkaapn 2. Poss’soxiTe TpukyTHUK (puc. 5.1) 3a gBoMa cTopo-
HamMu a = 14 cM, b = 8 cm i kyrom Y = 38° Mixk HuMH.

Pos3é’a3anHA 3a TeOPEMOIO KOCHHYCIB:

c2=a® + b?> — 2ab cos y =196 + 64 — 2-14:8cos 38° = 260 —
— 224-0,788 = 83,488;

c=9,1cm.

Iani maemo:

a’> = b? + ¢? — 2bc cos

b + % -a®

cosot=——=—0,338.
2be

3HaiizemMo KyT ¢, Takui, mo cos o, = 0,338.
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§ 2. Po3s’'azyBaHHA TPUKYTHWKIB

Yucuo 0,338 eigcyTHe B TabAHIIl 3HAYEHL KOCHHYCA, HAHBIMKINM

Ao Hporo € yucao 0,342. Toxi orpumyemo a, = 70°. 3Bigcu
a = 180° — a, = 110°.

B =180 — (0. +¥) = 180° — 148° = 32°.
Bidnosidv: ¢ = 9,1 cm, a = 110°, B = 32°.

HOpuxknang 3. Posp’axiTh TPDUKYTHHK (puc. 5.1) sa TproMa cTO-
poHamMu a = 7 ¢cm, b = 2 ¢cm, ¢ = 8 cM.

Posé’asanmnsa Maemo: a®> = b® + ¢? — 2bccosa, 3Bigcu
b*+c®—a® 4+64-49 .
e Tl S ~0,594. Toni o ~ 54°.
2be 2:2-8

a

k]
sino  sinf

: 9 sin 54° .0,
Sinszsma= sin 54 ':2 080920,231.
a 7 7

Ockinpkn b € HallMEHIIOX CTOPOHOIO JAHOTO TPMKYTHHKA, TO KYT [
€ rocTpum, P = 13°.

Toni vy = 180° — (o + B) = 180° — 67° = 113°.
Bidnogids: o =~ 54°, B = 13°, y = 113°.

Ilpuxnaanx 4, Po3s’axiTe TpUKYTHUK (puc. 5.1) 3a gBOoMa cropo-
HaMH 1 KyTOM, AKMH INPOTHUJIEXHUIH onHiit 31 cropin: 1) a = 17 cm,
b=6cm, 00 =156 2) b=Tcm, c=8 cm, =65 3) a =6 cm,
b=5cm, f=50°

b
Posze’'azamnmnsn. l) g

sino  sin B ’
; bsina 6sinl56° 6sin24° 6-0,407
sinf3= = o= =

~0,144.
a 17 17 7

OcCKinpKHM KYT O JAHOTO TPUKYTHUKA TYNHit, TO KyT [3 € rocTpum,
B= 8"

Toxiy = 180° — (o + B) = 16°.

a __c¢ , C:asinﬂ{:asinlﬁf’:17-0,276:11,5 (cm).
sino.  siny sino. sin 1567 0,407
Bidnoside: = 8°, vy = 16°, ¢ = 11,5 cm.
i 8 sin 65° -0,906
2) b _ , Sin_Y=651nB= sin 65 =8 0,90 ~1,0856>1, mo
sinfB  siny b 7 7
HEMOKJIUBO.

Bidnosidvs: 3amaya He Mae pPo3B’A3KY.

b
S

sina  sinf

R asmB: 6 sin 50 . 6-0,766 ~0,919.
b 5 5
MoskauBi aBa Bumagku: o = 67° abo o = 180° — 67° = 113°.
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S. Po3B’A3yBaHHA TPUKYTHUKIB

Po3riasHeMo BUIIAA0K, KOIH o = 67°:
vy = 180° — (o + B) = 180° — 117° = 63°;

b = B ) c:bsiny z5sin63°=5°0,891
sinf3 sinvy sin B sin 50° 0,766
Ilpu o = 113° orpumyemo:

v = 180° — (o + B) = 180° — 163° = 17°%;

P bsiny 5sinl7° 5-0,292 1.8 tenad:
sin B sin 50° 0,766

Bidnosgidv: o = 67°, vy = 63°, ¢ = 5,8 cm abo o = 113°, vy = 17°,

=5,8 (cm).

c=1,9 cm.

BMNPAB/ ERSMESRSEERSETTT e

5.1.° Po3B’AXKiTh TPHKYTHUK 32 CTOPOHOIO i fBOMa KyTamMu':

1) a = 10 cm, B = 20°, y = 85%;

2) b =16 cm, o = 40°, § = 110°.

5.2." Po3p’sisKiTh TPMKYTHHK 3a CTOPOHOIO i JBOMa KyTaMM:
1)b=9cm, oo = 35%, vy = T70%

2) ¢ =14 cm, B = 132°, y = 24°,

5.3." Po3B’fKiTh TPHKYTHMK 33 ABOMAa CTOPOHAMHM i KYTOM MiXK

HMMMI

1) b =18 ¢cm, ¢ = 22 cm, & = 76°;
2)a=20cm, b= 15cm, y = 104°.
5.4." Po3B’soKiTh TPUKYTHHK 3a JBOMAa CTOPOHAMY i KyTOM Mis

HHMH:

1)a=8cm, c=6cm, =15

2)b="TcMm, c=5cm, o0 = 145°.

5.5." Po3B’AKiTHL TPUKYTHHUK 32 TPHOMA CTOPOHAMM:
l)a=4cm,b=5cm, ¢c =T cm;

2)a=26cm, b =19 cm, ¢c = 42 cm™.

5.6." PosB’siTh TPUKYTHUK 34 TPbOMA CTOPOHAMMU:
1)a=5cm, b =6cmMm, c =8 cm;

2)a=21cm, b=17cMm, ¢ = 32 cMm.

5.7.° Po3B’sKiTh TPUKYTHHUK, ¥ AKOMY:
1)a=10cm, b = 3 cm, f = 10°, kyT o0 — rocrpuii;
2)a=10cMm, b = 3 cm, B = 10°, KyT 00 — TymHii.

'V zagauax NeNe 5.1-5.9 npuiHHATO HO3HAYEHHA: d, b i ¢ — CTOPOHM TPHMKYTHHKA,

o, piy — wyru, OpoTUNekHI BignoBigHo cTopoHam &, b i c.
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-

5.8.° Po3B’si7KiTh TPUKYTHUK 3a JBOMa& CTOPOHAMM; i KYTOM, AKMI
JeKUTh TPOTH OAHIEI 3 JAHUX CTOPIH:

1)a="7cm, b=11cm, B = 46°;

2)b=15¢cm, c = 17 em, B = 32%

3)a="Tcm, c=3cm, y=27°

5.9. PosB’sKiTH TPMKYTHHK 3a JBOMA CTOPOHAMM i KYTOM, KM
JIeKUTh IIPOTH OOHiEl 3 JAHUX CTOPiH:

1)a=23cm, c =30 cm, vy = 102°;

2)a =18 ¢m, b = 25 cMm, o = 36°.

5.10." ¥V tpukyruuxky ABC sigmomo, mo AB = BC = 20 cwm,
Z A = 70°. Buaitgits: 1) cropony AC; 2) meniany CM; 3) GicexTpu-
cy AD; 4) pagiyc onmcaHoro KoJsa TpukyTtHura ABC.

5.11. Hiaronans AC piBHOGiuHOI Tpamenii ABCD (BC || AD) no-
piBHIOE 8 cM, £ CAD = 38°, £ BAD = 72°. 3muaiigits: 1) croponu
Tpamnenii; 2) pagiyc onucaHoro KoJja TpukyTrHuka ABC.

5.12.° OcroBu Tparmerii nopiBHOOTE 12 cm i1 16 ecMm, a 6iuni cro-
poru — 7 cm i 9 em. 3HalAiTE KyTH Tpamnemii.

KO 3POBJIEHO YPOKW afd

Tpurosomerpia —
HAYKA NP0 BHMIiPIOBAHHA TPUKYTHHKIB

Bu 3naere, mo craponaBHi MaHAPIBHUKH OpieHTyBaJucHa 3a 3ip-
KaMu 1 nyaHeramMu. BOHH MOIVIM JJOCHTH TOYHO BHM3HAUYHTH MicIe-
BHAXO[KEeHHA Kopabusa B OKeaHi ab0 KapaBaHy B IIyCTeJi 3a posTa-
lwyBaHHAM cBiTun ma Hebocxuii. Ilpu upoMy OZHMM 3 OpieHTHpIiB
OyJsia BUCOTa, HA AKY IMigHiMaoca HAJ ropM3oHTOM Te abo iHmIe He-

fecHe CBITWIO B gaHii '\'Ilcn‘,eBOCTl V HaHHH MOMEHT 4acy.
S Bposymino, mo 6eanocepenHno Bu-
X MIpSATH 110 BUCOTY HeMOKJIuBO, Tomy
BUYEHI1 CcTaJu po3pobJIATH MeTOIH He-
ONpAMHUX BuUMipooBaHbk. TyT cyTTeBY

h POJIb BiirpaBajio po3B’sizyBaHHA TPH-

KYTHHUKA, ABi BepPLIIHHM SKOI'0O JIiexKa-

JI1 Ha nmoBepxHi 3emui, a Tpers 6yna

A B sipkoro a6o miaaneror (puc. 5.2) —
Puc. 5.2 3Halioma Bam 3azada Ne 4.12.
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Konu 3pobneHo ypoku

Jlns posB’aA3yBaHHS NoAibHMX 3azay cTapojaBHIM acTpoHOMAaM
HeoOxXigHO OYJI0 HABYUTHCA 3HAXOIHUTH B3aEMO3B A3KH MiXK ejleMeHTA-
MU TPUKYTHHKA. Tak BUHHUKJIA TPHIOHOMETPiaA — Hayka, SKa BUBUAC
3aJIeKHICTh MIX CTOPOHAMHY 1 KyTaMu TPUKYTHUKA. Tepmin «Tpuroso-
MeTpisi» (Bil rPeIEKUX CIIiB « TPUTOHOM» — TPUKYTHUK i «MeTpeo» —
BUMIpPIOBATH) O3HAYAE «BHUMIipIOBAHHA TPUKYTHHKIB».

Ha pucyHky 5.3 300paxkeHo HeHTpaJabHUM KyT AOB, sikuii gopis-
Hioe 20.. 3 npaMoKyTHOTO TpUKyTHUKa OM B maemo: MB = OB sin o.
Orsxe, AKINO B OJMHUYHOMY KOJII BUMIDATH IIOJIOBUHHM HOBXKHH XODX,
Ha AKi cIMpaloThesA HeHTpaibHI KyTu 3 Besmumuamu 2°, 4°, 6°, ...,
180°, To TaKuMM YMHOM MM OGUMCIMMO 3HAa4YeHHS CHHYciB KyTriB 1°,
2°, 8%, ..., 90° sigmosiano.

BumMiproo4y HOBXKHUHM IiBXOPHA, JaBHBOIPEUBKHH acTpoHoM I'im-
napx (Il cT. 1o H. e.) cKJIaB ImepuIi TPUIOHOMETPUYHI TaObIHIi.

IIoHATTA «CHHYC» i «KOCHHYC» 3’ ABIAIOTHCA B TDUTOHOMETPHUYHUX
TpakTaTrax 1HAIACBKHUX ydyeHHUX Yy IV-V cr. ¥ X cr. apabceki BueHi
OTIepYBAJIN IMOHATTAM «TAHTEHC», AKE BUHHUKJIO 3 MoTpeb THOMOHI-
KM — Y4YeHHs IIPO COHAYHHUU roguHuukK (puc. 5.4).

Puc. 5.3 Puc. 5.4

Y €pponi nepmuii TpakTar 3 TpuroHomerpii «II’sTe KHHTr 1Ipo
TPUKYTHHKU BCiX BHIIB», aBTOPOM AKOro 6yB HiMenbKuU# ydyeHH
PeriomonTan (1436-1476), 6yno onybaikosawo B 1533 p. BiH Ke
BIOKPHB i TeOpeMy TaAHIeHCIB:

o—p B-y ¥ ol
a-b_tg 2 b—c__tg 2 c—a_tg__z_
a+b , a+p’ b+c , B+v’ c+a y+o

tg—— tg— tg——

g 2 g 9 g 2

oe a, bic — cTOpOHM TPUKYTHHUKA, O, B 1 Y — KyTH TPHKYTHHKA,

OpOoTHJIeXHI BiAnoBigHO cTopoHam a, b i c.
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§ 2. Po3g’A3yBaHHA TPUKYTHUKIB

Jleomapn Eitxep
(1707-1783)

BuzgaTauii MmaTeMaTHk, Qisuk,
MeXaHiK, aCTPOHOM

Cy4acHOTro BUIJISNY TDUIOHOMEeTDisi Habyiaa B poboTax BUAATHOIO
maremaTtuka Jleorapna Eitnepa (1707-1783).

6. @opmMmynu pna 3HaxXo)KeHHN NNoLi
TPUKYTHUKa

3 kypcy reomerpii 8 kiacy BUM fisHaJHUCHA, IO MJIOIIY S TPHKYT-

HUKa MOKHA OOUYHCAHTH 3a opmysiamMu
S= -l-ah“ = lbhb = }-chr,
2 2 2

ne a, bi ¢ — cTopoHHM TPHKYTHHKA, ha, hb, hr — BHCOTH, IPOBeeHI
[0 IMX CTOPiH BigmoBigHO.

Temep y Bac 3’ABMJIACA MOXKJIHBICTL OTPUMATH Ie KiIbKa (OPMYJI
ANA 3HAXOMYKEHHA IJIONIII TPUKYTHHUKA.

Teopema 6.1. Tnowa mpukymnukxa dopienioe niedobymry
deox 1lozo cmopiy i cuRyca KYyma Mix HUMU.

Hosedennsa. Jopememo, 1o mioiny S TpukyrHuxa ABC moxua
o0uHcauTH 3a QOPMYJIOIO

1
S=—absinvy,
2 ¥

ge aib — CTOpPOHM TPUKYTHHKA, Y — KYT Mi»K HMMH.
Mo>xauBi TpHM BHUNAgKK:
1) xyT Y — rocrpuii (puc. 6.1);
2) kyT Y — Tynui (puc. 6.2);
3) KyT Y — npAMMAiA.
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6. DopMyNKM ANA 3HAXOXKEHHS MNOLLL TPUKYTHUKA

B B
a
a
v Y {180°—y
A b D ¢ AT ¢ D
Puc. 6.1 Puc. 6.2

Ha pucyuaxax 6.1 i 6.2 nposegemo Bucory BD tpuxyrauxa ABC.
1 1
Tomi S= EBD - AC :EBD - b.

3 A BDC y nepiuomy Bunaaky BD = a sin y, a y apyromy BD =
=g sin (180° — y) = a sin y. 3BiAcw AJA ABOX HMEePIIMX BHIAAKIB Ma-
emo S= %ab sin y.

Axmo kyr C — npsamuit, To sin y = 1. [lns npAMOKYTHOTO TpPH-
xkyTHuka ABC 3 xareramu a i b maemo:

1 1
S=-ab= lcu‘b sin 90°=—absiny. A
2 2 2

Teopema 6.2 (bopmyna Iepouna'). [Inowy S mpuxymnuxa
ABC moscna obuucnumu 3a popmynoio

S=p(p-a)(p-b)(p-c),

de a, b, ¢ — cmopoHu MmpuKymHuxa, p — i0z0 nienepumemp.

1
Hosedennsa. Maemo: S:Eab sin y.

! :
3pigcu S*= Zazb2 sin®vy.
3a TeopeMolo KocuHycis ¢ = a? + b? — 2ab cos vy.
a®+b?-c*
2ab
Ockinbku sin? y = 1 — cos? ¥y = (1 — cos y) (1 + cos Y), To MaeMo:

3Bigcu cosy =

'!'Tepon AnexKcaHAPi#cbKHUHE — AaBHLOIPELLKHIl yYeHHI, AKHH JKHB
yvIcr. H. €.
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§ 2. Po3B'A3yBaHHA TDUKYTHUKIB

- 1 1 a® +b* —c? a® +b? -
S% = —a®*b*(1-cos v)(1+cos =—azb2'[1— )[1+ =
4 ( M 7 4 2ab 2ab
B laébz- 2ab-a® -b* +¢? 2ab+a”+b° —c®
2ab 2ab
2 2 2 c—a+b c+a-b a+b-c a+b+c
=—(c"—(a-b)")(a+b) —c")= 3 : - =
16( ( « ) 2 2 2 2
_(a+b+(.')w2a_{a+b+c)—2b_(a+b+c)-—2c_a+b+cﬁ
2 2 2 2
=2p—2a_2p72b.2p-2c_2p

5 5 5 ?=p(p—al(p—b)(p—6)-

Bsinen S=./p(p-a)(p-b)(p-c). A

Teopema 6.3. ITnowy S mpukymnura ABC moxcna obuucarumu
3a popmynoro

_abc

S_—r
4R

de a, b, ¢ — cmoponu mpuxkymuuka, R — padiyc onucanozo xona
mpuxymuuka ABC.

1 ;
Hosedenna. Maemo: S=Eb¢351n O. 3 JeMH NYHKTY 4 BUILIUBAE,
a abc

2R 4R’

3ayBaKuMO, 1[0 JOBeJeHa TeopeMa Ja€ 3MOry 3HAXOJHUTH Pajaiyc
ONHMCAHOr'0 KOJIA TPUKYTHHUKA 3a (DOPMYJIOIO

A

; a : 1 ; 1
mio sino=-—. Tomi S=—-besino=—bc
2R 2 2

_abe
45

Teopema 6.4. ITnowa mpuxymnurxa dopienioe dobymry iozo
nienepumempa Ha padiyc enucanozo Koaa.’

Hosedennsa. Ha pucynky 6.3 sobpaxkeno tpuxkyTteuxk ABC,
y AKHHM BIOMCAHO KOJIO pajiyca r. JloBememo, IO

S = pr,

Je S — mromia AaHOTO TPUKYTHHMKA, p — WOro miBoepuMeTp.
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6. QopmMysiv ANs 3HaXOLKEHHA MO TPUKYTHMKA

Hexail touka O — UeHTP BIUCAHO-
ro KoJjia, siKe JOTHKAEThCA IO CTOPiH
TpukyTHuka ABC y toukax M, N i P.
Ilnowma tpukyTHHKa ABC nopiBHIOE cymi
ol TPUKYTHUKIB AOB, BOC, COA. 1le
3pYy4YHO 3anucaTH B Takiil dopmi:

S = S,0n + Spoc T Scou Puc. 6.3

ITpoBememo pafiycu B TOYKH [OTH-

Ky. Orpumyemo: OM 1 AB, ON L BC,
OP 1 CA. 3sigcu:

1 1 1 1
SAOB=EOM'A'B=Er.A'B; SBOC=EON-BC=§;~-BC;

Seos =%OP-AC=%:--AC.

_AB+BC+AC_

pr. A

1 1 1
Orke, S==r-AB+—-r-BC+~-r-AC=r
2 2 2
BumiesasHaueHe ysaraJbHIOE TaKa TeopeMa.

Teopema 6.5. IInowa onucanozo MHOZOKYMHUKA JOPiEHIOE
dobymiy 10zo niénepumempa Ha padiyc 6nucanozo Kona.

JoBeniTes 1110 Teopemy camocTtiiHo (puc. 6.4).

3aysaxxumo, 1io teopema 6.5 gae aMory 3Haxoau-
TH pajiyc BIIMCAHOI'O KOJIa MHOTOKYTHHUKA 3a (hopmy-
JIOKO

S
Puc. 6.4 ’ r=—
P

Teopema 6.6. Ilnowy S napanenozpama moxucna obrucanumu
3a ¢popmynoio

S = ab sin «q,

de aib — cycidni cmoponu napanenozpa- B C
Ma, O — KYMm MIH HUMU.

Hosedenna. Poarasaemo mapaseno-
rpam ABCD, yv axkomy AB = a, AD = b, o
Z BAD = o (puc. 6.5). IIpoBegemo gia- 4 b D
ronans BD. Ockinsku A ABD = A CBD, Puc. 6.5
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¥

TO BANKIIEMO:
1 . ;
8 pcp =25 ,5p =2" Eabsm o=absina. A

Teopema 6.7. [Tnowa onyx-
1020 LOMUPUKYMHUKA GOPi8HIOE
niedobymky tozo diazoHaneu
i CuUHYca Kyma misne HuMu.

Hosedennsn. Yepes Bepmu-
v A, B, C i D yorHpHUKYTHH-
ka ABCD unposejgemo npsami,
y napaJjiejibHi Horo giaroHansim

AC i BD (puc. 6.6). Orpumaemo

Q napajgenorpam MNPQ, y axomy

Puc. 6.6 L M=¢, MN = AC, MQ = BD.

Ilnomia uporo mapaJjejorpama

BABiui 6inbmia sa maomy 4YoTupukyTHuKa ABCD (moBeniTs ne
camocTiiiHo). 3Bigcu

- -;-SMN.PQ E %MN . MQ-sing= lAC -BD-sing. A

O—w 3anmaua 1. [Joseaits, mjo mionty S TpHKY’I‘HHKa ABC moxna
obuncauTH 3a OPMYJIOIO
S = 2R? sin A-sin B-sin C,

ne R — paxmiyc onmmcanoro kona tpukytTHuka ABC.

Posze'sszannsa Maemo: S:i—!;: ia=2Rsin A, b = 2R sin B,

= 2R sin C.
. . . . 2R si
3Bimcm S = bl SHL I L =2R%sin A sin Bsin C.
1R
O~ 3apgaua 2. [Josexite, 1mo sin 2a = B
= 2 sin o cos .
Poszeé’szanna. Posrasgsuemo piBHOGEM- afo

PEeHHH TPHKYTHHUK 3 KYTOM 20, IPH BepIINHI
i 6iyHMMH CcTOpPOHAMM, SAKi HopiBHIOIOTH 1

(puc. 6.7).
Maemo: A C
1 1 D
SABC:EAB-BC-sinAABC=Esin2a- Puc. 6.7
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6. MopMyn ANA 3HAXOAXKEHHS NNOW| TPUKYTHMKa

Takoxx MOKHA 3anucaTH:

1 ;
8o :EBD-AC:BD-AD:cosa-sma.
o . < ;
Toni Esm 200 =cos o sino, TodTO sin 2 = 2 sin o cos d.

IMpuxnanx 1. CropoHn TPUKYTHUKA ANopiBHIOOTE 17 cm, 65 cm
i 80 cm. 3HaMAiTE HAWMEHIY BHCOTY TPHUKYTHHKA, pamiycu HoOro
BIIMCAHOI'O i OITMCAHOTO KiJ.

Pose'azannsa. Hexaita =17 cm, b = 65 cm, ¢ = 80 cm.

. 17+65+80 i
IliBmepuMeTp TPUKYTHHKA p= — =81 (cm), iforo nnora

S=\p(p-a)(p-b)(p—c)=81(81-17)(81-65)(81-80) =

=,/81:64-16 =9-8-4 =288 (cm?).

HaiiMeHIII010 BUCOTOK TPHKYTHHKA € BUcOTa A, ITpOBefieHa 0 Oro
HaibinpIIol cTopoHU C.

1 25 2-288
Ockinexku S=-=ch, o h=—= =7,2 (cm).
2 c 80
. S 288 32
Pangiyc BomcaHoro Kojga r=—=——=— (cM).
p 81 9
. abe 17-65-80 17-65-5 5525
Papiyc onucanoro konma R=——= = = (cm).
48 4288 4-18 72
32 5525

Bidnogidv: 7,2 cm, — cM, —72— cM

NDpurman 2. 3 Touku M, A
AKa Hanemxurts Kyty AOB, ony-

M,
eHo HnepHneHAUKynapu MM
i MM, sa cropouu OA i OB
BignosigHo (puc. 6.8). Hoeenirs, M
1 2 .

o Sy s, < —2-OMA -sin £ AOB. ®

Posze'azanHa OueBHUOHO,
mo trouxku O, M,, M, M, nexarb QO M2 B
Ha OJHOMY KoJii 3 giamerpom OM. Puc. 6.8

Tonmi M M, = OM -sin £ AOB.
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-

1 . y .
Maemo: S,y aru, =% OM - M M,sin@, ne @ — KyT Mix miarosa-

JISIMHA YOTHPUKYTHHKA OM MM ,.
Ockineku 0 < sing < 1, TO

1
Soran, S EOM M, M, = %OiM2 -sin £ AOB.

IIpuxnxan 3. Ha croponi AC rpuxyrauka ABC 1103HAUYEHO AOBLIb-
Hy Touky M, Bigminny Bijg BepmuuH A i C. ¥V KOXKHHHI 3 TPDUKYTHHKIB
ABM i MBC Buucaso koo (puc. 6.9). Hoseaite, 10 cyma pajaiycis

B OUX Kin Oineloa 3a pajgiyce KoJia, BIIH-
caHoro B TPUKyTHUK ABC.

Posze’azanmna. Ilosgauumo S,
S, 82 — nuouti, p, p,» p, — miBnEpH-
MeTpH, r, I, I', — pajiycH BOHCAHHX
Al C Kin TpukyTHUukKis ABC, ABM, MBC
M Bigmosiauo. Maemo: S = S, + S,
Puc. 6.9 rP = 1P, + 1Py
Jlerko orpumaTtH (3podiTh e camo-
cTifino), mo p, < pip, <p. Tomirp =rp, + rp, <rp+ rp. 3siacu
r<r + ry.

BrNMPABU

6.1." Ilroma rpukyrauka MKN gopiBrioe 75 cm?. 3HalaiTe cTo-
pouy MK, axmo KN = 15 cm, £ K = 30°.

6.2." 3maiiniTe KyT MiX JaHUMM CTODOHAMH TPHUKYTHHKA ABC,
AKIIO:

1) AB =12 cm, BC = 10 cm, niomja TPUKYTHHKA HOPiBHIOE
3043 cm?;

2) AB = 14 cm, AC = 8 cM, myioiga TPUKYTHHKA [JOPiBHIOE
56 cm?.

6.3." ILnoma tpuxkyrauka ABC gopisuioe 18 cm?, AC = 8 cm,
BC = 9 cm. Buatigite kyTt C.

6.4." BHalgiTe niomy piBHOGEAPEHOrO TPUKYTHUKA 3 0iuHOIO CTO-
posoio 16 cMm i kyrom 15° npu ocHoBi.

6.5." BuaimiTs OlYHY CTOPOHY piBHOGEAPEHOTO TPMKYTHHUKA, TIJI0IIa
AKoro nopisHIoe 36 cm?, a KyT npu BeprmuHi — 30°.
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6. DopMynn ANs 3HAXOAXKEHHS MNOLL TPUKYTHUKA

6.6." 3uaitgiTe HalMeHIIy BHCOTY TPUKYTHUKa 31 cTOpoHaMu
13 cm, 20 cm i 21 cm.

6.7." BHaiigiTe HabGiNBIIY BHCOTY TPUKYTHMKA 31 cTOpoHaMu
11 cm, 25 cm i 30 cm.

6.8." BHaiigiTh pafiycu BIMCAHOIO Ta OMMCAHOTO KiJl TPUKYTHHKA
31 CTOPOHaMH:

1)5cm, 5em i 6 cm; 2) 25 eMm, 29 cm i 36 cmM.

6.9. 3HaiigiTe pamiycu BIIMCAHOTO TA OINHCAHOIO KiJl TPUKYTHHKA
3i croponamu 6 cm, 25 cm 1 29 cm.

o 2 1
O=w 6.10." HosexiTs, mio S%Eab, ge S — mionia TPUKYTHUKA,

aib — moBKUHHU HOTO CYCigHIX CTOpiH.

6.11." Un MosKe mIOIa TPUKYTHHKA 3i cropoHamu 4 cm i 6 cm
mopisaoBaTH: 1) 6 cm?; 2) 14 cm?; 3) 12 cm??

6.12.7 JIpi cycigui croponu mapasienorpama BiATOBiZHO HOPiB-
HIOIOTh JABOM CYCiIHIM CTOpDOHaM NPAMOKYTHUKa. YoMy HOpiBHIOE
rocTpuil KyT IapaJjejgorpamMa, AKIo Horo mjoma BABiIYiI MeHIIa Bif
IJI0Ll IPAMOKYTHHKA?

6.13." 3HaitxiTe BigHOMIEHHA IIIOL] S, 1.5, TPUKYTHHUKIB, 300pake-
HuX Ha pucyHky 6.10 (goexxuHM BiApiskiB naHO B caHTHMeTpAaX).

a)
Puc. 6.10

6.14." 3HaitaiTe MJIOMY TPUKYTHUKA, CTOPOHA SKOro JOpPiBHIOE @,
a mpuJaerai 1o Hei KyTu gopiBHIOOTE i ¥.

6.15." V rpuryraury ABC Bimomo, mo AC = b, L A= a, £ B = .
3HaWAITh IOy TPUKYTHHKA.

6.16." YV rpuxyrauxy ABC xyT A nopisHioe ¢, a Bucotu BD i CE
JOPiBHIOIOTE BifAnoBigHo i, i h,. 3Haiiairs nuomy TpukyTHuxka ABC.

8.17. Biapisokxk BM — sBucora TpukytHuxka ABC, BM = h,
4 A=, £ ABC = B. 3uaugite nuony rpukyrauxka ABC.

6.18." ¥V TpuryTHHK 3i croponamu 17 cm, 25 cm i 28 cm BroucaHo
KO0JIO, I[EHTP SKOT0 CIIOJIVYEHO 3 BePUIMHAMM TPHUKYTHUKA. SHAUJITE
JIONII TPUKYTHUKIB, AKi IPH LIBOMY YTBODHUJIHCH.

6.19." Bigpizox AD — 6icexTpuca TpukyTtHuka ABC, AB = 6 cm,
AC = 8 c¢m, £ BAC = 120°. 3muaiigits 6icexktpucy AD.

51



53-_1\“'*\

§ 2. PO3B’A3yBaHHA TPUKYTHUKIB

6.20." 3uaiiaiTe nuomy Tpanenii, ocHOBU Ak0i fopiBHIOIOTE 10 cM
i 50 cm, a 6iuni croporn — 13 cm i 37 cm.

6.21." OcunoBu Tpanenii AOpiBHIOIOTE 4 ¢M i 5 eMm, a mgiaroHami —
7 cm 1 8 em. 3uaiaiTe oy Tpaneii.

6.22." Croponn TpUKyYTHUKA AopisHioOTE 39 cMm, 41 cm i 50 cm.
BualaiTe paziyc Kosa, UeHTP SAKOrO HaleXUTh Binbiiiit cTopoHi
TPHUKYTHHKA 1 AKe MOTHKAETLCA M0 ABOX iHINMX CTOPiH.

6.23." oBeniTs, 1mo 3, +i +i: 1, ne h, h
hy hy hy F

KYTHHKA, I' — pajiyc BIIHCAHOTO KOJAa.

6.24." BepmiuHM TPUKYTHUKA CHOJYUYEHO 3 LEHTPOM BIIMCAHOI'O
B HbOTO Koja. lIpoeneni Bijpisku po3GUBAIOTH JAHAN TPUKYTHUK
HAa TPUKYTHUKH, IOl AKMX mopiBHoomOTH 26 cm?, 28 cm? i 30 cm?.
3HaUAITE CTOPOHU MAHOI0 TPUKYTHUKA.

6.25." Megmianu AA, i BB, tpukyTauka ABC mepeTHHaIOThLCHA
B rouni M. 3uaiigite muomy rpukyrauka ABC, akmo AA = 9 cMm,
BB, = 12 cm, £ AMB = 150°.

6.26." Paziyc BmucaHoro Koja TPUKYTHUKA NopiBHIOE 4 cM. Touka
JOTUKY NINHTHL OZHY i3 CTOPIH TPHKYTHHKA HA BiAPISKH 3aBIOBMKKH
6 cm i 8 cm. BHakgiTe ARl iHIII CTOPOHU TPUKYTHHKA.

6.27." loBeaiTh, IO TJIOLLY S TPUKYTHHKA MOXHA OOYHMCIHTH 3a
dhopmynow’

ih, — BHCOTH TPH-

2 a3

S=jrr,nr,.
6.28." oBemiThb, 110 MJIOILY S TPHKYTHHKA MOYKHA ODUMCIUTH 34
dhopmyiow
1

1 1 1 1 1 1 1 1 1 1 1 1
= + = —F R =t T i
hﬂ hh kc hr: h’b hc‘ h’ﬂ hc' h’b hh l}‘“r: h’a

6.29." IloseniTs, mo nmaomy S TPUKYTHUKA MOXKHA ODYMCIAMTH 34
Rh hyh,
- 2 .

6.30. Hosexits, uio konu mioma rpukyrauka ABC jpopisHioe rr,
To £ C = 90°.

6.31." Yorupukyrauxk ABCD Buucano B Kouo pazniyca R. Ky mix
ioro agiaroHaasamu JgopiBHIOE . JloBeaiTs, 110 naoiny S YJOTHPHKYT-
HUKa MoXcHa obumciauru 3a hopmyiow S = 2R? sin A sin B sin .

¢dopmynoio S=

'V sapnauax 6.27-6.32, 6.36-6.39 BUKOPHCTOBVIOTLCH MMO3HAYEHHA, HaBeJeHi Ha
thopaaui.
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6. DopmMynu ANA 3HAXOLXEHHSA NNOLLI TPUKYTHMKA

O—w 6.32.” JloBenirs, 1110 AOoBXUHY b6iceKkTpucH TpuKyTHHEAa ABC

2bc cos
MOKHa obuucauTH 3a hopmynow [, = =
+cC
6.33.7 ¥V TpuryrHuky ABC nposegeHo Oicexktpucy AD. Bigomo,
1
10 Lﬁ‘ L= ——. 3uaigits Kyt BAC.
AC AB AD

6.34.” ¥V tpurytHury ABC Bimomo, mo £ ABC = 60°, AB + BC =

2
= 3 cm. Bigpizoxk BD — OicexTpuca TPUMKYTHHEKA, BD:EAC.

SHAHIITL CTOPOHH TPUKYTHHKA.

6.35.” 3uaiiaiTe IOy TPUKYTHHUKA, AKULO BigoMo, 110 ABi itoro
CTOPOHH AOPiBHIOIOTHL 35 ¢m i 14 cMm, a BicekTpHca TPUKYTHHKA, AKA
BUXOAMWTh 3 IX CIiNbHOI BepIIHHH, AopiBHIOE 12 cM.

2 2
. ; s a”+b
6.36." Iusa rpurkyraura ABC noBexniTs HepiBHicTL S < R
2 2
o : o a” +ab+b
6.37. ILnsa rpuxkyrHuka ABC moBemiTs HepiBHiCTB: 1) S < ——6-——-——-;

2'-~ab1—b2

2) Sga

6.38." IlosemiTh, M0 1A NPAMOKYTHOTO TPHKYTHHKA BUKOHYETLCA

HepiBHicTs R+1r = V28, e Rir — pagiycw onucaHoro i BOUCAHOTO
KiJg BiATOBITHO.

6.39.” [lus tpukyrHuka ABC nosenith HepiBHicTs k, + b, + h_ = 9r.

6.40.” ¥V rpuxytauk ABC BrimcaHo KoJso paaiyca r. Uepes nentp
BOTO KOJIA HPOBEAeHO IIPAMY, AKa IepeTHHae cTopoHu AB i BC

y Toukax M i N signmosigno. losenirs, mo S, . = 2r%

6.41.” ¥V rtpukyruuxky ABC mposemeHo mengiany BM. Yu moxe
pajiyc kojsa, BOucaHoro B TpukyTHuk BCM, 6yrtu BOBiYi MeHIIUM
BiJ papiyca KoJa, BIIMCAHOI'O B TPUKYTHUK ABC?

6.42." J[oBKMHM CTOPIiH TPUKYTHHUKA He IepeBHIIYIOTHL 1. JloBe-
; 5 3
OiTh, 110 Oro IIJIOLIa He IIepeBHINYE a2

6.43." ¥V TpUMKYTHHKY [03Ha4YeHO ABI Tourku. Bijcrani six oguiel
3 HUX J0 CTOPiH TPUKYVTHUKA JopiBHiOOTHL 1 cM, 3 ecm i 15 emMm, a Big
apyroi — 4 cM, 3 emi 11 eM (CTOPOHH PO3TIALAIOTLECH B TOMY CAMOMY
nopAary). 3HAHAITHL pajiyc KoJa, BIMCAHOIO B JaHUH TPHKYTHHK.
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6.44." V yorupukyrauky ABCD Binomo, mo AB = a, BC = b,
b+d
CD = ¢, DA = d. HosexniTsk, mo Sé%l, ne S — muroma

YOTHPHUKYTHHKA.

6.45." IlepuMeTp YOTUPHUKYTHUKA AopiBHIOE 4. [loBeniTs, 1110 HOTO
IJI0oIIa He mepeBumye 1.

6.46." (popmyna Kapuo.) Touka O — IeHTP OIKUCAHOIO KOJIA
rocTpokyTHoro TpukytHuxa ABC. Touku M, M,, M, — cepenu-
HHu cTopiH BC, AC i AB signosiguno. IoseniTs, IJo OM, + OM, +
+OM,=R+r, ne Rir — paaiycu BigmoBifHO onmucasoro i Buuca-
HOro Kin tpukyrauka ABC.

6.47." HopaTHi yucnaa x, Yy, Z 3aJOBOJILHAIOTE CHCTEMY

2
x%+ xy + % =25,

2
—+2° =186,

22 +zx+x?=9.

3raifiTe 3HaUeHHA BUpa3y xy + 2yz + 3xz.
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NPABU/bHI 3” /_
MHOTOKYTHUKM :
B

7. MpaBuNbHi MHOTOKYTHMKM Ta X BNacTUBOCTI

O3raueHHd MHOTOKYTHHK HA3HBAKTh NpanuibH UM, AKII0
y HBOTO BCi CTOPOHM PpiBHI i BCi KyTH piBHI.

3 JeAKUMU NMPABUIBHUMH MHOIO-
KYTHHKaMM BH B)Ke 3HaWoMi: piBHO-
CTOPOHHI! TPUKYTHHK — Ile Opa-
BMJIBHUM TPUKYTHHUK, KBajgpaT — lie
NpaBHUJBHUHN YOTUPHUKYTHHK. Ha

pHucyHKY 7.1 306pa’keHOo NMpaBHJIbHI i, 7.1
N’ATHKYTHUK 1 BOCBMHUKYTHHK.

OszpafioMEMOCH 3 AeAKHMU BJACTHBOCTAMH, L0 IPUTAMaHHI BCIM
NPABUJALHHUM N-KYTHHKaM.

Teopema 7.1. IIpasunvnuil MHOZOKYMHUK € ONYKAUM MHOZO-
KYMHUKOM.

HHosedenna. JocTaTHBO TOKA3aTH, 110 B OyAb-AKOMY MHOTOKYT-
HHUKY € Xoua 6 OJlMH KyT, MEHIIHH Bix 180°. Toxni 3 ToroO, IO B IIpa-
BUJBHOMY 7N-KYTHHKY BCl KyTH piBHI, BUIIIMBAaTHMe, IO BCli BOHH
menmi Big 180°, To6TO MHOTOKYTHHK Oyle ONyKJIHM.

PosrnaHeMo HOBiIbBHUH MHOTOKYTHUK 1 NpPAMY d, AKa He Mae
3 HUM CILIBHUX TOYOK (puc. 7.2). I8 KOHOI BepIIMHN MHOTOKYTHHKA
- b OIIYCTHMO MEePHeHAUKYIAP Ha IPpAMY d.

IlopiBHABIUM NOBXHMHU IIUX HepHeHu-
KyJdApiB, MH 3MOXKeM0 o0paTH BepIUHHY
MHOIOKYTHHKA, AKa HAaMeHIII BijiajieHa Bifg
npAMol a (AKINO TAKMX BEpPIIHH KiJbKa, TO
obGepemo Gyap-axy 3 Hux). Hexall 1110 BJjac-
THBicTE Mae BepmmHa A (puc. 7.2). Uepes
TOYKY A mpoBegeMo upamy b, napajiejbHY
npamiit a. Toal KyT A MHOIOKYTHHKA Jie-
Puc. 7.2 JKUTHL B ONHI¥M mienmomyuHi BigHOCHO HpAa-

moi b. Orixe, £ A < 180°. A

A9
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VY npaBHUABHOMY TPHMKYTHHKY € TO4YKAa, PiBHOBigmaneHa Bim yeix
ioro BepmuH i Bix ycix #oro cropid. Ile Touxka neperuny Gicexrpuc
NpaBUJbHOTO TPHKyTHHKA. Touui meperuny giaroHaJjei Kpajipara
Te MNPpHTAMAaHHA a”HaJoriu”Ha BiaacTHBicTh. Te, 1i0 B OyAb-AKOMY
NpaBHJILHOMY MHOIOKYTHHKY € TOYKa, PiBHOBigmaneHa Bij ycix #oro
BepLIMH i Bix yeix #toro cropin, miaTeBepiKye Taxka Teopema.

Teopema 7.2. Bydv-AKuil npasuibHUll MHOZOKYMHUK € 0OHO-
LACHO 6NUCAHUM I ONUCAHUM, RPULOMY YEeHMPU 1020 ONUCAHOZO
I enucanozo Kin 3bizaromuvea.

A, Hoeedennsa. Ha pucyury 7.3
300paKeHo MPaBUJIbHUN N-KYTHHK

AAA,.. A . Ilposegemo Gicekrpucu

A KyTiB A, i A,. Hexait O — Touka ix
nepetuny. 3’eqHaemo Touku O i A,.
Ockineku B TpukyTHukax OA A,

i OAA, xyru 2 i 3 piBui, a Takox
AA,=AA, i OA, — cnijpHa CTO-

a-1  pOHA, TO Ui TPUKYTHHMKHU pPiBHI 3a
IepuIol) O3HAKOI piBHOCTI TpH-

Vi kyrHukis. Kpim Toro, xytu 1 1 2
A, A, piBHI AK ITOTOBMHH PIBHUX KYTiB.
Puc. 7.3 3BigcH TPUKYTHHK A, — piBHO-

beapeHuit, oTyke, pisHOGexapeHuM
€ TpUKYTHUK OA A, . Tomy OA = OA, = OA,. /

3’eaHy04n Touky O 3 BepliMHaMu A‘w A, ..., A/, A, aHAJIOTIYHO
MOKHA nokasard, mo OA, =0A, = ...= OA  =0A.

TakuM HYUHOM, I8 MHOTOKYTHHKA AAALLA icHye TOuKa,
piBHOBimmaneHa Bij ycix #oro Bepmus. Ile Touka O — 1eHTD onmca-
HOT'O KOJIA. '

Ockinbpku piBHOOEAPEH]I TPHKYTHUKH OA A, OAA, OAA, ...,
OA, A, OA A pissi, To piBHi i ix BuCO-

TH, TpOBefeHi 3 Bepiuuuu O. 3Bigcu pobu- O

MO BHCHOBOK, 1110 Touka () pirHOBigmageHa
Bifg ycix cTopiH MHorokyTHmKa. OTixe,
Toyka 0 — LEeHTDP BIIMCAHOT'O KoJa.

Touky, AKa € MEeHTPOM OIHCAHOIO
1 BIIMCAHOTO KiJ NPaBUJILHOI'O MHOTOKYT-

HUKA, HA3UBAIOTH LEHTPOM NPABHJILHOTO —

MHOTOKYTHHKA. A A
Ha pucysky 7.4 3o06pakeHo gparmesT

NPaBUJIBHOI'O N-KYTHHKA 3 meHTpom O Puc. 7.4
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7. MNpaBuibHI MHOTOKYTHUKMK Ta iX BNACTUBOCTI

i cropoHoio AB, moBxuHY AKol nosHauumo a,. Kyt AOB HaszupaoTh
HEeHTPAJEHUM KYTOM IPABHUJIBHOIO MHOTOKYTHHKA. 3pPO3yMiJjo, M0

Z AOB= 280 ;

n
Y piBHOBenpeHOMY TPUKYTHUKY AOB nposegemo Bucotry OM. Toxai
2 AOM = 2 Bom = 2%, AMzMBzE;—. 3 A OMB
n

MB a MB a

OB=—1a0° = 180° P OM="150: = 180°
b —  2tg
I I n n

2sin—— tg
Bigpisku OB 1 OM — pagiycu BiAIOBIAHO OIMCAHOTO i BHUCAHOTO
KiJI npaBUABHOTO n-KyTHHKAa. SIkimo iX goBxxuHM nosHauutu R ir1,
BiANOBiiHO, TO OTPMMAaHI pe3yJabTAaTH MOYKHA 3alHCcCATH y BUTIAAL

dhopmy.:

sin

a
Rn o) n —
2 sin 807
n
a!l
= T 80°
2tg
I8

IligcraBuBumin y ui dopmysu 3amictes n yucaa 3, 4, 6, orpumaemo
dopmyau IJisAg 3HaAXOUKeHHA pallyciB OIIMCAHOTrO 1 BIHMCAHOIO Kij
[JIsi IPAaBHJIBHUX TPHKYTHHUKA, YOTUPHMKYTHMKA 1 HIeCTUKYTHHKA 31
CTOPOHOIO a:

KinekicTs cTOpPiH
IIPABHUJILHOIO N-KYTHHKA

n=3 n=4 n==6

G

Paniyc onucanoro xoJa R, 2 R, 5 R, =a
: ﬂ\/g - a a\fg
Paziyc BnmcaHoOro Kosaa ry= g = F 5= 5

3 OoTpEMAHUX Pe3yJbTATIB BUILJIHBAE, 1[0 CTOPOHA IPABUJIBHOIO
IMIECTUKVTHHUKA JOPIBHIOE pajiycy HOro onucaHoro Koja. 3BiJicH oTpu-
MYEMO IPOCTHH AJITOPUTM MOOYIOBU MPABUIBHOTO IIECTUKYTHUKA:
Big moBinbHOI Touku M Kosa DOTPiIOHO MOCJiJOBHO BigkJganaTu Xop-
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a4, AK1 JOPiBHIOIOTE paniycy (puc. 7.5). TAaKMM YMHOM OTPHMYEMO
BEPUIUHU IIPABUJILHOTO IIECTHKYTHHKA.

Crosy4HBIIHN Yepe3 OXHY BEPIUMHH IIPABHILHOIO IECTUKYTHHKA,
OTPHMA€EMO IIPABHJILHHN TPUKYTHHK (puc. 7.6).

Jna nobyzoBH NPaBHUILHOTO YOTHPHMKYTHHKA NOCTATHLO B KOJi
IPOBECTH OBa HNepHeHIUKYIAPHI giamerpu AC i BD (puc. 7.7). Toni
YOTHPUKYTHUK ABCD — KBajpaT (ZOBEIiTh Ile caMOCTiiiHO).

Puc. 7.5 Puc. 7.6 Pue. 7.7

Axmro Bxe moOyZOBAHO IPABUJIBHHUI N-KYTHHK, TO JErko nobymny-
BATH IPaBUIBHUH 2n-KyTHHK. IJIs bOro noTpibHo sHAKTH cepeanHu
BCIX CTOpPiH nN-KyTHHKAa i IPOBECTH PaAiyCH ONMCAHOI'0 KOJa depes
orpumMani Touku. Toxi KiHUi pazgiyciB i BepIUHHH JAHOro N-KyTHHKA
6yayTh BEPIIMHAMH TIPAaBUJILHOTO 2n-Kyruuka. Ha pucynrax 7.81 7.9
oKasaHo NobymnoBY IPaBHJIBHHX 8-KyTHHKAa i 12-KyTHHKA.

—_—

Puc. 7.8 ' Puc. 7.9

YaaraJi, AKIIO BU BMieTe GyAyBaTH NPABHIBHUE M-KYTHUK, TO
3MoeTe nobyayBaTH OyAb-AKUI NpaBUABHUEA m - 2"-KyTHUK (n —
HaTypajlbHe).

Sazaua nobymoBH NpaBUIBHUX MHOIOKYTHUKIB 3a [IOIOMOIOIO
NUPKYJAA 1 JiHIMKK BHBYAanacs Ife JABHbOTDELbKHUMM IeoOMeTpPaMu.
3oxpeMa, KpiM 3asHayeHHX BHILE MHOIOKYTHHKIB BOHHM BMinu Oy-
AYBATH NPaBHUIBHEL 5-KYyTHUK 1 15-KYTHHK, 10 € JOCHUTH HEIPOCTOIO
CIIPaBOIO.
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7. MNpagunbHI MHOMOKYTHWKW Ta 1X BNacTMBOCTI

CrapomaBHi BUeHi, sKi BMiau OyayBaTH Oyab-AKHUH 13 IPaBUJIBHUX
n-KyTHUKIS, ge n = 3, 4, 5, 6, 8, 10, vamaranucs po3B’sizaTH IO 3a-
pauy i nna n = 7, 9. Im ne me Boanmocsa. Ysarani, 6inblne ABOX THCAY
POKiB HixTO He Mir BupimuTu 1w npobiremy. Jlume B 1796 p. Benu-
kuit Himenbxnii marematTuxk Kapa Ppigpix 'aycc smir mosectH, mio
32 JOMIOMOTOI IMUPKYJIA 1 JiHIMKHK moOyAyBaTH NPABHJIBHI 7-KYTHHK
i 9-gyrHuUK Hemoxkaupo. ¥ 1801 p. I'aycc mokazaB, 110 IIMPKYJeM
i JiHIAKOIO MOXKHA MOOYAYBATH NPABUJIBHUM N-KYTHUK TOAL 1 TIIBKH

Toui, konmu n=2% neke N, k>1,abon=2%pp,-...-p, ne k —
Iijse HeBiJl’€MHE YMCJIO, P, P, ..., P, — PI3HI OpPOCTi Ymcaa BUAY
2%" +1, me m — uiJie HeBig €eMHe YHCJIO, AKI HA3UMBAIOTH IIPOCTHUMMU

upcjaamu @epmal. 3apas BigomMo Jiuiue 11°sATh IpocTUX yucesn Mepma:
3, 5, 17, 257, 65537.

layccy Bpasiocs nmodyaysatu npaBuiabHui 17-kyTHHK. Bin HagaBas
IBOMY BiJKPHUTTIO HACTIIBEKY BEJIMKOI0 3HAYEHHHA, 1110 3al0BiB 306pa-
3UTH NpaBuJIbHUN 17-KYTHUK HAa cBoeMy Hanrpobry. Ha morunbHii
nauti 'aycea 1boro pucyHkKa HeMae, IpoTe caM ITaM ATHHK CTOITH Ha
CIMHAOANATHKYTHOMY MOCTAMEHTI.

Kapn ®pigpix I'ayce
(1777-1855)

Beaukuii HiMenbKHil MaTeMaTHUK

IIpuraanxg 1. Yu icHye nNpaBUJBHHMNA MHOIOKYTHHK, KYyT HKOI'Q
gopiBHoe: 1) 177°% 2) 155°? ¥V pasi mosuTHBHOI BigmoBimi BKaKiTh
BHJI MHOIOKYTHHKA.

Pozsg'asaHHaia

1) Hexaii n — KiJIBKiCcTh CTOPiH HIYKAHOTO NPaBHJIBHOIO MHOTO-
KyTHUKA. 3 ogHOro foky, cyma Woro kyris gopisuioe 180° (n — 2).
3 ixmroro 60Ky, g cyMma gopisHioe 177°n. OTxe,

180° (n — 2) = 177°n; 180°n — 360° = 177°n; n = 120.

Bidnosgidv: icHye, Lle — CTOLBAALATHKYTHHK.

‘IMMep epma (1601-1665) — (rpaHuy3sKuil MATEMATHK, OAWH 3 (DYHIATOPIB
Teopil yuces.



._)J §3 MpasunbHI MHOTOKYTHUKM
2) Maemo: 180° (n — 2) = 155°n; 25 n= 360 14 4 1110 He-
MOIKJIUBO, OCKIILKHA 12 Mae 6yTH HATYPAJIBHHM YHCIOM.
Bidnogids: He icHye.
Ipuxananx 2. ¥ KOJIO BIIMCAHO HPABUJIBHHUMN TPUKYTHUK 31 CTOpPO-
HOIO 18 cM. 3HAHAITL CTOPOHY NPABUJILHOTO HIECTUKYTHHKA, OMNHCA-
HOI'0 HaBKOJIO IILOTO KoJa.
Posg’'szanmna. Pagiye Koma, ONMCAHOIO HABKOJO OPABHUIIb-
HOT'O TPUKYTHHKA, OOYHCIIOETHCA 3a (POpMY-

av/3

now R, :T’ Je a — CTOPOHA TPHKYTHHKA

18\/_

(puc. 7.10). Omxe, R, = =63 (cm).

3a yMOBOIO pajiyc KoJia, BOMCAHOTO B IIpa-
Puc. 7.10 BUJILHUN IIEeCTUKYTHUK, AOPiIBHIOE pamgiycy
KOJa, OIIMCAHOTO HABKOJIO MPABUJILHOI'O TPHUKYT-

. bv3
Huka, Tobro r; = R, =63 cm. Ockigbku Ty =-2—\/_, ne b — cropoHa

2, 2- 6\/_

IPABHJIBHOTO IIECTHKYTHUKA, TO b=—= =12 (cm).
NN

Bidnosidv: 12 cwm.
Mpuraanx 3. [MobSyayitTe NpaBUILHUHA I’ ATUKYTHUK.
Poze’'nsannsa PosrnaHeMO TpPaBHJIL- B

HUHA I'ATHKYTHUK ABCDE, cropoHa AKOro

gopiBHioe a. Hexa#i miaromani BE i AC mepe- & C

THHaWOTbeAa B Touni M (pumc. 7.11). Jlerxo M
nokasaru, mo AC | ED i BE || CD. Orxe, yo-
TUPUKYTHUK EMCD — napanesorpam. 3Bigcu

MC = ED = a. E D
A AMB © A ABC 3a mepmioio 03HaKOIO ITOJi- Puc. 7.11
OHOCTI TPUKYTHUKIB (HOBEZITE 1€ CAMOCTINHO).
AB AM a AC-a

3eigen —=——. Ane AM = AC — a. Maemo: — = . 3Bigcu
AC AB

AC a
AC? - 0+ AC — a? = 0; Ac=2LB+1)
2

Ilobymoey Bigpiska 3aBHOBIKKH axfg npy 3ajaHoOMYy BiIpisky a
IIOKA3aHO HAa PHCVHRKY 7.12.
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7. NpaBrnbHi MHOFOKYTHWKK Ta X BNACTUBOCTI

Temnep Jerko nodyayBaTu Bigpizok

y a5

AC = +—. 2 -
2 2 o
OTikxe, MM MOXKeMO MOOYIYBAaTH 3a TpbOMa 2a
cropoHaMu TPpuKyTHuUK ABC, y SKOMY CTO- Puc. 7.12
poEu AB i AC — ue cTOPOHHM NPaABUIBHOTO

II’ATUKYTHHUKAE, Biapisok AC — #oro giaroHaab. 3aBepHIiTe nobyioBy
NPaBHJILHOrO II'ATHKYTHHKA CaMOCTiHHO.

Mpuknan 4. Yu icuye onyKIUHE CEMHKYTHHK, Y AKOMY OyIb-AKa
eTOpOHA NMepneHAuKyAApHAa 10 AKoI-uebyanL miaronasmi?

Pose’'asanna. ¥ OPABUILHOMY
BOCBMUKYTHHKY OJAA OYIb-AKOl CTOPOHH
3HAWZeThCA MEepPHEeHAMKYIADHA A0 Hel
nmiaronans. JosemiTe e camMocTiiiHO.

Ilposenemo miaroHanb A‘A:1 OPABHIbL-
HOTO BOCBMHUKYTHHMKa A A AAAAAA
(puc. 7.13). O4yeBHAHO, IO CEMHKYT-
HUK A A AAAA A, Mae nOTPiOHY
BJIACTHBICTD.

BNPABI EEEmRETn

7.1.° CkinbKM CTOpiH Mae NpaBHALHMI MHOTOKYTHHUK, KYT AKOrO
nmopisuOE: 1) 160°%; 2) 171°?

7.2." CKiNbKM CTOPiH Mae NMPaBUILHUI MHOTOKYTHHK, KYT SKOIO
popieuioe: 1) 108°%; 2) 175°?

7.38." Yu icHye NpaBMJIBHUN MHOIOKYTHUK, KYT HKOI'O JOPiBHIOE:
1) 140°; 2) 130°?

7.4." CkifBbKH cTOpPiH Mae NpaBHUIBHME MHOTOKYTHHK, AKIIO KYT,

. . 1
CYMIMKHMH 3 KYTOM MHOTOKYTHHMKA, CTAHOBUTL 5 KyTa MHOIOKYT-

HuKa?

7.5. BusHauTe KIJBKIiCcTL CTOPIH IIPABHJIBLHOIO MHOTOKYTHHKA,
ARIO Fforo KyT Ha 168° finpiuuil 3a cyMmikHuil 3 HUM KyT.

7.6." Hexaii a, — CTOpOHAa NPaBUJBHOTO TPUKYTHHKa, R 1 r —
BiiITOBIiZHO pamiycH OMHCAHOTO 1 BOMCAHOTO HOTO Kijg., 3amoBHITH
Tabaumno (po3aMipd JaHO B CAHTHMMeETPAaX):
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§ 3. MNpaBuNbHI MHOTOKYTHIKK

a. R r
63

4.3

2

(7. Hexai a, — cropoHa KBajpara, R i r — sianosinxo paaiycu
OIIMCAHOrO i BIIMCaHOIo ¥oro Kij. 3anoBHiTs Tabiunio (po3Mipu JaHo
B CAHTHMeTpax):

a R r

J2

7.8." Pajiyc xona jopieioe 12 cM. 3HaHAITE CTOPOHY BIIMCAHOTO
B Ile KOJIO IPABUJABHOTO: 1) HIECTHKYTHHUKA; 2) ABAHAAIATAKYTHHUKA.

7.9. Papgiyc KoJia JOPiBHIOE 83 cm. 3HalgiTE CTOPOHY OIMCAHOI'O
HaBKOJIO IIbOTO KOJI& IIPaBUJIBHOIO MIECTHKYTHHKA.

7.10." CropoHa NpaBUILHOTO MHOTOKYTHHMKA IOPIBHIOE @, pamiyc
OIIHMCAHOI0 KoJia AOopPiBHIOE K. 3HAHAITL pamiyc BOHCAHOIO KOJIA.

7.11."7 Pajiycu BIMCAaHOro i OMHCAHOTO Kin NIPaBUJILHOI'O MHOTO-
KYTHHKAa JOPiBHIOIOTH BixmomigHo r i R. 3uaigite CTOPOHY MHOIO-
KYTHUKA.

7.12. CropoHa NpaBMJILHOTO MHOTOKYTHHKA AOPIBHIOE @, Pagiyc
BIMCAHOTO KoJla JOPiBHIOE r. 3HAWAITEL pajiyc ONHCAHOTO KOJia.

7.13." HaBKOJIO KOJIa OMMCAHO TPABUIILHUI ITECTHKYTHUK 31 CTODO-

How 4+/3 cwm. Buaiixits CTOPOHY KBajpaTa, BIIMCAHOrO B 1ie KO0JIO.

7.14. V K0JIO BIMCAHO KBaJPAT 3i CTOPOHOIO 6\/5 cM. 3HAUAITE
CTOPOHY HNPaBUJBHOTO TPHKYTHHKA, OIIMCAHOIO HABKOJIO ILOO KOJA.

7.15." CKiIbKY cTOpPiH Mae npaBUABHUII MHOTOKYTHUK, KYT SKOTO
Ha 36° Ginbmuit 3a Oro IeHTPaIbHUH KyT?

7.16. Kyt mimk pamiycaMu BIIHCAHOTO KOJA IIPABHIBHOIO MHOI'O-
KYTHHKA, NPOBEJEeHUMH B TOUKHW JOTUKY ILOTO KOJa A0 cycimHix
CTODiH MHOTOKYTHHUKa, gopisHioe 20°. BHaiizites kinekicts cropim
MHOTOKYTHHKA.
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7. NpaBubHI MHOTOKYTHMKK Ta 1X BNACTMBOCTI

7.17.° HoBexiTh, 110 BCi AiaroHasi NpaBHABHOIO I’ ATHKYTHHKA
piBHI.

7.18." IloBexiTh, 110 KOXKHA AiaroHaJb IPaBUILHOIO II' ATHKYTHUKA
napaJieibHa oaHi# 3 #oro cTopiH.

7.19. ¥ K00 BIMCAHO i HABKOJO HHOI'O OIMHUCAHO NMPABHJILHI HI1ec-
THUKYTHUKHW., S3HAHIITE BiIHOLIEHHA CTOPIH IIUX HMIECTHKYTHHKIB.

7.20." IloBeniTh, IO CTOPOHA NPABHJIBLHOIO BOCBMHKYTHHKA MA0-

piBHIOE _R\!2—a/§, Je R — pagiyc onHCaHOrO KoJa.
7.21. Josenirsh, 1[0 CTOPOHA MPABUJILHOIO ABAHAAUATHKYTHHKA

nopisuioe Rvy2-+3, me R — paziyc onmcaHoOro xoJa.

7.22.° 3HaiigiTh NJIOINY IPAaBUJIBHOIO BOCBMHKYTHUKA, SKILO pa-
Jiyc OMHCAaHOTO HABKOJIO HBOI'O KOJIa JopiBHIOE R.

7.23." BuaiigiTe AiaroHai Ta IJIOLLY IPABHUJIBHOIO IECTHKYTHHUKA,
CTOpPOHA AKOT0 JOPiBHIOE A.

7.24." Kyru kBagpaTa 3i cropoHolo 6 cM 3pisajgu Tak, L0 OTPH-
MaJIi MMPABHWJIBHHII BOCBMHUKYTHHUK. 3HAMJIITH CTOPOHY YTBOPEHOIO
BOCBMHKYTHUKA.

7.25." KyTH npaBMJIbLHOIO TPUKYTHHUKA 31 cTOpoHOIO 24 cM 3piszanu
TaK, 0 OTPHMMAJIM [PABUJBHHUN HIECTHKYTHUK. SHAUIITH CTOPOHY
YTBOPEHOI'0 LIECTUKYTHHKA.

7.26." 3HaliAiTh giaroHaJi NIpaBMJIBHOIO BOCBMUKYTHHMKA, CTOPOHA
SIKOr0 JOPiBHIOE Q.

7.27." V npaBUJIbHOMY JBAaHAAUATHKYTHUKY, NOBXKWHA CTOPOHU
AKOro JOPiBHIOE @, NOCJIJOBHO CIIOJYYHUJIN CePeJUHHU IIeCTH CTOPiH,
Y35ATUX Yyepesd OJHY. S3HAUAITH CTOPOHY IIPABMJIBHOI'O HIECTHUKYTHHKA,
AKWUHA YTBOPUBCSH MPH I[BOMY.

7.28." YV npaBMIBHOMY BOCBMUKYTHUKY, JOBKHHA CTOPOHU AKOI'O
JAOPiBHIOE @, MHOCJiZOBHO CIOJIYYMJHM CepejUHH YOTHPHOX CTOPIiH,
V3ATUX 4depe3 O4HY. 3HAWAITh CTOPOHY KBajpara, AKHH yTBODPHUBCH
IPH LIBOMY.

7.29." V koso pamiyca R BIMCAaHO NPAaBUJLHUHN N-KYTHUK i mpa-

2
a

BUJABHHUH 2n-KyTHHK. JloBeliTek, 1110 a‘zzn =2R*-2R.|R?* -~

7.30." Ha cTopoHax MpaBUJIBHOTO N-KYTHUKA M03a HUM TI06y10Ba-
HO KBaapaTtu. Bimomo, 1m0 2n-KyTHHUK, YTBOPEHWH BePIIHMHAMM IIHX
KBajapaTiB, BIAMIHHUMM BiJi BepIIWH n-KYTHHUKA, € MTpaBuabHUM. [Ipu
AKWUX 3HAYEHHAX 7 1€ MOMKJIUBO?

7.31." ITano npasunbHWit I’ aTuryTEuk ABCDE. TTozHaummu Tou-
Ky M Ttaky, mo TpuryTHHK DEM — npaBunabsHUi. 3HAWIITE KYT
AMC.
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7.32." Yei kyTu BIHCAHOTO NTECTUKYTHWEKA piBHi. Uu MoxHa cTBep-
JKYBATH, HI0 el IEeCTUKYTHUK € NMPABUJIbHUM?

7.33.7 V mpaBUJIbBHOMY MIECTHKYTHUKY obumcniTh: 1) KyT mixk
JlaroHanAMM, AKI BUXOAATH 3 OJHi€l BepIIHHN; 2) KYT MixX HalMeH-
OIVMU JiaTOHAMSMHY, 1110 MEePeTUHAKTHCH.

7.34." oBexiTk, 110 cyMa BigcTaHel Bij OYAb-AKO1 TOUKH, B3ATOL
BCEepPeAHH] IPaBUIBHOTO MHOTOKYTHHMKA, /I0 BCiX IPAMUX, AKI MicTaATh
10r0 CTOPOHH, € BeJIMUHUHOK CTAJIOH.

7.35." Iliaronani AC i BD npaBuibHOro m’ATHKyTHUKA ABCDE
neperuHawThesA B Touni M. Hosenits, mo AM? = AC- MC.

7.36." Namo mpaBunsHuit 30-kyTHUK A A,...A, 3 HeHTPOM
y rouni O. 3HalAITE KYT Mixk npamumu OA, iAA,

7.37." Yu icuye npaBUILHUAN N-KYTHHK, ¥ SIKOTO O4HA 3 AlaroHaei
OOPIBHIOE CYMi HOBXKHMH ABOX IHIIAX AiaroHamuei?

7.38." Jlano npaBUJIbHUN HECATUKYTHHUK AA,.. A, BoucaHui
B K0JIO pajiyca R. 3uaigits pisaumo A A, — A A,.

7.39." IosexniTh, 110 KOJM B N'ATHKYTHHUK, V¥ AKOr0 BCi CTOPOHU
PiBHi, MOKHAa BIHCATH KOJIO, TO BiH € IIPaBUJIbHUM.

7.40.” Nopenitk, 1110 KOMU B M’ ATUKYTHUAK, ¥ AKOro BCi KyTHU piBHi,
MOJKHA BIIMCATH KOJIO, TO BiH € NpPaBHUJIBLHMM.

7.41.” JloBeniTk, 1110 MJIOLIA NPABMJILHOIO BOCBMHUKYTHUKA JODPiB-
HIOE 10OyTKY Halibinbiuol i maiimenmol giaronaseii.

7.42" PopMy SAKHX DIBHMX NPABUJILHUX MHOIOKYTHHKIB MOYKYTb
MaTH IOLIeYKH INapKeTy, 1060 HUMH MOXKHa DYJI0 3aMOCTHTH Oifiory?

7.43." HakpecsieHO NPaABUJIBHUN IMECTUKYTHHUK, JOBXKUHA CTOPO-
HU Axoro popisHioe 1. Kopucrylouyncs TinsKu JMiHiliKOIO, nobyayiiTe
BiJIpi3OK 3aBIOBIKKH ﬁ

B 7.44." Ha woui 3 meHTpoMm y Touii O mo-
3HauyeHo Touku A i B Tak, mo OA 1 OB. Tou-
ka E — cepenuna Bifpiska OA. Ha npiamerpi
AD nosuaueHo Touky F rtak, mo EF = EB
(puc. 7.14). HosexniTs, 1o Biapisoxk BF moxxe
OyTH CTOPOHOIO NPaBHUJIBHOrO II'ATHKYTHWKA,
BIHCAHOI'O B JaHe KOJo'.

7.45." Yei KyTu BOUCAHOTO I ATHKYTHHKA
Puec. 7.14 piBHi. Yu MoxHA CTBEPAIKYBATH, L0 LeH

MHOI'OKYTHMK € IIPaBHJIBHUM?

! I1a 3amava mokasye, fK 3a JONOMOrOK LHPKYJA i niHilikn mobyayearu mpa-
BUJILHHH M ATHKYTHHEK. [0 nobynosy onucano B poboTi JaBHBOTPEILKOr0 BYEHOIO
ITronemena «AnnMarecrs».
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8. NosxuHa kona. MNMnouwa kpyra

7.46." KoxkHy TOUKY Koaa 3adapboBaHO B OJIMH 3 J[BOX KOJbOPiB:
yepBoHHI abo cuuiil. [loBeniTh, 10 B e KOJIO MOKHa BIIHUCATH
piBHOOEAPEHUH TPUKYTHHMK, YCl BEPIIMHH AKOTO OJIHOTO KOJLOPY.

7.47. YV npaBuabHOMY 15-KYTHUKY HOBIABHUM YUMHOM HO3HAYMIIHA
7 sepuiuH. [loBeaiTh, 1110 cepel IMO3HAYEHHUX TOYOK € TPH, AKI € Bep-
nruHaMHy piBHOOeADEHOr0 TPUKYTHHEKA.

7.48." ¥Yeci Kyt n’ATUKYTHHKA piBHi. IloBeaiTs, 1o cyma sigcra-
Hel Biff Oy/ib-AKOI TOYKHK II'ATMKYTHHKA 0 HOro CTOPIH € BeJUYUHOIO
CTAaJIoO.

8. [losxXuHa kona. Nnowa Kpyra

Ax Ha mpakTHUl BUMIPATH NOBKUHY JiHiI, 300parkeHOl Ha pu-
cyHKY 8.17

MosxkHa, HalIlpUKJIaJ, ITO3HAUYUTH KiNbKa TOYOK Ha JiHII, a noTim
IMOCJIiJOBHO CIOJYYHTH 1X BiApiskaMu Tak, K NOKA3aHO HA PUCYHKY
8.2. TToriMm BUMIpDATH HOBMHUHY yTBOpPeHOI mamanol. OrpuMaHa BeJin-
ypuHa HabIM>KeHO HOPiBHIOE AOBXMHHI JaHOl niHiI. 3po3yMmijo, L0
KOJIM 3MEHIIIYBATH JOBMKHWHM BCiX JIAHOK JiaMaHO] i 30inbirysaTy ix
KinmbKiecTh, TO pe3ynbTaT BUMIpIOBAHHA HOBKHUHH AaHOol JiHII cTae
TouHimum (puc. 8.3).

QW QI QW

Puc. 8.1 Puc. 8.2 Puc. 8.3

T'oBopATs, [0 HOBXKMHY JIiHiI, 300paskeHO0l Ha PHUCYHKY 8.3, Ha-
DIMYKEHO BUMIPAHO 3a JOIIOMOIOI0 JIOBXHUHHA
JamMaHol, BIMCAHOI B JaHy JiHifO.

Jnsa BUMipOBAHHSA [JOBMMHHH KOJA fAK
BIIMCAHY JIAMaHy 3PY4YHO BUKOPHUCTATH JiaMa-
HY, 110 CKJIAJAETHCH 31 CTOPiH NPAaBUJILHOIO
Nn-KYTHUKA, BIIUCAHOTO B Ile KOJO.

Ha pucyury 8.4 300parxeHO NpaBHJIBHI
4-KYTHUK, 8-KyTHUK i 16-KyTHUK, Buucani
B KOJIO. .

Mu 6auummo, mo npu 30iabIIeHHI Puc 8.4
KiJIBKOCTI CTOpPiH IPaBUJIBHOI'O N-KYTHHKA
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. _1 § 3. MNpaBunbHI MHOMOKYTHUKWN
#Woro nepumerp P, yce MeHIIe i MeHIlle BijpisHAeTbCA BiJ NOBMKHUHU
C ommcaHOro KoJja.
Tak, g8 HAIIOTO NPHKJALY MOYHA 3allMCATH:
G~ B 20— B, = P} 5B
IIpu HeoOMerxkeHOMY 30iJBILNEHH] KIJIBKOCTLI CTOPIH IPABHJILHOI'O
MHOTOKYTHHUKAa HOro nepuMeTp K 3aBTOJAHO MAaJIO BiAPi3HAETHCA Bif
noBxxHUHU Kojsa. Ile osnauae, o pisaumpw C — P wmosxHa 3pobuTH
MEeHUIOK Bix, Hanpukaan, 107, 10° i szarasi MeHIo0 Big 6y Ab-AKOTO
JIOXaTHOIO 4YucJa.
PoaruisiHeMo JBa NpaBMJbHI N-KYTHUKH 3i cTopoBamu a_ i a;, Ta
pazgiycamu onmcanux Kinm R i R’ Bimmosinuo (puc. 8.5). Toxi ix nepu-
merpu P i P/ obuucaiooTs 3a GopMysamMu:

180°
P,=na,=n-2Rsin ’
n
180°
P/=na, =n-2R’sin 5
n
3Bigcu
5 2R ()

Puc. 8.5

I1s piBHicTH cipaBegnvBa NpU OYAb-AKOMY 3HadyeHHi n (B — Ha-
TypanbHe, n = 3). IIpu HeoOMerxeHOMY 36iNbIIEHH] 3HAYEHHA N IIe-
pumerpu P u P! BignoBiHO AK 3aBroJHO MAaJIO BiZPiSHAITHCHA Bix
posxuH C i C’ onucanux Kijg. Toxi npu HeobmerxeHOMY 30iJBIIIEHH] 77

: B, i i _—
BIOHOILIIEHHA —n’ AK 3aBI'OOHO MaJjoO BI1ADPISHATHUMETBCH Bl Bl1IHOIIIEH-

i

c . .
HA E 3 ypaxyBaHHAM piBHOCTI (¥) ZOXOOHMO BMCHOBKY, IO YHCJO



2R L . C
= AK 3aBrogjHO MaJiO BLAPL3HAETHCH Bl HHCJIA F. A 11e MOJKJINBO

2R 1

z C 2R C 24
JHIne TOOi, KONMH — = abo —= =,
C’ 2R’ 2R 2R
Ocrandsa piBHicTL O3HAYAaE, 110 018 6cix Kin 6i0HOWeHHA Do8HcU-
HU Koaa 0o diamempa € 00HUM i MuUMm CAMUM HUCLOM,
Bu 3HaeTe, 110 L€ YMCJIO IPUAHATO HO3HAYATH I'PEIBKOI0 OYKBOIO
T (4UTAIOTH: «IIi»).

. . @
3 piBHOCTL S5 =T OTPUMYEMO (HOPMYJIY IAJisd OOUUCIEHHS JOBXHUHHU

KoJa:

C = 2nR

Yucuio 7 € ippanioHalbHUM, OT2Ke, HOro MOXKHA JHlIe HabJau¥eHo
HOJATHA Y BHUIIALL CKIHYEeHHOro HecATKOBOro npoby. 3assuuail npu
po3B’sA3yBaHHI 3aau AK HAOJIWMIKEHe 3HAYEHHA T NPHUIMAaIOTh YHCJIIO
3,14. ) '

Bennkui gaBHporpeubruit yueHuit Apximen (III cr. mo H. e.),
BHPAa3NBIIKM Yepes3 AiaMeTp OIIMCAHOrO KOJia IIePHUMeTp HNPaBUJILHOIO

10 1 ; 3
96-KyTHUKA, YCTAHOBHUB, IO 35<n<3§. 3BijicH ¥ BUIJIHMBAaE, 110

m=3,14.

3a JOMOMOroX Ccy4acHHX KOMIT'IOTepiB i cmemianbHHX IIporpam
MOKHa O0OYMCJIHTH YHCJO T 3 BeJIMUe3HOoI0 TouHicTio. HaBenemo zanuc
ypcsaa T 3 47 uudpaMuy Hicas KOMU:
n=3,14159265358979323846264338327950288419716939937 ... .

¥ 1992 p. uucyuo 1 obuucaunu 3 Tou”icTio 1o 1 011 196 691 uudpu
niciaa komu. Ileit daxT Gyso 3aneceno no Kuuru pekopzais 'inueca.
CamMe uHCJIO ¥ KHHU31 He HABEAEHO, OCKINBKHK OJssA 1bOro 0ymo 6 mo-
TpiOHO MOHAA THUCAYY CTOPIHOK.

3uainemo GopMyny AJsd OOUHCIEeHHA JOBXMHHM JAYTH KoJjia 3 rpa-
nycHoio miporo n°. OckineKM rpajycHa Mipa BChOTO KoJa JOPiBHIOE

. 2nR T©R
360°, To moexuHa ayru B 1° mopiBHIOE —— =

——. Toxul pomxkuHa [
360 180 .

ayru B n° obuHcIOeTheH 3a GOPMYIOI0

_ nRn
180
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) § 3. MNpaBrnbHI MHOTOKYTHWKK

Hoci Bam poBojamMJIOCA OOUMCIIIOBATH ILIOINI MHOIOKYTHHMKIB abo
¢diryp, Aki MokHa po3bUTH HA KiJTbKA MHOIOKYTHHKIB.

Poarnsanemo, AK HA NpaKTHUILl MOMXXHa BHUMIpATH muomy ¢irypw,
3o0paskeHol Ha pUCYHKY 8.6. ¥ mro ¢irypy BOHCYIOTE MHOTOKYTHUK
(puc. 8.7). Moro muoma € HabJIHKeHUM 3HAYEHHAM IIJIOIIL AaHOI
dirypu. FAKINO 3MeHINYBATH JOBXKHHU BCiX CTOPIH MHOTOKYTHHKA,
opu nkoMy 30inepmyroun ix kKinskicTs (puc. 8.8), To pesynsraTr BH-
MipIOBaHHSA ILJIOMIL JaHOI (irypu crae TOYHILIMM.

EoES> B

Puc. 8.6 Puec. 8.7 Puc. 8.8

Cropucraemocsa L€l ijie€r0 AJiAd 3HAXOJKEHHSA IOl Kpyra.

3BepHeMOCs 3HOBY J0 pucyHKa 8.4. Bauumo, 1110 upu 36iabmresHi
KIJTBKOCTI CTOPIH MPaBUJIBLHOTO N-KYTHUKA Horo mioma S, yce MeHIIe
i meHile Bigpisuserbcsa Big miomii S kpyra. Ilpum HeobMexkeHOMY
30inBpIIeHH] KiNBKOCTL cTOPiH HOro nioina HabJIWKAaEThCHA N0 ILJIOLI]
Kpyra.

Ha pucyuky 8.9 zobpaskeno ¢par-
180° MEHT NpPaBUJILHOTO N-KYTHUKA 3 IeHT-
n pom y Touni O, 3i cropoHow AB = a,

1 pagiycoM ONnHMCaHOro KoJia, AKHH HO-
piBHwe R. OnoycTHMO NEpPIeHIMKYJIAD
OM na cropony AB. Maemo:

O

180°

n

1 1

A\A;/B Saon =5 AB-OM =—a, Reos

Puc. 8.9 OckinbKu pagiycu, npoBejieHi y Bep-

HIMHHY NPaBHJBHOTO N-KYyTHHKA, PO3-

OuBaioTh WOTr0 Ha n PIBHUX TPUKYTHHMKIB, TO IIOINA 7-KYTHHKA S,
y n pasiB bissblia 3a oy TpukyrEuka AOB.

; 1 180° .
Toni S, =n-8,,; =5 A, Rcos——. 3simcu
n

1 180°
Sﬂ = ER‘ 'RCOS p 3 (-','.--..';-)

ne P, — mepuMeTp JaHOT'O NMPaBUJIBHOIO 7n-KYyTHHKA.
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8. lloe>xwHa kona. MNnouwia kpyra

o

IIpu Heo6MexxeHOMY 306iNbILIEHH] 3HAUYEHHA 71 BEJIMYHUHA

Oyue

0°

HaOJIMKATH-

AK 3aBroHO Maso BiapisHaTuca Bim 0°, a oTike, cos
s

meTbes g0 1. Ilepumerp P HaOAMKATUMETBCH [0 JOBXKHMHU C kona,
a maoma S, — mo niomi S xpyra. Tozai 3 ypaxysanHaM piBHOCTI (*¥)

1
MOJKHAa sanmucata S = EC - R.

3 1iel piBHOCTi oTpuMyeMo (GOPMYyNy OJA 3HAXOMMKEHHS IIJIOIIl
Kpyra:

S = nR?

Ha pucyukry 8.10 pazgiycu OA i OB noginsaioTs KPyr Ha ABi yacTu-
HH, AKi 3adapboBaHo B pisHi koasopu. KOXKHY 3 IIMX YaCTHH pasoM
3 pagiycamu OA i OB Ha3suBalOThH KPYroBMM cekTopoM abo mpocTo
CEeKTOpOM.

3poaymino, 110 Kpyr pagiyca R moyHa nogiauTu Ha 360 piBHHX
CeKTOpiB, KOKeH 3 AKMUX MicTutume nyry B 1°. Ilioma Takoro cexro-

2
5 Toxi mnoiwga S cexrTopa, AKUH MICTUTE AYry KoJa

pa ZOPiBHIOE

B n°, 06YUCHIOETHCA 3a (DOPMYJIOIO:

_ wR%n
360

Ha pucynHky 8.11 xopza AB mnojijsigse Kpyr Ha ABI 4aCTUHH, AKI
sagapbosano B pisHi KonkopHu. KoXHY 3 HHX 9aCTHH PasoM 3 XOPAOK0
AB Ha3uBalOTh KPYroBHM cermMeHToM abo mpocro cermeHTOM. XOpAy
AB npu NILOMY Ha3HBAIOThE OCHOBOK CerMeHTa.

Puc. 8.10 Puc. 8.11 Puc. 8.12

IIIo6 s3maitiTu oy cerMeHTa, AKHUN 3adapboBaHO B cHHIN Komip
(puc. 8.12), rpeba Big miomi cexTopa, AKWUHA MicTUTH xopay AB,
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. J_ § 3. MpaBrnbHi MHOMOKYTHUKK

BigHATH miomy TpukyTHuka AOB (touxa O — tmenTp kpyra). [11o6
3HAHUTH NJIOINY cerMeHTa, AKHU 3adapboBaHO B KOBTUH KOJIID, Tpe-
fa oo mJoIli ceKTopa, AKHI He MICTHTBL xXopay AB, momaTH ILJIOIY
TpuUKyTHUKa AOB.

Axmo xopna AB € giameTpoM Kpyra, TO BOHA MHOJALISE€ KpPYyr Ha

ABa CerMEeHTH, AKi HasWBalOThH miBKpyramu. Ilmoiny S miBkpyra o6-
2

TL.
YHCIIITEL 3a dopmynow S= , de R — pagiyc Kpyra.

3 momyxkoM (pOpMyJIH AJIA 3HAXOMAMKEHHS IO Kpyra IoB’sizaHa
OHa i3 3BHAMEeHHTHX 33/1a4 JaBHUHHU — 3ajada mpo KBaJApaTypy Kpy-
ra: nobyayBaTH 3a HOIIOMOIOI0 HUDPKYJA 1 JiHi#KKH KBagpar, ILJIOILA
FAKOTO JOPiIBHIOE MJOIII JAaHOrO Kpyra.

ITouunaroum 3i Buennx Crapoaasusol I'penii, o sazady HaMaraJn-
Csi PO3B’A3aTH MaTeMaTHKH 0araThboxX IIOKOJiHL., HaTxHeHHS [JIsS CBOIX
IIOIIYKiB BOHHM 0AraTo B 4OMYy YepHAaJH 3 Pe3yJbTATiB, OTPUMAaHuX [in-
noxkpaToMm XiockKHM: Ife B V ¢T. n0 H. e. 'inmokpaTt 3Haf110B HU3KY
KPHBOJNIHIWHUX Qiryp, PiBHOBEIUKUX AeAKMM MHOTOKYTHHKAM.

PoarnsinemMo ogHy 3 HOro KOHCTPYKIIiHA.

OnuineMo HABKOJIO KBaiapara KoJio,
a Ha KOMHIH HMOoro cropoHi mobyayemo
niBKOJIO B 30BHIimHIA 6ik (puc. 8.13).
dirypu, Bumineni mHa pucynry 8.13
JKXOBTHM KOJBOPOM, HA3UBAKOThH cep-
nuxkamu I'inmoxpata. Jlerko rnoxasaTu
(3pobiTs me camocTiMHO), IO cyMa
IJIOU] LMX CEePHHUKIB JOPiBHIOE MJIOIIL
DaHOTO KBAaJpara.

Cnpobu po3B’sA3aTH 3amadyy MOpo
KBaJIpaTypy Kpyra OpUMIUHNUIKUCH JIHIIe
B KiHni XIX cr., xkosu OyJI0 ZOBEIEHO
HEeMOJKJIMBICTb 11 po3B’A3aHHA.

Puc. 8.13

HDpurnxnang 1. JosxuHA Oyru Koja, pagiyc skoro 25 cm, gopirHoe
T cM. S3HAUAITE rpagycHy Mipy ayru.

801
nR

. Orxe,

nR
Poze'saszanns 3 dpopmynn [= 18; OTPHMYEMO 1 =

1801:] _7.20.

IIyKaHa rpajgycHa Mipa n°=(
25

Bidnoside: 7,2°,
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8. [JosxwHa kona. MNnouwla kpyra

IIpukaax 2. ¥V gouo 3 nearpom O, pagiyc skoro gopiBxaioe 8 cm,
BIMCAHO NPABUJBHUMN BOCBMHUKYTHUK ABCDEFMK (puc. 8.14).
3HaliTh IUIOIIi ceKTopa i cermeHTa, SAKi C D
MmicTaTe ayry AB.

Poszeé'nsaHnHsa £ AOB — 1neHTPANb- py
HU# KYT NPaBUJBHOTO BOCBMHMKYTHHKA,

£ AOB= Bo0 =45°.
. X A F
Toni mnomma cexTopa, AKY HOTpPiOHO
-8% .45 _
aHamiru, S, . = KW =8n (cm?), mio- K M

111a cerMeHTa Puc. 8.14

S, =58 —SMOB=8n—%OAzsinAAOB=8n~16J§ (em?).

cerm CERT

Bionosidv: 8n cm?, (8n-16\/§) cm?.

E E BMPABWU

8.1." O64yHCcTiTh AOBXMUHY YepBOHOI JiHiI, 300pakeHol HA PUCYH-
Ky 8.15.

Puc. 8.15
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. 3) § 3. NpaBusibHI MHOTOKYTHWKMA

8.2." O6umcniTh IJIOILY 3alUTPHUXOBAHOI (irypu, 300parkeHOl Ha
puUcCVHKY 8.16.

r a a a
a) 6) 8)
Puc. 8.16

8.3.° BuaiimiTe MOy KPyra, ONMMCAHOIO HABKOJIO piBHOGEIDEHOTO
TPUKYTHHKA 3 OI4HOIO CTOPOHOIO b i KYTOM O IIPU OCHOBI.

8.4, 3HaijiTe OOBXKHUHY KOJAa, OMHMCAHOIO0 HABKOJIO NPAMOKYT-
HHAKAa 31 CTOPOHOIO @ 1 KYTOM O Mi»K JAHOK CTOPOHOIO i JiaroHAIIIO
OPAMOKYTHHKA.

8.5.° Pazniyc koua AopiBHIoOE 8 cM. 3HAKWAITE HJOBKHUHY AYILH KOJI4,
rpajgycHa mipa sikoi gopisaioe: 1) 47; 2) 18%; 3) 160°; 4) 320°.

8.6." loskuua ayru Kosa popisHoe 127 ¢Mm, a ii rpajaycHa mipa —
27°. 3uaitgits pamiye koJa.

8.7. JloB:KMHA AYIM KoJa pajgivcom 24 cm jgopiBHIOE 3T cM.
SHalLiTE TPAgyCcHy Mipy Ayru.

8.8.° OGUMCHAiITH HOBXKHUHY AYTH exkBaTopa 3emJi, rpajaycHa mipa
Akoi gopiBHe 1°, akuio pagiyec exkBatopa HaGIHKEHO DOPiBHIOE
6400 KM,

8.9." Paniyc kpyra nopiBuioe 6 cm. BHafxiTe IJIOILY CceKTopa,
AKIIO TpajycHa Mmipa Horo ayru gopieaioe: 1) 15°; 2) 144°; 3) 280°,

a 5 . w .
8.10. Ilnouia cekTopa CTaHOBUTL = IjIoii Kkpyra. 3HalAiTe rpa-

JYCHY Mipy HOTo AYIH.
8.11.° Ilnoma cexropa mopiBHIOE 67 AM2. 3HANAITH TPALYCHY Mipy
IYrd 1bOI'0 CeKTOpa, AKINO pagiyc Kpyra gopiBaioe 12 am.

8.12.° : 5t .
12. Ilnemia cexTopa MOpiBHIOE i cMm?, a rpagycHa mipa gyru

ILOTO CEKTOpa cTaHOBUTHL 75°. BHalxiTe pagiyc Kpyra, 4acTHHOIO
AKOIO € JaHUH CEeKTOp.

8.13." 3naiiAiTh MOy KPYTrOBOrO CerMeHTa, AKIIO PaAiye Kpyra
AOpiBHIOE D €M, a rpajgycHa mipa Iyru cerMeHTa gopisHioe: 1) 45°;
2) 150°; 3) 330°.
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8. JoexwnHa kona. MNnouwla kpyra

8.14. 3uaiigiTe MOy KPYyroBOTO cerMeHTa, AKIIO pajiyc Kpyra
IOpiBHIOE 2 cM, a rpagycHa Mipa AyrH cerMeHTa gopiBHioe: 1) 60°;
2) 300°.

8.15." Paziyc xoJsia 36iabireno Ha a. JloBeaiTs, 1110 JOBKUHA KoJa
30lMBIINTBECA Ha BeJMYHHY, AKa He 3aJIe’KHTh Bij paniyca maHoro
KOJIa.

8.16." Cropona TpHRyTHHRé. nopisue 6 cm, a mpunermai mao
Hei Kyt nopisHIOIOTE 50° i 100°. 3HalAiTL HOBXHHH Ayr, Ha AKi
HONiJIAIOTE OINCAHE KOJIO TDUKYTHHUKA MOr0 BepIIHHU.

8.17. CropoHa TPUKYTHUKA XOPiBHIOE 5+/3 cM, a npuJjerai go
Hei KyTH gopiBuiotors 35° i 25°. BuaiigiTe mZOBMKMHHU AYyT, Ha AKI
MOJIISAIOTH OITUCAHE KOJIO TPUKYTHUKA HOT0 BEepPIIHWHU.

8.18." Ha kareti AC npamMoxyTHOro tpukyrauka ABC (£ C = 90°)
AKX Ha giaMeTpi mobymoBaHo KoJIO. 3HAWHIOITE NOBMKHHY AYTI'H HOLOTO
KOJIa, AKa HAJEeXUTh TPUKYTHHKY, Axkmo £ A = 24°, AC = 20 cm,

8.19." Kyt npu ocHOBi piBHOGeApPEHOr0 TPUKYTHUKA AopiBHIoe 70°.
Ha BucoTi TPUKYTHHUKA, AKa NPOBEIeHAa 10 OCHOBHM i mopiBHioe 27 cmMm,
AK Ha giaMeTrpi mobymoBaHO KOJI0. 3HAMAITE JOBKHUHY AYrU KOJa, AKa
HAJIEKNUTh TPUKYTHUKY.

8.20. IosexmiTh, mio maoima
niBkpyra, nobygoBaHOro Ha rimo-
TeHY31 NPpAMOKYTHOIO TPHKYTHH- "
Ka AK Ha giamerpi (puc. 8.17),
JOPiBHIOE CcyMi mJjoiy HmiBKpPyTiB,
nobyaoBaHMUX Ha HOro KaTerax sk
Ha giameTpax.

8.21." ¥V xpyr BIMCAaHO KBajpar
31 CTOPOHO @. SHAWAITHL NJIOILY
MEHIIIOr0 i3 CerMeHTiB, OCHOBOIO
AKHUX € CTOPOHA KBajpara.

8.22." ¥ kpyr BmmcaHo mpa-
BUJABHUN TPHUKYTIIUK 31 CTOPOHOIO Puc. 8.17
a. 3HaWOiTh OJOINLY MEHIIOTrO
i3 cerMeHTiB, OCHOBOIO SIKUX € CTOPOHA TPHMKYTHHKA.

8.23." Binpisox AB posbuaum Ha n Bigpiskis. Ha koxxHOMY
3 HUX fAK Ha giametpi nobyaysanu miBxkoJio. Ilfo giro mosTopmiau,
po3buBINM JaHUM BiApisok Ha m BiapiskiB. 3HaAiTHL BiAHOIIEHH
CyM IOOByKHMH MNiBKiJI, OTPHMAHHX Yy IEPUHIOMY 1 APyroMy BUIIAJ-
Kax.
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.‘gi § 3. [paBUsbHI MHOMOKYTHWIKW

8.24." V kpyrosuit cexrTop, paniyc axoro mopisHioe R, a 1eH-
TpanrbHUI KyT cTaroBuTh 60°, BucaHo Kpyr. 3HaHAITH IJIOMIY I[LOIO
Kpyra.

8.25." BuaiigiTes miromy poseTKH (3amiTpuxoBaHoi (Qirypu), Axa
zobparxeHa Ha pucyHKY 8.18, akimo cropona ksaapara ABCD nopis-
HIOE d.

£.26." IIpu noby10Bi YOTHPHOX AYT 3 IEHTPAMU Y BePIIMHAX KBAJ-
para ABCD i pagiycamu, AKi JOPiBHIOIOTH CTOPOHI @ KBajpaTa, yTBO-
punacsa dirypa, odbmerxeHa 4epBOHOIO JiHiew (puc. 8.19). 3HaugiTs
JOBXHUHY IIiel JiHii.

B C

A D
Puc. 8.18 Puc. 8.19

8.27." 3maiigiTe moBKUHY uepBoHOl mginii (puc. 8.20), me GOy
... — LEHTPH piBHUX Kia pazxiyca R.

a) o) a)

Puc. 8.20

0

3?

8.28." lano aBa koja, pajiycu sSIKMX JOpiBHIOIOTE R i r (R > r).
IleHTp MEHIIOrO KOJAa JIeKHUTh Ha OiapioMy Kojai. Hoe:kuHa aAyru
MEHIIIOTO KoJia, po3MiuieHoi Bcepeauni Hinsuroro xkosa, mopisxioe [.
3HaWAiTE MOBKHHY Ayru 6iasiioro komaa, poaMimieHol BcepenuHi
MEHIIIOTO 'KOoJIA.
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8. JosxuHa kona. MNnouwa kpyra

8.29." Ha rimorenyai i kKarerax AK Ha miamerpax nobymoBaHo
niBkpyru (puc. 8.21). Hosexmirk, o nioina 3adapdoBaHol dirypu
JAOPiBHIOE TJOINi TPHUKYTHUKA.

8.30." 3aiigiTe MOy CITIIBHOI YACTHHU ABOX KPYTriB 3 paziycamMu
lemi V3 CM, AKIOO BiZCTAHB MiXK IX LIEHTPaAMH LOPiBHIOE 2 CM.

8.31." Tpm kosa, pajiyc KOXHOTO 3 AKHUX AOpiBHIOE R, momapHOo

IOTUKAThECA. OBYHCIITE NJOMIY KPHUBOJIHIAHOIO TPUKYTHHKA, 00-
MEXXeHOTo AyraMmu nux kia (puc. 8.22).

S

Puc. 8.21 Puc. 8.22

8.32." Ha Bigpiskax AB, BC i AC ax Ha aiamerpax mobyzosa-
Ho niBkpyru (puc. 8.23). Bigpizku MB i AC nepneHIUKyJIApHI.
Hosenits, mio maoma 3adapboanoil ¢irypu (ii HasusamTe apbeinoc

1 ;
Apximena) nopiBHIOE 3 nM B2,

8.33." Xopna AB 6inb10ro 3 ABOX KOHIUEHTPHYHMX KiJ ZOTHKAa-
€ThCA N0 MeHIoro xoJa (puc. 8.24). 3uaiinite niaoiny sadapboBaHoro

Kineusa, axmo AB = a.
A /\ B

A B C

Puc. 8.23 Puc. 8.24

8.34." ITo6yayiiTe KpyT, IJIOINA AKOTO JOPIBHIOE CYMi IO ABOX
OaHUX KPYriB.
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@_) § 3. MpaBunbHi MHOMOKYTHUKM

8.35." IIpa koua, pagiycH sAKMX AOpPiBHIOWOTE 4 ¢cm i 12 cm, mo-
THKAThECA 30BHIMIHIM yuHOM. S3HAUAITE oIy (irypu, o6Mexenol
UMY KOJIAMH Ta IX CHiJIBHOIO JOTHYHOIO (puc. 8.25).

8.36.” [Ipa xBazpaTu 3i croponamu 1 ¢cM MalOTh COIJIBHHH IEHTP
(puc. 8.26). HosenmiTh, 10 mjoma ix coinbHOI YacTHHH OijabplIa

3
3a —.
4

Puc. 8.25 Puc. 8.26
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LEKAPTOBI KOOPOANHATU
HA MJTOLWNHI

9. BigcraHb MIX ABOMA TOUMKAMM i3 3apaHMn
KoopauHatamu. MNMoain Bigpizka B 3apaHomy
BiAHOLWEHHI

¥ 6 xnaci Bu o3HAHOMHINCA 3 KOOPAMHATHOIO IIJIOIIHHOIO, TOOTO
3 IJIOIIMHOIO, Ha AKil 300paxeHo OBl NepueHIUKYJIAPHI KoOpAUHATHI
npami (sice abcuuc i Bick OpaAMHAT) 3i CHITBHHUM HNOYATKOM BiLuIikKy
(puc. 9.1). JoMmoBuUMOCH KOOPAWHATHY MIOIMWHY 3 Biccio x (Biccro ab6-
ciuc) i Biccro y (Biccio opAMHAT) Ha3WBaTH ILIONIHHOIO XYy. Bu BMmieTe
MO3HAYATH Ha Hi¥ TOYKH 34 IX KOOpAHMHATAMH i HaBIaKH, 3HAXOJAUTH
KOOPAUHATH TOYKH, IO3HAYEHOI HAa KOOPAMHATHIN IJIONIHHI.

KoopAuHATH TOYKM HA IJIOLIMHI XYy HA3WBAXOTh AeKapPTOBMMM
KOOpIMHATAMM Ha 4YecTh (ppaHOy3bKOro maremaruka Perne [lexapra
(nuB. onoBimaHHsA Ha c. 111).

Bu 3HacTe, AK 3HAXOAUTH BiJCTAaHBE MiXX ABOMA TOYKAMM, 3aJaHH-
MM CBOIMM KOODJAMHATAMHU HAa KOOPAWHATHIN NpAMiN: 418 TOYOK A (X))
i B (x,) (puc. 9.2) maemo:

AB=|x,— x|

ya §
1 S
2] %

g
14 &

= Bics abeyuce

g 230 1 2 % x

R+ B

Puc. 9.1 Puc. 9.2



§ 4. [1ekapToBi KOOPAWMHATW HA MNOLLMHI

Hapuumocs 3HAXOQUTH BifcTaHb MiX TouKamMu A (x5 y,)iB(x,;y,),
3aJaHAMM Ha IJIOLIMHIL xy.
Posrnauemo BHNAO0K, KOJIM BiAPi3oK
yA AB He NepHeHJAHKYIAPHHH 0 MOIHOIL
3 KOOpAMHATHUX ocell (puc. 9.3).
Yepes Touku A i B nposegemo
npAMi, TepHeHAUKYJIAPHL 10 KOOpAH-
HATHUX oced. OTpUMAaEMO HNPAMOKYT-
HHUH TPUKYTHHK ACB. OueBHJIHO, IO
BC=|x,-x,|,AC = |y, —y, | 3Bincu
AB? = BC?* + AC? = | x, —x, P+ |y, -
~ Y P, - 2P+ @ — )%
Toni dopmyny Bimcrani mizK TOY-
xamu A (x; y,) i B (x,; y,) MOXHa 3a-
NHCATH TaK:

AB=\[(x, - %) +(y, - ,)’

HoseniTe camocTiiiHO, 110 UA HOPMYJIa 3ATHIIAETHCA NPABMIBLHOIO
i nna BUODAAKy, KOJAM BiApPi3oK AB NepHneHAUKYIAPHHUN A0 omHiel
3 Oocell KOOpJAWHAT.

Armo x, = x, 1y, = y,, TO IPUPOAHO BBaKaTH, 110 AB = 0. Ilei
caMuitr peaynsTaT ga€ 1 orpumana dopmyia.

Y

Y,

Teopema 9.1. Axwyo mouxa M (x,; y,) nodinae sidpizox AB
Yy 8i0HOWenH VB =\, mo KOOpOUHAMU Yi€l MOLKU MOICHA 061UC-

aumu 3a gopmynamu

=x1+7\x2 Y Ay,

= &
Y Yy ’ (*)

0 1+A

de (x5 y)i(x,; y,) — voopdunamu eidnosidno mowox A i B.

Hoeedernna. PosriisHeMo BUNAJ0K, KOJIM Bipisok AB He lieplieH-
OUKYJIAPHUKA 0 MOJHOI 3 KOOPAMHATHHX ocell (puc. 9.4). Braxarnu-
MeMo, L0 X, > X, (BUNALOK, KOJHU X, < X,, PO3IJIAAAETHCA aHAJIOriY-
HO). Yepes Touku A, M i B npoBeaemMo npsami, NeprneHANKYIAPHi 10
oci aberuc, AKI MepeTHYTH 10 Bich BiANOBiAHO B TOUKax A , M, i-Bl.

A M,

=, To6TO | X, — X

3a TeopeMOr0 IIPOo NPONOPIiAHI Bigpisku : |

kit R |
=A| x, — x, |. Ockinbxu x, > x, > x,, TO MOMKEMO BaNUCATH: X, — X,

Il
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9. BiacTaHb M ABOMa TOYKAMM i3 3a0aHUMU KOOPAMHATAMM

= A (x, — x,). Bpigcu x, =%. < {k f‘i(xﬂ Y1)

AHajNoOriyHO MO’KHa IIOKa3aTH, M (X0 Yo)
mo y, =L,

1+A

DopMyJaH AAA 3HAXOAMKEHHSHA B(xs; Ys)
KOOPAMHAT TOYyku M upaBUIBLHI
i ¥y BUnajgky, KoJau Binpisox AB A, |M, B, -
€ MepHneHJUKYIAPHUM 0 OnHiel 0O x; x¢ X x

3 oceldl KoopamHaT (HOBediTh Ie
caMocTiitHO). A
Axmo touxka M € cepegHHOIO

Puc. 9.4

AM
Biapiska AB, To A=——=1. Hasa
AP 7 Jit

IBOr0 BUNAAKY (DOPMYJIH (¥) MOXKHA 3alMCATH TaK:

Xy Wty
Xy = » Yo =
2 2

3a nuMu GopMyJIaMH 3HAXOOATE KOOPAWHATH CepelHMHH Bimpiska.

IMpuxkaan 1. loBenith, 10 YOTUPUKYTHUK ABCD 3 BeplIMHaMU
B Toukax A (2; -1), B(1; 3), C(—3; 2)i D (—2; —2) € npAMOKYTHH-
KOM. _

Pose'azannsn Hexat touka M — cepenuna giaronani AC. Toai

-3 -1+2
=-0,5, a opapuHara —

abcuuca Touku M nopiBHIOE =0,5.

Omrxe, M (—-0,5; 0,5).
Hexait Touka K — cepeguna giaronani BD. Toxi abecumca rouku K

-2
JOPiBHIOE =-0,5, a opaguHara — 3—5— =0,5. Omrmxe, K (-0,5; 0,5).

Temnep MoKXHa 3pOGUTH BUCHOBOK, If0 Touku M i K 36irajmoTncs.
Tobro pmiaroHaai 4orHpukyTHuKa ABCD MAaloTh CHIJILHY CEpPEeaHHY.
3eigcu sunnusae, mo ABCD — napamenorpam. Hamni,

AC=4[(-3-2)% +(2+1) =34, BD=1/(-2-1)* +(-2-3)* =/34.

OT:xe, niarouani napanenorpama ABCD pieni. 3Bijicn BUILIHUBAE,
10 el mapaJsejorpaM € IPpAMOKYTHHKOM.

Ipuknapn 2. Jano npaMokyTHUK ABCD. 3uaiiaits yvei Touxku X,
[Jd AKHUX BHKOHYVETBhCA piBHicTe XA® + X(C? = XB? + X D2,
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.
~ : .
< @ § 4. [lekapToBi KOOPAMHATH Ha NNOLWMHI
léA._.;_ oo i

Posz3g’s3annsa. BeegemMo Ha NJIOIMIMHI CHMCTEMY KOOPAMHAT TaK,
nob moyaToKk KoopauHaT 36iraBcsa 3 Toyxow A, a Toukwm B i D ua-
JeKanu ocAM KoopauHAaT (puc. 9.5).

Hexall KoOpAWHATH TOYKH B

ya )
pgopigHwoTe (0; b), a KoopauHATH
B C(d: b) Touku D — (d; 0). Tomgi Touka C
’ mae KoopauHaTth (d; b).
Hexan X(x; y) — moBiabHAa
s TOYKA KOOPAMHATHOI NJONIHHN.
A D X  Maemo: XA? + XC?2 = (x — 0)? +

+(y - 02+ (x —d? + (y — b
Puc. 9.5 XB?+ XD?*=(x -0+ (y — b)* +

+ (x — d)? + (y — 0)2. BBigcu XA? +
+ XC? = XB? + XD? To6To 151 piBHICTS BUKOHYVETHCA AJs OyAb-AKOL
TOUKU X .

IHIpurkuaan 3. loeengiTts HepiBHICTL

V2 +@-p)® + -2y + 4 > 2.

Pozg’saszannsa. Ha nnomuui xy poarnsnemo tourku A (0; 1),
B (1; 0). Hexait M (x; y) — noBiabHA TOUYKa MJjommHu. Maemo:

MA=Jx*+(1-y)?, MB=J(1-x)?+y*>, AB=+/2. 3 uepinnocri rpu-

KYTHHKa BUILIHBaE, mo MA + MB = AB.

IMMpuxaanxg 4. Ha nmamepi B KIITHHKY 300pajXeHO ONVKJIUH
Nn-KYTHUK TakK, IO BCcli HOro BepIIMHH PO3MIIEHO YV BY3JaX CiTKH
1 xXOmMHUM iHIIMI BY30JI CITKHM He HAJNEXKUTHL ILOMY n-KyTHUKY. [lo-
BeNiTh, mo n = 3 abo n = 4. W |

Pose'ssannsa. Ha pucyuxky 9.6 soOparxeHo J
TPUKYTHHUK 1 YOTHUPHKYTHHUK, AKI MAoOTes noTpibHy Ceg—rile "‘
BjacruBicrs. OriKe, MU HOKa3adM, 10O AN 1 = 3
i-n =4 Taki N-KYTHUKH iCHYIOTH.

Hna 6yne-akol Touku A (x; y), ne x € Z, y € 7., mae micue oguH
3 4 Bunankise: 1) x — napHe, Yy — mapHe; 2) x — HenapHe, [y — HapHe;

J

Puc. 9.6

3) x — mapHe, y — HenapHe; 4) x — HenapHe, y — HeIlapHe.
Brenemo cucremMy KOOPAMHAT Tak, 11100 yci Bysiu ciTtku masu rriai
KOOpIHUHATH.

IIpunycrumo, 1o n = 5. Togi cepey BepILUNH 1-KYTHUKA 3HAHAYVTH-
¢ Taxl aBi, 10 IX BIANOBIAHI KOOpAMHATH MAaXTh OJHAKOBY IIapPHICTh.
CepenuHa BiIpisKa 3 KIHIIAMH B IIMX BepINHHAX HAJEKHUTE N-KYTHUKY
i mae uiai koopauHaTH., OTpUMAH CYMEepeYHiCcTh.
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9. BigcTaHb MixK NBOMA TOMKaMM i3 3aAaHUMMK KOOPAMHATAMM

BIMPAB/

9.1.” BepminHaMu TPUKYTHHKA € Toukn A (—1; 3), B (5; 9), C (6; 2).
Hosenite, 1o A ABC — piBuHOOenpeHMW.

9.2." Noexirs, o Touka M (0; —1) € HeHTPOM KoJia, OIHUCAHOI'O
HABKOJO TPUKYTHHKA ABC, akmio A (6; —9), B (—6; 7), C (8; 3).

9.3." Hoeenits, mo xytu B i C rpukyrauxa ABC piBui, SKIo
A (b; —=7), B(—3; 8), C (—10; —15).

9.4." Touxka C — cepenusHa Bifnpiaxa AB. 3HaAWAiTE KOOpAUHATH
TOUKHW B, AKIIO:
1) A (3; —4), C (2; 1); 2)A (—1; 1), C (0,5; —1).
9.5." Touxka K — cepenuna Biapiska AD. 3amoBHiTL TabJIMIIO:
Touka KoopauHaT TOYKU
A (-3; 1) (-8; 2)
D (-1; -3) (-9; 2)
K (— 4; 6) (1; 2)

9.6." Bigomo, mio Touka C HaJleKHUTh BiApisKy AB, mpHYoOMY

1 2
AC : CB = 2 : 3. 3HaiiTe KoopauHaTH Touku C, AKIIO0 A[—;—-),

3 3
B (2; 6).

9.7." Touka M ginuTh Biapisoxk AB y BigHomenHi 2 : 1. 3HalIiTE
KoopAuHATH TouKu M, axkmo A (—3; 6), B (3; —9).

9.8.° 3HaiigiTs HOBKUHY Memianu BM TPUKYTHUKA, BePUIMHAMM
AKoro € Touku A (3; —2), B (2; 3)i C (7; 4).

9.9." Hauo Toukm A (—2; 4) i B (2; —8). 3paiiaite Bifcrans Bix
IIOYATKY KOOPIAUHAT [0 cepeiuHu Bijgpiska AB.

9.10." JloBesniTh, 10 TPUKYTHHUK 3 BEPIIMHAMU B Toukax A (2; 7),
B (—1; 4), C (1; 2) € TpPAMOKYTHHM.

9.11. Touru A (—1; 2) i B (7; 4) € BepmiMHAMHA OPAMOKYTHOTO
TPUKYTHHUKA. YU MOKe TPeTs BepIIHHA TPUKYTHHUKA MATH KOOPIH-
HaTtu: 1) (7; 2); 2) (2; —3)?

9.12." Yy nekaTs Ha OAHIH mpamiit Touxkn:

1) A (—2; -7), B(—1; —4) i C (b; 14);

2y D (-1; 3), E (2; 13) i F (b; 21)?

VY pasi mo3suTHBHOIL BiANOBiAl BKa)KiTh, AKA 3 TOYOK JIEKHUTH MK
ABOMA 1HIIMMH.
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§ 4. [lekapToBi KOOPAOMHATK Ha MNAOLWMHI

9.13." Hosenits, mo Touku M (—4; 5), N (—-10; 7) i K (8; 1) ;rexaThb Ha
OMHIiN npsaMil, Ta BKa)KiTh, AKa 3 HUX JIEKHUTh MiX JBOMA iHITHMH.

9.14.° IIpu sKomy 3HadYeHHi x Bigcrap Mmixk Touxkamu C (3; 2)
i D (x; —1) mopiBHioe 57

9.15." Ha oci abcuuc 3HaiigiTe TOYKy, SKa DiBHOBimmaseHa Bin
Touok A (—1; —1) i B (2; 4).

9.16." 3HaliAiTe KOODAMHATH TOYKH, KA HAJIEXHUTH OCi opauHAT
i piBHOBigmanena Bixg Touok D (—2; —3) i E (4; 1).

9.17.° Touka C (3; —0,5) noxinsae Biapizox AB y BigHomenHi 1 : 3,
paxyrouu Bixg Touxku A (5; —3). 3HalgiTe KOOpAMHATH TOUYKH B.

9.18.° YotupukyTtuuxk ABCD — napanenorpam, A (—5; 1), B (—4; 4),
C (—1; 5). BHaligiTe KOOPAWHATH BeplIuHU D.

9.19." Yorupuxkytauk ABCD — napanenorpam, A (—2; —2), C (4; 1),
D (—1; 1). 3HaiigiTh KOOPAMHATU BEPIIUHU B.

9.20." IoBexiTs, 1110 YOTUPUKYTHUK ABCD 3 BepIIMHAMM B TOYKaX
A (—2; 8), B(3; —3), C(6; 2)iD (1; 13) e mapanesorpaMom.

9.21." loexiTe, 1m0 4oTUPUKYTHUK ABCD 3 BepIIMHAMM B TOYKAX
A(-3;-2), B(—-1; 2),C(1; —-2)i D (—1; —6) € pombom.

9.22.° NoseniTk, 110 YOTUPUKYTHUK ABCD 3 BepIIMHAMHU B TOUKAaX
A (—2; 6), B (—8; —2), C (0; —8) i D (6; 0) € xBajpaTom.

9.23." Touxku D (1; 4) i E (2; 2) — cepeaunu cropia AC i BC
TpUKyTHHKAa ABC BigmosigHo. 3HaHAITL KOOpAUHATH BepmIiuH A i C,
Aaxmo B (—3; —1).

9.24." 3HaiigiTe DOBXUHY BiApisxa, KiHII AKOTO HaIeXKaThk 0CAM
KOODAMHAT, a CepeauHo0 € Touxka M(—3; 8).

9.25." Touku A (x; y,), B (x,; y,), C (x;; y,). D (x,; y,) € Bep-
IIUHAMH YOTHPHUKYTHHKA ABCD. IToBexiTs, 110 1eil YOTHPHKYTHHK
€ IapaJjejyiorpamMom ToAi 1 TiNbKH TOAl, KOJIH x, +x,=x,+ x, i y, +
+y,= Y, + Y,

9.26. 3HaigiTe KoopauHaTH BepmInHH C PiBHOCTOPOHHBOI'O TPH-
xkyTHHKAa ABC, sakmo A (2; —3) 1 B (—2; 3).

9.27." 3ualifiTe KOOPAMHATH BepIUUHU E piBHOCTOPOHHBOTO TPH-
kyTHUKa DEF, axmo D (—6; 0) i F (2; 0).

9.28." ¥V rpuxyrHuUKy ABC Bigomo, mo AB = BC, A (5; 9),
C (1; —3), mongyJii KoopauHAT TOYKH B piBHI. 3HAWOITL KOOPAHHATH
TOuKHu B. .

9.29." BHalixiTe KoOpAUHATH BCix Touwoxk C oci aGcruc TaKMUX, IO
A ABC — piBuoGeapenumnii, axmo A (1; 1), B (2; 3).

9.30." 3HalgiTE KOOPAUHATH BCiX To4okK B oci opAHHAT TAKHX, 10
A ABC — npaMoKyTHHH, akmo A (1; 8), C (3; 7).
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9. BiacTaHb Mi>XK ABOMa TOYKAMM i3 3a4aHMMK KOOpAMHATaAMM

9.31." 3HaiigiTe KOOPAHMHATH TOYKH, AKA PiBHOBim#aseHa Bij oceit
KoOpAauHAT 1 Bix Touxku A (3; 6).

9.32." 3HalAiTh KOODAMHATH TOYKH, AKa PiBHOBigmaeHa Bif oceit
KoopAauHAT i Big Touku B (—4; 2).

O—wr 9.33." Touxu A (x; y,), B (x,; y,), C (x,; y,) € BepminHamMmu
TpukyTrHUKa ABC. [loBeniTs, 0 TOUKAa NepPeTHHY MeJiaH IIBOTO TPH-

2+ Xy + 25 yl+y2+y3J

El

3 3

9.34." Touxu A (1; 2), B (2; 5), C (7; 0) € BepIIMHAMY TPUKYTHUKA
ABC. 3Haiigite goB:xuHy OicekTprucH AA, IIBOr0 TPHKYTHHUKA.

9.35." BicexTpuca 30BHimHBOr0o KyTa TpukyrHuxa ABC npu
pepmiuHi B neperuHae npamy AC y Touui D. 3HalIITL NOBXKUHY
Bigpiska BD, sikmo A (1; —5), B (0; —2), C (3; 7).

9.36." OnumiTh, K, 3HAIOUYM KOOPAHMHATH BEePIIHMH TPUKYTHHKA,
3HAHTU KOOPAMHATH IeHTpa HOro BIHCAHOI'O KOJa.

9.37." Touxu A (1; 1), B (3; 4), C (6; 4), D (7; 1) € BepuiuHaMu
Tpamneuil ABCD. 3Ha¥AITE KOOPAWHATH TOYKM NepeTUHY AiaroHajien
Tparmnerii.

9.38.” Ha namnepi B kaiTuHKY 306paxeno 10-KyTHUK Tak, 1o Bci
HOoro BepUIMHU PO3MiIeHO y ByaJaax citku. oeBeaiTs, 10 B IBOMY
MHOTOKYTHHKY iCHyYe IIoHaliMeHIIe ABi miaroHasi, KoMHa 3 AKHX
MiCTHTHL BY30J CiTKH, BiZMiHHHIE Bi BepIImuHH.

9.39." Ha nanepi B KJIITHHKY BUJIiJIEHO KBaJPAT CiTKH, Yy AKOMY
nosHadeHo Tpu BepiuwHY (puc. 9.7). osBoasdeTbcA MO3HAYATH HOBI
TOYKH 3a TAKHM IPABMJIOM: AKINO A i B — BiKe IMO3HAUYEH] TOYKH, TO
HOBY TOUKY X MO’KHA [IO3HAYUTH TaK, mob Touka B 6yna cepeauHO0
Bigpiska AX aGo Touxka A 6yna cepenuHoro Binpiska BX (puc. 9.8). Hu
MOKHA 3a JOIIOMOI'0I0 I[HOI'0 IIpaBHJIa ITO3HAYHUTH i YeTBepTY BEPINHHY
BHAlLJIeHOTO KBagpara?

KYTHHKA Mae KOOPDOHMHATH (

o)

[

Puc. 9.7 Puc. 9.8
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10. PiBHAHHA irypmn

HKoopaunaru (x; y) KoxxkHOI Touku mapabosu, sobpaskenol Ha
pucyHKy 10.1, € po3B’A3KOM piBHAHHA y = x°. | HaBIaku, KOMHUN
PO3B’SI30K PIBHAHHSA 3 JABOMA 3MIHHUMH Yy = Xx° € KOOpIHHATAMH

Iy

3

/

0

Puc. 10.

1
1

Ll

TOYKHW, AKAa JeXHUTh Ha il mapaboui.
Y ubomy pasi roBopsATh, L0 PIBHAHHSA
napabonau, 300parkeHOl Ha PUCYHKY
10.1, mae Burasan y = x2.

¥Yzarani, pieaauaam dirypn F,
3aaHO]l HA NJONU[HHI XI, HA3BMBAIOThH
PiBHAHHSA 3 IBOMA 3MIHHUMH X i Y, AKe
Ma€ ABi BJIAaCTHBOCTI:

1) axmo Touka HaJeRKHuTh dirypi F,
TO 11 KOOPAMHATH € PO3B’A3KOM JXaHOTO
pPiBHAHHA;

2) Oyab-IKHH PO3B’A30K (Xx; ¥) JaHO-

ro piBHAHHA € KOOPAMHATAMM TOUYKH, KA HaJeKuUTh Qirypi F.
Hanpuxkaan, piBHAHHA npamoi, sobpaskenol Ha pucyHky 10.2, mae
BUraAnL y = 2x — 1, a piBHAHHA rinmepbosu, 300pa<eHol Ha PUCYH-

1 - .
Ky 10.3, — y=—. Taxkox NpuUHHATO TOBOPUTH, 1110, HATIPUKJIAL, PiB-

X

1
HAHHA y = 2x — 1 1 y=— 3amarTh OpsaMy i rinep6osy BigmoBigHO.
x

YA
e 1 :
r i .
. [o]/ 11 [ «
1 ! T
T
l |
Puc. 10.2

] y"ﬂ‘] |
|

Puc. 10.3

Axmio nane piBHAHHA € piBHAHHAM Qirypu F, To 110 Qirypy MmoxHa
poarnanaTH AK reomerpuduHe micie Touok (I'MT), koopauHaTy AKKUX
3a/10BOJIBHAIOTL JaHEe PIBHAHHSA.

KopHCeTyHOYHCE IIHMMHA MIipKYBAHHAMH, BUBeIeMO PIiBHAHHSA KOJAa
3 nedrpom y Touni A (a; b) i paniyvcom R.
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10. PiBHAHHSA dirypun

Hexait M (x; y) — HoBiJIbHA TOYKa gaHoro xoJa (puc. 10.4). Toni
AM = R abo \/(x—a)’+(y—b)* =R. 3sincu

(x — aP + (y — b = B2 (*)
Mu nokasaju, 10 KooOpIUHATH (X; YY)
noBinbHOI TOoukM M KONa € po3B’A3KOM YA
pieaauua (¥). Temep mokaxemo, 110
OyIb-AKUI PO3B’ A30K piBHAHHEA (x — a)? + M (x3 y)

+ (y — b)> = R?, ne R > 0, € KOOpAHHATAMH
TOUKHY, SIKA HAJEKUTH JaHOMY KOJY.

H’exaf«’i mapa (x,; y,) — AoBinbuuii A (.a; b)
pO3B’A30K yKasaHOro piBHsHHA. Maemo: .
(x, — a)® + (y, — b)* = R?. 3sincu 0 N x

J(x, —a) +(y, -b)* =R. Puc. 10.4

IIa piBHicTE mOKasye, mo Touka N (x; y,) BiazaseHa Bij umeHTpa
kosa A (a; b) Ha BimcTaHb, 110 NOPiBHIOE pagiycy Kojaa, a OT:Ke, TOUKAa
N (x; y,) HaJIeXUTH JAHOMY KOJIY.

OTske, MU JOBEJIH TAKy TeopeMy.

Teopema 10.1. PigHaHHA

(x —a)* + (y — b)* = R?,

de R > 0, € pienannam xona 3 yenmpom y mouyi A(a; b) i padiy-
com R.

SAKII0 HeHTPOM KoJia € Ho4aToK KoopxauHart, 1o a = b = 0. Pis-
HAHHA TAKOoro KoJjia Ma€ BUIVIAL:
x?. + yz o RE_

OzHauvenunsa Eanincom HasuBa-

Y4 ME+ME= const yoqy I'MT, cyma BigcTanei BiJi AKHX X0

B M aBox 3aganux To4ok F i F, € cranoo

b BeJIM4YHHO¥, Oinpmor Hixm F F,.

F_,/ F, N Touxu F i F, nazusarores GOoKRycammu
-¢ O c a 5 exinca.

Ha pucyuxy 10.5 3obpaskeno eJinc,
dorycu Fl i Fz AKOI'0o MaThb BIANOBiIHO
koopauHatu (—c¢; 0) i (e; 0). Biapisku
OA = a i OB = b HazuBaIOTh BiAIOBiAHO
BEJHKOI 1 MAJIOK NiBOCAMM eqimca.

Puc. 10.5
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§ 4. [lekapToBi KOOPAWHATI HA NAOLLMHI

Ha 3AHATTAX MATEeMATHYHOTO rypTKa BH MOXXeTe HepeKOHaTHCH
B TOMY, IO PiBHAHHA ejainca, 3o0pakeHoro Ha pucyHky 10.5, mae
BHIJIAL:

2
X

=+

crl*'-‘::
- [ -]

=1, (+%)

f

gea>bia?—b?=c2

Sfxkmio a = b, To piBHAHHSA (**) MOoXkHa 3anucaTu Tak: x2 + y? = a?
OrpuMmanu piBHAHHSA KoJsa. ¥ HboMy pasi ¢ = 0 i Toukn F, iF, sbira-
oTeca. ToMy KoJIO MOKHA POSIVIAATH AK OKPpeMHH BHIAAOK eJimnca,
Vv sAKoro goxycu 36iraioThcH.

Ozmavennsa l'imep6Goanor Hasmearore 'MT, Mmoaynas pisEui
BiZicTaHeH BiJ AKMX 0 JBOX 3aJaHUX TOYOK F iF, e cranoxwo Bemn-
4nHOo10, MeHmox Hik F F,. Touxn F i F, nasusarors poxycammu
rimepooJu.

IME-ME,|= const Ha pucysky 10.6 sobpaxxeno
rinepbony, dorycu F, i F, axoi
MapTh BiANOBiIHO KoOOpIHMHATH
(—c; 0) i (¢; 0). Iz hirypa criapa-
€ThCH 3 ABOX BITOK, AKI HAJMEIKATH
kyram AOB i COD.

Ilpami AD i BC maoTh Taky
BJIACTHBICTB: YHMM aji Touxa M,
110 HaJeXHUTh rinepboai, pos-

Puc. 10.6 MilfeHa BiJ MOYaTKy KOOpAHHAT,

THM MEHIIIOI0 € BifcTaHb Bij Hel

[0 OfHiel 3 LMX NPAMHUX, NIPHYOMY LA BiCTaHbL MOKe AK 3aBTOLHO
MaJio BigpisHaTHcA Big 0.

IIpsami AD i BC HasuBalOTh aCMMIITOTAMHM TilnepboJiu.

Birxu rinep6osii mepetnHaioTh Bich abGcuuce y Toukax, piBHOBigna-
JIeHUX BiJ moyaTKy KoopauHar. Hexal i TOYKH MarTE KOOPAMHATH
(—a; 0) i (a; 0).

Ha 3aHATTAX MaTeMaTHYHOrO I'YPTKA BU MOXKETe NEPEeKOHAaTHCHA
B TOMY, IO PiBHAHHSA rinepb6osiyu, sobpaskenol va pucysry 10.6, mae
BUTJIAL:

2

x

L N
b

ne b? = ¢ — g2,



10. PiBHsHHA (irypwm

3po3yMmiso, m1o, 3MiHHMBIINA IOJOXKEHHA (Girypu Ha KOOpAMHATHIHR
MJIOLIMHI, MM THM caMUM 3MIHUMO 11 PIiBHAHHA,

Posrnaznemo rinepbosy 3 NepneHJUKYIAPHHMH ACHMIITOTaAMH.
PosMmicTumo 11 tak, mod® oci KoopmuHaT 30irajguca 3 aCHMITOTAMH
(puc. 10.7). Mo>xHa ToKa3aTH, IO B IbOMY pasi piBHsHHSA rinep6oan

k : Z
mae BUrAAA y=—, k # 0. lle piBaauHa nobpe BaM 3HalioMe 3 Kypcy
x

ayurebpH.

H]P
Ry

a) 6)
Puc. 10.7

IMIpuxnapng 1. Cxkanagites piBHAHHA KoJia, ZiaMeTPOM SKOIO
€ Bigpisox AB, axmio A (—5; 9), B (7; —3).

Pozeé’szannsa. OckiIbKH LEHTD KOJa € CEPeIUHOI0 Jiamerpa,
TO MOXeMO 3HalTH kKoopauHaTtu (a; b) nenrpa C koiua:

Orxe, C (1; 3).

Paniye kona R = AC. Tomi R* = (1 + 5)2 + (3 — 9)? = 72.

Or:xe, piBHAHHSA, dKe TOTPiIOHO OYI0 3HANTH, € TAKUM:

(x— 12+ (y — 3= "T2.

Ipuxnapg 2. Josenirs, uio piBHsaHHA x? + y? + 6x — 14y + 50 = 0
3ajla€ KOJIO. 3HAWUAITE KOOPAMHATH IIeHTpa 1 pajiyc 1bOro KoJa.

Posze’azanna. Ilogamo nane piBHAHHA y BUrAsSAi (x — a)? +
+ (y — b)? = R%:

x2 + 6x +9+ y?— 14y + 49 + 50 — 58 = 0;

(x+ 32+ (y—7)?=8.

Or:xe, HaHe PpiBHAHHA € PIBHAHHAM KoOJIa 3 IEHTPOM y TOYIi
(—3; 7) i pagiycom \/g
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§ 4. lekapToBi KOOpOMHATIA Ha NNOLLMHI

IIpuxaan 3. HoBenits, 110 icHYE KOJIO, SiKe NPOXOAUTHL Uepes
NOYaTOK KOOPAMHAT i Ha AKOMY HeMae iHIIHX TOYOK, oDHABI Koop-
JUHATHA AKUX PAiOHAJIBHI YHCJIA.

Poszeg’asannasa Ilokamemo, 10, HAIPHKJIAL, KOJO, 3aJaHe PiB-
2 2
HAHHAM (x—\/g] +(y—\/§) =4, € MIYKaHUM.

Maemo: x° —2x\/§+2+y2 -2y\/§+2=4;

Fon +y2 =2\@(x+y). (F%%)

ITapa (0; 0) € po3B’A3KOM IIbOr0 PiBHAHHA.

Axmo x € Qiy e Q, ro unena x? + y? i x + y — TaKox pauio-
HaapHi. PazoMm 3 11uM, ypaxoByHOUYH, 1[0 YHCJIO \E — ippamioHanab-
He, OTPUMYEMO, 10 piBHicTs (¥*%) MoskumBa jauure npu x = y = 0.
Omixe, piBHAHHA (¥7%) Mae TiNBKHM OAWH PO3B’A30K (X; y) TaAKH, 110

re Qiye Q.

ﬁl‘l PABW EESSSESRRRs s

10.1. BusHauyTe 3a PiBHAHHAM KOJIa KOODJAMHATH iOro LieHTpA

i pagniye:
1) (x — 8)2 + (y — 3)? = 25; ) x2+y?=17;
2) (x + 8P +yt=9; 4) x*+(y+ 1) =3

10.2." CkaagirTe piBHAHHA KOJA, AKINO BiZOMO KOODPAHMHATH HOTO
nentpa A i pagiyve R:

1) A (3; 4), R = 4; 3) A (7; -6), R=+2;

2) A (-2;0), R=1; 4) A (0; 5), R=A7.

10.3. Crrnazite piBHAHHA KOJIa, AKIIO BiIOMO KOODAMHATH ifOTO0
nenrpa B i paxgiyc R:

1)B(-1;9), R=09; 2) B (-8; -8), R=+/3.

10.4." BusHauTe KOOPAWHATH IEHTPA i pajiyc KoJua, 306paKeHoro
Ha pucyHKY 10.8, i sanunriTs piBHAHHA LILOrO KOJIA.

10.5. Pagiyc koJa 8 ueHTpoM y Touni A gopisHoe 4 (puc. 10.9).
UI—C.T.[a,IIiTI: PIBHAHHSA ILOT'0O KOJA.

10.6.” CxnaiTs PiBHAHHA KOJA 3 HEHTPOM y Touwi M (—=3; 1), ke
TTPOXONMTEH Yepes TOUKY K (-1; 5).

10.7. Crnanite piBHAHHA KoJa, JAiaMeTPOM SKOro € Bigpizok AB,
Aaxuo A (2; —-7), B (—2; 3).

10.8." osenirs, mo Biapisox AB e miamerpoMm Kojaa (x — 5)? +
+ (y + 4)2 =17, akwo A (1; -5), B (9; —-3).
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10. PiBHAHHA Qirypwn
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Puc. 10.8

y - vk
0
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a) 6)
Puc. 10.9

=y

®y
N

10.9." NoseniTsp, mo Bigpisox CD € xopmowo kKoxa x2 +
+ (y — 9)2 = 169, axmo C (5; —3), D (—12; 4).

10.10." CxyaniTe piBHAHHA KOJa, IEHTPOM AKOTO € Touka P (—6; 7)
i AKe MOTHKAETLCS M0 OCi OpAMHAT.

10.11." CrnaniTe piBHAHHA KOJIA, LEHTP AKOrO 3HAXOAMUTHLCH HA
npaMiit y = —5 1 Ake moTtukaeThed Ko oci abemue y Touni S (2; 0).
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10.12.° Cxinbku icHye kijg, paziyes SKHX LODiBHIOIOTH 3\/5,
LEeHTPH HaJjle)KaTh OCi opAMHAT i AKiI NpoxXoAAThs yeped TOUKY (3; 5)7?
3anuiIiTh piBHAHHA KOXKHOIO TAKOr'0 KOJA.

10.13. CxnamiTs piBHSHHS KO0Ja, HEHTD SKOr0 HAJNEMKHUTH oci ab-
cIUC i AKe NPOXOAUTEL Yeped Touku A (—4; 1) i B (8; 5).

10.14." Tosenits, mo xoao (x + 6)2 + (y — 3)2 = 36:

1) moTukaeTbeA OO OCL OpAMHAT;

2) mepeTuHae Bick adcuuc;

3) He Mae CHiJBLHHUX TOYOK 3 npamopo y = 10.

10.15." YcraHOBiTH, UM € faHe PiBHAHHA DIBHAHHAM Koja. ¥ pasi Io-
SUTHUBHOI BINIIOBiJIi BKAXKITE KOOPAMHATH LieHTpa i pagiyve R usoro xoja:

1) 2 + 2x + y* — 10y — 23 = 0;

2) x* - 12x + y? + 4y + 40 = 0;

3)x2+ y?+ 6y + 8x + 34 = 0;

4) x* + y? —4x — 14y + 51 = 0.

10.16. IosexirTsb, mo JaHe PiBHAHHSA € DIBHAHHAM KOJa, i BKaKIThH
KOOPOHMHATH ILIeHTpa Ta pajgiyc R unporo xoJja:

1) x? + y* + 16y + 60 = 0;

2)x2+y?—-8x + 4y + 15 = 0.

10.17." 3maiinite BesmKy i mMaJjy miBoci i KoopamuaTu (oKycis
2 2

emimea =~ +¥ = 1
17 8
- "_'xz yz
10,18, 3uaiaites xoopauHaTu Gorycis rimep6omu 5 11 =4

10.19.” SIky birypy 3agae piBHAHHA:

1) 2x — 3y = 5; 2) x2+ 2y2=2; 3) x?—y?

10.20." SIky ¢dirypy sazae piBHSHHSA:

1)y =2x%—x + 2; 2) x? + y? = 5; 3) x? — y? =27

10.21.° 3gaiigiTe BiZicTaHE MiXK IeHTPaMu Kin x? + y2 — 2x + 4y =
=9ix*+y*—-8x -4y = 21.

10.22." 3uaitaiTes BizcTanb Mik meHTpaMu Kin x? + y? — 20x — 4y =
= —-681ix? + y? + 4x.+ 6y = —9.

10.23." losexiTe, 11j0 TPMKYTHHUK 3 BepIIMHAMM B Toukax A (—1; —2),
B (—1; 2), C (5; 2) € upAMOKYTHHUM, 1 CKJIALITL PIBHAHHA KOJIA, OMNU-
CAaHOTO HABKOJIO [[BOTO TPUKYTHUKA.

10.24." CxkraniTs piBHAHHSA KoJa, pajiyc AKOTo ZopiBHIOE 5 i Ake
HpoXoauTE uepesd Toukyu C (—1; 5) i D (6; 4).

Il

12

10.25." Cknagite piBHAHHA Kosa, pajiyc axoro gopiHoe V10
i Ake npoxoauTh yeped Touku M (—2; 1) i K (—4; —1).
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10. PiBHAHHA Dirypu

10.26." CknajiTe piBHAHHA KOJA, AKe JOTHUKAETHCH M0 KOOPAUHAT-
HuUX ocel i mpamol y = —4.

10.27." CxnaniTe piBHAHHA KOJIA, AKe JOTHKAETHCA J0 KOOPAMHAT-
HUX oceil i npamoi x = 2.

10.28." CxinamiTe PiBHAHHA KO0Ja, AKe NPOXOAUTHE Yepe3 TOUKH:

1).4 (-8; 7); B (-8, 2); C (-6; -2}

2) M (-1; 10), N (12; -3), K (4; 9).

10.29." HocaigiTe B3aeMHe po3MimieHHA OBOX KiJi:

Dx2+y?—-2x+4y+4=0ix>-8x+ y*>+ 12 = 0;

) x4+ yt—4x -4y +4=01ix*+ y* - 10x — 12y + 62 =

) xP+y?-2x+4y+4=01ix2+y*+ 4x — 4y — 28 = 0;

P2+ yP=8lix*+y*+2x—2y—2=20;

5)x2+y?+6x -4y +3=0ix2+y?+6x—-4y—-7=0.

10.30.” Hamo xoxno (x — 1)* + (y — 1) = 4. BualixiTes piBHAHHA
konaa 3 nerarpom O, (4; —3), AKe JOTHUKAETHCA 0 HAHOTO KoOJIAa.

10.31." IMano xouo (x + 1) + (y — 2)2 = 100. 3HaiiaiTe piBHAHESA
Koja 3 uerTpom O, (3; —1), AiKe JOTUKAETHCA IO AAHOTO KOJA.

10.32.” BHaliniTh piBHAHHA re€OMETDHUYHOIO MICIA LEHTPIB Kija
pazxiyeca 1, ski gorukaroTecs g0 Koua x? + y? = 9,

10.33.” CkuaaziTh piBHAHHA KOJa, fKe NPOXOAUTH Yepes TOYKH
A (1;0)i O (0; 0) i goTuKaeTbes 0 Kooa x2 + y2 = 9,

10.34.” Ha xouni x? + y*> = 25 nosnadeno Touky A (3; 4). 3naiigirs
KOOPAWHATH BepINUH KBagpata ABCD, BIHCaHOTO B Iie KOJIO.

10.35.” Ha xoui x? + y? = 12 mozHayeHo TO4Ky A (0;2\/5). 3Ha-
#7iTh KOOPAMHATH BEPIIVH DIBHOCTOPOHHLOTO TPpUKyTHuKa ABC,
BIIMCAHOrO B Iie KOJO.

10.36.” 3uaiigiTs reomerpuyne micue Touox X rakux, mo XA?% +
+ XB? =a, ne A (1; —1), B (3; —b), a — nmeAKe 4HUCIO.

10.37.* [Tapabonu y = x> — 11 i x = y? — 12 mepeTHHAIOTLECA B YO-
TUPBOX TOUKax. [loBefiTh, 110 Ui TOUKY JIEKATH Ha OJAHOMY KOXIi.

0;
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11. 3aranbHe piBHAHHA NPAMOI|

Y nomepeaHbOMY HYHKTi, posrasmaruun koao ax 'MT, piBHoBiz-
JaJleHUuX Bif gaHol TOUKH, MH BHBEJH Horo piBHAHHA. [na Toro, 1106
BUBECTH PiBHAHHA NpaAMol, posrisaHemo il sk 'MT, pisHoBignaiesnx
BiJl ABOX TOYOK.

Hexaii ¢ — sagana npsima. Obepemo aBi Touxkn A (x5 y,) i B (x,; y,)
Taki, mob npama a Oysa cepefUHHHUM NEepPIEHAHMKYJIADPOM Biapiska
AB (puc. 11.1).

Tourxa M (x; y) KOOPAMHATHOL IVIOLIMHN HAJEXKUTEL NPAMIiN a Toxui
i TinbKku TOmi, Komu MA = MB, TobTo

JE-x)? +-u) =J(x-%,) +(y-y,). (*)
Orixe, piBaauadA (¥) € piBHAHHAM aaHol npaMol a.

ITpore 3 Kypey anrebpu 7 Kjacy Bu
3HaeTe, 110 PIBHAHHA NpAMOL Mae Haba-
raTo NpPoOCTilIHU# BHUIVISAJM, a came: ax +
+ by =c¢, ge a, b, ¢ — pgesaki uucia,
opudyoMy a i b He JOPIBHIOIOTHL HYJIO
ogHouacHO. [lokaskeMo0, 10 PiBHAHHSA
(*) MOKHAa 3BECTH JI0 TAKOTO BUTJIAIY.

Maewmos (x — 2)° + @y — g =
= (x — x,)* + (y — y,)*. Ilignecemo Bci
ABOYJIEHH JO KBajpaTa i 3BefiemMo 1ojio-
Hi gomaHku. OTpUMAaEMO:

2(x,—%) x+2 (Yo —y)) y=x2 +y2 —x* —y?.

YA

¥ g

Mosnayusmu 2 (x, - x)=a, 2(y, —y,) = b, Iﬁ +y22 *xlz—yf =0y
OTPUMAEMO PiBHSHHA aXx + by = c.

OcKinbKH TOUKHU A (x5 4)1B(x,; yz) € pizHUMM, TO Xo4ya O ogHa
3 pisHuub x, — x, i y, — y, He Aopisuioe Hyao0. OTxe, yucia a i b e
JOPIBHIOIOTH HYJIIO OQHOYACHO.

Taxkum YHHOM, MU JOBEJId TAKY TEOpPEMY.

Teopema 11.1. Pignanna npamoi mae euzand

ax + by = ¢,

de a, b i ¢ — Oeari wucra, npuvomy a i b He JopisHIOIOMb HYLIO
00HOYACHO.

CopaBeaiuBuUM € 1 Take TBepIKeHHHA: Oydv-ske PIBHAHHA 68Uy
ax + by = ¢, de a, bic— deakxi vucaa, npuvomy a i b e dopieHiomy
HY.H0 00HOYACHO, € PIBHAHHAM NPAMOL.
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11. 3aransHe PiBHAHHA NPAMOT

3ayBaxeHHAa. fAAKmo a = b = ¢ = 0, To rpacdikomM piBHAHHA
ax + by = ¢ € Bca nyounHa xy. Axmo a = b = 01 ¢ # 0, To piBHAHHA

He Mae po3B’A3KIB. R ————

3 Kypcy anrebpu 7 kiaacy " Jliniitui piBEaHHESA
BHM 3HAETe, IO PIBHAHHS BUAY / 3 nABOMA 3MIHHUMH \
ax + by = ¢ Ha3MBAIOTh JIHIHHIM \ /1/’:1 Hﬁ /
DiBHAHHAM 3 JBOMa 3MiHHUMHU. S \_  npamux > S
Cxema, 306parkeHa Ha DUCYHKY ~—————
11.2, imocTpye BHIIIe3a3HAUEHE. Puc. 11.2

Taxok Ha yporax anrebpu B 7 KJjaci Mu NpuiHAIHA 6e3 SJOBELeHHA
To# haxT, 1o rpadikoM JiHiIMHOL GyHKUII y = kx + p € IpAMa. 3apas
MU Ile MOXKeMO OBeCTH.

Cuopasgi, nepenuniemo piBHAHHA y = kx + p tak: —kx +y = p. Mu
oTpuMaJH PiBHAHHA BUAY ax + by = ¢ Ana BUNAJAKY, Koau a = —R,
b=1,c=p.

A uu OyIb-AKY OPpAMY HA IJIOIMWHI MOMKHA 3aJaTH PIBHAHHAM BHIY
y = kx + p? Bignoeige Ha e 3aUUTAHHA 3allepedHAa.

Piu y rim, mio npsama, lepneHIUKyJAApPHa 10 oci abciuc, He MoiKe
oyru rpadikom dyrkiii. OTike, A IpAMa He MOYKe MaTH PIBHAHHA
BUAY Yy = kx + p.

Pazom 3 Tum, AKINO B pPiBHAHHI npamol ax + by = ¢ nokmacrwu

- (S
b = 0, To #ioro MosKHA IIepenHcaTH Tak: X =—. Mu orpumanu oxpe-
a

MM B piBHAHHA NpsaMol, ycl Touku AKol MaloThk ogHaKoBi abernucu.
OT:xe, IfA NpAMa NepHeHAUKYJIAPHaA A0 oci abeumme. Ii HasuBaioTh
BEPTHUKANBHOIO.

Axmo b # 0, To piBHssHHA ax + by = ¢ 3ajja€ HEBEPTUKANLHY MIPSH-

5 . a c
MYy, 1 1€ PIBHAHHA MOXXHA [IeperiucaT Tax: [y = Vngr E ITosrauusinm

fgzk, L= p, OTpUMAaeMoO piBHAHHS Yy = kx + p.
a

OTxe, OVIL-AKY HeBePTHKAJILHY NPAMY MOJKHA 3aJaTH PiBHAHHAM
BUAY Y = kx + p.

Axwo b=01ia # 0, mo pienanna npamoi ax + by = ¢ 3adae
gepmukanviy npamy; akuo b # 0, mo ye pisnanns zadae nHesep-
MmuKaibry NPpamy.

Tomy piBHAHHSA ax + by = ¢, ge a® + b? # 0, HAZUBAOTE 3araJbLHHUM
PIBHAHHAM NPAMOI.

Hana Tabauua nigcyMoBye MaTepiaj, DOSIIAAHYTHH Y IBOMY
NYyHKTI.
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§ 4. [lekapToBi KOOPAMHATK Ha NNOLLWHI

Pisusanusa 3HaueHHssa a, b, ¢ T'padix
ax + by =c b#0,aic — b6yap-ski HEeBEPTUKAJILHA IPAMA

ax +by=c | b=0,a#0, c— Oyap-AKe | BepTUKAIbLHA IpAMa

YCHA KOOpDOHMHATHA

ax + by =c a=b=c=0
TIJIOILMHA

ax + by =c a=b=0,c#0 HOPOYKHA MHOMKHHA

Npukaax 1. CkRaagiTe piBHAHHA OPAMOI, AKA IPOXOAUTH YE€pPE3
Touxu: 1) A (-3; 5)i B (-3; —6); 2) C (6; 1)i D (—-18; —-17).

Poze’'sazanna

1) Ockinexu maHi TOYKHM MaOTL piBHI abcumcu, To npama AB
€ BePTHKAJBHOIO, 1 II PIBHAHHA Mae BUNIAL X = —3.

Bidnosidv: x = —3.

2) Ockinbky gaHi TOYKKM MaOTh pisHi abcuucu, To npsama CD € He-
BEPTHKAJBHOIO, 1| MOXKHA CKOPHUCTATUCH PIBHAHHAM IDPAMOI Y BULJISII
y = kx + p. IligcraBuBmu xooppuuaTtu Towok C i D y piBHAHHA
y = kx + p, OTPHMY€EMO CHCTEMY DiBHAHB:

6k+p=1,
-18k+ p=-"7.
Po3B’A3aBIIM 110 CHCTEMY PiBHAHBL, 3HAXOAUMO, 1[0 kzé, p=-1.

Bidnogide: y= %x -1.

Ilpuxanan 2. 3HalAITE HEpUMeTP i IOy TPUKYTHUKA, oOMexe-
Horo npamoio Hx + 12y = —60 i ocAMH KOOpPAMHAT.

Pos3g’'azanna. 3HAUAZEMO TOUKH IIePeTHHY AAHOI IIpAMOI 3 ocd-
MM KOODIWHAT.
3 Biccio abemuc: Hx = —60; x = —-12.
3 Biccro opgurar: 12y = —60; y = —5.
Ot:ke, naHa npsMa Ta oci KoopauHaTt

Y 0BMEXYIOTh NPAMOKYTHHH TPHKYTHHK
AOB (pmc. 11.3) Trakmii, o A (—12; 0),
\{1 0 B (0; -5), O (0; 0). Toni OA = 12,
—12\ * OB =5, AB=yAO®+BO®=13. Ilyxa-
B Huil nepumerp P = OA + OB + AB = 30,
v5’\

o S:%OA-OB:SO.
Pue. 11.3 Bidnosidv: P = 30, S = 30.
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11. 3aranbHe PiBHAHHA NPAMOI

BNPABU

11.1." 3HaiAITH KOOPAHMHATH TOYOK IiepeTHHY npsamol 4x — by = 20
3 OCAMU KoOpAUHAT. UM HANeXUTh IiA npaMii Touka: 1) A (10; 4);
2) B (6; 1); 38) C (-1,5; 5,2); 4) D (—1; 5)?

11.2." 3uaiaiTsE KOOPAWHATH TOYOK IEPeTHHY npaAmMol 3x + 4y = 12
3 ocaMu KoopauwHart. fka 3 Touor, M (—2; 4) yu K (8; —3), HANEIKHATEH
it npaMii?

11.8." CkanagiTe piBHSHHSA NpsAMOi, AKA NTPOXOJUTHL Yepe3 TOoU-
Ky A (6; —3) i meprieHAUKyAsIpHA A0 oci x. Ki KOOpOAHUHATH Ma€ TOUKa
nepeTuny uiel npamoil 8 Biccio x?

11.4." CxaaniTe piBHAHHS TPAMOI, AKA NPOXOAUTHL Yepe3 TOU-
Ky B (5; —8) i nepnergukynspHa go oci y. ki koopguHaTH Mae TOUYKA
mepeTHHY liel mpamoi 3 Biccio y?

11.5." CrnagiTe piBHAHHA NPAMOI, AKAa MPOXOAUTH Yepe3d TOdU-
Ky C (—4; 9) napanensHo: 1) oci aberiuc; 2) oci opauHAT.

11.6." CxnazgiTe piBHAHHA TPAMOI, AKA MPOXOAHUTL Yepe3 TOUKHU:

1) A (1; =3)1i B (—2; —9); 3)E (—4; -1)i F (9; —-1);

2)C (3; 8)i D (3; —10); 4y M (3; —3) i K (—6; 12).
11.7." CxnaniTs piBHAHHA NPAMOI, AKA NPOXOAHUTE Yepes TOUKH:
1) A (2; —=5)i B (—3; 10); 2) C.(6; —1) i D (24; 2).

11.8." Touxu A (—6; —1), B (1; 2) i C (-5; —8) — BepIIMHH TPH-
KyTHuka ABC. CknaaiTe piBHAHHA NIpAMOI, AKa MIiCTHTE Mexiany
AK TPpUKYTHHKA. '

11.9." Touxku A (—-3; —4), B (—2; 2), C (1; 3) i D (3; —2) — BepmumnHU
Tpanenii ABCD (BC | AD). CknaziTe piBHAHHA OpAMOl, AKa MicTUTE
cepenHIO JiHiIO Tpamemril.

11.10.° ABcrnucu cepeauH GiuHMX cTOpiH Tpamemii pisui. Yu
€ IIpaBUJIBHUM TBEPXKEeHHs, 1[0 OCHOBU Tparnelii nepneHguKyasapHi
oo oci aberuc?

11.11.° 3HafaiTh MepUMeTp TPUKYTHHUKA, OOMEIKeHOTr0 OCAMU KO-
opauHat i npamorw 4x — 3y = 12.

11.12." 3HalgiTh NJIOIY TPUKYTHUKA, OOMEXKeHOT0 OCAMH KOOp-
JIuHaT 1 npamolo Ty — 2x = 28.

11.13.° BgafgiTe nmaomly TPUKYTHHKA, OOMEKEeHOTO NPAMUMMU

9
3x +2y =61 y:wzx Ta Bicclo OpAHHAT.
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§ 4. [lekapToBl KOOpAMHATY Ha NNOLLWHI

11.14.° IOosexiTh, mo koso (x — 5)* + (y — 5)2 =9 i npama
x + y = 7 nepeTUHAOTHCH, Ta 3HAWAITH KOOPAMHATH I1X TOYOK Iepe-
TUHY.

11.15. Homexirs, uio npsima x + y = 5 € HJOTHYHOK A0 KOJa
(x — 3)* + (y + 2)*> = 8, i s3HAlAITP KOODAMHATH TOYKH HOTHKY.

11.16." doseaits, mo koxao (x — 4)2 + (y — 2)2 =1 i npama
3x + y = 3 He MAKOThL CHIJIBHUX TOYOK.

11.17." 3uaiiaiTs BiZcTaHb Bijg MouaTKy KOOPAMHAT A0 NMPAMOI
5x — 2y = 10.

11.18. 3HagiTh BigcTaHb BiJg MOYATKY KOOPAMHAT A0 IPAMOIL
x + y=—8.

11.19." Buaitaites gosxuHy xopau Koaa (x + 1) + (y — 2)? = 25,
AKAa JeXUTh Ha npamii y = 3x.

11.20." Cxaazgite PiBHAHHA TeOMETPHYHOT0O Miclia UeHTpiB Kiu,
AKi npoxonaTe uyepesd Touku A (1; —=7) i B (-3; b).

11.21.7 CknaniTe PiBHAHHA IeOMETPUYHOr0 MiCILA IEHTPIB Kii,
AKi npoxoaaTs yepes Touku C (2; 3) i D (—5; —2).

11.22." Crkaagits PIBHAHHA KoOJIa, AK€ IPOXOAHUTHh Yepe3 TOUKH
A (2; 0) Ta B(4; 0) i neHTp AKOro HaJeXUTh UpaAMii 2x + 3y = 18.

11.23." CksagiTe PiBHAHHA reOMeTPUYHOTO MIiCIs IEHTDPiB Kii,
paziyc AKUX JopiBHIOE 5 i AKi BigTHHAOTE Ha oci abGecuuc xXopay 3a-
BIOBKH 6.

12. PiBHAHHSA NPAMOT 3 KyTOBUM Koe@iLlieHTOM.
PiBHAHHS NPAMOT, IKa NpoXoauTb Yepes
ABi faHi TOYKU

Poarnsaemo piBHAHHA y = kx. BoHO 3a/jae HeBepTUKAJIBHY ITPAMY,
AKa NPOXOJUTh Yepe3d MOYaTOK KOOPJHHAT.

Ilokasxemo, 1o upsami y = kx ray = kx + b, ge b # 0, napanensHi.
Touxku O (0; 0) i C (1; k) HanexaTh NpaMiil y = kx, a Touxku A (0; b)
i B (1; k + b) nanexxars npamiit y = kx + b (puc. 12.1). Jlerko nepe-
KOHATHCA (3poDdiTh 1ie caMoCTiiiHO), n1o cepenunau aiaronaneit AC i OB
gotupukytHuka OABC sbirarorbed. Orxe, OABC — mapanenorpam.
3Bigcu AB || OC.

Tenep Mu MoxkeMO 3POOUTH TAKHUHA BUCHOBOK:

akwo k, =k, i b # b, monpami y=kx +b iy=~kx+5b
napaneavri (1).

Hexa¥l npama y = kx neperuHae OJMHHYHE HIBKOJIO Y TOYILi
M (x,; y,) (puc. 12.2). Kyr AOM Ha3uBamOTb KYyTOM Mis% JIaHO Nps-
MO0 i TOJATHHM HanpamoM oci aGcimc.

2
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12. PiBHAHHA NPAMOI 3 KYTOBUM KOeILLIEHTOM

ya Le) ya
e
Y 1
B
e v
C

" . -1 ' 1,
ol 3 x B 0\ A x

Puc. 12.1 Puc. 12.2

Axmo npama y = kx 30iraeTrbcdA 3 Biccro abcuc, TO KYT MiX IIIEXO
IPAMOIO i JOJATHUM HANPAMOM oci abcuuc BBasKaoOTh piBHuUM 0°.

Axmo npama y = kx yTBOpPIOE 3 ZOXATHHM HanpsaMoM oci abciuc
KyT O, TO IIPUPOAHO BBAaXKATH, LI10 I npama y = kx + b, aka napa-
JeJibHA NPAMid ¥ = kx, TAKOX YTBOPIOE KYT O 3 JOLATHUM HAIIDAMOM
oci a6cumuc (puc. 12.3).

Poarnauemo npamy MO, piBHAHHA AKOI Mae BUrasy y = kx

sin o y .
=22, QOckinbkn TOUuKa

(puc. 12.2). Axmo £ MOA = o, o tga=
coso  x,

M (x4 y,) HANIEKUTH NpAMiK y = kx, TO y—“zk. 3Bigcu k = tg .
o xn

TakumM YMHOM, AJA OPAMOI Yy = ya

= kx + b oTpuMy€eMO, IO

k=tg(x,

e O — KYT, AKWI YTBOPIOE IIA IIpA-
Ma 3 HOZATHHMM HanpamMom oci ab6-
cuuc. Tomy KoediniedT £ HA3UBAIOTh
KYTOBMM KoediuienTom 1iel npamoi,
a came piBHAHHA Yy = kx + b HasuBa-
I0Th PiBHAHHAM NpPAMOI 3 KyTOBHM
KoediuiceaTOM.

I3 BuIe3a3HaYeHOr0 BHUIIJIMBAE, IO KOJHM HEBEPTHKAaJbHI npami
napajienbHi, TO BOHM YTBODPIOIOTH DiBHI KYyTH 3 AOAATHUM HANIDPAMOM
oci aberiuc. Toai TaHreHCH HUX KYTIB piBHI, a OTXKe, PiBHI 1X KyTOBi
KoedilllEHTH.

TaxuM 4YHHOM,

akwo npamiy =k x +b iy =kyx + b, napanensri, mo k, =k, (2).

Puc. 12.3
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§ 4. [lekapToBi KOOPAMHATK Ha NAOWMHI

BucroBru (1)i (2) o6’enHaeMO B OOHY TeOpeMy.

Teopema 12.1. Ilpaniy =kx+b iy =Fk,x+b, €napanens-
Humu modi i mineku modi, konu k, =k, i b, # b,.

¥V panl BUOagKiB BUHUKAE TOTpeba CcKIacTy PiBHAHHSA IIPAMOI, 3HA-
04X KOOPJAHMHATH OAHiel 1T TOYKH 1 KyTOBUH KoedimieHT npamoi.

Hexa# upsama y = kx + b npoxoauTs yepes Touxky M (x.; y,). Toxni
Y, = kx, + b. 3Bigcu b = y, — kx,. Tenep piBHAHHA NPAMOI 3 KYTOBUM
KoedinieHTOM MOKHA 3alIMCATH TaK: y = kx + By = kxo. 3Bimcu

y=kix— x)+ y,

OrpumaHe piBHAHHSA HA3WBAIOTH PIBHAHHAM NPAMOL 3 JAHUM KY-
TOBMM KOe(pili€eHTOM, 5iKa NMPOXOAMTH Yepes naHy Toury M (x.; y,).

IIpamy moykHA 3amaTh OYAb-AKUMM ABoMaA il Toukamu. Tomy, 3Ha-
I0OUYH KOOPAHMHATH ABOX TOYOK IPAMOI, MOXXHA BHBECTH 1i piBHAHHA.
Y momepeZHBOMY NYHKTI BH PO3B’A3YBaJM TAKy 3aJauy AAd JedKHUX
oxpeMux Bumankis (gus. Ne 11.6, 11.7). Posp’sa:xemMo o0 3azagy
V 3araJbHOMY BHTJIAMI.

Posrasimemo asi Touku A (x; y,) i B (x,; y,).

Axmo x, = x, iy, # y,, To npama AB € BepTHKaJBHOIO i ii piBHAH-
Hsl Ma€ BUIJIAL X = X,.

Armo y, = y, i x, # x,, To npama AB € rOpU3OHTANBHOIO i ii piB-
HAHHA Ma€ BUIJIAL Y = Y.

Hexait x, # x, 1 y, # y,. 3annmemo piBHAHHA npsaMol AB rTak:
y==Fk(x- x) + y,, ae B — ryToBuii Koedinient npamoi AB. Ockins-
k1 Touka B(x,; y,) HaleXHUTh NpAMiid AB, TO MOXHa 3anucaTH:
Yy = k (x2 — xl)_ + y,. 3Bincu k=u. ITigcraBUBIIKM 3HAMH-

Xy — X
AeHe 3Ha4YeHHsA k B piBHAHHA y = k (x — x,) + y,, oTpuMaemo:
y:M-(xwxl)+y,. 3sigcu

Xz T X

X —x, _ y—uy

Xy =Xy Yo~ Yy

OrpuMaHe pPiBHAHHSA HA3WBAIOTHL PIBHAHHAM NpPAMOI, AKa MPOXO-
AUTH yepes ABi 3amani Touku A (x5 y,), B (x,; y,).
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12. PIBHAHHA NPAMOI 3 KYTOBUM KOeIiLIEHTOM

Teopema 12.2. IIpamiy =kx +b iy =k,x + b, nepnendu-
Kyaapui modi i minvku modi, koauw kk, = —1.

Hoeedenmna.

* Hexait nmpami y = k,x + b, i y = k,x + b, IepHneHAUKYJIAPHI.
Hosenemo, o k k, = —1.

Hexait k, =tg o, k,=tgo,inpami y=kx + b, iy=Fkx + b,
nmepeTuHaThLeA B Touui C, a Bick abcuuc mepeTHHAOTH BiAIIOBiIHO
y Ttouxkax A i B (puc. 12.4).

V rpukyrauky ABC £ A+ ~ B = 90°. Tozi tg A tg B = 1. 3Bincu
tg o, tg (180° —o,) = 1; tg o, tg o, = —1; kk, = —1.

Bunanoxk, konu npami y = kx + b, iy = k,x + b, nepeTuHaOTHCA
B TOUYIIi, AKA HaJEeXHUTE oci abcuuc, po3rasaHbTe CAMOCTIiHHO.

* Hexait k k, = —1. oBenemo, mo npsami y = kx +b iy = k,x +
+ b, nepneHANKYJIAPHI.

Maewmo: tg o, tg o, < 0. Toxi oguu 3 KyriB o, abo o, rocrpui,
a inmui rynui. Hexail, nanpuxaan, o, — rocTpuit KyT, O, — TYINHUH
(puc. 12.4). 3anuuiemo:

tg o, tg o, = —1;

tg o, tg (180° — a,) = 1;

— 1 .
tg (180°—a,)’ yh

tg o, = ctg (180° — o);
ctg (90° — o) = ctg (180° — o).
Ockineku kytm 90° — o, i / -
o . o Ly 2
180" — a, — rocTpi Ta ix Ko- 7\ N= =
TaHTreHCH pPiBHi, TO piBHI # cami o e
KyTu. OTpHMyeEMO: ;e;é‘ ‘J‘t"x
90° — o, = 180° — a,;
a, + (180° — «,) = 90°. Puc. 12.4
A e o3Hauyae, 110 JaHi npami
epHeHuKYIAPHL. M
Hoeegemo, 10 BifCcTAHEL P Big Touku M (xo; yo) 0O OpAMOI, 3aJaHOL
piBHsHHAM ax + by + ¢ = 0, obuncixOeTHCA 32 POPMYIOIO

tg o,

m|axn +by, +c|

SN

. o ik " s . a
Hexait b # 0. Toxi xyroBuii KoediltieHT narol npAMOl HOpiBHIOE 5
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' § 4. [lekapToBi KOOPAMHATU Ha NNOWUHI

3 ToYyKH M ONyCTHMO NEepPHEeHAMKYyaAp MP Ha AaHy OpAMY

(puc. 12.5). Toai ryroBuii Koedinienr npamoi MP pgopiBrIOE — i i
a

: b
PIBHSHHSA Ma€ BHIVIAL Y =—(x—x,)+Y,.
a

M(x;y,) #(5 Jns Toro mo6 3HAUTH KOOPIMHATH TOY-
K P, norpi6Ho poss’szaTu cucreMy

ax+by+c=0,
b
y=;(x—xu)+yo-

ITepenuiemMo 110 CHCTEMY B TAKOMY BU-
TJIATI:

Puc. 12.5

a(x—xy)+b(y—y,)+ax, +by, +c=0,

b
Y—Yo=—(x—x,).
a

3BiACH JerK0 OTPHUMATH, IO

a
x— X, =——a2 i (ax, +by, +c),

b
Y—Yog= *m(axo +by0 +C).

b 2
Maemo: MP? =(x-x,)* +(y—-y,)’ = WOJ;—y;;i:). 3pigcu
a +

|axn +by0+c|
V'a2+b2

3asHa4uMo, IO LA (GOpMyJa IaJUIIAETHCA CHPABEIJHBOIO IIPH
b = 0, To6To y BHIIAAKY, KOJH JAaHA NPAMA € BEPTHKAJILHOIO.

MP=

IIpuxaan 1. CknaniTs piBHAHHSA IPAMOI, AKA IPOXOJUTHL Yepe3
Touky A (—4; 3) i napanenpna npamiit y = 0,5x — 4.

Poszeé’azanna. 3 reopemu 12.1 Bunausae, 110 KyToBUi Koedi-
mieHT mykaHol npamol mopiBawe 0,5. Ils npsma npoXoauTs depes
TouKky A (—4; 3). Tomy, ckopHcTaBIIUCH PIBHAHHAM INIPAMOL 3 JaHUM
KYTOBUM Koeginienrom, zanumemo: y = 0,5(x + 4) + 3.

Bidnogide: y = 0,5x + 5.
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12. PIBHAAHHA NPAMO| 3 KYTOBUM KOeIiLiEHTOM

IHpuxaan 2. Toukn A (1; 1), B (4; 2), C (0; 7) € BepuunHaAMHU
TpuKyTHHKA ABC. 3HalJiTh PIBHAHHA OPAMOIL, AKa MICTHUTHL BHCOTY
TPUKYTHHKA, IPOBEIEHY J0 CTOPOHH AB.

Posze’'aszanna CKOpUCTABIIMCH PIBHAHHAM OpAMOl, AKa IIPO-
XOJUTEL Yepes3 ABi 3anaHi ToukH, 3HANAeMO piBHAHHA npamoi AB:

x-1 y-1 1 2
=T y=—2x+—.
4-1 2-1 3 3

3Bigcu oTpuMyeMoO, IO KYTOBHH KoedinieHT mykaHol nmpamol
IopiBHIOE —3.

CKOpHCTABIIINCE PIBHAHHAM NPAMOI 3 JaHUM KYTOBUM Koedimi-
€HTOM, AKAa IIPOXOAHUTHL Yepe3d JaHy Touky C, 3anmuuiemo:

y=-3(x-0)+T7;

y=-3x+T.

IMpuxaang 3. 3uaifiTs pIBHAHHA JOTHUYHOI #o kona x? + y? = 5,
AKINO BiZloMoO, 1[0 AOTHUYHA IIapaJjejbHa npamiit y = 2x + 9.

Posé’sazanna. PiBHaHHA goTu4YHOI Mae Burasag y = 2x + b.

I crioei6. uis Toro uiob npsama y = 2x + b 6yna JOTHYHOIO A0 KoJa
x% + y? = b, cucrema

y=2x+b,

x*+y?=5
MOBUHHA MATH €AWHHUNH PO3B’A30K.
y=2x+b,

M :
aeMo {xz +(2x+b)? =5.

Banuiuniaoca 3’'AcCyBaTH, NIPH AKHX 3HAYeHHAX napamerpa b pis-
HaaHA x? + (2x + b)? = 5 Mae eAUHUHA PO3B’AB0K.

Sanumemo: 5x2 +4bx + b2 -5 =0; D = 16b% — 2062+ 100; D =0
upu b = 5 abo b = —95.

Ilyxani piBHAHHA JOTHYHHX MAaKOTh BHIVIAA Yy = 2x + &1 y =
= 2x — 5.

II cmoci6. IIpsma y = 2x + b € moruuyHOW 0 kosa x? + y? = b,
AKIIO BigcTaHb BiJ ILleHTpa KoJja o Iiel nmpsamol mopiBHIOE paniycy
KoJuia, To6ro Bigcrads Big Touku O (0; 0) o npsamoi 2x —y + b =0
OOpiBHIOE J5.

\f_|2-0—0+b[ )
SanuieMo: m 3Bigcu b = 5 abo b = —5.
Bidnosgidv: y = 2x + 5, y = 2x — 5.
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M § 4. [lexkapToBIl KOOPAWMHATU Ha NAOLUMHI

\ BIPAB ERERESSEMN e

12.1." Yomy opiBHIOE KYTOBMl KOeDillieHT mpaMoi:

Dy=2x-717; 3)y=x+ 10; Ny =4;

2) y = —3x; 4)y=5—x; 6) 3x — 2y = 47

12.2° fJxi 3 mpamux y=6x-5, y=0,6x+1, y= EJc + 4,
y=2-6x1iy= 600+ 0,6x mapanensui? 5

- 1
12.3. Axi 3 mpamux y=3x + 2, y=-3x -4, y=5 — 3 x,
2 1 ;
y= 5 X, Yy = 2 x+1,y=-2,5x + 3 nepuneHIUKyIaApHi?

12.4. fxe umcio Tpeba miZcTaBUTH 3aMicThk 3ipouku, 106 Gyau
napajieJJbHUMH IIPAMI:

Ny=8x-141i y = *x + 2;

2Dy=%x—-11 y=3 — 4x7?

12.5." Cxuajite PiBHAHHSA IPAMOI, 10 IPOXOAUTH Yepesd OYATOK
KOOpPAHUHAT 1 napaJjejibHa NPSAMIiHA:

1)y =14x — 11; 2)y =-1,15x + 2.

12.6." Cxknazgits PiBHAHHA OPAMOI, L0 NPOXOAHTE Yepes MOYaTOK
KOODAUHAT 1 NapajejabHa MPAMIN:

)y=01x-3; 2) y=(2-v3)x+1.

12.7.° CknaniTe pPiBHAHHA NPAMOI, AKA NPOXOAHUTEL Uepe3 TOUKY
A (—3; 7) i kyroBu# KoediuienT axkol gopisuwe: 1) 4; 2) —3; 3) 0.

12.8." CxaamiTs PIBHAHHA NPAMOI, AKa NPOXOJHUTE YEpe3 TOUYKY
B (2; —5) i kyToBUii KoediuienT axoi gopisawe —0,5.

12.9." CxnaziTh piBHAHHA NPAMOI, AKa IIPOXOAHUTH Yepes TOUYKY
M (—1; 9) i mapanenbHa npamiii: 1) y = —7x + 3; 2) 83x — 4y = —8.

12.10." CxnajiTh piBHAHHA NPAMOI, AKa IPOXOIUTEH YePe3 TOUKY

K(—%;IO) i mapanenpHa npamii: 1) y = 9x — 16; 2) 6x + 2y = 7.

12.11.° Cknaznite piBHAHHA mpAMoOi, AKA OPOXOLUATH yepes TOU-
Ky M (2; —1) i nepnengukyasapHa no npsamoi: 1) y = —0,2x — 3;
2) 3x — 6y = 2,

12.12." Crnaznite PiBHAHHA OpaAMOl, AKa NPOXOAUTEH Yepesd TOUYKY

1
A (—3; —1) i nepneHAUKYyIApHaA xo npamoi: 1) y:—x+-2-; 2) 2x +
+y=-3.
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12. PIBHAHHA NPAMOT 3 KYTOBUM KOediLEHTOM

12.13.° Ckianite piBHAHHSA NpAMoi, SKa IIPOXOAUTH Yepe3 TOUYKY
A (2; 6) i yrBOpIOE 3 mOomATHUM HampsaMom oci aberue kyT: 1) 60°;
2) 120°.

12.14. CknagiTh piBHAHHA NPAMOI, AKA ITPOXOAUTEL Yepe3 TOUKY
B (3; —2) i yTBOpIOE 3 AOJATHUM Hampsamom oci abecoue KyT: 1) 45°;
2): 135",

12.15." CxnagiTs piBHAHHA npsaMoi, 300pa»KeHOI HA PUCYH-
ky 12.6.

y Yy 1l
\
/ ) B l 30

a) 6)
Puc. 12.6

=Y
(=]

2 Jﬁ\z

12.16. Cxnangite piBHAHHA NpPAMHUX, 300parkeHUX HA PHCYH-
Ky 12.7. -

12.17.° BussauTe, YH ImapajielbHi npsami:

1)2x -5y =91iby —2x=1;

2)8x + 12y = 15 i 4x + 6y = 9;

3)7Tx -2y =121 7x — 3y = 12;

4) 3x + 2y = 31i 6x + 4y = 6.

12,18, JloBexniTe, mo npami Tx — 6y = 3
i 6y — 7Tx = 6 napaJsyiennHi.

12.19.° 3HaiiniTh KOOpAUHATU TOYOK IEepe-
TUHY NpAMOi AB 3 ocsiMH KOODAHHAT, SKIIO:

1) A (1; 1), B (2; 3);

2) A (3; -1), B (-2; 2).

12.20.° 3HaliaiTe BimcTaHs Big TOUKM Puc. 12.7
M (-1; 2) mo mpsaMoi:
1) 3x — 4y = 2; 2) —5x + 12y = 1.

12.21. 3paiigiTe Bigcranb Big TOUKM mepeTWHY npaMux AB
i CD po mpsamoi 6x — 8y = —1, axmo A (1; —-1), B (2; 1), C (35 1),
D (—4; 2).
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§ 4. [lekapToBi KOOPAMHATK Ha NNOLLMHI

12.22.° CknagiTs piBHAHHSA NPAMOI, AKA IPOXOAUTH Yepea I EeHTPH
IBOX 3aJaHHX Kim:

)x2+y?—-—4x+2y+4=01x*+y* - 10x — 6y = 2;

2y x2+y*+2x+ 2y =21 x?+ y? - 6x — 4y = 3.

12.23." Ckaagiry piBHAHHA NpaAMoi, AKa mapayeJbHa TpAMIii
y = 4x + 2 i neperuHae npamy y = —8x + 9 y Toumi, 1o HANEKUTEH
oci opauHAT.

12.24." Ckaajite piBHAHHA NpPAMOI, AKAa mapajeJbHa IPAMIi
y = 3x + 4 i mepeTtusae npamy y = —4x + 16 y rouui, 1110 HAJEXUTH
oci abecruc.

12.25." Cxnagite piBHAHHA nNpaMoi, AKa NepHeHAUKYJIADHA IO
npsamol y = 2x + 3 i mepetmHae npamy —x + 3y = —6 y rouui, mio
HaJIeXXUTh oci abemuc,

12.26." CruagiTe piBHAHHA NpAMOi, KA IePHeHAMKYJIADPHA A0
npamoi 2x + y = 1 i nepeTurae npamy x — 4y = —1 y Touni, mo Ha-
JIe}KHTh OCi OpAHHAT.

12.27." Nano Touku A (—1; 5) i B (8; 2). BHaiiaiTs pPiBHAHHA npH-
MoOi, AKa NEepHeHAUKYJIApHa no npamoi AB i neperuHae Bigpisox AB
y Touni M rakiii, mo AM : MB =2 : 1.

12.28." 3anummiTs piBHAHHA NIPAMUX, AKI MiCTATH BUCOTH TPUKYT-
Huka ABC, akmo A (1; 3), B (5; —=7), C (—1; 9).

12.29." Touxku A (1; 2), B (2; 5), C (7; 0) e BepIIMHAMU TDH-
KyTHHKa ABC. 3HalifiTs piBHAHHA NpAMOI, AKA INPOXOJUTH Yepes
BepIIHHY B 1 neprneHaAuKyasipHa 10 6iCeKTpHCH, IPOBEJAEHO] 3 BEPIIIN-
HH A.

12.30." Tano tpuxytnux ABC, me A (1; —-2), B (3; 4), C (—1; 2).
3HalAiTe PIBHAHHA NpPAMOI, AKa IPOXOAWUTEL Yepes BepInuHy B i mep-
IeHZUKYJAPHA A0 MeliaHH, IIPOBE/EHO] 3 BEPUIMHHA A.

12.31." 3maiigiTs naomy TpukyTHMKa ABC, akmo A (1; —-2),
B (1; 1), C (—=3; —5).

12.32." 3uaiigiTe DiBHAHHA KoJa 3 HeHTpoM y Touni M(-2; 1), axe
JOTHUKAEThCA 00 npamol 8x — 15y = —2, .

12.33." Buaiigite 'MT, piBHOBigJaneHUX Bijf ABOX AAHHUX [ApPA-
JenpHUX ONpaAMuX dx — 12y = 11 —bx + 12y = —-3.

12.34." 3uaiiaiTe piBHAHHA TOTUYHOI 10 Kosa x% + (y — 2)? = 25,
AKa NPOXOAUTE Yeped Touky M (3; —2).

12.35.” 3anumiTe piBHAHHA K0JIa, IeHTP AKOr0 HAJEKHUTh IPAMii
2x + 3y = 5 1 Ake npoxoxuTh Yyeped Touku A (5; —3), B (—3; 5).

12.36." 3uaiigite 'MT, piBHOBiAmaneHux Big nmpaMux 3x — 4y =
=-Tidx - 3y = 8.
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13. MeToa koopawHar

12.37.” 3uaigiTe BigcTaHL Mi ABOMAa NPAMHMMH:

1)3x +4y =81 3x + 4y = —-12; 2)4x + 3y = 51 8x + 6y = 3.

12.38.” BanumiTe piBHAHHA Kia pamiveca 1, AKi ZoTHKalOTBCA O
npamMux 3x — 4y =11 4x — 3y = —1.

12.89.” 3HaigiTe PiBHAHHA SOTHYHMX X0 KoJsa x* + y? — 2y = 9,
AKi mpoxogAaTe yeped Tourky M(7; 2).

12.40.” BHaligiTe piBHAHHA CHINBHUX JOTHUYHUX 0 Kim x? + y? =
= 6x i x? + y? = By.

12.41.” Touka A ne>xuTh Ha npsamiit 3x — 4y = —34, a Touka B —
Ha KoJai x? + y? — 8x + 2y = 8. 3HalziTs HaMEHIy MOMJIHMBY Bim-
craHp MixK ToukaMu A i B.

13. MeTop KoopauvHar

My yacTO rOBOPHMO: mpama y = 2x — 1, mapabosaa y = x?%, KoJo
x? 4+ y?® = 1, THUM caMHUM OTOTOKHIOIOUHM (Qirypy 3 Ii pisHannam. Takui
Higxin mo3BoJIAE€ 3BOJAMTH 3ajady IIPO HOIUYK BJaACTHUBOCTEeHN (irypu
OO 3a7adi nmpo AocHifsKeHHs 11 PiBHAHHA. ¥ LBOMY H IIOJISArae cyThb
MeTony KOODAMHAT.

TIpoinrocTpyeMO cKasaHe HA TAKOMY IIDUKJIAJI.

3 HAOYHHX MIpPKYBaHb LIJIKOM OYEBHAHO, 11O NpAMa H KOJO Ma-
IOTh He OiJiblre ABOX CHiNBHHX TouoK. IIpoTe TaKe TBepJXKEeHHSA He
€ aKcioMOo0 1 ¥oro noTpidbHO MOBOAMTH.

I1a sagaya 3BOAMTHCA [0 AOCHIAKEeHHA KinbKocTi po3B’saA3KiB cuc-
TEMU PiBHSHBL

ax+by=c,

(x-m)* +(y—-n)’ =R’

e mapaMeTpu a i b ogHOYACHO He AOPiBHIOIOTE Hya0 i R > 0.

Po3B’A3yI0YH 1[I0 CUCTEMY METOAOM NIJCTAHOBKH, OTPUMAEMO KBa-
ApaTHe DIBHAHHA, AKE MOXe MATH ABa PO3B’A3KM, OAUH PO3B’A30K
abo Bzarani He MaTtu pos3B’a3kiB. OTike, A JAHOI CHCTEMH € TPHU
MOXKJIUBI BUIIAOKH:

1) cucreMa Ma€ ABAa PO3B’A3KH — IIPAMA 1 KOJIO IEePETHHAITHCH
B ABOX TOYKAaX;

2) cucTeMa Ma€ OJWH PO3B A30K — NPAMA JOTHKAETBCS A0 KOJAa;

3) cucrema He Ma€ PO3B’A3KIB — mIpsAMa i KOJIO He MAKOTh CI1Jb-

HHX TOYOK.
3 KOKHHM i3 IMX BUNAAKIB BU 3yCTpidyaiucsa, po3B’A3youu 3agaui
11.14-11.16 BigmosigHO.
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S Yy ORI

§ 4. [lekapToBi KOOPAUHATU Ha NNOLWMHI

«AriTye» 3a MeToZ KOOpDAMHAT i Taka 3aada: Y MOXKHA BIIMCATH

B €JIiIlC MpaBUJBbHHUNA NIECTHKYTHHEK?

2 2
Yy

. x
IlpuiyctuMo, 110 B eJrinc —+5=1 (a # b) Bmasocs BOHCATHU
IPaBUIABHHH MIECTHKYTHHK. ONHIIIeMO HABKOJIO IMeCTHKYTHHKA KOJIO.
Toxni eninc i Koo MawTE He MeHINe HiXx wiicTh cHinbHUX TOYOK. Ile
o3Hauae, mo Koau (x — m)®> + (y — n)> = R? — piBHAHHSA ONMCAHOTO
KoJia, TO cucreMa

(x-m)? +(y-n)® = R?

Ma€e He MeHIIe IIIecTH PO3B’A3KiB.

Mok Ha nokasaTu, OI0 A CHUCTeMa MAa€ He OijbIIe YOTHUPBOX
posB’askiB. Tomy BiANOBiZb Ha MHOCTABJIEHE 3AIMTAHHA 3allepedHAa.

MeTon KOOPAHUHAT € 0COOJMUBO e()EKTUBHUM Yy TUX BHOAOKaX, KOJH
norpibuo sHadTH Girypy, yciMm Toukam sSIKOI npuUTaMaHHAa 3amaHa
BJIACTHUBiCTE, TOOTO 3HaliT I'MT.

Badikcyemo Ha romuui asi Touku A i1 B. Bu 3HaeTe, AKo0 ¢i-

; MB
r'ypoio € reoMeTpuuyHe micue Todyok M TaKux, IO mzk, e k # 1.

ITe rou1o (K00 AMonnoHisA). 3 HOCUTE HENPOCTHUM CIIOCOOOM pO3B’A3Y-
BaHHA Liel 3azadi BM O3HaMoOMHJIMCE y 8 Kiaaci'. Meros KoopauHAT
DOBBOJISIE PO3B’A3aTH II0 3a3/1ady HabaraTo npocriiie.

ITnomuny, Ha Akiil 3adikcoBaHo TOUKKU A i B, «IepeTBOPUMO» HA
KOOPAMHATHY. 3pOOMMO 1le TaK: 3a II0YaTOK KOOpAuHAaT obepeMo Tou-
Ky A, Bick abcuuc npoBenemo Tak, uiod Touxka B Maja KOOpAMHATH
(1; 0) (puc. 13.1).
vA Touxka M (x; y) KoOOpAUHATHOIL
IJIOIIHHY HaJIEeKUTh IIYKaHIN ¢i-
rypi F romi # TinbKM TOHl, KOJH

N\ M (x5 y) kEMA = MB, a6o k*MA? = MB?.

/ ' 3eigcu
{ * g \B B (x+ gB) = (2 — 1P+
1

\
|
/

f

\ o (B2 — 1) x + 2x +
P +(RE-1)y?*=1.
oo ST Ockinpku £ # 1, TO MOKHa 3a-
| IHUCATH:
Puc. 13.1

! MTus. «Ceomerpia-8», n. 16, ¢. 108, . 18, ¢. 119
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13. MeTop koopguHat

x2+k2_lx+y2=k2_1;
i By R +y* = TR -
BE-1" (k2 -1)? Red R iy
[“ 1 T NP T S *)
| (k% -1)?
Taxum 4MHOM, PiBHAHHAM Girypu F e piBuanaa (¥), trobro ¢iry-

k

1—k2; 0] i pagiycom —|k2 —1|'

3asEa4yuMo, 110 3aCTOCYBAHHA METOAY KOOPAMHAT Iependadyae BH-
KOHAaHHA NeBHOI TexHiuHOI pofoTH, MOB’A3aHOI 3 IIepeTBOPEeHHAMH
BHUpAa3iB, po3B’A3YBaHHAM pDiBHAHL abo cHcTeM pPiBHAHBL. BUrignHHWii
BUOIp CHMCTEMH KOOPAMHAT MOJKE 3HAYHO IOJIENIIHNTH BHUKJIAJKM.

ITepeTBOpIoOUM MIOIMMHY HA KOOPDAUHATHY, MU AEAKHM TOYKAM
NPUONCYEMO KOOPAMHATH, AKiI B PIBHAHHAX, 1[0 CKJIAJAOThCA, BiAi-
rpapoTh poJsik napamerpiB. IIpupoaHo, ciifg IparHyTH A0 TAKOTO BH-
bopy cucTeMH KOOPAUHAT, 11100 mapaMeTpiB OyJlo sxoMora MeHIIE.

Hanpukaazg, MOX»e 3gaBaTHUCH, 0 AJA 3aJaHHSA YOTHPHLOX BeED-
HIMH IPAMOKYTHHKA HeobxinmHo 8 napamerTpiB. IIpoTe AKIIO BBECTH
CHCTEMY KOODJMHAT TakK, AK IIOKa3aHO Ha PHCYHKY 13.2, To mOCHUTH
JBOX MapaMeTpis. :

pa F — 1e KoJo 3 UeHTpoM y TouIi O(

vy YA
b (a; ) (ab) (a; b)
0 %
0 a x (-a;-b) (a; -b)
a) o)
Puc. 13.2

O~—w 3anaua (popmyna Jeibuina). Hexail menianu TpuryT-
Huka ABC neperuHaoTbesa B Touli M. IHoBexiTs, mo gasa 6yab-aKol
ToukHu X BHUKOHYETLCA PiBHIiCTH

XA? + XB? + XC? = MA? + MB? + MC? + 3XM?, %)

Posze'azannsa. I1o6 3amaTy KOOPAMHATH BEPIIHH TPUKYTHHKA,

arasajsocsa 6, morpibHo 6 nmapamerpiB. IlpoTre skIo obpaTu cucreMmy
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§ 4. [lekapToBi KOOPAWMHATM Ha NNOLWKMHI

KOOpAMHAT TaK, AK IIOKas3aHO Ha
~——, B(b; ¢) pucyHky 13.3, To moykHa obifiTucs
TPhOMAa IIapaMeTPaAMH.

Ockinerkn BM : MO =2 : 1, To

b ¢
Touka M Mae KOOpAMHATH | —; — |,
3

3

& 3
£ Hexait X (x; y) — noBiabHa TOY-
ka. Tonmi
Puc 13.3 XAZ = (x + a)*+ y%

XB? = (x — b2 + (y — o)
XC?* = (x —a)* + y%
2

2
MA? =[E+a] il
3 9

Tenep snerko nepexoHaTucs (3pobiTh 1e camocTiiiHO), 0 hopmMyia
(*) € npaBUIBHOIO.

Tordpix Binsreasm JleiGaix
(1646-1716)

Himenpkuit maTematuk, Gisux i di-
gocod, nepmuit npesuneaT Bepaincobrol
axagmemii Hayk. ¥YBiB 6araTo mareMaTuu- |
HUX TepMiHiB i moHATE (byHKIiA, anro-
PHUTM, KOOPAHHATA TOLLQ), 3aKJIaB OCHOBH
cydacHOl MaTtemaTrwyHOol moriku. OmpHO-
gacHoO 3 I. HeioToHOM, ajie HesaJeXxHO BiJ
HBOT'O 3aBEPIINB CTBOPEHHSA nuepeHIii-
HOrO0 1 iHTerpajbHOro 4ucJIeHb.
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13. MeToa koopawvHaTt

BMNPAB s

O—wr 13.1." Buaitgite I'MT, pisHHILA KBagpaTiB BimcTaHeit Big AKMUx
00 ABOX HJaHHUX TOYOK A i B € BeJIMYHHOIO CTAJIOO.

13.2." 3naiigite 'MT, cyma KBazaparTiB BifcraHei Big AKX OO IBOX
gaHuX To4ok A i B € BeIHYUHOIO CTAJIOIO.

13.3." Braigites I'MT, cyma kBagpaTis Bigcraneil Big akux 40 Bep-
mnH A 1 B rpukyTHuKka ABC gopisHIOE KBaApAaTy BiicTaHi JO TPeThOI
Horo BepumimHu — TOouKu C.

13.4." Bmaiigite I'MT, cyMa KBazpaTiB BifcTaHeil Bij SKHX 10
BepIUUH TPUKYTHUKA ABC € BeIWYWHOIO CTAJOIO.

13.5." Manmo nBi Touku A i B. BHaiijiTh reoMeTpUuYHe Micue TO-
yok M rakux, mo AM? + 2BM? = 6AB2.

13.6." Hano aBi Touku A i B. 3naiigirs reomerpuyHe Micie To-
yoxk M Taxkux, mo 2AM? — BM? = 2AB?,

13.7." Ianso nBi Touku A i B. 3HaiigiTs reomeTpuuHe Micue Touox C
TakHUx, 10 Mexiana AD tpukyTHuka ABC mae crany JOBXHUHY d.

13.8." Haso nBi Touku A i B. 3HaiigiTe reoMeTpHYHe Micie To-
yok C Takux, mo meniana AD TtpukytHuka ABC popiBHIOE HOro
cropori BC.

13.9." Mano nBi Touku A i B. 3HaiifiTe reomerpuune micue To-
yox C raxkux, mo Bucora CD tpuxyrHuka ABC nopiBHIOE #oro me-
miani AM.

13.10." Jano npamokyTHHH TpukyTHuk ABC (£C = 90°). 3uaiijits
reomMeTpu4YHe Mmicue Toyoxk M Taxkux, mo MA2 + MB? = 2MC?2.

13.11.” Ha Bigpisky AB [OBiNIbHMM YHMHOM 00MpaioTh Touky C.
B oami#t niBngowmiuHi Bixg npsmol AB Ha Bigpiskax AC i CB sk Ha
cTopoHax OyAyIOTh KBaApaTH. SHAWAITL reOMeTPHYHE Miclie cepeluH
Bigpiskis, AKi 3’€IHYIIOTH IEHTDH KBaJpaTiB.

13.12.”" Ha Bigpisky AB OOBiIbHUM YMHOM OOHpalOTbh TOUKY C.
B oagui#t nipmmomuHi Bix npamol AB Ha Bigpiskax AC i CB sAK Ha
cTopoHax OyAyIOTh DIiBHOCTOPOHHLI TPHKYTHHKH AMC i CNB. [lose-
AiTh, 10 cepenwHa Bigpiska M B, cepegmuHa Biapiska NA i touka C
€ BepIIMHAMHM PiBHOCTOPOHHBOI'O TPUKYTHHKA.

13.13.” Pagiyc KoJsa, OOMCAaHOTO HABKOJO TPUKYTHHKa ABC,
OOPiBHIOE 2J3. Ha cTopoHi AB mosHayeHO TOUYKyY D Tak, mio

AD = 2DB i CD=24/2. Bualgite naomy TpukyTHHKa ABC, sKmio
Z ACB = 60°.
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13.14.” Xopna AB crarye ayry, rpajycHa Mipa fKoi JOpiBHIOE

120°. Touka C nexxurs Ha il aysi, a Touka D — Ha xopnai AB.
Bimomo, mo AD = 2, BD =1, CD=+/2. 3uaiizgite IOy TPHKYT-
HUKa ABC.

13.15.” Ha giaronanax AC i BD napanenorpama ABCD nosHaue-
HO BigmoBigao Touku P i @ Tak, mio AP : PC=2:31iBQ : QD=
=1 : 4. 3Haligite goB)xuHy Bigpiska PQ, axmo AB = 5, AD = 3,
Z ADB = 90°.

13.16.” Yepes nosisbHY TOuKy M MeH-
IOr0 3 JABOX KOHUIEHTPUYHUX KiJ, pajiycu
AKHWX NOPiBHIOIOTE R i r, npoBegeno xopay BC
binsuroro kojsa i xopay MA MeHIIOrO KoJa
(puc. 13.4). Bigomo, mo BC 1 MA. 3naiigite
cymy MA? + MB®? + MC2.

13.17." 3naigite Haiibinpie i HafiMeHIiIe
3HaueHHA BUpasy (a — ¢)® + (b — d)?, axmo
at+b2=1, ¢+ d? = 4.

13.18." ¥V pom6 ABCD 3 rocrpum Kyrom 45° BIHCAHO KOJIO.
HoBenitk, mo aua Oynb-Akol Touku X KOJa BUKOHYETBCS PIBHICTH

XA’ +XB*+XC?*+XD*= EABz.

Puc. 13.4

13.19.7 ¥V pom6 ABCD 3 roctpum Kyrom 60° BImcaHO KOJIO.
HoBemitTh, 1o Aasa 6yab-aAkol Touku X KOJia BUKOHYETBCH PIBHICTB

XA? + XB? + XC* + XD? — ' AB:,
4

13.20.7 ¥V kBagpar ABCD BOHCaHO KOJO OJMHHUYHOrO pagiyca.
HoBeniTs, mio aasa 6yab-akol Touku X KOJa BUKOHVETLCH PIBHICTH
XA%2-XC?* + XB?-XD* = 10,

13.21." ¥V npaBunsHOMYy mecTukyTHUKY ABCDEF cropoHu AB
i CD nmpoporkeHo no ix meperuny B Touni K. HoBenirh, 1o Aas
Oyab-AKO0I TOUKM X KOJia, ONHMCAHOIO HABKOJIO IIECTHKYTHUKA, BUKO-
HyeThCA piBHicTe XK? = XB? + XC2,

13.22 (3.56).” I1a giamerpi Kona 3 nearpom O pajiyca R nosHauu-
nu Toury M. Hoexits, 1o cymMa KBaapaTiB BigcraHe# Bim Touxkm M
0O KIHIIB XOpAH, NapajieibHOI ObOMY AlaMeTpy, He 3aJIe’KHTh Bif
BubOOpDY xXoOpAH.

13.23." Ha giamerpi kosa paziyca R mosHaueHo ABi TOYKH,
piBHOBigmaneHi Big uenTpa. Yepes oHY 3 HUX IIPOBEAEHO XOPAY, KiHIi
AKOI cIIONy4YeHO 3 APYyrorn Toukorw. oBeniTh, 110 cyMa KBaapaTiB
CTOPiH YTBOPEHOr0 TPHUKYTHHKA He 3aJIe’KHTh Bix BHOOPY XOPAH.
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Konw 3pobneHo ypoku

13.24.” ¥ xoni 3 uenrpom O HPOBELEHO ABAa HEPHEHAUKYJISAD-
gux niamerpu AB i CD. Ha paxiyci OB mosnHaueHo Touyky K Tak,

mo OK = %OB, a Ha pagiyeci OD — toury M Tar, mio OM =éOD.

IloBeniTe, 110 Touka nepeTuHy npamMux CK i AM HaneXUTh JaHOMY
KOJY.

13.25.” iaroumani onykjoro 4oTupukyTHuxKa ABCD mnepneHmu-
kynapHi. Yepes cepengunu cropin AB 1 AD uposeseHo npsmi,
[epIesIuKYJIspHI Binnosiauo go cropin DC i BC. [IoBeniTs, 10 TOYKa
TIepeTHHY MPOBEAeHUX MPAMUX HAJEXUTHL npamin AC.!

KON 3POBJIEHO YPOKW

Ak 6ynysanau micT Mix reomMerpierw Ta ajarebporo

Ines KOOpOAWMHAT 3apogWjaca Oy»Ke OaBHO. AIKe IIe B JaBHHUHY
JIIOAM BUBYAJIA 3eMJIIIO, CIIOCTEepirany 3ipKH, a 3a pe3yJabTaTaMH CBOIX
JOCTiMKeHb CKJIagaaId KapTH, CXeMH.

Y Il cr. mo H. e. JaBHLOTpeubKUH yuyeHwil I'innmapx ymepunie BU-
KOPHUCTAB iJlel0 KOOPAUHAT [Jii BU3HAYEHHS MicllA pO3TAIllyBaHHS
06’eKTiB Ha moBepxHi 3emui.

Juute B XIV cr. dpanunyspxkuii yueHuin Hikoas Opem (61M3bKO
1323-1392) ynepire 3acrocyBaB y maremaruui igero Iinnapxa: Bin
PO30MB IJIOIIMHY HA KJIITHHKYU (AK po3bHTO apKyII BAILIOrO 30IIKATA)
i craB 3agaBaTH IIOJIOKEHHA TOYOK ILIIMPOTOIO i JOBroTOIO.

OnHak BeJIH4Ye3HiI MOXKJIHMBOCTI 3acTocyBaHHSA 1iel igel Oynmu pos-
kpuri aume y XVII cr. y poborax BugaTHHX (QPaHLUY3BKHX MaTe-
matukiB II’epa @epma (1601-1665) i Pene Hexapra (1596—1650).
V cBoix poboTax IIi BUeHI MOKa3any, AK 3aBIAKH CHUCTEMI KOODIWHAT
MOXKHAa IIepPexXOAWUTH BiJ TOYOK A0 4YHCeJ, Bif JiHIH Do piBHAHB, BijJ
reomeTpil no anredbpu.

Ilonpu Te, mo I1. @epma onybirikyBaB cBOW pobOTy Ha pik paHiuie
3a P. Ilekapra, cucTeMy KOOPAHHAT, AKOI MM CbOT0OJHI KOPHCTYEMOCH,
Ha3MBalThL Aexkaprosoro. P. Ilexapr y ¢Boiil pobori « MipkyBaHHS nIpo
MeTo[» BHHAWIIIOB HOBY 3PY4YHY OYKBeHY CHMBOJIIKY, AKOIO 3 He3HAY-
HHUMHK 3MiHAMM MH KOpPHCTyeMOCsA # chorogsi. Cuigom 3a IlekapToMm Mu
MMO3HAYAEMO 3MiHHI ocTaHHiMH GyKBaMU JaTUHCHKOrO andasiry x, y,
z, a KoeilieHTH — nepmuMu: a, b, ¢, ... . 3BHYHI HAM DO3HAYEHHS
creneHiB x?, y*, z° i 1. 0. takoxx yBiB P. Jlexkapr.

' 110 sagauy Bu poss’sisysanu y 8 kinaci (qus. «eomerpisn-8», sanaua 9.30).
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II’ep Pepma Pene ewxapT

Paguxaiasua pics apox wii

Posrasinemo koo pagiyca R 3 uenatpom y touni O. Hexait M —
pgoBinesHa Touka. I[losHauumo MO = d. BenuuuHy, AKa HOPiBHIOE
d? — R?, Ha3UBAIOThL CTeNMeHeM TOYKM M BiZHOCHO JaHOTO KOJA.

HAxmo Touka M neskurtk BcepenuHi konaa (puc. 13.5, a), To 1i cre-
OiHp € Big’eMHUM; AKIO TouKa M HaleXuThs xKoay (puc. 13.5, 0),
TO 11 cTEeNiHb JOPIiBHIOE HYJIIO; AKINO ToukKa M JIeKUTE I103a KOJIOM
(puc. 13.5, 8), To Ii cTeIiHb € HJOJATHHM.

a) 0) 8)
Puc. 13.5

Yepes Touky M, sSKa JIeKHUTHL [103a KOJIOM, IPOBeIeMO NOTHY-
Hy MA (puc. 13.6). Ockiapku OA 1L MA, to MA?2 = MO? — OA? =
= d? — R?, Tobro BenuuuHa MA? nopieBHIE creneHoo Touxku M Bijg-
HOCHO JaHOTI'0O KOJIa.
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Konu 3pobneHo ypokum

Posrnsinemo ABa koJsa 3 nentpamu O, i O, i pagiycamu R, i R, Bin-
moBigHo. 3Haugemo I'MT, akxki MaloTes OMHAKOBUH CTeIiHB BIITHOCHO
JaHUX KiJ.

Touka X HamexuTp mwrykagsomy I'MT Tomi i Tinpxmu TOxal, Koau
X0?-R}=XO0%!-R:.

3Bigcu

XOf—XOf =R12 —R:f.

OcCKinbKH pisHHLA Rf - R22 OJIsI JaHUX KLJ € BeJIHYHHOIO CTAaJI0K,
TOo 3 KiaouoBol samadi 13.1 sumnuBae, o mykanum I'MT € npsawma,
nepnesauKyaapHa go npamoi O 0,. 1o npsamy Ha3uBaIOTL PaAUKATh-
HOIO BicCIO HJaHMX KiJI.

Hexait kosna 3 uenrpamu O, i O, nepeTMHaOTLCA B TOUKax A i B
(puc. 13.7). Touku A i B BifHOCHO JAHUX KiJ MalTh CTEIlliHb, AKHH
nopiBaoe 0. OTske, BOHU HANEXATH pagUKaNbHIii oci nux kin. Ile
osHayae, 1o npsama AB — pajukanbHAa BiCk.

A

= ) K
X

Puc 13.6 Puc 13.7

SAKmo kosa ZOTHKAKTECA B Touli A (puc. 13.8), To ix pagukaib-
HA BiCh MPOXOAUTL Yepesd TOYKY A I neprneHguxyinapHa npamii O 0,
(mogymaiite, 9yomMy).

O

0, O O,

a) 6)
Puc 13.8

Aximo yepes Toury X, siKa HAJIEXKUTL pPajuKaIbHI# oci gBox kix,
npoBegeHo no nux Kin mormuHi XA i XB (A i B — TOYKU HOTHUKY),

13



§ 4. [lekapToBi KOOPAWMHATLA Ha NNOLLAHI

TO oTpuMaemo, o XA = XB (puc. 13.9). Lla BiracTuBicTs nigkasye,
AK NoOyAYyBATH pagMKAaJbHY BiCh ABOX KiJ.

IIpoBenemo aBi cninbHi 3oBHIMIHI foTuyni ABiCD (A, B,CiD —
TouKH AOTHKY). Hexait Touku M i N — cepeaunu BianosigHo Bigpis-
kKiB AB i CD (puc. 13.10). Toxai 11i TOUKH MalOTh OOHAKOBUI CTEIiHb
BigHOCHO AaHuX Kinx. Orxe, npama MN — paguKajabHa BiChk.

B
A M,
C
N D
Puc 13.9 Puc 13.10

3poaymMijo, 110 no0yA0BY paguKaJbHOL oci MHUX Kij Mo:xHA 3mi-
CHHTH, NPOBIBIIK X crinbHiI BHyTpimmHi gotuuni EF i PQ (E, F, P
i @ — TOUKH AOTHUKY).

I3 ckaszaHoOro BUIIMBAE, IO
cepenuHu Binpiskies AB, CD, EF
i PQ mexxaTh Ha ONHINA mpawii,
NepHeHIUKYJIAPHIN mo npamoil
0,0, (puc. 13.11).

HdoBeniTh camMocTiiHO, IO
KoJIa, IEeHTpH AKuX s3birarmoThes,
Pue. 13.11 He MAITh PaJUKAaIbLHOI Oci.

Teopema. Axwo yenmpu mpvox Kin He nexcams Ha 00HIL npsa-
Mill i Ona KOHCHOL napu Kin npoeedeno paduraivbry icb, mo éci yi
mpu padukKanvri 0Ci nepemuHarOmsca 6 00HIl Mmouyi.

Hoeedennsn. IlosHauuMo LEH-
Tpu xin O, O,, O,. Hexa¥k npsami
l, 11, — pagukaneHi oci Kix 3 uen-
tpamu O, O2 i Oz' O3 BigmoBimHO.
OCKINIBKY TOUKHU Ov O2 i 03 He Jie-
KaTh Ha OOHI¥M npsamii, To Elﬂ 22 #
# . Hexait | N l, = M (puc. 13.12).

Toni Touka M Mae ofHAKOBHI cTe-
OiHb BIiTHOCHO KiJ 3 LieHTpamMu O, Puc. 13.12

14



Konu 3pobneHo ypokw

i O,, a OT}Ke, HAJIEXKUTH paguKaiabHi#A oci 13 IIUX "Ei.n. Taxkyum yuHOM,
npami L, [, 1 [, meperuHaoTbcA B oAHiN Touni. Ii HasuBawOTL panu-
KaJbHMM LEHTPOM TPLOX Kim. 4

TloxkaskeMo, AK 3a JIOTTOMOTOIO I[1€] TeOpeMH NOOYAYBATH PALMKAIL-
HY Bichk KiJ, poamimeHux Tak, AK NoKasaHO Ha pucyHky 13.13.

ITpoBenemMo TpeTe KOJIO, LIeHTP AKOTO He JIeKUTh Ha npamin 0,0,
i AKe TIepeTHHAE KOXKHe 3 JaHWX Kinx y aBox Toukax. Touku mepe-
TUHY TIO3HAUEHO Ha pucyHky 13.14 dyksamu A, B, C i D. Toxni Tou-
xa M mnepetruny npaMux AB i CD HaleXHuUTh paguKaJbHIN oci KiJja
3 nenrpamu O, i O,. 3aJUIINIOCh IPOBECTH Yepe3 TOYKy M mnpsamy,
neplIeHINKYIApHY a0 npamol O, 0,. Boxa i Oyjie lIyKaHOIO pajuKalb-
HOIO BiccCIO.

Puc 13.13 Puc 13.14

BMNPABU

1. Tpu KoOJIa TIOIIAPHO OOTHKAIOTHBCS 30-
BHimHiM yusHoM (puc. 13.15), A, Bi C —
TouKM poTuky. CminsHi mormuni mo ki,
npoBeneHi yepe3d ToukH A i B, nepeTruHa-
ITEcA B Touli M. IHoBenmith, 1mo MA =
= MB = MC.

2., Iano xoao i aABi ToukM, AKI JIemxaThb
1nosa UM Koaom. IlobyayiTe Koo, sAKe
JOTHKAETLCA 0 JAHOTO KOJIa i MIpOoXoauTh
yepea 3aJaHI TOUYKH. Puc. 13.15

15
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Brasiexa. PagukajlbHOIO BicCio maHOro i mykaHoro kin € ix
coinbHa moruuHa. Ila qoTuyHa NpOXOAUTEH Yepes PaJAuKaIbLHUN IIeHTD
TPBOX K1JI: JaHOro KoJa i 6yAb-AKUX ABOX Kin, AKi MpoXoAsThk Yepes
OBl maHi TOYKH.

3. Ha croporax BC i AC TpukyTHHKA ABC nosHaYuJIu BifnoBigHo
Touku A i B . Ha Binpiskax AA, i BB, Ak Ha aiamerpax no6yzoBaHO
KoJIa, AKl IlepeTHHalOThCA B Toukax M i N. [oBexits, mjo npama MN
MICTHUTH OPTOLEHTD TPHUKYTHHKA ABC.

Brasiexa. [lopeniTs, 110 OPTOLEHTP TPUKYTHHKA ABC € pagyuKaib-
HHM IIeHTPOM JIBOX BKAa3aHWUX Kij 1 kxona, moOygoBaHOro Ha CTOPOHI
AB sk Ha miamerpi.

4. Touxku A, B, C i D y BKasaHOMY NOPAAKY JexX»aTh Ha OLHIM
npamiii. Kona 3 giamerpamu AC i BD nepeTHHalOTHECHA B ToukKax X
i Y. Hexa#i P — Touka Ha npamiit XY. Ilpama CP mepeTuHAE KOJIO
3 giamerpom AC y Toukax C i M, a nupama BP nepeTHHa€ KOJIO 3 gia-
merpoM BD y Toukax B i N. Hosenirb, mo npami AM, ND, XY
IIePETHHAIOTHCA B OOHIN TOUIli.

Brasiska. HoBenith, mo Touku A, M, N i D nexaTsr Ha OgJHOMY
koJi. PagukanpHuil 11eHTp bOro Koya i kin 3 giamerpamu AC i BD
i € Touxkoro neperuny npamux AM, ND i XY.
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BEKTOPW

14. NoHATTA BEeKTopa

Bu smaere Garato BeJIWYHH, AKI BHU3HAYAIOTHCA CBOIMM YMCJIOBH-
MU 3HAYEeHHAMM: Maca, IJIolna, JOBKMHA, 00’eM, uac, TeMIeparypa
romo. Taki BeJWUYMHM HA3HBAIOTH CKAJAPHHMMM BeJauuyuHam#H, abo
IPOCTO CKAJAPaAMM.

3 Kypcy disuKku BaM 3HANHOMI BeJMYUHM, ANA 3aJaHHA AKHUX He-
OOCTATHBO 3HATH TiJMbKH 1X YMCa0Bi 3HaueHHA. Hanpuknayn, AKII0 HA
npy»kuny gie cuna 5H, To He 3posymino, uu 6yge NIpyKHHa CTHCKAa-
Tuca abo poararysarucs (puc. 14.1). ITorpi6Ho 1m1e 3HATH, ¥ AKOMY
HAIPAMI Jie cua.

Puc. 14.1

BennyuHu, AKi BH3HAYAIOTHECA HE TiNIBKH YHUCJIOBHM 3HAYEHHAM,
aje i HAIPAMOM, HA3MBAIOTH BEKTOPHHMHM BeJWYMHaAMM, ab0 mpocTo
BEeKTOPaMHMH.

Cuna, nepeMillleHHSA, IIBHAKICTE, IPHUCKOPEHHSA, Bara — NPUKJIAIN
BEKTODHHX BeJIHYHH.

€ BexTopH it y reometpil. Ile Hanpamiaeni Binpisku.

Poarasuemo Bigpisox AB. AKI0o MM JOMOBHUMOCS TOUKY A BBaYKa-
TH IIOYATKOM BiZpiska, a TOuky B — #oro Kisuem, TO TAKHH Bigpi3ok
Oyie xapakTepu3yBaTHCA He TiIBKH NJOBXKHHOIO, ajle 1 HAIPAMOM Bif
Toukn A 1o Touku B.
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§ 5. Bexktopwu

HAkio BkaszaHo, KA TOYKA € MOYATKOM BiApPi3Ka, a AKa TOYKa —
Horo KiHmeM, ToO TAKHY BiApi30K HA3WBAIOTL HANPAMJIEHHMM Biapis-
KoM, abo BeKTOpOM.

BerTop 3 mouarkoMm y Touui A i KiHumem y Touni B mo3HaAYamOTh
taKk: AB (YMTAOTh: «BeKTOp AB»).

Ha pucynkax BeKTOp 300paxyioTh Bigpiskom 3i crpinxoro, ska
BKa3ye Horo kiHens. Ha pucysky 14.2 306parxkeHO BEKTOPH AB,
CD, MN.

Hna rnosHayeHHs BEKTOPIB TAKOM BHKOPHCTOBYVIOTHL MAaJI€eHbKI
OYKBH JATHHCBKOI'O a.rIcIJaslTy 3i crpinkox sropu. Ha pucynky 14.3
300paeHO BEKTOPH a, b, c.

C
Vs __\
M > ¢
A —N \

Puc. 14.2 Puc. 14.3

JLoMOBHIMCA BEKTOD, ¥ AKOrO MNOYaTOK 1 KiHeub — OJHa i Ta cama
TOYKAa, HA3MBATH HYJBOBUM BEeKTOpPOM, aD0 HYJIL-BEKTOPOM, i 103HA-

yatu 0. K110 moyaToK i KiHeupb HYJIBOBOIO BEKTOpa — Ile ToYKa A4,

TO HOro MOXKHA IIO3HAYUTH ¥ Tak: AA. Ha PUCVHKY HYJIBOBHI BEKTOP
300paMKyOTh OQHIEID TOUKOIO.

Moaynem BeKTOpa AB Ha3uBaOTh AJOBXKHUHY Binpizka AB. Moayas
BekTOpa AB N03HAYAKOTH TAK: IEL a MOLYJIb BEKTOpA @ — TaK:
|al.

Mopaysns HYJIBOBOI'O BEKTOPA BBAXKAIOTH PIiBHUM HYJIIIO! |6| =

O3sauyenna HeHyasoBi BeKTOPH Ha3HBAKOTh KOJIiHEaApHMMH,
AKIIO0 BOHHM JIeJKaTh Ha napajieIbHHX NPAMHX a00 Ha OomHIH npAMii.

Hysb0BHIE BEKTOD BBAXKAIOTh KOJiIHEAPDHUM OyAb- -AAKOMY BEKTODY.

Ha pucynky 14.4 Boﬁpa:&ceno KoJsiHeapHi BekTOpH @, b, MN.

Toit (paxT, 1[0 BEKTOPM @ i b KoJiHeapHi, IOBHAYAIOTH TAK:
allb.

Ha pucyeky 14.5 HeHY/IBOBI KOJiHeapHi BEKTOPH a i b ogHAKOBO
HanpamigeHi. Taki BeKTOPH HA3UMBAIOTH CHiBHATIPAMJIEHHMH 1 1103HA-

q9amwTb E TT 5
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14. NoHATTA BEeKTOpa

Puc. 14.4 Puc. 14.5 Puc. 14.6

3poaymizno, mo ko a 1Tb i bTTe, To aTT e (puc. 14.6).

Ha pucyHkKy 14.7 HeHYNBOBiI KOJIiHeapH1 BEKTODH a i b nporu-
smesxkHO Hanpamieni. Ileil GakT noaHauaoTb Tak: a 11 b.

HynsoBHWii BEKTOP He BBAXKAIOTh CIIIBHATPAMJEHHM (IIPOTHJIEMKHO
HANpAMJAeHUM) 3 OyAb-AKHUM iHIINM BEKTOPOM.

Osz3uHaveHHs Henyiabosi BEeKTOpHM HA3MBaIOTh PIiBHU MM , AKIIO
ix mMoayJii piBHI 1 BOHM cniBHanpamJeHi. Byas-aKki 1Ba HyJb0Bi Bek-
TOPH pPiBHIi.

Ha pucynky 14.8 sobparkeno pisHi BextTopu a i b. Ile mosnaua-
IOTh Tak: a=>b.

PiBHicTh HEHYJIBLOBHX BeKTOpiB a 1 b osxadae, 110 aTTb i
|a|=|o]. S
QueBugHO, 0 KonMu a=b i b=¢, TO a=c.

Ha pucyury 14.9 zobparkeHO BeKTOD a 3 moYaTKOM y TOYIi A.

I'oBOpPATH, IO BEKTOP ¢ BigKJageHO BiJx TOYkH A.

IToxkaxkeMo0, AK Bif HOBiJbHOL TOUKM M BiKJaCcTH BEKTOD, PIBHUH
OIaHOMY BEKTODY a.

SIKIIO BEKTOP @ HYJBOBHII, TO IIYKAHHM BEKTODPOM Oyje BEeKTOD
MM.

Tenep pos3rasHeMO BHIIAJ0K, KOJIH a #0. Hexait Touxa M JeXHUThb
Ha OpaAMi¥, siKa MICTHTE BEKTOD a (puc. 14.10). Ha uiit upamii

icavioTs aBi Touku E i F Ttaki, mto ME=MF = | a|. Ha nzomy PUCYHKY

BexTop MF popiBHIOBaTMMe BeKTOpy a@. Voro i ciaig ofpartu.

V7 spr s

Puc. 14.7 Puc. 14.8 Puc. 14.9 Puc. 14.10
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SAxmo rouxka M He HaNeXHUTHL NpAMii, AKa MicTHTL BexTOD a,
TO Yyepe3 TOUKYy M mpoBeigeMo npsmy, i napanensuy (puc. 14.11).
Ilomanema noGygoBa aHANOTiYHA BXE PO3LAAHYTIH.

Puc. 14.11

3posymiJo, 1o Bix 3a4aH0] TOUKH MOXM{HA BiAKJ/JIACTH TiJIBKH OIUH
BEKTOpP, PIBHHH OJaHOMY.

INpukaax. [lano yorupukyruuxk ABCD. Binomo, mo AB= DC
i |AC|=|BD

. Busgaurte BuA 4oTUPHMKYTHUKA ABCD.

Posze’'azanma. 3 ymoeu AB=DC Bunausae, mwo AB | DC
i AB = DC. Orxe, yorupukyTHUK ABCD — napasenxorpam.

PisHicTh |AC|=|BD| O3Ha4ae, Mo jiaroHani YOTHPUKYTHHUKA
ABCD piBHi. A napanenorpaM 3 PiBHUMH AiaroHalIAMH — IIPAMO-
KYTHHK.

.\ NIPAKTVYHI 3ABAAHHS

14.1." dano BekTOp a i Toyky A (puc. 14.12). Bigknagnirs Bin
TOYKHM A BEKTOp, PiBHHH BEKTODY 4.

14.2." JTaro BexTop b i Touxy B (puc. 14.13). Bigknazites Bifg
Touku B BeKTOp, piBHHI BeKTOpY b.

Al | ‘
[ B| |

1 | 1
| |

|

| | P

L L | bl

1 a | I

— fi { | T | l

Y O U LU 1 & 1

Puc. 14.12 Puc. 14.13
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14. [NoHATTa BEKTOpPa

14.3." HakpeciuiTh TpukyTHUK ABC i moszuaure Touky M — cepe-
AuHy cropoHu BC. Big Touxku M BiAKJIaLiTE BEKTOP, PIBHUH BEKTODY
m, a Big Touku B — BeKTOp, PiBHUI BEKTODPY AC. HoBeniTs, 1o
KiHIi mobymoBaHUX BeKTOpiB 3birarorbcd.

14.4." Hakpecaits rpuxyraux ABC. Bix touok B i C Bigkiazite
BEKTODH, BiANMOBiAHO PiBHI BeKTOpPaM AC i AB. JloBenits, mo Kinmi
nobymoBaHMX BeKTOPiB 3birarTecd.

BMPABW ISR
14.5.” YxaKiTh piBHI BEKTOPH, TIOYATKH 1 KiHIIl AKNX 3HAXOAATHCH
y BepmimHax KBaunpara ABCD.

14.6." ¥V pom6i ABCD piaronasi neperuHaioTbcsa B Touni O. Yka-
XiTh piBHI BexTOpHM, MOYATKH i KiHII AKHUX 3HAXOLATHCA Y TOYKAX
A, B, C, D, O. ;

14.7.° SIki 3 BeKTODiB, 306parkeHUx Ha pUcyHKy 14.14: 1) piBHi;
2) cmiBHanpaMJeHi; 3) NPOTHIEKHO HanpsMJieHi; 4) koxineapHi?

1 [ — T

| | - W S I GO

a1 3 101 S;J/ ;

| LA | bl | | ]

| o i

i ] HEEN

¢ 1.1 )1 ket g

) Lt R L

| L | 3.4 13

W S S

EXN [ IF] | mR
hiil ™

L r { - |

| L | [ | o

Puc. 14.14

14.8." Toukn M i N — sianosiguo cepegunu cropia AB i CD
napanenorpama ABCD. VkaxiTh BeKTODPH, IIOYATKH i KiHII AKMX
3HAXOOATLCA B Toukax A, B, C, D, M, N: 1) pieHi BekTOpY AM;
2) xosriHeapHi BEKTODY EL_D'; 3) NpoTHIEeKHO HANPAMJIEH] 3 BEKTOPOM
W; 4) crniBHAIPAMJIEHlI 3 BEKTOPOM BC.

14.9.” Hexaii O — TouKa IepeTHHY JiaroHajel mapaJjeJsorpa-
Ma ABCD. ¥YKaM)iTh BEKTOPH, MOYATKH i KiHOlI AKHUX 3HAXOOATBHCH
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@i§ § 5. Bektopn

B Toukax A, B, C, D, O: 1) piBHi; 2) cuiBHanpamMJeHi; 3) IIPOTHIEHHO
HATIpAMJIEH].

14.10. Touxku M, N, P — BigmosizHo cepenunu ctopin AB, BC,
CA rpuxkyrHuka ABC. YVKa)iTh BEeKTOPH, NOYATKM 1 KiHII AKHX

3HaxXoaATbCA B Toukax A, B, C, M, N, P: 1) pisui BekTopy MN;
2) koniHeapHi BeKTOpY AB; 3) NpoTHJIEeHO HANPAMJIEHI 3 BEKTOPOM

MP; 4) cniBHAIIPpAMIIEH] 3 BEKTOPOM CA.
14.11. Yy e npaBUIBHUM TBEPIYKEHHH:
1) AKIO m=n, TO ]E|=IEI;

2) AKIo m||n

m , TO m|| n;
3) AKIo m=
m

, to m1Tn;
#n, TO |E|:¢|E[?

O-w 14.12.° HdoBenite, 10 KOJMXU YOTUPUKYTHHK ABCD — napa-
nenorpam, Tto AB= DC.

14.13." Busuaure BHI YOoTUPUKYTHUKA ABCD, saxmo ABTT DC
i BC| DA.

[4.14. Busnaure BUA YOTMPUKYTHUKA ABCD, sikio sextopu BC
i AD xonineapni i |BC|#|AD|.

14.15." Bnaitgits Moayni BexkTopis a i b (puec. 14.15), skiro

CTOpOHA KJIITHHKH nopisHOE 0,5 cM.
14.16." ¥V npamoxkytHuKy ABCD Bigmomo, 1o

[

N AB =6 cm, BC =8 ¢cm, O — TOuKa [epeTUuHY
“'---..._:!"L AiaroHagei. 3HaAUAITE MOAYJII BEKTOPIB CA BO
sl | oc.

A g r—T"1] | 14.17. ¥V npamoxkyTaury ABCD niaronaJi mepe-

THHAIOTECA B Touui O, =5 cM, | AO|=6,5 cm.
BuainiTe Mmoaysai sexktopis BD i AD.

14.18." Bizomo, mo AB=DC. Yu npaBuibHO, o Touku A, B, C
i D € BepumimHamMu mnapaJgiesorpama?

14.19. Binomo, mo AB=DC. fki me piBHi BEeKTOpH 3a4aiOTh
Touku A, B, C i1 D?

14.20.° Ilano wornpukyTHuk ABCD. Bigomo, mo AB=DC i
|A_B|=|—B—C'| Busnaure Bujg yorupuxkyrHuka ABCD.

14.21. Mamo wormpuxyruux ABCD. Bigmomo, mo BexTopu AB
i CD woxineapni i |AC|=|BD|. Busnaure BUA YOTHPUKYTHUKA
ABCD.

Puc. 14.15
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15. KoopawuHatu BekTopa

14.22.° Illo BunIMBa€ 3 piBHOCTI AB=BA?

14.23." ¥V OpaAMOKYTHOMY TPUKYTHUKY ABC Touxka M — cepemuHa
rimorenysu AB i £ B = 30°. 3uaiigits moxyii BexTopin AB i ME,
AKIIO AC =2 cM. '

14.24.° YV npaMOKyTHOMY TPUKYTHUKY ABC (£ C = 90°) mexniana
CM popisHioe 6 cm. 3HaWAITH MOJAYJiI BEKTOPIiB AB i AC AKIIO
Z A =30°.

14.25.° Bizomo, mo BekTOopu b i ¢ HeroaineapHi. BekTop a
KOJIIHeapHU#A KOMKHOMY 3 BEeKTODIiB b i c. ToBexiTs, MO BEKTOD a
€ HYJbOBHM.

14.26.° Bigomo, mo Bexkropu AB i AC kousineapHi. [loBeIiTh, 110
Touyxku A, B i C nexarb Ha oauiil npamiii. Yu npaBuiabHe oGepHEHEe
TBePIYKEeHHA: SAKINo Touku A, B i C nekaTs Ha OAHIN OpAMii, TO
BekTOpu AB i AC xosnineapHi?

O—w 14.27. Ina uorupsox Touok A, B, C, D Bigomo, 1o
AB=CD. IToBemiTe, mio cepenuuu Biapiskie AD i BC sb6irarorbed.
HoBenire 06epHeHe TBepIKEeHHs: AKII0 cepeguHHu Binpiskis AD i BC
abiraroTbhCs, TO AB=CD.

14.28.° Binomo, mo MO =ON. Hosenirs, mo Touka O — cepe-
nuHa Bigpiska MN. [loBexniTes obepHeHe TBepIIKEHHA: AKIIO TOYKa
O — cepenuHa Binpiska MN, To MO ON.

15. KoopaunHaTtu BeKTopa

PoarisgHeMO Ha KOOPAMHATHIM NJIOLIMHI BEeKTOP a. Big nmoyarky
KOOPAMHAT BiAKIageMO PiBHUNA HOMY BEKTOD OA (puc. 15.1). Koop-
AHHATAMM BEKTOpAa a4 HA3MBATHMEMO KOODAMHATH TOUYKH A. Bamuc
a(x; Y) o3Hauae, L0 BEKTOP a Mae KoopauHATH (X; u).

Yucna x i y HABUBAKTL Bia- vk
MOBiTHO MepIIoI0 i APYrow Koop-

8|

OHHaATAMHM BeKTOopa da. 7 SR y

3 0O3HaYeHHHA BHIIJHBAaAE, I10
Pi8HI 6eKkmopu maromov piérni 6i0-
nogidni koopdurnamu. Hanpukian, X (0]

Ry

KOMKHHI 3 piBHUX BEKTOpiB a, b

i ¢ (puc. 15.2) Mae KOODAMHATH
(2; 1). Puc. 15.1
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1 Yok 1 ] CuopaBennuBe i1 obepHeHe TBep-
T [ ‘ AKEHHA: AKWO0 6i0noseidni xoopdu-
|
|

A

! N i
| —  Hamu éexmopis piéHi, mo pieHi U
! | cami sekmopu.

+ -4

i |7 B ; . .
— ! i Cuopaspai, AKIo BiagxgacTu Taki

a o] [ | | *|  BexTOpHM Big mouaTKy KOOpAHMHAT,
r TO iX KiHIi 3biraTumMyTbCs.

| ~ g} OueBHUIHO, 10 HYJILOBHHA BEKTOD
Puc. 15.2 mae koopauHaTtu (0; 0).

Teopema 15.1. Axwo mouru A (x;; y,) i B (x,; y,) 6i0noeidno
€ nowamkom i Kinyem éexmopa a, mo wucna x,— x, i y,— y, dopis-
HI0I0Mb 6i0n06i0H0 nepuwiil i dpyziti koopdunamam éexmopa a.

Hoeedennsa. Axmo a=0, To TeopeMa € oueBHAHOIO. Hexail Te-
mep a#0. Bigkmamemo Bi Mo4aTKy KOOPDAMHAT BEKTOP CTM, PiBHHH
BEKTOPY AB. SIKILO NO3HAYUTH KOOpAMHATH TOYKU M 4yepes (a,; a,),
TO Tpeba JOBeCTH piBHOCTI @, = X, — X, @, = Y, — Y,.

Ockinbku AB=0M, TO, CKOPHCTABIIMCE PEe3yJLTATOM 3amadi
14.27, moxxeMO 3pOOKUTH BHCHOBOK, IO CepeHHU Biapiskis OB i AM
s3biraroreca. Koopauuatu cepenun Binpisxkis OB i AM sigmorigsHO

LOPiBHIOIOTH (0+x2;0+y2) i (x1+al;yl+a2). Toni 0+x, I1+al,
2 2 2 2 2

O+y, y, +a, g : : g
—=2 41 2 JIIi P1BHOCT1 3aJHIIaKOTHCA CIOpaBeIJMBHMMHM 1 TOHOl,

P 2
Kosu Touka O 3biraersca 3 Toukow B abo Touka A 3biraernes 3 Tou-
Ko M.

3Bigcu a, = X, "Xy, @y =Y, Y, '
3 ¢dopmynu BiAcTaHi Mid IBOMA TOYKAMM BHUILJIMBAE, IO KOJH
BEKTOp @ Mae KoopauHartu (a,; a,), To

|la|=a}+a}

IIpuxknan. [JaHo KOOPAMHATH TPhOX BEPINHH NOapaJjiejorpama
ABCD: A (3; -2), B (—4; 1), C (—2; —3). 3HaiiniTe KOOpAUHATH Bep-
muEn D.

Pozg’'szannsa. Ockinexku yoTupukyTHuk ABCD — napaJjeo-
rpam, To AB=DC. Orxxe, KOODAWHATH IIUX BEKTOPiB piBHIi.
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15 Kocp,uw—ea'rvl BeKTopa

Hexan KOOPAHMHATH TOYKH D }:I,OplBH!OIOTb (x; y). Onsa sHaxo-

JPKeHHS KOODAHWHAT BEeKTODiB AB i DC CKODHUCTAEMOCSH TEOopeMOIo
15.1. Maemo:

AB(-4-3; 1-(-2))= AB(-7;3); DC (-2—x; —3—y). Bsigcn

~T=-2-x, [x=5,
3=-3—y; y=—6.

Bionoside: D (5; —6).

=\, IPAKTUYHI 3ABAAHHS SEmsmmssmmms

15.1." 3a gonoMorop HUPKYyJas i JdiHifikm mobyayiTe TOUYKRY,

KOOPAMHATH AKOI HOPIiBHIOIOTH KOODAMHATAM JaHOTO BEKTOpa a
(puc. 15.3).

15.2.° BigknaaiTe Bif moYyaTKY KOOPAMHAT BEKTODH Ei(~3; 2),
b(0;-2), c(4;0).

15.3." Bigxkaaaits Big Touku M (—1; 2) Bexktopu a (1;—3), b(-2;0),
c (0;-1).

BNPAB ESSERSRRms 0 '

15.4.° BHAHLITE KOOPAMHATH BEKTOPiB, 300pa’>KkeHHX HA PHUCYH-
Ky 15.4.

vA | | Y% | |
. '
- P+ 1 n
a a [ PP ad
L, i
XL
O = | : el c |
J 1 ol
Puc. 15.3 Puc. 15.4
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15.5." BHalAiTH KOOPAHMHATH BEKTOpAa AB, AKIIO:

1) A (2; 3), B (—1; 4);

2) A (0; 0), B (-2; —-8);

3) A (m, n), B (p, k).

15.6." aro Touky A (1; 3) i BexTop a(—2;1). BHaligiTh KOOPAU-
HaTH TOUKH B rakoil, mio BA =a.

15.7.° Nauo Touku A (3; —7), B (4; —5), C (5; 8). 3uaiijgiTe KoOp-
OUHATH TO‘-IRH D rakoi, 1o AB=CD.

15.8." Bix Touku A (4; —3) BiakaaneHo BekTop m (—1; 8). 3H8PIJJ;1TI:-
KOOPAMHATH KiHIIA BeKTOpa.

15.9." Dauo Touku A (8; —4), B (=2; 7), C (—4; 16), D (1; 5).
HosemiTs, 1o CB=DA.

15.10.° HoBenite, 1o uotTupukyrHuk ABCD 3 BepmiwuHamMu
B Toukax A4 (1; —5), B (2; 3), C (—3; 1), D (—4; —7) € napanejorpa-
MOM.

15.11.° Cepexn Bextopir @ (3;—4), b(-4;2), ¢(3V11), d(-2-4),

( 1; —2\/—] 7 (—4;5) sHaiimiTL Taki, 110 MAOTH piBHi Momymi.

15.12. Mano rouxu A (1; —4), B(-2; 5),C(1 +a; -4 +b), D (-2 +
+ a; 5 + b). HoBexirs, 1110 |AC|:|BD|.

15.13." Moaynas Bexropa a (x;—8) nopiBuioe 10, 3paiigiTes x.

15.14." [Ipu sxux 3HAUEHHAX y MOAYJb BekTopa b(12;y) AOpiB-
Hioe 137

15.15.° Bigpisok BM — wmejiana TPUKYTHHKA 3 BePIIMHAMH
A (3; —5), B(2; —3), C (—1; 7). 3uaiigiTe KOOPAWMHATH i MOAYJb BEK-
Topa BM.

15.16." Touku A (-1; 3), B (5; 0), C (2; —3) € BepIIMHAMHU TDH-
KyTHuUKa ABC, MegiaHM SKOro NepPeTHHAIOTECA B Toulni M. 3HalgiTe

KOOpAWHATH BeKTOpiB MA, MB, MC.
15.17.°" Touka F pginure cropony BC npamoxkyrHuka ABCD
y BigHomieHHi 1 : 2, paxyrouu Bix BepmiwHu B (puc. 15.5). 3uaigite

KOODAWHATH BEKTODIB AF i FD.
15.18." Toyka E — cepenuna cropoau AC npamokytauka OACD.

SHalgiTE KOOPAMHATH BeRTOplB DE i EO (puc. 15.6).

15.19.° Mopnyns BeKkTOpPa a nopisxroe 10. Woro nepr_ua KOOpIMHATA
Ha 2 Gumma 3a Ipyry. 3H8.H,E[1TL KOOpP/JMHATH BEKTOPa Q.

15.20." Monyns BexTOpa ¢ HOpiBHIOE 2, & HOTO KOODAMHATH DiBHI.
SHaHOITE, KOOPAMHATH BEeKTODAa c.
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16. logaBaHHAa | BigHIMaHHA BEKTOPIB

YA

o
Q
g
=Yy
S
&

G

A\lbD,
& 0 8 x

A

Puc. 15.5 Puc. 15.6
15.21." Touxu A (2; 5) i B (7; 5) — BepIIHHU IPAMOKYTHHKA

ABCD. Moaynb BekTopa BD gopiBHioe 13. 3HaigiTh KOOpIMHATH
Touok C i D.

15.22." Touxknm A (1; 2) i D (1; —6) — BeplUMHH NPAMOKYTHHUKA
ABCD. Moayabe BeKTOpa AC popiBHIoe 17. 3HaligiTek KOOPAMHATU
BepumiuH B i C.

16. [lopaBaHHA i BiAHIMaHHA BeKTopiB

Ariro Tinmo mepeMmicTHoOCa 3 TOYKHU A B TouKy B, a moTiM 3 TOUKH
B B Touky C, TO cymMapHe nepeMileHHs 3 TOYKH A B Touky C npu-
DOJ(HO MOAATH Y BUIIALI BeKTOpa AC, BRAXKAIOUM Il BEKTOP CYMOIO
BexkTopiB AB i BC, T06TO AB+BC=AC (puc. 16.1).

IMeit mpuknan migkasye, AK BBECTH HOHATTA «CyMa BEKTODIB»,
TOBTO AK AOmATH OBa JaHI BEKTOPH aib.

Bidknademo 6id dosinbnoi mouru A éexmop AB, pienuil 6exmopy
a. Jlaxri i@ mowrxu B gidiaademo sexmop BC, pieuuir sexcmopy b.
Berxmop AC naszusamwoms CyMOK BEKTOPiB aib (puc. 16.2) i 3a-
nucyors a+b= AC.

B /hﬂv

Puc. 16.1 Puc. 16.2
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" O e s g s
Onucaguil aJropuTM AOAABAHHS JBOX BEKTOPIiB HA3HBAIOTL Ipa-
BHJIOM TPHKYTHHKA.

114 Hasea moB’s3aHa 3 THM, 1[0 KOJX BEKTOPH a i b He € KojaiHe-
apHuMHu, TO Touku A, B i C € BepuuMBEaMu TPUKYTHHUKA (puc. 16.2).

s

3a mIpaBHJIOM TPUKYTHHKA MOXKHAa JOLABATH M KOJiHeapHi Bek-
Topu. Ha pucysry 16.3 BexTtop AC popiBHIOE cyMi KoJiHeapHHX

BEKTOpPiB a 1 b.

.a I} a b
3 B s
A C B A B C
a) G)
Puc. 16.3

Orxe, dna 6yde-axux mpvox mouok A, B i C euxonyembca
pisnicme AB+ BC=AC, saka BHpaxae NPaBUIO TPUKYTHHKA [IJI5L
XOJABAHHA BEKTOPiB.

Teopema 16.1. Axwo xoopdunamu eexmopisa a i b eidnoeid-
Ho dopisnioroms (a; a,) i (b; b,), mo koopduramu éexmopa a-+b
dopienroroms (a, + b; a, + b,).

Hosedennasa. Hexait Touku A (x; y,), B (x,; y,), C (x;; y,) Taki,
mo a=AB i b=BC. Tomi a(X,—X;y,—y,) b(xXy—2,5 Y5~y
a+b=AC(x3— X3 Y3~ Y ) =AC (X3 — X, + Xy — X3 Y3 — Yo+ Yy — Y1) =

=AC(a, +b;a,+b,). A
3aysaxeHHA. ONuCyOYN NPABUMIO TPUKYTHHKA ANA SHAXO-

OKEeHHA CYMM BEKTOPiB ai b MH BigKJIaJIH BEKTOP a Bix noBinsHOI
TOUKH. AKIIO TOUKY A 3aMiHHUTH TOYKOIO Al, TO 3aMiCThk BeKTOpPAa

AC, AKWH NopiBHIOE cyMi BeKTOPiB a i b, oTpuMaeMO HeAKHIl BEeK-
Top A,C,. 3 Teopemu 16.1 Bunnusae, 1o KOOPJAUHATH BeKTOpiB AC
i A/C, nopisaw0OTE (@, + b ; a, + b)), orsxxke, AC= A,C,. Ile ozHauae,
IO cCyMa BEKTOPiB a 1 b He 3aJeXHTh, Big AKOl TOYKH BiAKJIaIeHO

BEKTOD Q.
BrnacruBocTi gomaBaHHs BEKTOPIB AHAJOTIYHI BJIACTHBOCTAM J0-
JaBaHHA YHCe .
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16. J_I,O,D.aBaHHﬁ | BIAHIMaHHS BEKTOPIB

Hnsn ﬁyab -AKUX 6eKMOpi6 a, b i ¢ 6UKOHYIOMbCA pi6HOCMI:

1) a+0=a;

2) a+b=b+a (mepecTaBHAa BIACTHUBICTEH);

3) (a+b)+c=a+(b+¢) (crnonyuna BmactusicTs).

Ilns moBegeHHA IIMX BJACTHBOCTEH JOCHUTH IIOPIBHATH BiANMOBigHI
KOOPAMHATH BEeKTOPiB, 3anmMcaHMUX y NpaBiit Ta niBifl byacruHax
piBHOCTEH. 3pObiTH Iie cCaMOCTIMHO.

3 nepecTaBHOI 1 cmosAyYHOI BJIACTHBOCTEH AOMABAHHA BEKTOPIB
BHUILIWBAE, [0 IIPW [JOJAaBAHHI KIJIBKOX BEKTOPIB MOXHA MIHATH
MicAMME AOJAHKH I PO3CTABIATH AVIHKH V OyAL-AKHUI criocid.

IIpaBu/IO TPUKYTHHKA HO3BOJIAE 3HAXOJIUTH CyMy TPBOX i Biabime

BeKTopiB. Hanpuwnazn, sHaigeMo cymMy BeKTODIB a, b, ¢ i d, so-
OpaykeHHX Ha pucyHKy 16.4.
Big posinbHOL TOUKU A BI,D;KJIaI[EMO BEKTOD A A, —a, BiJi TOUKH

A, Bmxﬂagemo BEKTOP A A -b BiJl ToukM A, BiAKJIageMo BEKTOD

AA, = =¢; Bij TOUKHM A, BiIKIIa/1eMO BEKTOP A A, =d. 3uaiigemo cymy
AA,+AA +AA, + A_,Aﬁ.
Maemo: A, A, + A,A, + A, A + A A, =(A A, +A,A )+ A A, + A A, =
=A A +AA +AA =(AA+AA)+AA=AA +A A =AA,.

Yaarani, pana 6yab-akux Todok A, A,, A, ..., A BUKOHYEThCSA

piBHicTE A A, + A, A, +...+ A A A A

n-1

Y (dizurl wacTo JOBOAUTLECH JOJABATH BEKTODH, BinKIaneHl Big oa-

Hiel Touku. Tak, AKINO 10 Tija IPHKIAJLEeHO CHIH F‘l 1 Fe (puc. 16.5),
TO piBHOAIMIHA UX cuJ JopiBHIOE cymi F| + F,.

Puc. 16.4 Pue. 16.5

Hna 3HaXONXKeHHA CYMH JIBOX HeKOJiHeapHHUX BeKTOPiB, Biakma-
geHux Big oaHiel TOYKM, 3pYYHO KOPUCTYBATUCH IMPABHJIOM MapaJe-
JorpamMa JJisi JOJaBAHHA BEKTOPIB.
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Hexait moTpi®HoO 3HANTH CyMy HEeKOJIiHeapHHX BEKTOPiB AB i AD
(puc. 16.6). Bigxmagemo BexkTop BC, pisHuii Bekropy AD. Toxi sa
npaBuiaoM TpuKkyTHuKa AC = AB+ BC = AB+ AD. Ockinbku BEKTODH
BC i AD piBHi, To yoTupukyTHUKk ABCD — mapajejorpaMm 3 fia-
ronanno AC.

Hageneni MipKyBaHHSA JO3BOJIAIOTE CHOPMYJIIOBATH IIPDABKJIO Iapa-
Jiejiorpama JAJs JIO0JaBaHHSA HEKOJIIHeapHHUX BEKTOPiB aib.

Bidkaademo 8id dosinvroi mourku A sexmop AB, pignuil 8eKxmo-
py a, i eexmop AD, pienuit eexmopy b. Ho6y6y€mo napanenozpam
ABCD (puc. 16.7). Todi wyrkana cyma a+b dopieHine gexmopy

AC.

OznavenHnsa Pizumuero BexTopiB a i b Ha3uBaIOTHh TaAKWii

BEKTOP C, CyMa AKOro 3 BEeKTOPOM b IOpPiBHIOE BEKTOPY d.

ITumyrse: c=a—b.

TTokaxxemo, AK moOyayBaTH BEKTOpP, PIBHMN pisHMII 3amaHuUx
BEKTOPILB aib.

Big ,uosi.m;no'l' Touky O BigK/IageMo BEKTOPU OA i @ BiAIOBIAHO
p113H1 BexTOpaM a i b (pme. 16.8). Toxi BexTop BA Gyje pisHHIEIO
a-b. Cnpagai, OB+ BA=0A. OTyxe, 3a O3BHAUEHHAM PiISHHILL IBOX
BekTOpiB OA — OB = BA, TOGTO a-b=BA.

—_— —_—
= b 4 b
B o, A
Puc. 16.6 Puc. 16.7 Puc. 16.8

Ha pucysky 16.8 BexkTOpDHU OA i OB uekoxineapui. IIpore omnu-
CAaHMH aJropUTM MOYKHAa 3aCTOCOBYBATH 1 JIA 3HAXOJMEHHA PIZHUILL
KoJiHeapHuX BeKTOopie. Ha pucyHry 16.9 BekTOD BA IOpiBHIOE
Pi3HHIIL KOJIiHeaAapHUX BEKTOPIB a i b.

Or:xxe, 0na 6yde-akux mpvox moxok O, A i B suxonyemoca
pPiéHicmb OA-OB=BA, saka Bupa’kae NPaBUJIO 3HAXOMKEHHSA
Pi3HUII ABOX BEKTOPIB, BiAKJageHUX BLJ OLHIi€l TOUKH.
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16. lonagaHHA i BigHIMaHHA BEKTOPIB

a = b a - b .
IB @) !A O B i A
a) G)
Puc. 16.9

Teopema 16.2. Axwo koopdunamu éexmopie a i b 6idnoeid-
no dopienioroms (a,; a,) i (b; b,), mo xoopdunamu eexmopa a—b
dopienroroms (a, — b;; a, — b,).

HoBeniTep 1[I0 TEOPEMY CaAMOCTiIHHO.

3 niel TeopeMH BHILJIHMBAE, L0 AAA OyAb-AKHX BEKTOpPiB a 1 &b
icHye €IMHUMN BEeKTOp ¢ Takui, 1mo a—b=c.

O3HauyeHHsdA. [|Ba HEHYJIHOBiI BEKTOPH HA3UBAKTE NPOTH JI € 3K -

o

HMMM, AKINO IX MOAydi piBHI ¥ BeKTOPH NPOTHJIEXHO HANPAM-
JneHi.

Ao BekTOpH a i b TIpoTHMIENkHI, TO KAXKYTh, III0 BEKTOD 4 _mpo-
THIIEKHHH BEKTODY b, a BEKTOP b NPOTHJIEXKHUA BEKTOPY a.

BexTOopoM, IPOTHJIEKHHNM HYJHEOBOMY BEKTOPY, BBA’KalOTh HYJIBO-
BHII BEKTOD.

BeKTOop, IPOTHUIIEKHHUKE BEKTODPY a, IIO03HAYAITH TAK: —d.

3 03HAYEHHS BHUILIMBAE, IO BEKTOPY AB IDOTHJIEIKHHM € BeK-
Top BA. Toxi dnsa 6ydv-axux mowox A i B eukonyemscs pisnicms
AB=-BA.

3 npaBuia TPHKYTHHKA BUIJIHMBAE, IO

a+(-a)=0

A 3 11iei piBHOCTI BUILIUBAE, M0 KOJIH BEKTOD a mae KOOpPAHUHATH

(a,; a,), To BEKTOp —a Mae KOOPAMHATH (~aE—a,).

Teopema 16.3. Jaa 6ydv-axux eexmopié a i b euxonyemovca
pienicms a—-b=a+ (-B).

Jiis moBeleHHHA AOCTATHBO NOPIBHATU BiANMOBigHI KoOpAMHATU
BEKTOPiB, 3aIIUCcaHUX y IpaBiil Ta nipiit wactuHax piBHocTi. 3pobiTe
e caMoOCTiifHO.
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Teopema 16.3 no3Bosisie 3BeCTH BifHIMaHHs BEKTODPIB [0 JA0JaBaH-
H#A: Wwob 6i0 sexmopa a esidHamu gekmop b, moxcHa 00 sexmopa a

dodamu eexmop —b (puc. 16.10).
IMIpurnapn. IHiaronani napanenorpama ABCD neperuHawOTbCS

B Touni O (puc 16. 11) Bupasite BexkTOpu AB, AD i CB yepes
Bexkropu CO=a i BO =

——h—
Puc. 16.10 Puc. 16.11
Posze’'sszanHsa Ockinekum touka O — cepenuna Bigpiskis BD

i AC, 70 OA=CO=a i OD=BO=b.
Maemo: AB=AO+OB=-0A-BO=-a-b;

mpmxmqm 3ABOAHHS
16.1. 3a AOIIOMOrOIO IIPABHJIA TPHKYTHHKA MOOYAYHTE CYMY BEK-
TOPIiB a i 5, 30bpaxkeHux Ha pucyHKy 16.12.

'6' a

ad) e)
Pue. 16.12

16.2." 3a gonomMoroo npaBMJia napajejorpama nobyayiTe cymy
BeKTOPiB @ i b, 300paskeHnx Ha pucyHKY 16.12, a) — 2).
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16 HopasaHHA | BIGHIMaHHA BEKTOpIB

16.3.° IIns BexkTopiB a i b, 306parkeHMX HaA pUCYHKY 16.12, mo-
OynyiiTe BEKTOp a-b.

16.4.” Hakpecaits TpukyTEuk ABC. Biaknaaites Bix Touxu A Bek-
TOP, HPOTHJIENHUNA BeKTOpY: 1) AB; 2) CA; 3) BC.

16.5." HakpecniTe napanenorpam ABCD. IlobyayiiTe BexkTOpH
BC+BA, BC+DC, BC+CA, BC+AD, AC+ DB.

16.6." Hakpecuits TpukyTaux MNP. ITobyayiiTe BeKTOpH MP + PN,

MN + PN, MN + MP.
16.7." Hakpecaits napanenorpam ABCD. Ilo6yayliTe BeKTOpPHU

BA—BC, BA-DA, BA-AD, AC—-DB.

16.8." HakpecniTe TpukyTHUK ABC. ITobyayiiTe BeKTODH AC-CB,
CA-CB, BC-CA.

16.9." ITosHauTe yoTupH TOouKu M, N, P, @. IlobynyiiTe BeKTOp
MN + NP+ PQ.

16.10.” Ina BexTOpiB a, b i ¢, 306pakeHnx HA PUCYHKY 16.13,
nobynyiite BekTop: 1) a+b+c; 2) a+b—c; 3) —a+b+e.

a) 0) 8)
Puc. 16.13

16.11." BigxnazmiTe Big ogHiel TOYKH TPH BEKTODPH, MOAYJIL AKHX
piBHIi, Tak, 106 cymMa IBOX 3 HUX JOPIBHIOBAJIA TPETHOMY BEKTOPY.
16.12." BigxkaamiTh Bij omHiel TOYKM TPU BEKTOPHU, MOAYJIL AKHX
piBHi, Tak, moO6 iX cyMa AOpPiBHIOBaJa HYJbL-BEKTODY.
16.13." IIna Touok A, B, C, D, 306pa- o B
JKEeHUX Ha pucyHKY 16.14, nodynyiiTe Bek-
TOP X Takui, 1o AB+CB+CD+x=0.
16.14." Hakpecaits TpUKyTHUK ABC. A*®
ITo6yayiiTe Taky Touky X, I10: o
1) AX = BX + XC; D
2) B—X-ZR‘-—X_A. Puc. 16.14
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16.15." Jlano TpuxyTauxk ABC. Bupasite BekTop BC 4Yepes Bek-
TOpH:

1) CA i AB; 2) AB i AC.

16.16." Tano napasesorpam ABCD. Bupasits Bextopu AB, BC,
DA 4yeped BEKTODH CA=a, CD=c.

16.17." Jano napaJiesiorpam ABCD. Bupasits Bektopu AC, BD,
BC uepes BekTOpu BA=a, DA=b.

16.18." [lano napanenorpam ABCD. BupasiTs BeKTOpPH BC, DC,
DA wuepes sextopu AB=a, BD=b.

16.19." Iosexnits, 1o ans 6yab-akux Touok A, B, C, D BUKOHY-
ETBCA PiBHICTH:

1) AB+BC=AD+ DC; 3) AC+CB-AD=DB.

2) CA-CB=DA-DB;

16.20." Iosexits, mo ana 6yab-axux touok A, B, C, D BUKOHY-
€THCA PiBHICTE:

1) BA+ AC =BD+ DC; 3) BA-BD+ AC=DC.

2) AB- AD=CB-CD;

16.21." Touku M i N — cepenunu Bigmosigmo cropin BA i BC
TpuKyTHHKAa ABC. BHpaalTL BEKTOPH AM, NC, MN, NB gyepes
BexkTopu BM =m i BN =n.

16.22." ¥V napasenorpami ABCD giarosaJi nepeTHHAIOTECA B TOU-
ui O. Hosenits, mo OA+OB+0OC+0D=0.

16.23." Haxo yotupukyTHUK ABCD i pesxy Touky O. Bigomo, mo
AO+OB=DO+0C. Iosexits, 110 YOTHPHKYTHUK ABCD — mnapa-
JIEJIOTPaM. :

16.24." [Tano worupuxyrauk ABCD i neaky rouxy O. Bimomo, 110
OA-OD=0B-0C. Iosenits, mo 4oTHPUKYTHUK ABCD — mnapaie-
Jorpam.

16.25." [lano BexTOopM a (4;—5) 1 b(~1;7). BuaiaiTs:

1) Koopnnnafrn BEKTOpiB a+b, a-—b;

2) |a+b|, |a
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16.26." Nano rouxku A (1; —3), B (4; 5), C (-2; —1), D (3; 0). Bua-
HOiTh:

1) KoOpZWMHATHA BEKTODIB AB+CD i AB-CD;

2) |AB+CD|, |AB-CD|.

16.27.” Cyma BekTOpiB 5(5;—3) Ta B(x; 4) n[OpiBHIOE BEKTOPY
5(2; y). 3Haigites x Ta y.

16.28." Cyma BeKTOpiB a(x;—1) Ta b(2;y) XOPIBHIOE BEKTODY
¢ (—3;4). Buaiigite x Ta y.

16.29." auo BexTop MN (3;—-5). 3HaAiTh KOOPAWHATH BEKTOPA
NM.

16.30.” CropoHa pPiBHOCTOPOHHBOIO TPUKyTHHKA ABC nopiBHIOE
3 cm. 3HaUAiTH |TB+E|

16.31." Karer piBHOGeZpEeHOro NPAMOKYTHOIO TPUKYTHUKa ABC
(£C = 90°) popiBHiOE 4 cM. SHAHIITL |A_C'+C_B']

16.32." Ilano Touku N (3; —5) i F (4; 1). Buaiinite |ON —OF| ra

, ne O — posBijibHA TOYKA.

A

n

O—w 16.33.° HoseniTs, mo ausa 6yIb-AKHUX N TOYoK A , A,, ...,
BUKOHYEThCA DiBHicTE A A, + A;A;+ AzA, +...+A A +A A= 0.

16.34." Bupasite BeKTOp AB yepe3 BEKTOPH a, b, ¢, d
(puc. 16.15).

16.35." ¥ napanenorpami ABCD Touxku M,

N, K — cepenuuu Bignosiguo cropiun AB, BC A_. Bﬂ
i CD. BupasiTs BeKTODPH BA, AD yepes3 BEKTO- & d
pu MN=m, KN=n. > —
16.36." ¥V napanenorpami ABCD paiaronasni ks
Puc. 16.15

nepermHalTbess B Touni O. BupaziTe BeKTOPH
BA i AD yepe3 BEKTOPH E:a, OC =b.

16.37.° laro yoTupukyTHUK ABCD. IloBexits, mo MC+CB+ BD =
=MA - Eﬁ, ne M — posinepHa TOYKaA.

16.38." YorupukyTHuk ABCD — mnapanenorpam. IloBeniTe, 10
BM +MD+DC=CD+ AC, ne M — noBinbHa ToOuKa.

16.39." Yorupuxkyrauk ABCD — napanenorpam. JloBegiTh, 10!

1) AD-BA+DB-DC=AB; 2) AB+CA-DA=0.

135



.?‘

?\L/}A? § 5. BPKTODV‘I
16.40." ¥ TPUKYTHUKY ABC nposegneno meniany BM. IoseniTs,
1110
1) MB+ BC+ MA =0: 2) MA+AC+MB+ BA=0.

16.41." NosexiTh, 110 /1A HEKOJiHeapDHUX BEKTOpIB a i b BHKO-
HYETBCH HEPiBHICTH ]&+6|<‘&]+]5|.

16.42.° MoseniTs, 10 A5 HeKOJliHeapHUX BEKTOPiB a i b BUKO-
HYEThCA HepiBHicTh |5f5|<|5‘+|5!.

16.43." [ly17 HEeHYIBLOBUX BEKTOPIB a4 i b BUKOHYeTHCSH PiBHIiCTE

|a+5|=i{—1|4|5| Jlosexirts, mo a TT b.

2l
s
fu ol

16.44." [Ina HeHYJIBOBUX BEKTODIB BUKOHYEThLCH PIBHICTB
!&—5[:|E|+]5|. HoBeniTs, 1110 aTlb.

16.45." Yu moske OyTH HYJIbOBUM BEKTOPOM CyMa TPBOX BEKTODIB,
MOAYAl AKUX HOPiBHIOHOTH:

1) 5; 2; 3; 2) 4; 6; 3; 3) 8;9; 18?7

16.46." osenirs, o ans napaneaorpama ABCD i goBiabHOI TOU-
ku X BUKOHYETHCA piBHicTE XA+ XC = XB+ XD.

16.47.” [Niaronasni yorupukyrauka ABCD MepeTUHAIOTLCH B TOY-
ui O. Bigomo, mo OA+OB+OC+0D=0. Ioseaits, mo ABCD —
napaJjeyjorpam.

16.48." Bexrtopu MN, PQ i EF IIOIIapHO HEKOoJIiHeapHi, Ipu-

yomy MN + PQ+ EF =0. Iosenirs, 110 iCHYe TPUKYTHHUK, CTOPOHU
AKOTO NOPiBHIOIOTH Bigpiskam MN, PQ i EF.

16.49.” Ilano ,H,Bi TOYKH A i B 3HaliTh reoMeTpUYHEe MicIle TO-

16.50.” ,[[ario aBi Touxku A i B. 8Hai’min reoMeTpHUYHe Miclie To-
yok X rakux, mo | AB+ BX|=|BX]|.

O—w 16.51.” Menmiauu tpuxkyrHuxka ABC IepeTHHAIOTHCA B TOY-
i M. I[OBE,E[ITI:, 10 MA+MB+MC=0.

16.52.” [losexniThb, 1110 ATA OYIAB-AKUX N TOUOK A, .-y A icHye
enuHa Touka M rakxa, 110 MA +MA +. +MA 0

16.53." Ha croporax tpukyrHuxa ABC y 3oBHimHIN 6ik mobygosa-
HO napaJnenorpamu AA B B, BB,C C, CC,AA. Ilpami AA,, B B,, CC,
IomapHo HernapaJsneabHl. HoBeniTb, 110 iCHYE TPUKYTHUK, CTOPOHH
AKOTo NOPiBHIOWTH Biapiskam A A,, B B, i CC,.
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17. MHO)KeHHﬂ BEKTOpa Ha Ynano. 3aCTOCYBaHHﬂ
BEeKTOpiB A0 po3B'A3yBaHHA 3aaa4

Hexajii faHO HEHyJIbOBHUII BekTOp a. Ha pu-
cyHKY 17.1 soﬁpa}f{ex{o BeKTOp AB, piBHUIIA d A/
BEKTOPY a+da, i Bekrop CD, piBHMII BEKTOPY c
(~a)+(-a)+(-a). Ouesnano, mo 1y, ™

|AB|=2|a| i ABTTa,
|cD|=3|a| i cDT!a.

BexTop AB IIPHUPOAHO IIO3HAYUTH 2a i BBaskaTH, IO Ooro OoTpu-

Puec. 17.1

MAaHO B PE3yJAbTATI MHOMKEHHsI BEKTOpa ¢ Ha 4Hceao 2. AHajoriuxHo
MOYKHA BBAXaTH, 10 BekTop CD OTPUMAHO B Pe3yJIbTATI MHOMEHHSA

BEKTOpPa a Ha yuciio —3, 1 npuiiHATH nosHavyeHHa CD =-3a.
Ileit npukaajg nigkasye, AK BBECTU HNOHATTA «MHOMEHHA BEKTOpPa
Ha 4YHCJO».

OzmavenHdA. [lofyrKkom HEHYJIbOBOTO BEeKTOpPa a iuucna k,
BiAMIHHOrO BiX HYJIf, HA3UBAXOTh TaKH# BeKTOp b, 110:

1) |b|=|k| al;

2) sxkmo k > 0, 10 bTTa; akmo k < 0, o 6Tl a.

HHHJyTb b=ka.

HRU.IO a=0 abo k = 0, To BBaXKa10Th, 1110 ka =0.

Ha pucyuky 17.2 306pakeHO BEKTOPH &, Do g&, J3a.

. a 3 o3HaUEHHA BUILINBAE, 11O
-2a —>
1-a= a,
2y -1-a=-a.
\/E Taxko:x 3 o3HaAYEHHHA BUILIHBAE, 110
xonu b=ka, mo éexmopu a i b xonineapwi.
Puc, 17.2 i A

A SAKIIO BEKTOPH a i b KoJiHeapHi, TO 4mn

MOYKHA TIOJATH BEKTOD b Y BUMIAM JOGYTKY ka?
BignoBink nae raka Teopema.

Teopema 17.1. }Trcu;o eexmopu a i b konineapni i a#0, mo
icnye maxe wucno k, wo b==~ka.

Hoeedernna. Axio b=0, To npu k =0 oTpumMyemo, 1o b= ka.
Axmo b#0, to abo a TTb, a6o a Tl b.
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1) Hexait a TT b. Posrassremo BexkTop ¢ =ka, ae k= OckinbKH

R

| I

k>0, to ¢TTa, omxe, ¢ TTh. Kpim toro, |¢|=k|a|=|8]. Takum
YHMHOM, BeKTOopH b i ¢ cnieHanpsamieHi i moxyii Ix piBHi. 3BigcH
b=c=ka.

=

2) Hexait a Tl b. Posrasnemo BEKTOD c=ka, ne k=—

] Hos

21

IBOI'0 BUIIAAKY 3aBepLIiTh JOBEJeHHSA caMoCTiiiHo. M

Teopema 17.2. Axuwo eexmop a mae woopdunamu (a; a,), mo
eexmop ka mae xoopdunamu (ka; ka,).

Hosedenna. Akmo a=0 abo k = 0, TO TBEPAXKEHHS TEOPEMHU
O4yeBHIHE.

Hexait a #0 ik # 0. PosrisinemMo BexTop b (ka; ka,). Ilokaxemo,
mo b= ka.

Maemo: |b|=/(ka,)? +(ka,)® =|k|Ja? + aZ =|k| a|.

Bigxnmamemo Bifg NOYATKY KOODJAMHAT BEKTODU OA i OB, pisxHi

BiANOBiAHO BEKTOpPaMm a i b. Ockinbku npsama OA npoxonuTs dyepes
IMOYaTOK KOOPAHMHAT, TO Ii piBHAHHA Mae BuUraAn ax + by = 0.
ITift npamii HanexuTh Touka A (a; a,). Toxi
a-a, +b-a,=0. 3sigcu a (ka) + b (ka,) = 0.
Orxxe, Touka B (ka ; ka,) Tex Hanexurh upsmiit OA, ToMy Bex-

TOPH OA i OB KOJIiHeapHi, TobTO EIIB.

Ilpn k& > 0 uncna a, i ka, maroTe ogHakoBi sHaku (abo o6uaBa KO-
piBHIOIOTE HyAK). Ty K BIacTuBicTh MawTh YHCJA a, i ka,. Orxe,
npu k > 0 Ttoukn A i B nexxarts B oqHiil yBepTi (a60 HA OJHOMY KOOP-

JUHATHOMY IIPOMEH1), TOMY BEKTOPH OA i OB
cuispanpamieni (puc. 17.3), To6ro a TTbh.
IIpu & < 0 BeKTOpPH OA i OB OyayTe IIPOTH-

B Y

A JIesKHO HanpsaMiIeHuMH, 10670 a T b.

Orxe, Mu oTpuMany, mwo b=ka. A

Hacainox 1. Bexmopu al(a;a,) i
b (ka,; ka,) xonineaphi.

Hacainor 2. Axwo éexmopu a(a;a,) i
b(b;; b,) xonineapni, npunomy a=0, mo ic-
Puc. 17.3 Hnye maxe wucno k, wo b, = ka, i b, = ka,.

)
Ry
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17. MHOXeHHs BEKTOPa Ha 41CNo

3a gonmomororw reopemu 17.2 mokHA AOBECTH TaKi BaacTHBOCTI
MHOKEHHSI BEKTOpPa Ha YHCJO.

A na 6ydv-axux wucen k, m i 6ydv-axux éexmopié a, b euxo-
HYylombsca pié6HOCMi:

(km)a =k(ma) (cnosyyHa BJIACTHUBICTB);
(E+ma=ka+ma (meplma posIOAiTbHA BIACTHBICTE);

kla+b)=ka+Ekb (apyra posnonisbHa BJIACTHBICTB).

s noBegeHHA IIMX BJIACTHBOCTEN JOCHUTH MOPiBHATH BignoBimHi
KOOPAMHATH BEKTOPIiB, 3alMCAHHUX y OIPaBUX 1 JIIBUX YaCcTHHAaX PiBHO-
creli. 3pobiThk e caMocTiliHO.

IIi BiracTuBOCTI HO3BOJAKTE NepPEeTBOPHOBATH BHpa3H, AKi
MicTATHL cyMy BeKTOPiB, ix pisHuuio i mobyTox BekTOpa Ha YHC-
JIO aHAJNOriYHO ToOMy, SAK MH e pobumo B anredpi. Haopuknan,

2(a-3b)+3(a+b)=2a—6b+3a+3b=5a—3b.

Teopema 17.3.Hexaii a i b — nexonineapni éexmopu. Todi
dna 6ydv-axozo eéexmopa ¢ icnye eduna napa wucen (x; y) maxa,
wo

c=xa+yb.

Hosedennsa. CnouaTky mokakemo, 1o Taka napa (x; y) icrye.

Hexaii c|la. Togi icHye Take umcuo k, mo c¢=ka (reopema 17.1).
3pigcu ¢=ka+0b. Orxe, (k; 0) — mIyKaHA mapa Yuce.

Hexait ¢||b. MipKy04YHa aHAIOTIYHO, OTPAMYEMO, IO c=0a+mb,
ge m — pOesKe YMCJOo.

Hexait BeKTOp ¢ He KOJIiHeapHMM HiI BeKTODY a, Hi BEKTODPY
b. Bigxnagemo Bim moBiapuHOI TOoOukum O

BEKTOPH OA, OB i OC, BianosigzO piBHI B, C
BexkTOpaM a, b i ¢. Uepes Touky C mpoBe-
nemo npsami, napanenasHi npamum OA i OB. B

Orpumaemo napanenorpam OB CA (puc.
17.4). Tomi 3a mpaBuIOM IapaJiejiorpaMa

OC =0A, +OB,. ) A
BexTopu B mapax OB, OB i OA,,
OA xkonineapri. OTxe, icHYIOTH Taki
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upcna x i y, mo OA, =xOA, OB, =yOB. 3siacu OC = xOA + yOB,
TOOTO
c=xa+yb.
Ilokaxmemo, o napa (x; y) — enuna. Hexa# icHye 1ie ogHa mapa
(x5 y,) Taka, oo c=x a+ylb Toni

O=c—c=(xa+yb)- (x a+y, )—(x x)a+(y— y])b

3sigcn (x-— xl)5+ (y — yl)b =0
-y,

Hexait x # x,. Togi a =— b, To6TO @l||b, 11O CymepeunTs yMOBI

1
Treopemu. OT:xe, x = x,. AHAJOriYHO MOKHA JOBECTH, mo y = y,. A

SIKIo BeKTOpH @ i b HeKoJIiHeapHi i AAA BeKkTOpa ¢ 3HANIEHO
napy p,mcmdx yucea (x; y) raky, o c= xa+yb TO KayKyThb, LIO
BEKTOD C PO3KJadeHO 3a BEKTOpamMu a i b.

YonopsaakoBaHy mapy (a; b) HEKOJIIHeapHHUX BEKTOPiB HA3WBAIOTH
0aszucom. Slknio myisa BekTOpa c BUKOHYEThHCA PiBHiCTH E‘=x5+y5,
TO FOBOPATH, 1110 BEKTOD € PO3KJIA/IeH0 3a Ga3ucoM (E; 5). Yuoopan-
KOBaHY mapy (X; y) Ha3MBalOThH KOOPOHHATAMM BeKTOpAa ¢ B 6asuci
(a;b).

O=w 3anaua 1. [JoBenirs, mo ko OA =kOB, Tto Touku O, A
i B nexaTh Ha OogHii npaMii.

Posé’s3anns. 3 yMOBH BHILIMBAE, L0 BEKTODU OA i OB xo-
aineapni. [lo Toro »x 1i BeKTOpHM BigkiaameHo Bijx oxuiel Toukm O.
Orxe, Toukn O, A i B nexarb HA OQHIN NpAMIiH.

O=mw 3amaua 2. Hexait M — Taxa Touka Bigpiska AB, 1o ‘:;g =
'

(puc. 17.5). HoseniTs, mo AasA 6yAb-AKOI TOUKM X BMKOHYETBHCH
pPiBHIiCTE:

XM=-—__XA+- 2 XB (*)

m+n m+n

Poze'szanma4.
Maemo: XM — XA=AM.

Ockinbru AM = AB,

m+n

To AM =—"_AB.

Puc. 17.5 m+n
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Banumemo XM — XA = m_AB.

m+n
Ockinbku AB= XB- XA, TO MaEMo:
XM-XA=—"_(XB-XA);
m+n

XM =XA--"_XA+-_"_XB;

m+n m+n

m

XB. A
+n

XM=—L1_XA+
m

m-+n

HArximo m = n, To touka M € cepenuHor Binpiska AB. Toai dop-

myna (¥) uabyBae BUTIALY

XM:%(X—AHE'}

(¥%)

BiacTHBOCTI BEKTOPIB IIMPOKO 3aCTOCOBYIOTHCH IIPH PO3B’ A3Y-
BaHHi 3amau i moBeneHHi Teopem. IIpogeMOHCTPYEMO 1le HA IPHKJA-

nax.

IIpuxaan 1. [JoBeaiTs BJACTUBICTE MediaH TPUKYTHHKA: MediaHu
MpuKymHuxa nepemunraombses 8 o0mnill mowyi, axa nodinae KouHy
mediany y eidnowenni 2 : 1, paxywiu 6i0 sepuwiuHuL.

Pose’asannaa. Hexanr memianm AA 1 BB, tpukytHuka ABC

nepeTUHATLCA B Toulli M (puc. 17.6).

Ilosnauumo AB=c, AB,=d. Bexropu
cid HeKoJIiiHeapHi. BoHW yTBOPIOIOTH
f6aszuc (E';B:).

. BM :
Hexait =(@. 3anucaBIId IIe Bij-
1
HOIIeHHA TakK: *B—ﬂi—g MOMMHAa 3a 00
" MB, 1’

noMoroio GopmyaH (¥) po3KJIacTH BEKTOP
AM 3a Dazucom (c;a’):

7 1

AM = g

o+l o+l
3acrocoByouu dopmyay (¥*), sanumniemo:

AA, :%E+%A—C:éé+%-23=é5+5.
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W7 §5.Beopn
Ockinpku BexTOopu AM i AA, KoJaiHeapHi, TO iCHye Take YHCJIO

k#0, mo AM=kEAA,. 3eigcu
AM = gz- +kd. (2)

3 piBHocte# (1) i (2) BHacTiMOK €IWMHOCTI PO3KIAAY BEKTOpa 3a
0a3UCOM OTPHMYEMO:

_1 _k
a+l 27 .
3Bigcu o = 2.
L LR
a+1 )
BM ' s ;
Orxe, ME =2, To0To MH MOKAa3aJH, IO MejaiaHa AA,| nopinse
1

meniany BB, y Bianomensi 2 : 1, paxyrouu Bix Bepmnau B. Ilomans-
e JOBELEHHS BaM BiZOMO.

Ilpuxnxan 2. HoBexits, 10 CepegMHM OCHOB Tpamnelil i Touka

NepeTHHY NPOLOBXKEHb ii OiYHMX CTOPIiH JIesKaTh HA ONHiil mpamii’.

7o) Posze’'asszanna. Hexalt rouxu M

i N — cepenunHu ocHoB BC i AD rtpanenil

ABCD, O — ToukKa IepeTHHY ONpaMux AB
i CD (puc. 17.7).

B C
M 3acTOCOBYIOUM KJIOYOBY 3amady 2, 3a-
MMHOIEMO: '
OM ==(OB+0C), ON ==(0A +0D).
A N 2 2
Ockinesxu BeKTOpM B mapax OB, OA
Puc. 17.7 i OC, OD xonineapui, to OB=kOA i
(ﬁ=k15_ﬁ, ne k ik, — peaxi umcia.
Ocxinsxu A BOC © A AOD, o 22 -9C Orxe, & = k,.
OA OD E 1

Macwo: OM =1(0B +0C) = (kOA + kOD) = k- 1 (04 + OD) = kON.

3 KJao4yoBoi 3agavi 1 BunnuBae, mio Touxku O, M, N nexxaTh Ha OOHIN
npAMii.

Takok 3a HJOOOMOTOI0 BEKTOPIB MOXHA AOBECTH, IO mMpaAMil
ON HaneXUTh TOYKA IepeTUHY AlaroHaseil rtpaneunii. 3pobits e
camMocTifiHO.

! Ira cmocobu posB’ssyBaHHA ILiel sagaui 6ygo posrasaryTto y 8 kiaaci («I'eo-
meTpia-8», Ne 18.46).
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17. MHOXeHHA BeKTOpa Ha YMcno

O-w 3amaua 3. Hexait M — Touka B p. ¢
nepeTuHy MeniaH TpukyTHHKa ABC 1 X —
AoBinepHa Touka (puc. 17.8). Hosexnirs,

10
XM = (XA +XB+XC). T,
Pozé’aszanHa Hexait K — cepenmHa A K C
Bigpiska AC. Maemo: BM : MK =2 : 1.
Toni, BHKOPHUCTOBYIOUM KJIIOYOBY 3amady Puc. 17.8

2, MOYKHa 3alHCcaTH
m:lﬁ-&gﬁ:lX—_B+g-l(X—A+X—C):l(X—A+X—B+X—C).
3 3 3 3 2 3

IloBenemo OJHY BEKTODPHY piBHiCTE, fiKa IOB’#A3ye ABLI 4yynoBi!
TOYKH TPUKYTHHKA.

O—w 3agaua 4. [loBeniTs, 10 Koau Touka H — OPTOLEHTp TpH-
kyTHUKa ABC, a Touka O —IeHTp HOro oIMcaHOTo Koja, TO

OH =0A +0B+0C. (%)

Posze'sazarnHna Husa npamo-
KYTHOTO TPUKYTHHKA PiBHiCTH
(#%%) e oueBngHOw. Hexait renep
TpukyTHUK ABC He € npsamo-
KyrHum, Onoyerumo 3 Touxku O
nepreHguKkyaap OK Ha CTOPOHY
AC rpuxkyrauka ABC (puc. 17.9).
¥V kypci reomerpil 8 knacy? 6yio
moBeneHo, uo BH = 20K.

Ha npomeni OK mnosHauumo
Touky P Taky, o OK = KP. Toxni
BH = OP. Ockinsku BH || OP,
TO 4OTUPHKYTHUEKE HBOP — mna-
paJjiesorpam.

B

Prc. 17.9

3a MpaBUJIOM ITapajieyiorpaMa OH =0OB+OP.

Ockinesku Touxka K € cepegmnHoio Bigpizka AC, TO B YOTHPUKYTHH-
Ky AOCP pmiaroHaJji TOYKOIO IIepeTUHY JinaTbkes HaBnija. Orike, e
YOTHPHUKYTHHK — IIapaJjieJlorpaM. 3Bigcu OP=0A +0C.

Maemo: OH =OB+OP =0B+0A+0C. A

! TIpo uyaoBi TOUYKW TPUKYTHUKA AUB. «[eomerpia-8», c. 136,
? Nue. «['eomerpia-8», c. 137.
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3BepHeMOCsa OO0 BEKTOPHOI PiBHOCTI W:%(ﬂ+ﬁ+ﬁ), ne
M — Toura nmepeTtuny Menian TpukyTHuka ABC. Ockinbru X — 1o-
BiJIbHA TOYKA, TO PiBHICTH 3aJMINAETHECA NPABUJIBHOIO, SKIIO 38 TOYKY
X obpatu Touxky O — IIeHTP OIHMCAHOIO KoJjia TPuKyTHHKa ABC.

Maemo: 30M =0A +OB+OC.

Bepyuu 10 yBaru piszicrs (%%%), orpumyemo: 30M =OH.

IIs piBHicTh O3Hauyae, mo Touku O, M i H nexxars Ha OHIN npsi-
mid — npsamin Eiuepal.

\E.;.'-;'L{HPAKTMHHI 3ABOAHHSA

17.1." Jlano Bexropu a i b (puc. 17.10). IlobyayiiTe BeKTOD:
G+B: 2) 1a+h: 3) a-15 4y —1a-25
1) 2a+b; 2) 3a+b, 3) a 2b, 4) 3a Sb' B )
17.2. Ilobynmy¥iTe nBa HekoJiHeapHi BekTopu x 1 y. IlosHaure
AKY-HeOyae Touky O. Big Touxm O BigKnagiThs BEKTOPH:

1) 3x+y; 3) —%E+3§r;

2) x+2y; 4)—2}—59.
17.3.” TlogHauTe HA TJIOIMHI TPUA TOY-
ku A, B i C raxki, ugo:

1) AB=2A4C; 3) Bc—l—,

2) AB=-3AC; 4) A_'C:~§ﬁ:.

Puc. 17.10

17.4.° Hakxpecaits TpuxyrHux ABC.
ITozHauTe Toury M — cepemuuy cropou AC.

1) Big Touku M BigKIamiTh, BEeKTOp, PIBHHUIH BEeKTOPY —%@

. . . . - oy i ——
2) Big Touxku B BingKJaniTh BEKTOD, PIBHHUH BEeKTODPY %BA+§BC.

17.5. Haxpecairs tpanenio ABCD (BC || AD). IlozHauTe TOYKY
M — cepenuny cropoau AB. Bix Touku M BigknagiTe BeKTOD, PIBHHH

BEKTOPY %E_C_' + -;— AD.

' us. «leomerpis-8», reopema 20.1, c. 136.
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17. MHO)KeH HA BeKTopa Ha 41cno

17 6 Harcpec.nrrb TPUKYTHUK ABC Hoﬁy,u,yn're BEKTOD, PiBHUIA

BEKTOPY §AC, TakK, 100 HOro rno4YyaToxk HaJeXaB cTOpoHiI AB, a xi-

Hens — cTopoHi BC.

BMPABU

17.7.° BuaiigiTe MoAyIi BeKTOpiB 3m Ta -—%!—?—‘L, AKIIO |E|=4

Lz
17.8.° Slkuii 3 BekTOpPiB, 3a a6o —3% CIIiBHANPDAMJIEHUH 3 BeK-
TOPOM a, AKIIO a#0?

17.9." Yu € HeHYJIBLOBi BeKTOpU @ i p crmiBHanpsmiaeHumu abo 1po-

THJIEM¥HO HANPAMJEHUMH, AKIo: 1) b=2a; 2) E:—:,l))-t_?; 3) b=+2a?
3ualiTe BifHOIIIEHHA %,
b
17.10." ¥V napanenorpami ABCD piaroHaii ImepeTHHAaOThCHA B TOY-
ui O. Bupaszite: 1) Bektop AQ uepe3 BexkTop AC; 2) BekTop BD
uepes BEKTOD BO; 3) Bexrop CO uepes BexTop AC.
17.11.° ¥ napanenor‘paM1 ABCD maI‘OHaJn NepeTHHAIOTHCS B TOU-

i O AB=a, AD=b. Bupasits BekTop AO uepe3 BeKTODH @ i b.
7.12." ¥ napanenorpami ABCD ma giarouani AC mo3HaYeHO TOUKY

M rtak, mio AM : MC =1 : 3. Bupa3sits BeKTOpD MC uepes BeKTODHU
aib, ,n;e a=AB, b= AD.

17.13." ¥V napanenorpami ABCD Touxa M — cepeiuHA CTOPOHH
BC, AB=a, AD=»,. Bupasite Bektopu AM i MD 4epes BEKTODH
aib.

17.14." ¥V tpuxytEuky ABC Toukm M i N — cepeauHm cTOpiH
AB i BC sipnosigno. Bupasite: 1) Bexrop MN uepes Bextop CA;
2) BEKTOD AC yepes BEKTOD MN.

17.15." Ha Bigpisky AB saBuoB»kKu 18 cM nosznayeno Touky C Tak,
mo BC = 6 cm. Bupasirse: 1) BekTOp AB yepes BEKTOP AC; 2) BexkTOp
BC uepes BexTop AB; 3) BEKTOD AC uepes Bexrop BC.

17.16." Jano BekTop a(—4;2). BHaWAITE KOOPAMHATH i MOXYJIi

s = =" @=
BeKTOpiB 3a, -—Ea, Ea.

145



*@ § 5. Bektopw

17.17.° laHO BeKTOp 5(—6;12). 3HaliTh KOODAMHATH 1 MOmyJIi
is 2b, —1p, 2j
BEKTOPI1B Sb’ Sb'
17.18.° lano BexTop a(3;-2). fAki a BekTOpiB b(-3;-2), c(-6;4),

E(g;—l), 5(—1;—3), f(-3v2;2V2) xoniueapni sexTopy a?

17.19.” Maso sexropu a(3;-3) i b(-16;8). BuaitaitTe KoOpAMHATH
= 1z 1= 8¢ a-25%
: Zb; ——a+2b: a==b.
BekTOpa: 1) 2a+2b, 2) 3a+4b, 3) 8

17.20." lanO BEeKTOpPH E(—2; 4) i n (3; —1). 3HalgiTL KOOPAUHATH
BeKTOpa: 1) 3m+2n; 2) —-;—E+2;1-; 3) m-3n.

17.21.” Ha croponax AB i AC TpuryTHUKa ABC TO3HaYeHO
BigmoBigHO TOUuKH M i N Tak, mo AM : MB=AN : NC=1 : 2.
BupasiTs BekTop MN uepe3 BeKTOP CB.

O=w 17.22. Touku O, Ai B nexaTts Ha onHi#l npamiii. [JoBexiTe,
110 icHye Taxe uuciuo k, mo OA =kOB.

17.23." Ha croponax AB i BC napanenorpama ABCD mozuaue-
HO Bimmowimso ToukmM M i N rak, uto AM : MB=1 : 2, BN : NC =
= 2 : 1. Poskunagite BekTop NM 3a Gasucom (3;5), ne AB=a
i AD=b.

17.24." Ha cTopornax BC i CD napanenorpama ABCD mosHaueHO
BigmosigHo Toukn E 1 F rak, mio BE : EC=3:1,CF : FD =1 : 3.
PoskiagiTe BeKTOD EF 3a 6asucom (E; 5), ne AB=a i AD=b.

17.25.° Cepen Bextopie a(1;—2), b(-3;-6), c(—4:;8), d(-1;-2)
VKa)KiTh ImapH KoJIiHeapHHUX BEKTOPiB.

17.26." [oBexmiTsh, 110 BEKTOPH AB i CD KOJIiHeapHi, AKIIO
A (1; 1), B (3; -2), C (-1; 3), D (5; —6).
3
2
ONHAKOBO HAIIPAMJIEHHX 1 IIPOTHJIEMHO HAIPAMJIEHUX BEKTOPIB.

17.27." Iaso BEKTOpPH 5(4; 6), ﬁ(, 1; ), 5(3;73). ViamiTh mapu

17.28.° 3uaiiziTe 3HAaUEHHA X, IPHU AKUX BEKTODH a (Lx) i b (i, 4)

KOJIiHeapHi.
17.29. Ilpu AKuX 3HaYeHHAX y BekTopu a(2;3) i b(—1;y) xoui-
HeapHi?
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17.30.° lano BexTOp 5(—3; 1). 3HaiiniTe KOOPAUMHATH BEeKTOpA,
KOJIIHeapHOT'0 BEKTOPY p, MOAYJb AKOro BABiUi 6inbiunii 3a MOAYIb
pexkTopa b. CKiJBbKM pO3B’A3KiB Mae 3amaya?

17.31.° 3HaliAiTh KOOPAWHATH BEKTOpPA M, IMPOTHIIENKHO HAIIPSIM-
J€HOI'0 BEKTOPY 5(5; —12), AKIIO IEI:SQ.

17.32.° BHalAiTL KOODAMHATH BEKTOPA &, CIiBHAIPAMIEHOIO
BEKTODY 5(-9;12), AKIILO |E|=5.

17.33.” oBeniTh, 1m0 YOTUPHUKYTHHK ABCD 3 BepIIHHaMH
A (—1; 2), B (3; ), C (14; 6), D (2; —3) € Tpamneui€.

17.34.° HoseniTsb, 1o Touku A (—1; 3), B (4; —7), D (—2; 5) nexkarb
Ha OOHINA npAMin.

17.35." lano BexTopu a (1;—4), 5(0; 3), ¢(2;—17). BuaigiTe Taki
ypcaa x 1y, mo E:xa+y5.

17.36." Ha croponi AC Tpuxyrauka ABC nosHadeno Touky M Tak,

mpo AM : MC = 2 : 3. Hoenits, 1110 BM:EEZ+§E—35.
17.37." Ha croponi BC tpuxkyrauka ABC nmozwaueHo Touky D Tak,
mio BD : DC =1 : 2. [IoBexiTk, UI0 E=%E+%E.

17.38." ¥V nmapanenorpami ABCD pgiarouasi nepeTuHaOTLCA B TOU-
ui O. Ha cropoui BC nmozHadeHo Touky K rtak, mo BK : KC = 2 : 3.
PosknagiTe BEKTOP OK 3a 6asucom (E;'l;), ne AB=a i AD=b.

17.39." Hiaronani yorupurkyrtauxka ABCD nepeTHHAIOTHCA B Touni O
Tak, mo AO : OC =1:2, BO: 0D =4 : 3. Po3kiaagiTs BEKTOPH AB,
BC, CD i DA sa 6asucom (a;b), ne OA=a i OB=b.

17.40." Ha croponax AB i BC Tpukyruuxka ABC mo3Ha4dYeHO
BigmosigHo Touku K i F rak, mo AK : KB=1:21iBF : FC =2 : 3.

Posxknangite BeKTOPH I(f, E, I'(E, KF 3a 6asucom (E,E), ne
BK=m, CF=n.

17.41." Ha croponax AC i BC rpuxkyranka ABC rmosHayeHO BiAIIOBiHO
rouxku M i N Tak, mo AM : MC=1:31iBN : NC=4: 3. Posxkna-
nitTe BekTopu BA, AN, BM, NM 3a 6aszucom (E,E), e BN =k,
AM = p.

17.42." Megianu Tpurkyrauka ABC neperuHaoTbhcH B TOodumi M.
PosknagiTe BEeKTOD BM 3a 6asucom: 1) (E;E?;‘); 2) (Efl,CTi)

17.43." 3a HOMOMOroi0 BEKTODiB MOBEAIiTH TEOpeMYy NP0 CePEeIHIO
JiHIIO TPUKYTHHUKA.
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7.44.” 3a HONOMOTOK BEeKTOPIB AOBEAIiTH TeOpeMy IIPO CepemgHIO
JIiHiO Tpamneiii.
17.45." Hexait Touxu M i N — BigmosigHo cepenunu giaronamnei
AC i BD Tpamneuii ABCD. 3a OOoOOMOI'OI BEeKTOpPiB goBeniTs,
mo MN || AD.

O—w 17.46.” Hexait Touxku M, i M, — cepeaunu Biapiskis A B,
i A2.82 BiaznmoeigHo. HoeexitTe, mo M,M, = %(AIA‘Z +B1Bz)-

17.47." Touku M i N — BiANOBiIHO CepeNUHH NPOTUIEMHK-
HUuX ctopid AB i CD yorupukytHuxka ABCD. JloBeniTs, [0 KOJIHA

MN = é{BC+ AD), to BC | AD.
17.48." Hexait rouku M i N — sBignosigso cepegunun piaronaineii
AC i BD yorupukyrtauka ABCD. HoBeaitb, mo MN = %(E —D_C).

17.49.” ¥V xoso BOMCaHO TPUKYTHUKYN ABC 1A B,C, 3 oprouesTpa-
vu H i H signmosiauo. Iosenits, mo HH, = AA + BB, +CC,.

17.50.” IloBeniTk, 110 iCHYEe TPUKYTHUK, CTOPOHU SKOrO AODiBHIO-
IOTH MeJiaHaM AaHOro TPMKYTHHKA.

17.51.” Ha croporax BC, CA i AB TpukyTHuKa ABC mo3gaumniu
BA CB AC
it | 1 1 3

= = . HdoBenirs,
AC - Ba B MOBeA
IO iCHye€ TPHKYTHHUK, CTOPOHH SKOIO AOPiBHIOIOTH Biapiskam AA ,
BB,, CC,.

17.52.” Touku M i N — cepeaunu Bigmomigao cropin AB i CD
ONYKJIOIO YOTHPHUKYTHHKA ABCD. oBeniTs, 1110 iCHYE TPHUKYTHHK,

BianosigHo TOoukM A,, B i C| rak, mo

CTOPOHM AKOT'O AOPiBHIOIOTH éAC, %BD i MN.

17.53.” Hexait Touku M, i M, — cepenunu Binpiskis A B, i A,B,
Bignosiguo. HoBeniTh, 110 cepegWHU BiApPI3KiB AA, MM, BB,
JIeMKATh HA OOHIH mpAMiH.

17.54.” Ha croponi AD i Ha piaronaini AC mapanesorpama ABCD

I103HAYEHO BiANMOBiHO Touku M i N Tak, mo AM = -éAD i AN = %AC.

Hosexnite, mo Touxku M, N i B nexxkatTh Ha OQHIH npamii.
17.55." Hexait M 1M, — TouKH nepeTUHY MeliaH BiANOBIIHO TPUKYT-

Hukis A B ,C, i A,B,C,. llosexnits, mo M, M, = %(A1A2 +B,B, + CICQ].
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17. MIHOXXeHHS BeKTopa Ha YMmco

17.56." Ha croponax AB, BC i CA Tpuxyrauka ABC ob6paHo Bij-
AC, BA, CB,
C,B AC BA’
TOYKH NepeTuHy menian TPUKYTHUKiB ABC i A B C, 3biramorsce.

17.57." HorupukyTHuk ABCD € Bunucanum. H , H,, H, i H, —
OpPTOLEHTPH BinmoBigno TpukyTtHuUkKiB BCD, ACD, ABD i ABC.
IMoBenits, mI0 cepenuHH Binpiskis AH,, BH,, CH, i DH, 30ira-
IOTBCHA.

17.58." Yortupukyraux ABCD BnucaHo B KOJIO 3 IIEHTPOM y TOY-
i O. [HoeeniTe, 110 KOJH OA+OB+0OC+0D=0, T0 YOTHPHKYTHHUK
ABCD — nNpsasMOKYTHHK.

17.59." Touka nepeTuHy Bigpi3kiBe, AKi 3’€IHYIOTE CepeIUHH IIPO-
THJIEKHHX CTOPiH YOTHPHKYTHHKA, 306iraeThcd 3 TOUYKOIO IEePEeTUHY
iioro giaromaseii. [JoBeniTh, 10 el YOTHPUKYTHUK € IIapaJeiorpa-
MOM.

17.60." IIaHo yoTupukyTHUK ABCD, cepemuHu ctopim AB i CD
TA TOYKA MEepeTHHY JiaroHajled AKOro HaJexaTh OAHIN mpaAMiH.
Hosexnits, mo AB || CD.

17.61." ¥V m’atukyTuuky ABCDE touku M, N, P i Q — cepeluHu
cropin AB, BC, CD i DE BignoBiguo. Touku K i F — cepenuHu BiJ-

piskie MP i NQ signosiguo. [losenits, mo KF | AE i KF = iAE

nosBizuo Touxku C,, A i B, Tak, mo HosemiTs, 110

17.62.” ¥V yvorupukyTHUKY ABCD Touku M i N — cepelAHHHU CTOPiH
AB i CD sBignosiguo. Touxa K — cepeguna Bigpiska MN. Menianu
TpukyTHuka BCD neperunaroTses B Toudili P. IMoBenitTh, 110 TOYKH
A, K i P ne)xaTs Ha OJHIH HNpAMIiH.

17.63." 3 Touxku P, aKa HaleXHUTh cTOPOHI AC pPiBHOCTOPOHHBLOTO
TpukyTauka ABC, Ha cropoHu AB i BC onyiieHo NepIeHIUKYIISADHA
PE i PF sigmoBigHo. l[loBeniTs, L0 TOYKA IIepeTHHY MeJiaH TpH-
kyTanka ABC, cepepuna Biapiska EF i rtouxka P seskaTh Ha OnHIiH
npAMii.

17.64." Mano Tpukyrauk ABC i noBinsHy Touky O. Hexall Toukn
P, @ i R — BimmoBigHO TOYKH IIepeTHHY MeJiaH TPUKYTHHKIB AOB,
BOC, COA. Hosenitk, mo Touyka O 1 TOYKYU NEPETUHY MeHiaH TPUKYT-
HukKiB ABC i PQR nexaTtk Ha OQHIN npamMii.

17.65." ITapajyesipbHi npaMi, Aki TpOoXoasATh yepes BepiIuHU A, B
i C rpukyrHuka ABC, nepeTUHAIOTh HOI'0 ONMCaHe KOJIO B TOUKax A,
B1 i C, BigmoBizHo. HoseniTe, 1o oprouenatpu H , Hz i H3 BIAIIOBLIHO
TpuKkyTHUKiB ABC , BCA i CAB| nexaTk Ha ONHINA npAMii.
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§ 5. BekTopmn

18. CkansipHun no6yTOK BeKTOopiB

Hexait a i b — gBa HeHyJABOBi i HeclniBHAOpPAMJIEHI BEKTODPH
(puc. 18.1). Big mosinsHOI TOUKH O Bigxnagemo BexTopu OA i OB,
BifnoBigHO piBHI BekTOpaMm a i b. Benuuuny Kyra AOB HazuBaTH-
MeMO KYTOM MizK BeKTOpaMH a i b.

Kyt Mmi)x BexTOpammn a i b HO3HAYAIOTH TaK: 4(5,5). Ha-
npukiaan, Ha pucyEKy 18.1 Z(a,b)=120° a ma pucyHky 18.2
2z (m,n)=180°.

O m n
s
Puc. 18.1 Puc. 18.2

Arxuio BexkTOpH a i b CIIBHAIIPSMJIEH]I, TO BBa»awTb, 10
4(&', 5)=0°. SIkigo xoua 6 onMH i3 BeKTOPiB @ a6o b HYJIBOBHUIH, TO
TAKOK BBAXKAIOTh, 10 < (a,b)=0°.

Omrixe, pas Oyab-AKUX BEKTOPIB a i b mae micme HepiBHICTH:

0°< /(a,b)<180°.
BexTopu a i b Ha3MBAOTH NEePIHeHAUKYIAPHUMU, AKIIO KYT Mix
suMu popisuoe 90°. IMumyrs: a L b.
Bu BMmiere gomaBaTH i BiiHIMATH BEKTOPH, MHOMKHUTH BEKTOP HA YMC-
Ja0. Takosx 3 Kypcy (pisMKH BH 3HaAETE, IO KOJH MiJ BILTHBOM ITOCTiHHOL

cunu F Tino mepemicrunocs 3 Touku A B Touky B (puc. 18.3), To 3aiii-
CHeHa MexaHiuHa po6oTa ZOpPiBHIOE |F || AB |cos ¢, ne =2 (F,AB).
Ileit paxkT nmigkasye, 0 JOIIIBHO BBECTH IIle OAHY Hil0 HaJ BEKTO-

paMu.
F v Ozmavenna Cxanapaum go-
pmmmmmn AP : AP OyTKOM ABOX BeKTOpPiB HasuBa-
"w*-"- - IOTE JOOYTOK IX MOXYJiB i KOocHHYycCa
e HO) :
< e G KyTa Mi» HHMH.

A B . -

Cranapauil 1oOyTOK BEKTOpPiB a i
Pue. 18.3 - =

b mosmauyarmTh TaK: a-b.
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18. CkanapHwuin noByToK BEKTOPIB

Maemo:

a-5=|a||5]cos£(5,5).

Axuro xoua © onHH 3 BeKTOPiB a abo b HYJIBLOBHI, TO OUEBHIHO,
mo a-b=0.

Hexait a=b. Toxi a-b=a- a—|a||a]cos(l°—|a|

CKaJIﬂpHPIH OOoOYTOK a- a HA3UBAIOTh CKAJAPHUM KBAIPATOM

BEKTOpA @ i MO3HAYAIOTH g .
—2 — 2
OTike, MH OTPHMAJIH, IO a =|a| , TOBTO cranaprHuil keadpam
—2
gexmopa dopiéHIoe kKeadpamy wozo modynas. 3igcu |a|— Va .

Teopema 18.1. Cranaprnuil 0o6ymokx 060x HEHYLLOBUX GeK-
mopie 0opieHioe HYnto modi i minvku modi, Kkonu yi éexmopu
nepneHouKynapHi.

Hosedennsa. Hexair alb.

Toni £ (a,b)=90° i a-b=|al b|cos90°=0.

Hexait Tenep a-b=0. Toxi |5i|5|cosé(a, 5)=0. OckinbKu |Ei|=t0
i |6]#0, To cos £ (a,b)=0. Beincu £(a,b)=90° mo6To a Lb. A

Teopema 18.2. Crarapruil do6ymox eexmopis a(a;a,)
i b(b,;b,) Mmosxcna obuucrumu 3a Gopmynoro

a-b=a,b, +a,b,

Hosedennsa. CioyaTKy po3rJISHEMO BUIAA0K, KOJW BEKTOPH 4
ib HEeKOJIiHeapHi.
Bigxﬂanemo_iin HOYATKY KOOPAM- vA 5
Hat Bektopu OA i OB, BizmosigHO g
piBui BekTOpamM a i b (puc. 18.4). /
Orpumyemo, mo £ (E, 5) =/ AOB.
3acTocyeMO TeopeMy KOCHHYCIB mo E
TpurkyTHHKa AOB:
AB? = 0OA? + OB? - (8]
— 20A-0OB-cos £ AOB.
3Bigcu

OA -OB-cos £ AOB= % (OA? + OB®* — AB®).

8y

Puc. 18.4

151



5 -
)-,'.M,’
V" : § 5. BekTopwm —— P
Ockinbku |E|=OA i [5]:03, To OA-OB-cos £ AOB=a-b.
Kpim Toro, AB=OB-0OA =b-a. 3sincu AB (b, —a,;b,—a,).

Maemo: a-b= ([a| +|b| —IA_B| ) CxopucraBmuck (popmMynoio

3HaAXOOHeHHA MO,I{y.IIﬂ BEKTOpa 3a Horo KoOopaMHaramM, 3allMIaeMo:

—~5_1 2 2 2 2 2 2
a'b_E((al +a2)+(b1 "'bz)*(bl*al] ~ (b, —a,) )

Copomiyiodyu BUpas, AKUE 3aIMCAHO B IIPaBiil 4acTHHI OCTAaHHBOI
piBHOCTi, OTPUMYyEMO:

a-b=a,b, +ayb,.

Hexait BexTopu a i b kosnixHeapni. Axkmo a=0 a6o b=0, To
¢dopmyna, AKY JOBOAMUMO, € NPABHUJILHOKI. PO3risHeMO BUNAAOK, KOJIH
a#0 i 6=#0. Toxi icHye Take uuciao k, 110 b=ka, TO6TO b, = ka,,
b, = ka,.

PosrisHeMO BHNANOK, Koau k > 0. Toxi £ (a,b)=0°.

Maemo:

é-b=a-(a)=allkaleos 0°= k]|l = (af +a2) -
a-b=a-(ka)=|a||lkalcos0°=|k|la| =k(aZ+aZ)=
=a, -ka,+a, ka,=ab, +a,b,.

Bunanoxk, xoau k < 0, poarasHbTe camocTiiino. A

Hacaigox. Kocurnyc kyma min nenynvoeumu sexmopamu
a(a;;a,) i b(b;b,) moscna obwucnumu 3a Gopmynoro

*) a.b +a2b
JaZ +aZ - \b? + b2 g3

Hoeedenna. 3 O3HAYeHHS CKaJIﬂpHDI"O n06YTKY BeKTOpiB a i b

cosz(

BUILJIUBAE, IO cosé a, b } ” | CrkopucTaBmucsk Teopemorm 18.2

i hopMyI0I0 3HAXOPKEHHA MOAYJsI BEeKTOpa 3a Horo KoopAuHaTaMH,
oTpuMyemMo opmyay (¥).

3a gomomoroxp Teopemu 18.2 jerko mgosecTu TakKi BIACTHUBOCTI
CRaJAPHOTO OOOYTKY BEKTOPIiB.

Ana 6ydv-axux eexmopie a, b, ¢ i 6ydv-axozo wucra k euxo-
HYIOMbCA pié6HOCML:

a-b=b-a;
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18. CkanapHum n0DYTOK BEKTOPIB

(ka)-b=Ek(a-b);
(a+B)-c=a-c+b-ec.

IOna moBeOeHHs IIMX BJIACTHMBOCTEH JOCTATHBO BHPA3SHTH 4Yepes
KOOPAMHATH BEKTOPiB CKaJApPHL 1odyTKH, 3allMCcaHl B MIpaBHUX 1 JIIBUX
yacTHHAaX piBHocTei. 3pobiTh e camocTiiiHoO.

IIi BracTHBOCTL pasoM 3 BJACTHBOCTAMHM JOJAaBaHHA BeKTOPIiB
i MHOKEHHS BEKTOpA Ha YHCJIO HO3BOJAKTHL NEPeTBOPIOBATH BHUPAa3H,
AKI MiCTATH CKANAPHUI J0OYTOK BEKTOPiB, 3a 3BUYHHMH IIPaBUIaMH,

s —_ 2 s . — =
AKi BH 3HaeTe 3 Kypcy anrebpu. Hanpukinan, (@+b) =(a+b)-(a+b)=

- =y = f—= =y = —2 = — — = =2 2 . = =3
—(a+b)-a+(a+b)-b=a +b-a+a-b+b =a +2a-b+b .

IIpukxaang 1. Bigomo, mio ia | =3, |b|:1, £ (a,b):120°. 3Ha-
AaiTe |2a—3b|.

Poszé’aszanna. OckinbKH CKAJAPHUMN KBaJpaT BEKTOpa AOPiBHIOE

—_ -2 — =32
KBagpaTy Horo MomyJsd, TO |2a—3b| =(2a—3b) .

3pincw |2a—35|=+(22-35) =y4a° -~123-5+95" =
4|3 -12|a||5|cos £ (a,5)+ 9|5 =v36+18+9 =63 =37.

Ipuxnang 2. ¥V tpukyrauky ABC AB = 4 cwm, BC=6+/3 cM,
2 ABC = 30°. 3HaiifiTe JOBXKUHY MemiaHu BM.

Po38’a3aHHA. 3aCTOCOBYIOUYH KJIOUYOBY B
sagauy 2 m. 17, sanumemo BM:%(@Jrﬁf)
(puc. 18.5).
3Bigcu . A
—2 1= =2 1f{=—2 i e 3 M C
BM =L(BA+BC) =1(BA*+2BA-BC+BC )=
4 4 Puc. 18.5

:i(|ﬁ|z+2|B—A||B_C'I-cos£A.BC+|§E|2)=

=i[16+48\/§ ; %+108]=49.

Orixe, BM? = 49; BM =7 cm.
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C Ipuxkaanx 3. Ha rinorenysi AB

piBHOGeApPEHOr'0 NPAMOKYTHOI'O TPH-

KyTHHUKa ABC mosHauyeHO TO4Ky K

M Tak, mo AK : KB =2 : 1 (puc. 18.6).

\. IloBemiTs, 1m0 Bigpisor CK mepren-

IUKYJIAPHAN Mmeniani AM.

Posg'anzanns. Hexaw CA=a

i CB=b. CKOpHUCTABIINCE KJIIOYO-
BOWO 3amayero 2 m. 17, MoyKHa 3a-

Puc 18.6

== 1= &
nucatn CK ==a+=b.
3 3
Maemo: AMzCM—'Cz=%5—E.
3 ypaxysauusam Toro, mo |a|=|b| i a Lb, suaitgemo cranspHmii
nobyToOK BEeKTOPIiB CK i AM.
Maemo:

ig =} l==
CK-AM = (3a+3b)(§b—a)—6 -b- +

Qo | ==
fs
|
o lno
Q|
(s ol |
Il

Orsxe, CK 1L AM.

IHpuxnanm 4. Jlano Trouxku A i B. 3uaiifiTh reoMeTpHYHe Micile
Touok C Takux, 10 MegiaHu AA 1 BB1 TPHKYTHHKA ABC neprueH -

KYJAPHI.

Posze’'szanns. ObepeMo cucreMy KO-
opauHaT Tak, 1mob A (0; 0), B (1; 0). Hexai vs C (x: v)
C(x; y) — BepmuHa TpUKyTHuxka ABC Y
(puc. 18.7). OueBuguo, mo y # 0.

3HaWleMO KOODAMHATH BeKTOpiB AA, i

BB,. Maemo: AA, (“1 U], BB, (x 2, y].

2 72 2 7’2
Touxa C HamexuTs myxanomy I'MT roxi it A B x
TineKH TOAI, KoM AA,- BB, =0 iy # 0. Puc. 18.7
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18. CkanapHwn pobyToK BEKTOPIB

Maemo:

2
x+1 x-2, y® ( 1] 2 9
—_———— s = e et IR o =—,
2 2 T4 0 2) TY T4
y=0; y=0.

A 3 :
Orixe, mykanum 'MT e koo pagiyca EA'B 3 LIEHTPOM y CepemHHi
Bigpiska AB, 3a BUHATKOM TOUYOK, SKi HaJexaTk npamii AB.
O—w 3anaua. 3ualifiTe piBHAHHSA NIPAMOI, AKA IPOXOANTEL Yepes
naHy Tourky M (x,; y,) NMepreHAUKYJIAPHO A0 AAHOIO HEHYJIbLOBOI'O
BekTopa 7 (a;b).

Poszé’azanna Hexair X (x; y) — ~
noBinbHa Touka (puc. 18.8). Touka

X HaNeXHUTh IIYKaHIM ODpAMIA Tomi # X(x; )
TiNIBKKM TOAl, Komu n 1L MX, Tobro 3a \ M (x; y,)

YMOBYM BHKOHaHHA piBHOCTi n* MX =0. Puc. 18.8
3BigcH OTPUMYEMO:

a(x—x)+b(y—y,)=0 (%)

PiBHauHAa (¥) € MIyKaHUM.
Ilepenuinemo piBHAHHA (*) Tak: ax + by = ax, + by,.

Hexait ax, + by, = c. Ockinbku BekTop n#0, Tobro @® + b* # 0,
TO OTPMMYEMO 3arajibHe DIBHAHHA NpaMol ax + by = c.

Posp’sazanHA 11i€l 3aga4i [03BOJAE B 3araJIbHOMY PIBHAHHI NpaMol
ax + by = ¢ BUABUTH reoMeTpHyHUM 3MicT KoedinienTiB a i b: BekTOD
n(a;b) mepreHAUKYJIAPHUN HaHI¥ NpaAMiN.

a,
18.1.° ITo6ynyiiTe KyT, BeJIHYHHA AKO- [~ —
I'0 JOPiBHIOE KYTYy Mix BeKTOpaMu aib % b
(puc. 18.9).
Puc. 18.9
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LI [T 1] e
Puc. 18.10 Puc. 18.11

18.2." IlobyayiiTe KYT, BEIMUYUHA AKOr0 JOPiBHIOE KYTY MiX BeK-
topamu m i n (puc. 18.10).

18.3." Ha pucysky 18.11 306paseHo BeKTOp a (LOBKUHA CTOPOHHU
KJIiTHHKM gopisHwoe 0,5 cm). BigkaazgiTe Bif TOYKH A BEKTOD b Taxkwmii,
oo 15[=3 cMm i 4(5,5)=120°. Crinpxku po3s’A3KiB mae zagaua?

E % BIriPABA S

18.4." Ha pucysxy 18.12 306pakeH0 piBHOCTOPOHHIN TPHKYTHHK
ABC, megianu axkoro AM i BK neperuHaloTeca B Touyui F. 3HaigiTe

KYT Mi»X BeKTopamu: 1) BA i BC; 2) BA' i AC; 3) BC i AM;
4) AB i AM; 5) AB i BK; 6) AM i BK; 7) CF i AB.

18.5. Ha pucynry 18.13 zo6paskeHo kBajgpar ABCD, miaronaui
AKOro mepeTuHawTbesa B Touni O. 3HaixiTe KyT MiX»K BeKTOpDAMM:
1) AB i DA; 2) AB i AC; 3) AB i CA; 4) DB i CB; 5) BO i CD.

B
B C
b
M @)
4 K ¢ A D
Puc. 18.12 Puec. 18.13

18.6." BraimiTe cKaMIApHUIH HOGYTOK BEKTOPiB a i b, saxmo:
1) |a|=2, |b|=5, £(a,b)=60°

2) |a|=38, |b|=2v2, £(a,b)=135°

3) |la|=4, |5|=1, «(a,b)=0°
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18. CkanapHuin nobyTok BEKTOpIB

1) |a|=3,

b|=6, ~(a,b)=180°;

5) |a|=0,3, |b|=0, «£(a,b)=137°.

18.7. 3HaligiTes CKaANAPHUH OJOOYTOK BEKTOPIB m i E, AKIIO:

1) |m|=7v2, |n|=4, 2z(m,n)=45°

2) |m|=8, |n|=v3, £(m,n)=150°.

18.8.° 3HaitniTe cKaNApPHUIA HOOYTOK BEKTODIB a i b, AKImo:

1) a(Z-1, b(L-3); 2) a(-51), b(7); 3) a(;-4), b(82).

18.9." Buaitgits ckanapHuil 106yTOK BEKTODIB min, SAKIIO:

1) m(3;-2), n(L0); 2) E(%;—l), n (6;9).

18.10. Ha pucyuxy 18.14 zobpaskeno pom6 ABCD, y AKOMY
AB =6 cM, £ ABC = 120°. 3HaiigiTs cranapHuil 106yTOK BEeKTOpiB:

1) AB i AD; 2) AB i CB; 3) AB i DC;

4) BC i DA; 5) BD i AC; 6) DB i DC; s c
7) BD i AD.

18.11. ¥V rpukyrHury ABC Bigomo, mo
Z C=90°% 2 A=30°CB =2 cm. 3uaiigite A4 D
ckanapHuii 1o6yTok BexTopis: 1) AC i BC; Puc. 18.14

2) AC i AB; 3) CB i BA.

18.12." 3HaiimiTh KOCHHYC KYTa Mi’X BEKTODPAMM a 1L-2)i b (2; -3).

18.13." fAxkuit 3HaK Mae CKaJAPHUEN HOOYTOK BEKTOPiB, AKINO KYT
mixk sum#u: 1) rocrpuii; 2) tynuin?

18.14." Bigzomo, mo cKkaasapHUi 1o6yTOK BEKTOPiB €: 1) gomaTHuM
ypcaoMm; 2) Bigx'eMHUM uywncaoMm. BusHauTe BHUJI KYyT4 MiXX BeKTO-
paMu.

18.15.° IIpu AKUX 3HAUYEHHAX X KYT Mix BekTopamu a(2:5) i
b(x;4): 1) roctpuii; 2) Tymuit?

18.16.° 3HaliAiTE KOOPAMHATH BEKTODA b, KOJIIHEapHOIr'o BEKTODY
5(3;—4), axmo a-b=-100.

18.17." V pisHOCTOpPOHHBOMY TPUKYTHHKY ABC, CTOpOHA SKOrO
nopiBuioe 1, mexianu AA, i BB, neperunaroTsca B Touni M. O6uwmc-
JiTh:

1) AA,-BB; 2) BM - MA,.
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§ 5. BekTopwu

18.18." Hexait O — HeHTp NMPaBUJILHOrO mectukyTauxka ABCDEF,
CTOPOHA AKOro aopiBHiioe 1. O6yucaiTe:

1) BA-CD; 2) AD-CD; 3) AO-ED; 4) AC-CD.

18.19.° Ilpu sixomy suadeHHi x BexTopu a(3;x) i b(1;9) mepnesn-
AUKYIAPHL?

18.20." Bigomo, mpo x # 0 i y # 0. loBexniTs, 1110 BEKTOPH a (—x; y)
i B(y; X) HmepHneHAMKYJIAPHI.

18.21.° Ilpu AKKX 3HAYEHHAX X BeKTOpU a (2x;-3) i b(x;6) mep-
NeHIUKYJIADPHi?

18.22." IIpu AKOMY 3HAUYEeHHi Yy CKaJNAPHUNE HOOYTOK BEKTOPiB
a(4;y) i b(3;-2) mopiHioe 147

18.23." Bizomo, 110 BeKkTOpH a i b Hexomneapm Ta |a|—|b|:0
IMpu AKUX 3HAYEHHAX X BEKTODH a+xb ta a—xb NEPIEeHIUKYJIAPHL?

18.24." Bexkropu a+b i a-b nepneHAuKyaaApHi. HoBexgirs, mo
|al=[3].

18.25.° Bimomo, mo |a|=3, |6|=2v2, Z(a,b)=45°. Buaiigits
CKaJAPHUN NOoGYTOK (23—5] -b.

18.26." 3maiigire cKanaspHUR JOOYTOK (5—25)-(5+5), HAKIIO
|a|=|8|=1, 2(a,b)=120°.

18.27." Bigomo, 1o |a|—— |b|- ( ,5):150". SHaigiTe
| 2a +5b|.

18.28.° Bigomo, mo |m|=1, |n|=2, Z(m,n)=60° Buaiixirs
|2m-3n|.

18.29." oBexniTp, MO YOTHPHUKYTHHUK ABCD 3 BepIIMHaAMH
A(3; -2),B((4:;0),C(2;1), D(1; —1) € IpAMOKYTHHKOM.

18.30." NosexniTh, mo YOTUPHUKYTHUK ABCD 3 BepmimHaMu
A (—1; 4), B (—2; ), C (—1; 6), D (0; 5) € xBagparom.

18.31." 3malifiTe KOCHMHYCH KYTiB TPMKYTHMKA 3 BepHIMHAMU
A (1; 6), B (-2; 3), C (2; -1).

18.32." 3maiigiTe KyTH TpUKYTHHUKa 3 BepmuHamu A (0; 6),

B(4+/3;6), € (33;3).

18.33." lloeeniTs, 10 AN OGVABL-AKHX ABOX BEKTOPIB a i b Bu-
KOHYETBCHA HEPiBHICTH —| 5|!5|£E-5 QIE“I;L
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18. CkanapHuin gobyToK BEKTOpRIB

18.34." BusHauTe B3aeMHe PO3MILIEHHA IBOX HEHYJIBOBUX BEKTO-
piB a i b, Axmo:

1) a-b=|al|b|; 2) a-b=
18.35." BuaiiAiTh KYT MiK BEeKTOpDAMH m i n, SKIO

|n|=3

(m+3n)(m—-n)=-11,

18.36. 3HalOiTE KYT Mi’K BEKTOpaAMHU a i b, axmo

(3+5)(a+2b) , la|=|6|=1.

18.37." YV TPUKYTHUKY ABC Bimomo, mo AB = 4, AC = 10,
Z BAC = 60°. Ha cropoui BC nossauyeno Toury M Tak, mo BM :
: MC = 3. 3uatigite AM.

18.38." Ha napa6oxi y = x? noszHaueHo Tpu Touku A (xl, y),
B (x, Yy,)» C (x,; y,) Tak, mo £ ABC = 90°. HoBeaiTk, 1110 (x, + x,) x
x (x, + x,) = =1.

18.39.” Touku M i N e cepesuramu Binmosiguo cropin BC i CD
pomba ABCD. Hosenits, mo koau AM 1 BN, To YJOTHPDUKYTHUK
ABCD — xBapgpar.

18.40.” ¥ rtpurkyrHuxky ABC Bimomo, mo £ C = 90°, AC =1,
BC:JE, Hoeenite, 1o menianu AK i CM neprneHIUKYJIAPHI.

18.41.” ¥V tpukytHUKY ABC (£ C = 90°) megianu CC| i BB, nep-
NeHIUKVIAApHi. 3HangiTes tg £ ABC.

18.42.” V yorupuryrauky ABCD piaronani AC i BD nepneHnu-
KyJApHI Ta neperuHaThea B Touni O. Bimomo, mo OB = 0C =1,
OA = 2, OD = 3. 3HalmiTe KyT Mixk npaMuvua AB i DC.

18.43.” ¥ tpuxyTHuky ABC nposeneno mexniany BD. Bigomo, 1o

/3

£ DBC = 90°, BD :TAB' 3uatinite £ ABD.

18.44.” Touxku K i M — cepenuHu BigmosigHo cropin BC i CD
napanenorpama ABCD. 3raigite AD, akmo AK =6, AM = 3,
Z KAM = 60°,

18.45.” B onykiaomy 4oTUpHKYTHUKY ABCD Bizomo, mo £ A = 65°,
/£ D =85 AB= \/g, CD = 3. 3HaiijiTe AOBXKUHY Bijpiska, 1110 CIIO-
ay4dae cepeguHu cTtopin AD i BC.

18.46.7 B onyxkaomMy 4OoTUPUKYTHURY ABCD Touxku M i N — ce-
peaunu giaronaneit AC i BD BiAnoBiHO. 3HANAITE KYT Mi¥ HPAMAMA

AB i CD, sixmo AB = 2, CD =4, MN =+/3.
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18.47.” Ha rinorenysi AB piBHOGEAPEHOTO IPAMOKYTHOIO TPHKYT-
HuKa ABC gHangiTes Taky Touky K, miob Binpizoxk CK i memiama AM
Oyau MepuneHgUKYIAPHUMMH.

18.48." Ha croponi AB piBHOCTOPOHHBOTO TPUKyTHHKA ABC nosHa-
unnu Touky C, Tak, mo AC, : C B =1: 2, a Ha croponi AC nossauuu
Touky B, rak, mo CC, L BB,. 3uaiixire Bignomenuna AB, : B,C.

18.49.” Ha croponax AB i BC rpukytauka ABC y 30BHImHI# 6ik
nobyaosano xkBagpatu ABMN i BCKF. dosenith, mo Mmeniama BD
TpukyTHuKa ABC nepuneHIuKyJasapHa npsamiin MF.

18.50." ToreniTer HepiBHicTh cos A+cosB+cosC<=, ne A, B

nojoo

i C — kyr: TpuKyTHHKAa ABC.
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MEPETBOPEHHHA
DITYP

§6*

19. NepeTBOpeHHSA (BigoOpaXkeHHR) Piryp

3 Kypey anrebpu Bu 3HaeTte, 1o GyHknio f, y axoi D (f) = X,
E (f) =Y, TakoX Ha3WBAIOTH BinodparkeHHAM MHOKuUHH X HA MHO-
JKUHY Y. h

Ax npasuao, B anrebpi enemenrTamu mMHOXUH X 1 Y € umcna.
V¥ reomeTpii npupoaHo posrasgaTy Taxi mHoxkunu X i Y, enemenra-
MH AKHX € TOUKH. ¥ LbOMY pasi mHOKuHa X — 1le fAeaka Girypa F,
MHOKMHA Y — dirypa F|, a Bigobpaskenusa [ — ue BinoOpameHHs
dirypu F ma ¢irypy F, (puc. 19.1). ITumyTts f (F) = F,. @irypy F,
HasuWBalOTL ob6pasdom (dirypu F, dirypy F — npoo6pasom birypu F
npu Bigo6paskensi f.

PosrasiHemMo npuKIamgn.

INpurxnang 1. Ha pucyaxky 19.2 sobpaskeno Biapisoxk AB, npamy
a i Touky O, sKa He HAJEXWUTh Hi npsamii a, HiI npamiin AB. Pos-
riassseMo (pyHKIio f, 06JacTi0 BUBHAYEHHS AKOI € MHOMKHWHA TOUYOK
Bigpisxa AB i AKa 3aa€eThbCA 3a TAKHMM IPABUJIOM: KOXXHIiH Toumi X
Binpizka AB 1moCTaBHMO y BiANOBiAHICTHE €qMHY TOYKY X mnpsaMmoi a
Taky, mob rouxku O, X i X, smemanu Ha omHiil npamiii. 3oxkpewma,
fA)=A4, f(B) = B,.

Puc. 19.1 Puc. 19.2

3posymino, 110 MHOXKKHA BCix Touok X, Takux, mo X, = [ (X),
yTBOpIOE Binpisox A B .

Takum YMHOM, MH 3anaju Bigobparkenusa [ Bigpiska AB Ha Bin-
pisok A B,. Takox NpuiHATO FOBOPUTH, 1[0 3a/(aHO NNePETBOPEHHS [
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*‘\
% A‘ § 6. lNepeTBopeHHs diryp
Bizpiszka AB, peayisTaToM sAKOro € Bigpisok A B,. Tyt Biapisok
A B, — mue obpa3a Binpiska AB npu nepeTsBopeHHi f, Bompema, TOUYKA
A, — ob6pa3 Toukmu A, Touxa B, — obpas Touku B.
CrnoBa «BimoOpaxkeHHs» 1 «IIepeTBOPEHHA» € CHHOHIMaMHu. ¥ Treo-

MeTpil MH YacTillle KOPUCTYyBATHMEMOCHA TEPMIiHOM «epeTBOPeHHHA
dirypu F».
X IIpukaan 2. Ha pucyuxky 19.3 306pasxe-
HO K0J0 3 alametrpom AB. 3agaMo0 NepeTBO-
PEHHSA g KoJa: KoXHi# Touii X Komaa riocra-
BUMO Vy BIANIOBIAHICTE TOYKY X, — OCHOBY
Ag X, 3 rT—$T1B TepHeHIuKYyIApa, ONMYHIeHOoTro 3 TOUKH X Ha
npamy AB. 3okpema, g (4) = A, g (B) =

Ilpu nbomMy KOXKHIHF TodIi KoJsa IocTaBJe-
HO V BiIIDOBiZHICTEL €IHMHY TOYKY JAiameTpa
AB, i koyHa TOuKa giamerpa AB € oOpaszom
IoHaMMeHIlle OOHiel TOYKH KoJa.

TakuM 4YMHOM, MU 3aJaJIM [IEPETBOPEHHNA g KOJA4, IIPU SAKOMY 00-
paszoMm KoJa € Bigpizox AB.

Puc. 19.3

NMpurxnag 3. Ilosgaunmo Ha maomuHi Touky O. Poarnsmemo
dyHKIio kA, 06sacTiO BU3HAYEHHA AKOI € BCl TOYKH IJIOIIHHH, a 00-
JacTiO 3HAYEHb — MHOMHWHA, AKa CKJagacThbcA 3 oaHiel Touxku O,
TOOTO KOKHIA Touni X IJIOIIMHMA IIOCTABMMO Yy BiAIOBIAHICTE TOUKY
0. Maemo: h (X) =

Ty pyeErnia 2 — ne nepeTBOPeHHA IJIOLIHHH, IIPU AKOoMY oOpa-
30M IJIOIIHMHH € (irypa, AKa cKIaJZaeTbesa 3 oAgHiel Tourku O.

Y npuxaani 1 KoxHa Touka Bifpizka AIB] € BIiAIMOBIIHOIO JedAKiil
€dumniil Tounui Binpiska AB. ¥ TaKNX BUMNAAKaX FOBOPATH, IO IIepe-
TBOpeHHd f Binpiska AB € o6oporHMM. OB6opoTHEe — Iie TaKe IepeTBo-
PEeHHs, IIPU AKOMY pi3HuM ToukaMm (irypu Bianosizaiors pisui obpasu.

¥V npukaai 2 nepeTBOpeHHA KoJa He € 00oporHuM (momymaire,
JyoMYy).

Koxue 000poTHE mepeTBOPEeHHsA Mae oOepHeHe [epPeTBOPEeHHS.
TToscHMMO CKa3aHe. 3HOBY 3BepHeMoc# g0 pucyHKy 19.2. Ockinbrm
nepeTBOpPeHHA [ € ODOPOTHUM, TO MM MOXKEMO PO3TJISHYTH (PYHKIILIO
f,» obiacTio BU3HAYEHHA AKOI € MHOKHHA TOYOK Binpiska A B, i aka
3ala€ThCA TAKHM IIPAaBMJIOM: KOXKHiH Touni X, Bigpiska A B, nocra-
BHUMO ¥ BignmoBigHicTe eguHy Touky X Bigpiska AB raky, o Touxku O,
X i X, nmesxaTh Ha OJHiil mpaMin.

Takum unnHOM, Mu 3amanu nepersopenss [, i f, axi ss’asani Ta-
KHMH BJACTHUBOCTAMH:
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19. MNepersopeHHs (BigobpaxeHHnA) diryp

1) axmo dirypa F, — obpas dirypu F npu nepersopensi f, To
dirypa F — obpas dirypu F, npu neperBopeHHi f ;

2) akno X — poBiabHa Touka Qirypu Fi f (X)) =X
fl (Xl) = X.

IlepeTBOpEHHA f‘ HA3UBAKITHL 00epHeHUM [0 neperBopenus f. Ta-
KOK MO’KHAa CKas3aTH, 10 IlepeTBOpeHHA [ € oGepHeHUM A0 IIepeTRO-
pernsa [ . IleperBopennsa f 1 f, Ha3UBAIOTL B3A€MHO O0EPHEHHMH.

PosrisineMo repeTBOpeHHA [, npu AKoMy obpasoM dirypu F e cama
ua cgirypa F, tobro f (F) = F. ¥ usomy pasi roBopsATrs, 10 3aTaHO
nepeTBopeHHd (dirypu F Ha cebe.

1+ TO

IIpurkaan 4. Posrnsanemo Touky M, AKa JIeKUTh BCEPeIHHI Koaa
(puc. 19.4). KoxHill Touni X kosa mocTtaBieHo y BiANMOBigHiCTE TOY-
Ky X, — APYyry TOUYKYy nepetruny npsmoi MX 3 kosom. OTpuMaemMo
nepeTBOPEHHSA JaHOro KoJia Ha cebe.

PoarasineMo nepersopeHHs f, npu axomy KOxHINA Touni X dirypu F
cTaBUTLCA v BigmosigHicTs cama Touka X, Todro f (X) = X. Take nepe-
TopeHHA [ Qirypu F HasuBaioTh TOTOKHMUM. OUeBHIHO, L0 TOTOXHE
[MepeTBOPEHHS € OKPEeMUM BHIIAJKOM IlepeTBOpeHHsA (Qirypu Ha cebe.

ToroxHe 1mepeTBOpeHHs € 060opoTHUM (mogymaiiTe yomy).

Hexaii y pesyabrari nepersopeHHs [ obpasom dirypu F € dirypa F,
a B pe3yJbTaTi nepeTBopeHHs £ obpasom dirypu F, € dirypa F,, To6To
f(F)=F,, g (F) = F, (puc. 19.5).

ITeperBopenHs f i g, BUKOHAHI NOCHILOBHO, 3a0al0Th ITepeTBOPeH-
Ha h, npu sxomy obpasom dirypu F € qirypa F,. Take nepersopenssa A
HA3MUBAOTH KOMIIO3MI[i€0 neperBopeHsb [ i g. SAKII0O BUKOHYETHCH
cnodaTrky IepeTBOpeHHs f, a moTiM mepeTBOPeHHA &, TO HHIIYTH
E=gof. Tom e fFY—=g{f(FN =& F)=F, 5000 [(F)=F,;

Poariiasemo aBa B3aeMHO oDepHeHHX neperBopeHHs [ 1 g. Hexaill
X — posinbHa Touka dirypu Fi f(X) = X . Toxi g (X,) = X. Orxe,
geo f(X)= X. Ile o3Hauae, 110 KOMIIO3HILiA JBOX B3A€EMHO ODEpHEHUX
HepeTBOPEHb € TOTOXKHUM MEPETBOPEHHAM.

Puc. 19.4 Puc. 19.5

163



§ 6. lepersopeHHs iryp

19.1.° ITosHayuMoO Ha IJIOHMIMHI Touky O. 3agamMo IepeTBOPEeHH
OJOIIMHY 3a TAKHM npaBuyioM (puc. 19.6): koskHiil Touni X mromuam
IIOCTAaBMMO V BiAIIOBIAHICTE TAKY TOUYKY Xl, 1o Touka O € cepeIHHOIO
Bigpiska XX (Toumi O mocTaBUMO y BiAmoBigxicTs camy Touxy O).
IToGymyiiTe o6pa3u TOoUOK A i B mpu 3amaHoMy IepeTBOpeHHi. Yu
€ 3aJlaHe NepeTBOPeHHA 000pPOTHUM?

19.2. IIpoBememMo Ha MJIOLIMHI npamy [. 3ajaMo HnepeTBOpPEeHHS
NJIOIMMHM 3a TAKHUM MIPaBHJIOM: KOMHIiNM Touni X nuolqmHH mocrta-
BHMO y BiamosinHicTs Tarky rouky X , 1110 npsama | € cepeguHHHM
nepHeHAUKyIApom Biapiska XX (koxxHi# Touni npamoi [ nocTaBuMoO
y BignmoeigHicTe Hi0 camy rTouky). [loOyuyiire obpasu tToyox A i B
IIpH 3aJaHOMY IlepeTBOpPeHHi. Yu € 3aaHe mepeTBOpeHHsS O0OPOTHUM
(puc. 19.7)?

19.3." ITossauumo Ha muoluHI Touky O. 3agamMo IepeTBOPeHHH
IJIOIIMHY 3a TAKUM NIPaBUJAOM: KOKHIM TouIli X IIOIMUHK IIOCTABH-

: o ——e ] :
MO Y BIANOBIAHICTL TAKy TOYKY Xl, mo O0X, Z_EOX (rouni O mo-

CTAaBHMO Yy BisnoBigHicTs camy Touky Q). [lobynyiiTe o6paszu Touor A
1 B npu 3aJaHOMY IlepeTBOPeHHi miomuuu. Yu € 3a1aHe nepeTBopeH-
A oboporuum (puc. 19.8)7

A,
X Be
0

X, O
B

Puc. 19.6 Puc. 19.7 Puc. 19.8

19.4. Iano BeKTOp a. 3aJaMO epeTBOPEHHS IJIOUIHHY 34 TAKUM
npanmxom. KOoKHIA Touni X nmommHM MOCTAaBUMO Y BiATIOBIOHICTE
a TaKy TO4Ky X, 110 XX =a. TTobynyiiTe obpasu

/ To4oK A 1 B np;»i 3aJaHOMYy IepeTBOPeHHl ILJIo-

/X1 muHU. Y1 € 3amaHe mepeTBOpPeHHS 000POTHHUM
(pruc. 19.9)?

);. °p 19.5.” Ha pucysxy 19.10 zobpameno xyr AOB

i npamy p, HenapajienbsHY #oro cropoHam. Koxxuii

Puc. 19.9 Toy1li X cropouu OA mocraBjieHO y BiinmoBimHicTh
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19. I'fepeTBopeHHﬂ(Blu06pa>t<eHH9 cplryp

raky Touky X, croponu OB, mo XX || p (touui O mocTaBIeHo y Bij-
nosigHicTs camy Touky O). ITobyayiire obpas Touxknm M i npoobpas
roukn K npu manomy nepersopenHi npomenss OA. fixka ¢girypa e ob6-
pazom npomeHa OA?

19.6. Ha pucyury 19.11 3o00pakeHo Bigpizoxk AB i npamy a.
KosxHift Touni X Bigpizka AB mocTaBiieHO y BiAIIOBiJHICTHE OCHOBY
neplHeHAUKYIApa, onymieHoro 3 Touku X Ha npamy a. Ilobyayire
obpas Touku E i npoobpas Touku F npu 3aaHOMY [epeTBOPeHHI Bif-
piska AB. Yu iCHYIOTE TOYKM IPAMOI @, AKi He MalTh npoobpasy?
TlobyayiiTe o6pas Bigpizka AB.

A B
M
E
A/
(@) 2
K B
& b
P F
Pue. 19.10 Pue. 19.11°

19.7.° Hexaii f i g — neperBopeHHs, 3a4aHi B 3agauax 19.11 19.2
BignosigHo. ITobyayiiTe ob6pasy TOYOK A i B (puc. 19.12) npu mepe-
TBOpeHHi: 1) fe g; 2) g ° f.

19.8. Hexait f i & — nmeperBopenHns, sajnani B sagavax 19.3119.4
Bigmosiano. Ilo6yayiiTe o6pasu Touok A i B (puc. 19.13) npu nepe-
reopeHHi: 1) fe g; 2)gef

19.9.° IIpsima a JOTUKAETHCA N0 MiBKoaa AB 3 neuTpom y touni O
(puc. 19.14). 3apaiite sike-HeOyIL IlepeTBOPEHHA IiBkona AB, npu
AKOMY IIpAMa a € obpaszoMm niBkosaa AB 3 «BUKOJOTHMHI» TOUKaMK A
i B. 3’sacyiiTe, 44 € 3a7laHe NepeTBOPeHHA 000POTHHUM.

Pue. 19.12 Puc. 19.13 Puc. 19.14
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%. d § 6. MNepeTBOpPEHHA (iryp

A 19.10. Banaiite axe-uedyab IepeTBO-
h\,B peHHA Bizpiska AB, npm AKOMY BiApi3ok
CD € obpasom Biapiska AB (puc. 19.15).
3’acyiiTe, UM € 3aJaHe ITepPeTBOPEeHHA 0060-
% ﬁD POTHUM.

19.11." Binpisox AB neprneHAMKYJIAD-
HUH npsamiit MN (puc. 19.16). Banaiite
AKe-HeDyab NepeTBOPEHHA Binpiska AB, npu sikomy ofpasom Biapiska
AB 3 «BHKOJIOTOIO» TOYKOIO A € nmpomins BN.

19.12." Bigpisok AB nepueHAMKyJsApHHE npamii [ (puc. 19.17).
SapnaiiTe sike-Hebynb IIEPETBOPEHHS Bifipisxa AB, npu axomy o6pasom
Bigpiska AB 3 «BHKOJOTHMH» KiHUAMH A, B € npama [.

Pue. 19.15

A A
{
M B N Bl
Puc. 19.16 Puc. 19.17

BNPABW FESRSEESReT

19.13." 3apaiite ake-HeGYIbL nepeTBOpeHHsA KkBajapara ABCD, npu
AxoMy obpasom KBajgpara € cropoHa AB.

19.14." 3apaiire ske-nHeOynp nepeTBOopeHHs KBaapata ABCD, npu
AKoMy obpasom KBajgpara € giaronans AC.

19.15." PosrasinemMo koo pagiyca r 3 mesarpom O. Koxwniit Touni
X koja moctaBUMO y BiAnOBiAHICTL TOUKY X, AKA HAJIEIKUTD Pajiycy

1
0X, raky, mo OX, = Er. HAxa dirypa € obpasom samaHoro xKosua?

19.16." Tauo KyT AOB (puc. 19.18). Koxuiit Toyni X croponu
OA nocrasumo y BignosignicTs Touky X, AKa HaJeKHUTH cTopoHi OB
i esxnTh Ha KOJIL 3 eHTpoM O pagiyca OX (rouni O nocrasumo y Big-
noBigHicTs camy Touky Q). fixa Qirypa € obpasom croponu OA?

19.17.° lano xyr MON. Kosxuift Touni X croponu OM mocra-
BUMO y BifnosiguicTh Taky Ttouky X, croponu ON, mo npama XX
nepneHIMKyasapHa bicexrpuci kyra MON (rouumi O Bigmosizae cama
rouyka 0). Un € onucaHe nepeTBOpPeHHA npoMeHa OM oboporHuM?
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19. NepeTeopeHHa (BinobpaxeHHa) diryp

19.18." Binomo, 110 IIpU IepeTBO- A
penni ¢irypu F ii o6pasom e cama
dirypa F. Yu cnpaBeniuBe TBep- X
[IyKeHHHA, 110 lie IepeTBOPeHHA € TOo-

TOMHUM?

19.19.” Poarnauemo ¢irypy, mo O
CKJANAEThCA 3 YyCiX TOYOK, AKI Ha- B
JeaTh CTOPOHAM IPAMOKYTHHKA.

Onumiite AKe-HeOyIb NepeTBOPeHHS Puc. 19.18
niel girypu, npu axomy ii obpasom
€ KOJIO.

19.20." PosrasiHemo ¢irypy, 110 CKIagaeThCs 3 ycix Touok, ski
HaJIeKaTh CTOPOHAM NpAMOKYyTHHKAa. OnuiniTs asxke-uebyas nepeTBo-
peHH# 11i€l ¢irypu, npu axomy I obpaszoMm e Qirypa, AKa CKJIaSAETLCA
3 ycix TOYOK cTOpiH pomba.

19.21." 3agaiiTe AKke-HeOyOb IePETBOPEHHA IJIOLIUHY, IPH AKOMY
il o6pasom e: 1) upama; 2) npominab; 3) Bimpisok; 4) ABi TOUKH.

19.22." [Tosgaunmo Ha miaoluHI Touky O. 3agamMo0 IepeTBOPEeHHA
ILJIOIIMHY 34 TAKUM NPaBHJIOM: KOXHI#E Touni X IIOIIMHA IIOCTABUMO
Yy BIANOBIAHICTE TAKy TOYKY X, 110 O?,- =20X (rouui O Bignosinae
cama Touka 0). HoBeniTe, 110 Iie nepeTBOpPeHHA € 00OPOTHUM, 1 3a-
jaiiTe nepeTBOpPeHHs, obepHEeHe 0 JAaHOrO.

19.23." [IpoBememo Ha miomuui npamy ! (puc. 19.19). 3agamo
IepeTBOPEeHHA MJOLUIMHHU 3a TAKHM [OPaABHJOM: KOMHIH Tounmi X
IUIOIWHU INOCTABHMO y BiANOBIAHICTE Taky Touky X, mo XX L[,

X,MZ%XM, e M = XX N1, iroukn X i X nmemare y pisumx

OiBIJIOLMHAX BiHOCHO NpaAMoi [ (KOKHINA To4ni npaMol ! mocTaBuMO
y BignosiguicTs 10 camy Touky). oBeniTh, 110 Il NMepeTBOPEHHS
e obopoTHHM, i 3ajaiiTe nepeTBOPeHHs, obepHeHe O JaHOro.

19.24." BaznaiiTe nmepeTBOpeHHA Bijpiska, Bigminue Big ToToxHOTO,
npu AKOMY 0bpasoM Bixpiszka € meil camMmmi
Bigpizox.

19.25." PoarnapaeTsea dirypa, Axka ckJia-
JAETLCA 3 TPLOX TOUOK A, B i C., VramiTs
00pa3u TOYKH A [IpH BCiX MOMXJIHUBUX Iepe-
TBOPEHHAX naHol (¢irypu Ha cebe.

19.26.” Yu 6ynb-sike neperBOpeHHA i-
Puc. 19.19 rypu F Ha cebe € oGopoTrHuM?
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20. Pyx. NapanenbHe nepeHeceHHN

ki BracTuBOCTi NepeTBOpeHHA (Irypu rapaHTyioTh 30epeskeHHS
il poaMmipy i dopmu? BusrpiseTbcsa, IO HOCTATHLO BUMATI'ATH JIMIIIE
3bepexxeHHa BifgcraHi mixk Toukamu. Tobro, Axmio A i B — pgoBinpHi
rouku ¢irypu F, a A i B, — ix o6pasu, TO Mae BUKOHYBATUCH DiB-
HicTb AB = A B,.

OznauvenHs. [leperBopenns dirypu F, axe 30epirae Bigmcrans
Mi¥ TOYKAMM, HABMBAIOThL pyxom ¢irypu F.

HafinpocTillinM OPHKJIAL0OM PYXY € TOTOXHE NepPeTBOPEeHHS.
PoarasHeMo BJIACTHBOCTI Pyxy.

Teopema 20.1. IIpu pyci gizypu F ob6pazamu 6ydv-axux ii
MpvoOX MOUOK, AKL nexamdb Ha O00HIU npamil, € mpu mowku, AKL
Nexcame Ha OOHIL npamiii, a 06pa3amu mpoox Mo4ok, AKi He nexrcams
Ha 00HIE npamill, € mpu Mo4Kku, AKi He Lexramsv Ha 0OHI npamiil.

Hoeedennsn. Hexait Touku A, B i C ¢dirypu F nexarp Ha paHiit
npamiit, npuyomy Touka B HamexuTs Biapisky AC (puc. 20.1). Toni

AC = AB + BC (1)
Posranauemo pyx f dirypu F.
¢ Hexait [ (A) = A4,, f (B) = B,, f (C) = C,.

—_A}_J/‘ 3 ozHaveHHs PyxXy BumiuBae, mo AC = A C,,

AB = A B, BC = BC,. 3 ypaxyBaHHAM piB-

E\\ HocTi (1) moskHa sanucatu AC, = A B, +
1B C, + B,C,. Orxe, TOouKa B, namexkuTs Biapis-
Ky A]C], TOOTO TOUKH Aw B, i C1 JesKaTh Ha

Pue. 20.1 ONHIN TIpAMifi. .
BuUKOPHCTOBYIOUM HEPiBHICTH TPHKYTHH-

Ka, JOBEJiTh APYTY YaCTUHY TeopeMM caMmocTiiino. 4

Hacainox. ITpu pyci eidpiska, npomensn, npamoi, kyma obpa-
3amu € 6i0nogidno 6i0pi3ok, NPoMins, npama, Kym.

Hosenemo meplry 3 3asHaueHUX BJIACTMROCTEH (pPeIlTy BJIACTHUBOC-
Teil BU MOYKeTe JOBECTH CAMOCTiHHO abo Ha 3aHATTAX MATEeMATHYHOI'O
rypTKa).

Hexait X — pgosinepHa Touxa Bigpiska AB. Posrasinemo geskui
pyx f Bigpiska AB. Hexa#i f (A)=A,, f (B)=B,, f (X)=X,. Ilpn
nosegeHHi Teopemu 20.1 O6yJio mokaszaHO, L0 TOYKA X, HaJIeXHKHUTH
Bifpisky A B,. lle osnauae, o obpasu Bcix To4oK Bigpiska AB Ha-
JIesKaTh BiApisKy A B, .
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20. Pyx. NapanensHe nepeHeceHH

ITokasemo, 110 A KOMHOI TouKu Y, Biapiska A B, sraliferbcs
Touka Y Bigpiska AB rtaka, o f (Y) = Y1' Bubepemo Ha Binpisky AB
rTaky TOuKy Y, mo AY = A Y, . Hexai f (Y) = Y,. Toai Touka Y, Ha-
nexuTh Biipisky A B, 1 AY = AY,. Orike, Touku Y, i Y, sbiraiorscs,
to6to f (Y) =Y,. A

Teopema 20.2. xwo f — pyx kyma ABCif(£L ABC)= £ A BC,,
mo £ ABC =2 A BC,.

Hoeedennsa. 1lozgpaunmo Ha npomMeHax BA A
i BC Touku M i N Bignosinuo. Hexait f (M) = Mw //N(<
f(N) = N, (puc. 20.2). Toukn M, i N, HanexaThb
npomensim B A i B C, BianosigxHo. Ockinbku B —Ht N C
BM =BM, BN =BN,, MN =M N, To B,
A BMN = A B,M N, 3a TpeTbOIO O3HAaKOIO PiBHO-
cTi TPUKYTHMKIB. 3Bigcu £ B = £ B,. A M,

Teopema 20.3. Axwo f — pyx mpurymnu- oy N,
wa ABCif (A ABC)=A ABC,mo A ABC = C
=AABC,. !

; v i Puc. 20.2
HoseniTh 110 TeopeMy caMoOCTiiiHO.
Teopema 20.4. Pyx — o6opomrne nepeméopennsn. Ilepemeéo-

penHs, obeprene o pYxy, makKo3c € pyxom.

Hosedennsa. Ilpunycrumo, uio pyx f dirypu F He € o6opoTHUM
neperBopeHaM. Toxi sHafimyThes aABi pisHi Touku A i B dirypu F
raki, mo f (A) = f (B) = C, To6ro BincraHp Mix obpasaMmu TOUOK A
i B mopiBHIOE Hya10. OTpuMaJIn cylepeyHicTrb, ockijbku AB # 0.

IIpyry 4acTHUHY TeopeMU JOBEeJiTh caMocTiiiHo. 4

Teopema 20.5. Axwo fi g — pyxu, mo komMno3uyisn yux nepe-
meopens marKodc € pyxom. '

IHoBediTh 110 TeopeMy camMocCTiitHO.
M#x gaBHO BUKOPHCTOBYEMO IIOHATTA «pPiBHIiCTE Qiryp», xoda He
AaBajay HOMY CTPOTIOI'O O3HAYEHHA.

BiacTuBOCTi pyXy BKa3yOTh Ha Te, 1[0 PYX OB’ A3aHMI 3 piBHICTIO
diryp. Tomy gopedHO JOMOBHUTHCH PO TAKE O3HAYEHHS.

O3umavenHnsda [si ¢irypu masuBaroTs PiBHHMH, axmo icHye
pPyX, IpH AKOMY OoxHa 3 JaHuXx ¢iryp € obpasom iHuIOi.
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§ 6. lNlepeTBOpeHHA iryp

3anuc F = F| osnauae, mo dirypu F i F| pisui.

3 m’ATOro Kjacy MM IIif piBHMMM poayminum rtaki dirypu, aki
sbiranuca npu HaxkaagaHHi. TepMiH «HakJagaHHsA» IHTYITUBHO 3pO-
ayMminui, i B HamioMy yABJIeHH]I BiH noB’sAsaHMH i3 HaKJIagaHHAM
peansHHX 00’€KTiB. Ane reomeTpHuHi (hirypu He MOKHa HaAKJIACTH
OJHY Ha OJHY B OYKBaJbHOMY pO3yMiHHI usoro cuosa. Tenep marxia-
AaHHA Qirypu F Ha dirypy F, Moxua posrisgatu sk pyx dirypu F,
npu AkoMmy il obpasom € dirypa F,.

TepMiH «pyX» TAKOX ACOLIIETHCS 3 MEeBHOK (PiZHMYHOIO fiero:
3MiHOIO moJoKeHHsA Tijia 0e3 medopmanii. Came 3 muM noB’s3aHa
nosiBa mporo TepMiHa B Maremardui. IIpore B reomerpil nmpegme-
TOM [JOCJHiAsKeHHS € He Npollec, AKMUI BifgbdyBaeThcAa B uaci, a Juine
BJIacTuBOCTi Qirypu Ta ii obpasy.

Hexait sagano gesaky ¢dirypy F i BexTOp a. Kosuiii- roumi X

dirypu F mocraBuMO y BiANOBiAHICTE TOUKY X, Tary, 1o XX, =a.
Y pesyJbTaTi Takoro nepeTBOpeHHA (irypu F orpumaemo dirypy F]
(puc. 20.3). Taxe neperBopeHHsa Girypu F HasuparoTs MapaJjeib-
HUM IIepEHEeCeHHAM Ha BEKTOD . ITleperBopeHHs:, siIKe € IIapaJeilb-

HHM IIepeHeCeHHAM Ha BeKTOD 4, IIO03HaAYalThb TakK: T,_;' HPI].HYTI::
T. (F)=F,.

Puc. 20.3 Puc. 20.4

Te, mo 3o6paskeni na pucyury 20.3 qirypu F i F, pisni, 3posymino
3 HaoO4yHOTro crHpuHHATTA. CTpore oOI'PYHTYBAHHA LBLOro GaxTy Jae
TakKa TeopeMa.

Teopema 20.6 (BaacruBicTs mMmapaiejibHOro nHepeHe-
cenHn). ITapanenvne nepenecenns € pyxom.

Hoeedennn. Hexait A (x; y,) i B (x,; y,) — AoBinbHI TOUKHU
irypu F (puc. 20.4), touku A i B, — ix Bianosigui obpasu mnpu
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20. Pyx. MNapanenbHe nepeHeceHHA

rapaJieJIbHOMY INepeHeceHHi Ha BexkTop a(m;n), tobéro T. (A)=A,,

T (B)=B,. Toni Bektopu AA, i BB, wmamoTe kKoopauHatu (m; n).
OT:xe, KOOpAMHATAMH TOYOK A, i B, € BiAmoBiJHO mapu 4YmuceJs
(x, + m; y, + n)i(x, +m;y,+ n)

Maemo:

AB:\/Exz_xl)2+(yz_y1)2;

A, B, =\/(x2 +m —x, =m)? +(y, +n—y, —<H)* =-\/(I2 —x1)2 +(y2—y1)2.

Orsxe, mu nokasanu, mo AB = A B, To6To napajielbHe IepeHe-
ceHHs 30epirae Bizcranes Mixk Touxkamu. A

Hacainox. Axwo gizypa F, — o6pas ¢izypu F npu napanens-
nomy nepenecernini, mo F, = F.

Ilr0 BJacTHBiCcTHL BHKOPHCTOBYIOTH IIPM CTBOPEHHI MAaJIOHKIB
Ha TKaHMHaX, lInajepax, DOKPHUTTAX AJdA nigjgoru rouio (puc. 20.5).

0 W e i e i M i M i i M o B i 0

Axmo dirypa F, € obpaszom ¢dirypu F npu mapajienbHOMY
epeHeceHHi Ha BeKTOp a, To (dirypa F € o6pasom dirypu F, npu mapa-
JIeJIbHOMY IlepeHeceHHi Ha BeKTOp —a (puc. 20.6). IlapanensHri nmepe-

HeceHHA (irypu F Ha BeKTOp a i dirypu F| Ha ReKTOpP —a € B3AaE€MHO
oDepHEeHUMHU IIePeTBOPEHHAMU.

O=w 3amaua. Koxuiii Touni X (x; y)
dirypu F mocTaBieHO y BiAINMOBIAHICTE TOU-
KY X1 (x + m; y + n), ne min — samgaHi
yycaa. JoBediThk, L0 Take IIepeTBOPEHHHA
dirypu F e napajielbHNM [I€ePEHECEHHAM HAa

BEKTOPD a (m; n).
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Poseg'saszannasa Poarusinemo BexTop a(m;n). 3ayBasKHMO, LI0

KoopauHaTH BeKTOpa XX, HpopiBHIOTE (m; n), toéro XX, =a.
Orxe, onucaHe mepeTBOPeHHA (irypu F — napasnensHe nepeHeceHHS
HA BEKTOD d.

IIpuxkaanx 1. Touka A, (—2; 3) € ob6pasom Touxku A (—1; 2) upu
napajejlbHOMY IIepeHeCeHH1 Ha BEeKTOp a. 3HaAHOITH KOOPAMUHATH
BeKTOpa a i KOoOpAMHAaTH ob6pas3y Touku B (—7; —3).

Poszs’'ssanHsa 3 yMoBM BUILJIUBAE, 11O AA = a. 3Bimcu a (-1;1).
Hexait B, (x; y) — obpas Touku B (—7; —3). Touxi BB, =a, TO6TO
x+7=-1iy+ 3=1. 3eigecn x = -8, y = —-2.

IIpuxaanx 2. Jaso kyr ABC i npaMy p, He ImapalenbHy >KOJIHIiH
iz cropin pporo kyta (puc. 20.7). [lo6yayiiTe npamy p,, napajenbHy
npAMIN p, Tak, 1100 CTOPOHM KyTa BIATHHAIMU Ha Hill Biapiszok sagaHol
DOBXKUHU .

Posze’azanna. Poarnanemo Bextop MN rakuii, mqo MN | p
i ‘J\_J}_TJ ‘ =a (puc. 20.8). ITobyayemo npoMiHb B A, axkuii € obOpaszom
npomens BA npwu napajieIbHOMY llepeHeceHHI Ha BeKTop MN, Tak,
moh npomeni BC i B A, nepernHanuca B medakid Touni E. Hexait
Touka F — mpoobpas Touku E npu napajgeibHOMY HepeHeceHHi, 110

posrasgaerses. Tomi FE=MN, To6To [ﬁl:a i FE || p.

a A
———
B
\ ¢
Puc. 20.7 Puc. 20.8

Haseneni MipkyBaHHs IiAKa3yIOTh TAKHH AJIOPHTM NOOYIOBH:
1) snaiiTn obpas npomens BA Npu napajejibHOMY IIepeHeceHHi Ha

BeKTODp MN;

2) mos3HauMTH TOYKY IepeTHHy npomens BC 3 nmobymoBaHHM 06-
pasom;

3) uepes 3Hal/leHy TOUKY IIPOBECTH IPAMY p,, NapallebHy Np#-
Mmiit p. IIpama p, 6yzne myKaHom.
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20. Pyx. NapanenbHe nepeHeceHHA

ﬁ};ﬂ-:’\ LHPAKTM‘-IHI SABOAHHSA EEEESSSmsm

20.1." ITobyayitte o6pasu Biapiska AB i npomens OM npu napa-
JeTbHOMY MepeHeceHHI Ha BEKTOp a (pHcC. 20.9).

20.2. Ha pucynky 20.10 npsama a € o6pazom aeakKoi npamoi mpu
napajelbHOMY IlepeHeceHHI Ha BEKTOpP m. Ilobypy#iTe npoobpas
npaMol a.

20.3." Koo 3 ueHTpom O, € obpasom Kona 3 uerTpom O npwu
napaJjieJJbHOMY IlepeHeceHHI Ha BeKTOD a (puc. 20.11). Biaxnanite

BeKTOpP @ Bim Touxkm M.

|
|
// e a =
A a —
‘\\ Mo
O —H"""---_ M m
Puc. 20.9 Puc. 20.10 Puec, 20.11

%&HPABM

20.4." PoarisHeMo KoJIo 3 HeHTpoMm y Touri O pagiyea r. KoskHii
rouni X KoJia IOCTaBUMO y BiANOBiAHICTH TOuKy X |, KA HAJEHHUTH pa-

niyey OX, Tary, 1o OX, = lr, Yu € pyxoM omnMUcaHe TepeTBOPEeHHSs ?
2

20.5. Hauo xyt AOB (puc. 20.12). Kosxuiit trouni X cropouu OA
IOCTABMMO y BiANOBiAHICTE TOuKy X, A
AKA HAJEXKUTH cropoHi OB i nexurs
Ha KoJai 3 meHTpom O pazgiyca OX X
(rouni O mocraBUMO y BignoBigHiCcTH
camy Touky Q). Hoeenits, 110 onuca-

He TePeTBOPEeHHSA € PYXOM. (9] X
20.6." lano kyr MON. Koxuii - B
o —
Touni X cropoHu OM craBUThCHA
y BiAmOBiAHICTH Taka TOYKA Xl cTO- Puc. 20.12
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poru ON, mo npama XX nepneHnuKyasapHa Gicekrpuci kyra MON
(rouni O BizmoBimae cama Touka O). IloBemiTs, IO ONMHCaHEe Iepe-
TBODEHHSA € PYXOM.

20.7." laHo npsaMy a i Bigpizoxk AB, KUl He Ma€ 3 HEIO CIHIJIBHUX
Toyok. Koskui#t Touni X Biapisxa AB craBUThCs y BianosigHicTb
OCHOBa MepHeHIHUKYJApa, ONyLIeHOoTo 3 ToUuKu X Ha npamy a. [lpm
AKOMY B3a€EMHOMY poa3MimieHHi npsamol a i Bigpizka AB onucase 1e-
pPeTBOPeHHA € pyxom?

O—w 20.8." Touku A, i B, He HayexaTh npamiit AB i € obpazamu
BiANMOBiAHO TOUOK A i B Ipu nmapaselbHOMY llepeHeceHHl nmpsamoi AB.
HoBenirs, mo 4oTupukyTHUK AA B B — mapasesnorpam.

20.9. Touknu A, i B, € obpasamu BianosigHO Toyok A i B npu na-
paJieIbHOMY IepeHeceHHi Biapiaka AB. 3HalniTh MOBXHUHY Bifpiska
A B,, axkmo AB = 5 cMm.

20.10." BexTop m mnapanenbHUil npamiii a. Aka girypa € o6pasom
npsamol a npu Ii nmapajenbHOMY IepeHeceHHI Ha BeKTop m?

20.11.. IOanso napanenorpam ABCD. Axkuii BeKTOp 3aj/lae napajeib-

He IlepeHeceHHs IapaJeyiorpama, IIpu sKoMy ctopoHa AD e o6pazom
croporu BC?

20.12." Yu icHye mapajesbHe NepeHECeHHHA PiBHOCTOPOHHBO-
ro TpukyTHUKa ABC, npH sKoMy cropoHa AB e obpasom cTOpoO-
Hu BC?

20.13." BHaiigiTe TOYKH, AKI € obpazammu TouokK A (—2; 3) 1
B (1; —4) upu napanensHOMY nepeHeceHH1 Ha BexTop a (—1;-3).

20.14." Yu icHye napajesibHe IepeHeCceHHs, IIPH AKOMY 06pasom
Toyku A (1; 3) € Toura A (4; 0), a o6paszom Touxku B (—2; 1) — Touka
B, (1; 4)?

20.15. Ilpu mapasenbHOMY IlepeHeceHHi Ha BexTop a(2;—1) 06-
pasom Ttouku A € Touka A (—3; 4). 3HaHAITH KOODAMHATH TOYKH A.

20.16." Touxa M, (x; 2) € o6pasom Touku M (3; y) npu napanennb-
HOMY TepeHeceHHi, npu akomy Touka A (2; 3) € obpaszom mouatky
KoopauHAT, 3HAKLITE X 1 Y.

20.17." Ckinpku icHye nmapaneJbHUX NepeHeceHb NpPsSMOi @, NpH
AKUX 11 obpa3om € npsama a?

20.18." Hano touxku A (3; —2) i B (5; —4). IIpu napaienbHOMY
nepeHeceHHI Biipiska AB obpasom lioro cepenunu e Touka M, (—4; 3).
SHalinite o6pasu Todyok A i B.
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20. Pyx. NapanensHe nepeHeceHHa

20.19. Touku A (1; 3), B (2; 6), C (—3; 1) € BepiuuHaAMH Iapa-
nenorpama ABCD. Ilpu napanenbHOMY NepeHeceHHi Imapajueyorpama
ABCD 06pa3oM TOUKH IePeTHHY Horo aiaroxHasneii € rouxka O, (—2; —4).
Buaiaite obpasu Touoxk A, B, Ci D.

20.20." 3uaiiniTe piBHAHHSA KoOJa, AKe € obpasom kKoJsa x? + y? = 1
[pu napasejlbHOMY TepeHeCeHHI Ha BeKTOp E(—B; 4).

20.21." BHaiigite piBHsAHHA napabouu, sika € obpasom napabosin
y = x? IpH napajejbHOMY lIepeHeceHHi Ha BeKTOp a (2;-3).

20.22." Ycepeauni npamorkyTHuka ABCD mosHayeHO TOuKy M.
INoseniTh, LI0 iCHYE ONYKAWN YOTHPUKYTHHUK, AiaroHaisi siKOro
[eprneHAuKyIApHL 1 popiBHIOIOTE AB 1 BC, a CTOPOHH AOPiBHIOKTH
MA, MB, MC i MD.

20.23." IlobyayiiTe Tpamelliio 3a OCHOBAMU 1 AiaroHaJIAMU.

20.24.” Ilo6GyayiiTe Tpalelin 3a YOTHPMa CTOPOHAaMH.

20.25." IlobyayiiTe BiApisok, piBHuil i mapanenpHWUil JaHOMY
BiapisKy AB, Tak, mob oguH HOro KiHellh HAJe)XaB AaHIH npaMii,
a ApYrufi — JaHOMY KOJIY.

20.26." IlobyayiiTe XOpAY HJAHOTO KOJa, AKa IOPiBHIOE 1 mapaeb-
Ha gaHoMmy Bigpisxky AB.

20.27.” Ilsa xoJsa paziyca R morukarmoTbca B Touui M. Ha omHO-
My 3 HMX MNO3HAYEHO TOYKY A, Ha Apyromy — TOYKy B Tak, L0
Z AMB = 90°. HosegirTs, mo AB = 2R

20.28." Tlo6ynyiiTe YOTUPUKYTHHK, V AKOrO IPOTHUJIEHKHI CTOPOHH
[IOIIAPHO HellapaJiejbHi, 3a YOTHPMAa KyTaM¥ 1 JBOMAa IIPOTHJIEKHUMHU
CTOPOHAMH.

20.29." ¥V axomy wmicui caig mobynysatru mict MN depes piuky,
AKa posginsge aBa HaceseHl nyHKTH A i B (puc. 20.13), mob maax
AMNB 6yB HallKopoTiuuM (Oeperu piuKu BBarKaeMo NapajeJbHUMHA
NpAMUMHM, MiCT IIEPHEHIUKYIAPHHAN BGeperam piuxwu)?

20.30." YcepeauHi NpAMOKYTHH-
Ka ABCD oGpasHo Touky M Tak, 110
Z BMC + £ AMD = 180°. 3naiigirs
cymy KyTtie BCM i MAD.

20.31, VcepeauHi mapaJjsenorpa-
ma ABCD ofpano Touxky M Tak, 110
7 MAD = £ MCD. JloBenitsb, IO
< MBC = 2 MDC.

Puc. 20.13
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§ 6. NepeTBOpeHHs Qiryp

21. OcboBa cumeTpin

Osnauennsn. Touku A i A, HASUBAIOTE CHMETPHYHHMHE Bij-
HOCHO npamol [, AKINO npsaMa | € cepeIMHHUM IMePIHeHINKYIIpOM
Bigpiska AA (puc. 21.1). Ikmo Touxa A HaxexKUTH Npsamiin [, To il
BBAaXKaIOTh CMMETPMYHOK camii coli BimHOCHO npsimoi [.

Hanpurnan, Touku A i A, y AKUX opAMHATH PiBHI, a aberucu —
NPOTHIIEKH] YKCIa, CUMETPUYHI BiTHOCHO oci opauHar (puc. 21.2).

Posraaremo dirypy F i npamy . Koxniit touni X dirypu F mo-
CTaBHMO y BIiATOBiZHiCTBE cuMeTpuuHY il BimHOCHO npamoi [ TOURy
X,. ¥V peaynsTaTi TaKoro nepersopeHHs dirypu F orpumaemo dirypy
F, (puc. 21.3). Taxe neperBopeHHA (dirypu F Ha3WBAlOTL OCHOBOIO
cuMeTpieio Bignocuo npamoi . IlepeTBopenus, AKe € OCHOBOIO CHMe-
Tpi€r BigHOCHO npaMmoil [, nognadawoTs Tak: S,. [umyrs S, (F) = F,.
IMpsawmy [ HazuBaoTk Biccro cumerpii. Takoxk rosopaTe, mo dirypu F

i F, cumerpuuHi BigHOCHO NpAMoOY L.

>
=
S
%

Y S

S
[~}
=y

Puc. 21.1 Puc. 21.2 Puc. 21.3

Teopema 21.1 (BnacrtuBicTts ocboBOI cumerpii). Ocvosa
cumempia € pyxom. :

Hosedennsa. ObepeMo cHCTEMY KOODAMHAT TaK, 1100 Bich cumeTpii
sbiranacs 3 BiccrO opJaAMHAT.

Hexait A (x5 y,) 1 B (x,; y,) — NOBLIBHI TOYKH (irypu F. OueBnp-
HO, 10 TOUKH A, (—x,; y,) i B, (=x,; y,) — ix Bianmorinui o6pasu npu
ocboBi¥ cuMeTpil dirypu F BiZHOCHO OCi opguHAaT.

Maemo:

AB=\&x2—x1)2+(y2 _yl)z;

A B, = (=%, — (~x))? + (4, ~ 1,)* = (=%, + %,)° + (y, - y,)* = AB.
Orxe, AB = A B,, To6To och0Ba cuMeTpiA 30epirae Bigcrans Mix

TOYKaMHM. ‘
Hacainox 1. Axwo S, (F) =F

1’

mo F=F,.

176



21. OcboBa cumeTpin

Hacnigokx 2. Ocvosa cumempia € 060pOMHUM NLePEeMEOPEHHAM.
Axwo S, (F) =F, mo S, (F)) =F, moémo S,° S, (F)=F.

Hosedenna. Ilepiia yacTHHaA TeopeMH BHIJIMBae 3 obopoTHocTi
PYXy.

Hexa#t X — poBinsHa Touka ¢irypu F i S, (X) = X,. Toxi
S, (X,) = X. 3Bigcu S, ° S, (X) = X, 10610 S, ° S, (F) = F. A

OsunaveHH:A Pirypy F Ha3uBaOTh CUMETPHYHOKX BiJIHOCHO
npamoi I, akmo S, (F) = F.

I[Ipssmy ! HA3UBAKOTE Biccro cumertpil ¢dirypu F. TakoxX Ka)XyTh,
mo dirypa F mae Bics cumerpil.

Hasememo npurknagu @iryp, skl MamoTh Bick cumMeTpil.

Ha pucyHKY 21.4 300paxeHo piBHOGeIpeHUIl TPDUKYTHHUK. [IpaMa,
AKAa MICTHTL MOro BHCOTY, IIPOBeleHY 0 OCHOBH, € BicCIH cumMeTpil
TPHUKYTHHKA.

Byan-axuil KyT Mae Bick cumeTpil — e nmpamMa, AKa MiCcTHTE Horo
bicekrpucy (puc. 21.5).

PiBHOCTOPOHHIN TPUKYTHHK Mae TpHU oci cumerpii (puc. 21.6).

Puc. 21.4 Puc. 21.5 Puc. 21.6

IBi oci cumeTpil Ma€ BIAPIBOK: 1e HOI'0o CepPeJUHHHUH INeprIeHIuKY -
nAp i npama, Aka MmicTuTh el Bigpiszok (puc. 21.7).

Ksaapar mae yorupu oci cumerpil (puc. 21.8).

IlpamokyTHHUK 1 pom0, Akl BigMiHHI Bijg KBajgpaTa, MalwTbk PiBHO
mo ABi oci cumetrpii (puec. 21.9, 21.10). 1i oci nepneHAUKYIAPHI.
Yaaraumi, cnpaBenJinBa Taka TeopeMa.

™~

Puc. 21.7 Puc. 21.8 ' Puc. 21.9 Puc. 21.10
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§ 6. MepeTropeHHA diryp

Teopema 21.2. Arwo ¢gizypa mae pierno déi oci cumempii, mo
yi oci nepneHOUKYALAPHL.

IIr0o TeopeMy BH 3MOXKeTe JOBECTH HA 3AHATTAX MATEMATHUYHOI'O
IYPTKA.

Icayiors Gdirypu, Ski MmMamoThs 0essiu oceil cuMmerpil, HAOPHKJIAI
KoJ0. Byab-Aka mpaMa, [0 MPOXOAWUTH Yeped IEHTP KoJa, € Horo
Biccio cumerpil (puc. 21.11). Besmniu ocell cumerpii
‘Mae ¥ mpAMa: caMa npaMa 1 Oyab-siKa npsaMa, nep-
INeHAHUKYJIAPHA A0 Hel, € 11 ocAMH cuMeTpii.

Mu 6aummo, 1m0 oci cumeTpil PiBHOCTOPOHHBOTO
TPUKYTHHUKA, IIPAMOKYTHHKA, pomMOa, KBajapara Ie-
peTHHAaIOThECH B ONHIN Touli. ¥3aramai, clipaBegiuBa
TaKa Teopema.

Puc. 21.11

Teopema 21.3. Axwo mrHozokymHuurx mae 06l abo HinvuLe ocel
cumempii, mo 6ci 60HU NePeMUHAIOMbCA 6 00HIL mouyi.

ITx0 TeopeMy BHM 3MOYeTe HOBECTH HA 3aHATTAX MaTeMaTHUYHOI'O
I'VpTKa.

Hexait ! 11,1 S, (F)=F,, S, (F)=F, (puc. 21.12). Haouni mMipKy-
BaHHA MMOKAa3yIOTh, 10 dirypa F, — e obpas qirypu F npu gesskoMy
nmapaJjeJLHOMY MepPeHeCeHH]. i

Crpore 00rpyHTYBaHHSA LILOTO (DAKTY A€ TAKA TeopeMa.

Teopema 21.4. Arxwo 06l oci cumempii napanrenvhi, mo Komno-
3uyin cumempii 6i0HOCHO YUX OCEll € NAPALeLbHUM NePEeHeCeHHAM.

CrulajieMo njiaH QOBeNeHHsI, SIKUH BU 3MOMKeTe PeajiizyBaTH camo-
criiiHo.

Hexaii npawmi /, i [, napanensni i T. (4)=1,, ne al [,. TlokaxiTs,
mo S, oS, =T,..

IIns HBOro BBEAITH CUCTEMY KOODAWHAT TAK, AK MOKA3aHO HA PH-
cyarky 21.13. Hexait X — posinsHa Touka Qirypu F, S',1 (X)=X;,
S% (X,)=X,. HoseaiTs, 110 }i_r—-}f2 =2a.

{1 = > 1’2 y Lh '{»‘
5 | A, ox|'x 2
o v ol
e b gel) %j
G 2 yo—i :
% 0 a *
Puec. 21.12 Puc. 21.13
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21. OcboBa cumeTpia

IIpuxkaax 1. [lano HepieHOGenperuil TPUKYTHHK ABC. IIposenu
npamy [, Axka micturh Oicekrpucy rkyta C. Ilorim yBech pucyHOK
BUTEpPIH, 3AJMINUBIIM Juile Touku A 1 B ta npamy [. Bignosirs
rpuxkyTHuK ABC.

Poiss'azarnna Ockinepku npamva ! € Biccro cumeTpii kyra ACB,
ro touxka A, Ae A = S, (A), Hasexurs npomer CB. Toxi mepe-
ruaom npamux [ i BA e sBepmuna C mrykaHoro tpuxkyrHuxa ABC
(puc. 21.14).

IIpuxaang 2. Touku A i B nexxaTh B OAHIN nisnmomuHi BigHocHO
npamol a. 3uaiaiTe Ha npAMii @ Taky Toury X, mob cyma AX + XB
fyJia HAaMEeHIIIOIO.

Pose'asanna. Hexart S, (A) = A,. Iloxamemo, mo myxKasHa
touka X — 1e TouKa neperuny npamux A B i a.

Hexait Y — poBinbHA Touka npsamol a, Axa Bigminua Big rouxm X
(puc. 21.15), Bigpisku A X i A Y — obpasu siapiskis AX i AY npu cu-
meTpii BigHOCHO npsimoi a Bianosiano. Toxi AX = A X, AY = AY.

Maemo AX + BX =AX +BX=AB<AY+YB=AY + YB.

Puc. 21.14 Puc. 21.15

IMpukaapg 3. Touxka O HanexkuTh roctpomy Kyty ABC (puc. 21.16).
Ha croponax BA i BC kyTa 3HauAiTh Taki Touxku K i F, 11100 nepumerp
TpukyTHUKA OEF 6yB HaliMeHIIINM.

Possé'azanna. Hexair S,, (O)=0,, S,.(0) =0, (puc. 21.17)

OI

A

A
K

! (0]

.0 B M —T i C
8 C 0,
Puc. 21.16 Pue. 21.17
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i npama O,0, neperunae cropouu BA i BC y Toukax E i F Bixnosin-
Ho. IloBegemo, mjo Touku K i F — mykaxi.

3ayBaxKumMo, 110 Biapisky EO, i EO cumMeTpUYHi BiIHOCHO NIPAMO]L
BA. Orxe, EO, = EO. Anajoriuno FO = FO,. Toni nepumerp TpH-
xkyTHuxka OEF nopisHwoe nosxuHi Biapiska O 0,.

Hexait K 1 M — poBineai Touku npomenis BA i BC, axi Bigminni
Bix Tovok E i F Bigmorigno. 3poaymino, mo KO = KO, i MO = MO,.
Toxni nepumerp TpuxkyrHuka KOM popisnwe cymi O K + KM + MO,,.
ITpore O, K + KM + MO, > O,0,.

O—w 3agaua. Ha croponax AB, BC i CA rocTpOKYTHOIO TPUKYT-
HukKa ABC 3HaiaiTs raki Touku M, N i P BignosBigHo, 1100 nepumerp
TpUKYTHHKa MNP O0yB HAUMEHIIIAM.

Posze’azannsa. Hexah P — pgoBinbHAa Touka Bigpiska AC TPpHUKYT-
uuka ABC, S,, (P) = P,, S,.(P) = P, (puc. 21.18). IIpama P P, ne-
peruHae cropoHu AB i BC Bigmosiguo B Toukax M i N. ¥V npurmaami
3 MM IoKaszanau, [0 NepuMeTp TPUKYTHUKa MNP € HaliMeHIIIAM
3 yCiX TPUKYTHHUKIB, nas AKMX Touka P ¢dikcosana, a Touxku M i N
HaJgexxaTs cropoHaMm AB i BC. Ileil mepumMeTrp HOPIBHIOE NOBMKUHI
Bigpisxka P P,.

3ayBaxkumo, mo EF — cepefHs JiHIA TPUKYTHHKA PP1P2. Tomi

Epzégg.

Ockinsku £ BEP + £ BFP = 180°, to touxu P, E, B, F nexathb
Ha OJZHOMY KoJi 3 miamerpom BP. 3Biacu EF = BP-sin B. Otxe,
OoBMuHAa Biapiska EF Oyne HaMMEHIIOK NPH HAHKMEHIIIH JOBXHHI
Bigpizaka BP, To6to Toxi, xonmu BP — Bucora TpuKyTHHKa ABC.

Ha pucyuxy 21.19 migpisox BP — Burcora Tpukyrauka ABC.
Bynyemo miykanuii TpUKyTHHK MNP 3a BigOMHM AJITrOPHTMOM.

A
P C
Puc. 21.18 Puc. 21.19

I3 mo6ymOBM BHILIUBAE, LI0 OVAL-AKWI IHIIWH TPUKYTHHK, Bep-
HINHK AKOI'O JIEXKATH HA CTOPOHAaX TpukyTHuka ABC, Mmae nepuMeTp,
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21. OcboBa cumeTpin

GinpMINKI 32 HepuMeTp TPUKyTHUKaA MNP. OTixe, HIyKaHUHE TPUKYT-
HUK € €EAUHHM — Le nmobygoBaHUM TPUKYTHUK MNP,

Ileit caMHH TPUKYTHHK MOJXXHa OTPHMAaTH, INPOBIBIIM BHUCOTH
3 BepmuH A i C.

OTsxe, BEPIIMHH MIYKAHOI0 TPUKYTHHKA — I[€ OCHOBH BHCOT
pamoro TpuKyTHHKAa ABC. Takuil TPUKYTHUK HasWBAIOTb OPTOLLEH-
TPUIHHM.

[Ea\; L-I'I PAKTUYHI SABAHHA S

21.1." IlobynyiiTe o6pasu diryp, sobpareHux Ha pucyHky 21.20,
npu cumeTpii BigHOCHO npaAMoi .

Puc. 21.20

21.2." HaxpeciTs TPHKYTHUK. 106y ayiiTe TPUKYTHUK, CUMETPUYHHIA
oMy BigHOCHO NpsAMOI, KA MIiCTUTH OJHY 3 HOT'O CepemHix JIiHii.

21.3." Touku A i B cumeTpuuHi BifiHOCHO mpsamoi ! (puc. 21.21).
ITo6ynyiiTe npamy [.

21.4." IlposeaiTs npami a i a,, AKi meperuHa-
orbesa. IlobynyiiTe npamy, BigHOCHO sAKOI npama
a, 6yne cumMeTpuyHa NpaMii a. CKiJIBKY PO3B’A3KiB *B
Mae 3ajaya?
¢ B 21.5." IIpoBeniTes napaJjeybHi NpAMi
a i a,. ITobynyiire npsimy, BiAHOCHO AKOI npsima a, Oyae
CHMETPHUYHOIO NpAMiNi a.

21.6.” BignosiTe pom6 ABCD 3a iioro BEPIIUHAMHU
B i C Tta npamoio [, AKa MicTUTh ioro giaro"aas BD
! (puc. 21.22).

21.7. BigsosiTh piBHOGenpenuit TpukyTHur ABC 3a
Puc. 21.22 BEepPUTHHOIO A, ToukKow K, AKa HaJeXuThk 6iuHiii cTo-

Ae

Puc. 21.21

o C
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poni BC, i npAMOIO, AKa MICTHUTh BHCOTY, IIDOBEAEHY A0 OCHOBU AB
(puc. 21.23).

21.8." Kona 3 umenrpamu O, i O, mawTe ABi cninpHi TOuKHM
(puc. 21.24). 3a DonoOMOron TiNBKH LHUPKYIA MoByayiTe KoJa, CH-
MeTPHUYHI JaHHUM BiflHOCHO npaAmoi AB.

o K A
Ae
B
Pue. 21.23 Puc. 21.24

BMNPAB WEENEERRNERS SR

21.9." IIpama [ npoxXonuThL yepe3 cepeAMHY Biapiska AB. Ynu
060B’A3KOBO TOUKH A i B € cUMeTPpUUYHUMU BiIHOCHO npamMoi [?

21.10." Ha pucynky 21.25 306pakeH0 piBHOGeAPEHHIT TPUKYTHHK
ABC i npsimy l, ika MicTHTB HOT0 BUCOTY, NIPOBEeHY 10 ocHOBU AC.
Bigpiskun AM i CN — iioro mepianu. Vraxite o6pasu Touok A i B,
menianu CN i croporu AC npu cumerpil BigjHOCHO npsamoi [,

21.11." Ha pucynky 21.26 3obpazkeHo piBHOOiuHy Tpaneuiio ABCD
i npamy [/, AKa NIPOXOAUTH Yepe3 CEPeNuHH il ocHOB. YKamuiTh obpa-
a1 Touok B i D, miaronani AC i ocaoBu BC npu cumerpil BigHOCHO
npsamoi {.

B

[ 1 [ 1
Puc. 21.25 " Puc. 21.26
21.12." ITomeniTs, 110 mpAMa, AKa OPOXOAUTH Uepe3 CepeiuHH

OCHOB piBHOOiIUHOI Tpamnelii, € ii Bicco cuMeTpil.
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21. OcboBa cumeTpin

21.13." HoBeniTh, 110 IPAMA, AKA MiCTUThL MeAiaHy piBHOGeZpPEHOTO
TPUKVTHHKA, IPOBEIEHY A0 OCHOBHM, € HOI'0 BICCIO cuMeTpil.

21.14.° JloBeniTs, 1110 IpAMi, SKi MicTATE Aiarosani pomba, € foro
ocAMM cuMeTpil.

21.15. HosexiTk, 110 MPsAMi, AKi IPOXOAATEL Yepes CepelUHU Ipo-
THJIEHUX CTOPiH NPAMOKYTHUKA, € HOro ocsAMH cuMeTpii.

21.16." ToBeniTeh, n1o mpaAMa, gKxa MicTUThL BicekTpucy KyTa, € iforo
Biccio cuMeTpil.

21.17.° Kona a uentTpamu O, i O, nepeTuHaOTLCA B TOUKax A i B.
JoBeiTh, o Toukn A 1 B cuMmerpuyHi BinnocHo npamoi O,0,.

21.18." 3HaligiTh KOOPAUHATH TOYOK, CUMETPUYHHUX TOUKAM
A (—2; 1) i B (0; —4) BifHOCHO OCeil KOODAUHAT.

21.19." Touxku A (x; 3) i B (-2; y) cumerpuuni BigsocHO: 1) oci
abcume; 2) oci opaumHaT. 3HaAHAITL X 1 Y.

21.20." O6pazom npsamoi a npu cumerpii BigHocHo npaMoi [ € cama
npama a. flKke BzaeMHe pO3MilleHHA npaMux a i [?

21.21." loBeniTe, 110 TPHKYTHHK, AKHHA Mae Bichk cuMeTpil,
€ piBHODeIpeHHM.

21.22. JTosesniTh, 10 TPUKYTHUK, AKMI Mae OBi oci cumerpii,
e pieHocropoHHiM. Yy MoKe TPUKYTHHMK maTH piBHo ani oci cu-
MeTpii?

21.23." JloBeniTh, 10 KOJH napa;fénor'pam Mae piBHO ABi oci
cumeTpil, To BiH € abo NpPAMOKYTHHUKOM, ab0o pomOomM.

a1 24" JHoBeniTh, IO KOJHM YOTHPHKYTHHMK Mae 4OTHPH ocl
cumeTpii, TO BiH € KBAApPATOM.

21.25." Touxka M HaJleXUTb IPAMOMY KYTY A
ABC (puc. 21.27). Toukn M, i M, — obpasu < M
rouku M npu cumerpiil BigHocHO npsamux BA M,
i BC Bignmosiguao. JoBeairs, 1[0 TOUKH Ml, B,

M, nexcarp Ha OAHIA HpAMINA. i

21.26." 3HaMOiTH KOOPAMHATH TOYOK, CHMe- B C
TpuuyHuX Toukam A (—2; 0) i B (3; —1) BinHOCHO
npAMOI, AKa MicTuTh DicexkrTpucu: 1) mepuioro

i TpeThOro KOOPAMHATHUX KYTiB; 2) ApPyroro M,
i ueTBEPTOro KOOPAMHATHOTO KYTIiB.
21.27." Touxu A (x; —1) i B (y; 2) cumerpuuni Pue. 21.27

Bi/IHOCHO npPsMOI, AKa MIiCTHTE OiceKTpHCcH nep-
LIOr0 i TPeTBOro KOOPAMHATHUX KYTiB. 3HalAiTe x i y.
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21.28." IlenTp xoJ1a, BIUCAHOTO B YOTHPHUKYTHUK, JIEXKUTH HA HOTO
Aiarosausi. [ToBeniTs, 10 el YOTHUPHUKYTHUK MAae€ Bick cumeTpil.

21.29. HoseniTh, 0 ONYKJIHH YOTHPHKYTHHK, AKHI Mae Bichk
cuMmeTpil, € abo BnmcaHHMM B KOJI0, ab0 OonHcaHUM HABKOJO KoJAa.

O—w 21.30." JoBexniTh, 110 TOYKM, CUMETPHYHI OPTOLEHTPY TPU-
KYTHHKAa BIJHOCHO IPAMHX, AKi MiCTATH HOrO CTOPOHH, JieXaThb HA
OIIMCAHOMY KOJIi IIBOTO TPUKYTHHKA.

21.31.” V npamoxyTHOMY TPUKYTHUKY ABC (£ C = 90°) mexiaua
AM, mpoBefeHa JI0 MEHIIOr0 KaTeTa, YTBODIOE 3 OiJIbINUM KaTEeTOM
xyT 15°. BuaitziTe mromy TpukyrHuka ABC, sxwmo AM = m.

21.32." Touku A i B nesxarh y piBHWX MiBIIOI[MHAX BiZHOCHO
npamol a. Ha npawmiit a suaiigite tarky touky X, mob npama a
micTuna Gicekrpucy xyra AXB.

21.33.7 Touku A i B nemxarsh B ofHif miBmimomuHi BigHOCHO
npamoi a. 3HauAiTh Ha NpAMil a Taky Touky X, mob npomeni XA
i XB yTBOpIOBAJH 3 II€I0 NPSAMOI0 PiBHI KyTH.

21.34.” Touxu A i B nexarTh y pi3HUX NiBILUIONIMHAX BiAHOCHO
npamol a. 3HaWAITE Ha npaMmii a taky Touky X, 1106 BeJIHUYMHA
| AX — XB | 6yna Haii6insmoro.

21.35." HoseniTh, 0 3 yCiX TPUKYTHHKIE 31 CTAJOI OCHOBOIO
1 cTaJIoI0 BHCOTOIO, IIPOBEJEHOIO /10 1li€el OCHOBH, piBHOGEeIpEeHUH Mac
HalMeHUINI nepumMerp.

21.36.” Touxku M i N Hanexars kyry ABC. 3HaiAiTs HA CTOPOHAX
LHBOro KyTa Takxl Touku £ i F, 1100 nepuMerp 4oTUPUKYTHHKAa EMNF
OyB HalMeHIIIHM.

21.37." Yepes Bepmuny A tpuxkyrauka ABC i Touky D, aka Jje-
KUTB Ha cTopoHi BC, nposeseno npamy. Bimomo, mo £ ADB # 90°.
3HaigiTe Ha niil npamii raxky Touxky X, 3 skoi Bigpisxm BD i DC
O6yJy10 © BUIHO iy OMHAKOBUMHM KYTaMH.

21.38." ITo6yayiiTe TpukyTHUK ABC, AKImo jaHo npsamy AB i ce-
PeZUHHI nepneHguKyJasapu go cropin BC i CA.

21.39.7 IobGyayiite TpukyTHHK ABC, AKIIO JAaHO BepPIIHHY A
i mpaAMi, Ha AKKUX Jgexars OicekTpucu KyTis B i C.

21.40.7 TTobynyiite napanenorpam ABCD 3a sepmunoro D i cepe-
AUHHUMU OeprHeHjuxKyaapaMu o cropin AB i BC.

21.41." Ha 6Gicexrpuci somsmimuboro kyra C TpuxyTHuxka ABC
B3ATO TOUuKy M, Biamiunuy Big Touku C. Hosenits, mo MA + MB >
> CA + CB.
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21.42." Touku A, B i C € BepminHaMy HepiBHOGEIPEHOIO TPUKYT-
HuKa. CKIZNBKH iCHYE TaKMX TOYOK [, 1[0 YOTHPUKYTHHUK 3 BepIIH-
HamMu A, B, C i D mae xoua 6 ogHy Bich cumeTpii?

21.43." Tlobyayiire TpukyTHuk ABC 3a nBoma croponamu AB i AC
(AB < AC) i pisuuner xyTtiB B i C.

21.44.° Tlobynyiire Tpaneniio 3a GiYHUMH CTOPOHAMH, OCHOBOIO
i pisHuue KyTiB npu uilf ocHORBI.

21.45." Touxku C i D nekaTb B OOHIN miB- &
nyomuHi BigHocHo npsamoi AB (puc. 21.28). ¢
Ha npawmiit AB aHaiigiTe Taky Touky X, mio
1
£LAXC= 54 DXB. A X B

21.46." Touxu C 1 D ne:xaThb B OJHIH miB- Puc. 21.28
niaoinuHi BigHOocHO npsamol AB. Ha npawmiit AB
s3HaigiTe Taky Touky X, mpo | £ AXC — ~ BXD | = 90°.

21.47." loseniTsb, 1110 ILJIOIIA ONYKJI0T0 YOTHPUKYTHHUKA ABCD He
1
IIEPEBUILIYE 5{AB -CD+ BC- AD).

21.48." Ilobyayire yorupuKyriuk ABCD 3a yorupma Horo
CTOpOHAMM, HAKLIO BigoMmo, mo Horo agiaroHanbs AC € 6iceKTpHCOIO
KyTa A.

21.49." ¥V K0JI0 BOHCAHO I'OCTPOKYTHHMHA TpuKyTHHK. [Tobyuayiite
HIECTHKYTHHUK, BIIHCAHUH B Ile KOJO, IJIOIa AKOT0 BABiUil Hinbliia 3a
ILJIOIIY AAHOTO TPUKYTHHKA.

21.50." B onyxjiaoMy 4OTHPUKYTHHUKY ABCD Kyt BAD nopiBHIOE
60°. Bigomo, 110 TOYKH, CHMeTPHUYHI Toulli A BigHocHo npamux CB
i CD, nexarp Ha npamiin BD. 3uaigite kyr BCD.

21.51." ¥V npamokyTHiil rtpaneunii ABCD (£ A = £ B = 90°)
Oicexkrpuca Kyra ADC neperuHae cTopoHy AB B Touni M. 3HalgiTe
kyTr CMD, axkmo CD = AD + BC.

21.52." Touka M — cepeauHa cTOpoHH BC OOYKJIOTO YOTH-
puxytauka ABCD. Binomo, mo £ AMD = 120°. JloseaiTs, m1o

AB+%BC+CD2AD.

21.53." CropoHHn onykiaoroe n’ATukyrTuuxka ABCDE pisui. Bigowmo,

mo £ ACE = %4 BCD. Buaiinite kyt ACE.
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22. LleHTpanbHa cumeTpin

Osnavyennsa Touku A i A HasUBaIOTh CHMETPHYHHMM Bija-
HocHO TourkuM O, akmo touka O € cepeaMHOI0 Biapiska AA,
(puc. 22.1). Touxky O BBa}aw0Th CHUMETPHUYHOIO caMiii cobi.

Hanpuxmaanm, Touku A iAl, y AKHX BiamoBigHi aberiucuy it opguHa-
TH — OPOTHJEKHI YH1caa, CHMeTPHYHI BiJIHOCHO IOYaTKy KOOPJAMHAT
(puc. 22.2).

Posrnanemo ¢girypy F i Touky O. Kosknilt touni X ¢irypu F no-
CTABMMO Y BifIIOBiAHICTE CUMeTPUUYHY 1# BigHOCHO TOoukH O TOUKY X,
¥ pesynwraTi Takoro nmepeTBopeHHs (irypu F orpumaemo dirypy F,
(puc. 22.3). Take nepeTBOpeHHA (Mirypu F Ha3WBAIOTH LEHTPAJIb-
HOIO CHMMeTpi€r BigHOCHO Touku O i MO3HAYAIOTH TAK: S,. IInmyre
S, (F) = F,. Touky O HazuBaiOTh HeHTPOM cuMeTpii. TaKkok roBOPATE,
mo ¢irypu F i F, cumerpuuni BixHocHO Toukm O.

Vi

Yol -------2

Q
@)
:'ﬂ- T
=Y

77777777 Y,

Pue. 22.1 Puc. 22.2 Puc. 22.3

Teopema 22.1 (BaacTuBicTs mentrpaasnoi cumerpil).
Henmpanvna cumempin € pyxom.

Hoeedennsa. ObepeMo cucTeMy KOOPAHMHAT Tak, uiob LeHTP
cumerpii 3biraBca 3 mouaTkoMm KoopauHat. Hexait touxku A (x; y,)
i B (x,; y,) Hanexxarsb Qirypi F. Touku A, (-x,; —y,) i B, (—x,; ~y,) —

. BiamoBigHO IX 0fpasu NpH HeHTpaJbHIE cuMeTrpil BIAHOCHO IOYATKY

KOOPAMHAT,
Maewmo:

AB= [(x,- %, +(ys - 4,)*,

A B, = \J(~x, — (=x,)) +(=ys — (=1,))* =J(—%, + ,)* + (~y, + ,)* = AB.
Orxe, AB = A B, ToOTO LeHTpaJbHA CUMeTpisA 30epirae Bigcranb
MiZA TOYKaMH.
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22. UeHTpanbHa cumeTpia

Hacainok 1. Axwo S, (F) =F, mo F=F,.
Hacninow 2. I[enmpanvna cumempina € o6opomuum nepemeo-

pennam. Axwo S, (F) = F, mo S (F)) = F, mo6émo

S,°S,(F)=F.

OsHauveHHid Pirypy F Ha3MBaKTh CHMETPHYHOW BIiAHOCHO
rouxn O, axmo S, (F) = F.

Touky O HA3HUBAKTL WeHTpOM cuMeTpil ¢dirypu. Takox KaxyTsb,
1o dirypa Ma€ meHTp cuMerpil.

Hasenemo npuraagu @iryp, Axki MamoTh [EHTD cCUMeTpPii.

ITenTpom cumeTpil Binpiska e iioro cepenuHa (puc. 22.4).

Touka neperuHy AlaroHajed mnapaJjiesiorpama B
€ Horo ueurpom cumetpil (puc. 22.5). 4 0

Icayiore Girypu, siki maooTh 0es3Jiiy LEeHTPIB
cumerpii. Hanpukinam, Ko)XHa TOUYKA NpAMOi € 11
HeHTPOM cumeTpii.

Tarkox 6esnaiu meHTpiB cumerpil mae ¢irypa, AKa CKJAAJAAETHCA
3 ABOX HapajlelbHUX NPAMUX. Byab-AKa ToYykKa IIpAMOI, piBHOBix-
AaieHol Bij ABOX JaHUX, € LIEHTPOM cuUMeTpil Qirypu, AKy MH pO3-
rasigaemo (puc. 22.6).

L] X

Puc. 22.5 Puc. 22.6

Puc. 22.4

O-w 3apgaua 1. [Joeeairs, 1o ob6paszom aaHol npsamoi [ nupu cu-
meTpil BigHOCHO Touykm O, fAKa He HAJEXHUTH NpAMiH [, € npama,
napaJjiejibHa OaHii.

Pozasg’'szanHa. Ocrinpku HeH-
TpaJibHA CUMETPifA — Ie pyX, To 06pasom
npamol [ byae npama. [asa nobygosu
OpAMOI JOCTATHBO 3HATH ABl OyaAb-AKi 11
TOYKH.

OGepemo Ha npamiil [ moBinepHI TOU-
ku A i B (puc. 22.7). Hexait Touku A4,
i B, — ix ofpasu npu HEeHTpalbHIiH
Puc. 22.7 cumeTrpii BigHOCHO TOoukm O, TOOGTO
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S, (A)=A,, S, (B) = B,. Toni npama A B, — o6pas npamoi ..

Ockinekn AO = OA|, BO = OB, £ AOB i £ A OB, piBai ak
BEPTHUKAJIBHI, TO TPUKYTHuUKH AOB i A OB, piBHi 3a nmepmoio osHa-
KOI0 pPIBHOCTI TPUKYTHHKIB. 3Bigcu £ 1 = £ 2 (puc. 22.7). Orxe,
Ll AB,.

Mu HaBeau npukJgagu QIiryp, ski MamTh PIBHO OOMH LEHTD CHMe-
Tpii abo Gessiu 1meHTpiB cuMmeTpii. BUHUKae npupojHe 3allUTAHHSA:
4y MOKe (irypa mMaTu piBHO ABa, PiBHO TPH i B3araJi 6yab-AKy CKiH-
4YeHHY, BiAMIHHY Bij 1, KiJbKiCcTE UeHTPiB cumMeTpii? Bigmosiges Ha 11e
3allMTaHHA 3anepedyHa. By MokeTe HOBecTH lieil pakT HA 3aHATTAX
MaTeMATHYHOTO I'YPTKA.

IIpukaapg 1. Touka M Hanexurs Kyry ABC (puc. 22.8). Ha cro-
poHax BA i BC kyra sHaiigiTs Taki Touxu E i F, uio6 Touxka M 6yia
cepenquHOIO Binpiska EF.

Posé’'szannasa. Hexait mpama A B — obpas npamol AB npu
LEeHTPaJbHiM cuMeTpil BigHocHO Touku M (puc. 22.9). ITosHayumMo
F — roury neperuny npsamux A B i BC.

A
A E
Bl
oM
B B _—F C
& Al
Puc. 22.8 Puc. 22.9

3Hagemo npoobpas touxku F. OQueBupHoO, 110 BiH JIeXKUTHL HA
npsamit AB. Tomy mocTaTHbBO 3HAWUTH TOYKY NepeTHHY npamux FM
1 AB. IlozHaunmo o Touky E. Toxi sposymino, mo E i F — mykasi
TOYKH.

O—w 3apaua 2. [loseaits, m0:

1) xoMIO3UIiaA ABOX LIEHTPAJILHUX CHMETPIiH € napajejbHUM IIe-
PeHeCeHHAM;

2) KOMIIO3UILiA LEeHTPAJBHOL CHMeTpil i mapasensHOro IepeHeceH A
€ LEeHTPaJbHOIO CHUMEeTpicio;

3) KOMIIO3HMILIA TAaPHOI KIJMBKOCTI MEeHTPaJBLHHX CHMeTpill € mapa-
JIeJIBHUM IIepeHeceHHAM;

4) KOMIIOBHIIIA HeNapHOl KIJIbKOCTI HEHTPANBHUX CUMETPiH € [eH-
TPaJbHOI CHMeTpielo.
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22. lleHTpanbHa cumeTpis

Poszs’szanHa

1) Posriiaremo ABi LeHTpasbHi cumeTpil 3 uenrpamu O, (a,; b,) i
0, (a,; b,). Hexaii A (x; y) — [OBiLIBHA TOYKA IJIOLIWUHHU i SU. (A)=A4,,
So, (A))=A4A,. Jlerko mnoxasaru, mo A (2a, — x; 2b, — y) i
A, (2a, — 2a, + x; 2b, — 2b, + y). 3Bigcu oTpuMyeEMO, IO BeKTOp AA,

npu 3agaHux Toukax O, 1 O, mae cranl xoopaunaru. Orixe, TOUKA
A, € o6pa3zom TOYKM A NpH MapanelbHOMY IEPEHECeHHI Ha BEKTOP
3 xoopauHatramu (2a, — 2a,;; 2b, — 2b)).

2) PoarnaaeMoO KOMIIO3HILiIO Ta °S,. Obepemo cucTeMy KOODAWHAT
Tak, 11106 NeHTp cuMmeTpii, Touka O, maB KoopauHatu (0; 0). Hexaii
IPH IBOMY BEKTOPD a mae koopauHaTH (a; b). Posrnasemo NOBiNBbHY
TOYKY A (x; Y) KOOPpAXHATHOL IIJOLIYHH.

Maemo S, (A) = A, (-x; —y); T;(A)=A4,(—x+a; —y+b). Orxe,
TouKa A, € 00pasoM TOYKH A NPH IEHTPAJbHIA cUMeTpil 3 IEHTPOM

a b : : z
O, E; 5 . AHanoriyHo MOKHa IOKA3aTH, [0 KOMIIO3HILif So°T,,'
: a b
€ IMeHTPaJbHOI0 CHMeTpielo 3 meHTpoM O, (——; =ty
2 2

BukopucroByloud nyHKTH 1 1 2 sagaui, mosemith nyHKTH 3 1 4
caMoOCTiHHO.

Ipuxnan 2. Ilobyayiite n’arukyrauk ABCDE, axuio 3agaHo
Touku M, M,, M,, M,, M, saki e cepeaunamu Horo cropin AB, BC,
CD, DE, EA BignosigHO.

Posg’asanns. Maemo: S, (A)=B, S, (B)=C, Sy, (C)=D,
SW4 (D)=E, S, (E)=A. Orxe, SM,5 °Sw4 o.SM3 oSw2 oS,w] (A)=A.
AJle KOMTIO3HILIA HEMapHOol KiJIBKOCTI HeHTPaJbHUX CHUMETPiH € LeH-
TPaAJbHOIO CHMeTpicio. A TpHU IeHTpadbHi# cumerTpii Jaume omHa
Touka 30iraerecsa 3i cBoim obpazom — 1e 1eHTP cumerpii. OTixke,
St °©Sa, ©Swg ©Sm, °Suy = Sy

Termnep BepIIMHY A HMIYKAHOIO I'ATHUKYTHUKA MOYKHA moOyayBaTH
rakum unnom. Hexait X — pgosinbHa Touyka. ITobynyemo rouku X ,
X, X,, X,, X, raki, mo X, :SM} (X), X, = S.-wz (X,), X; =S,1-:3 (X5),
X,=8,, (X,), X;=8,, (X,). Touka A e cepeaunoro Biapiska XX,.
ITopanpina no6ynoBa € OUeBHIHOIO.

BusBuamuy HABKOJUNIIHIN cBiT, Mu yacTo H6aunmo cumerpiio. Ilpu-

KJagy OposaBy cuMeTpil B nmpupoii nokaszaHo Ha pucyHky 22.10, a, 6.
O6’exTH, AKI MawTs Bick abo LeHTP cuMeTpil, JIErKO CIIPUHMAIOTLCA
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Puc. 22.10
i npuemHi nnaa oka. Henapma B Crapogasuiii I'pe-
11i1 CJOBO «CHUMETPis» CHAYI'YBAJO CHHOHIMOM CJIiB
«rapMOHisI», «Kpaca».

Inesa cuMeTpil MIMPOKO BUKOPHCTOBYETHLCHA B 06-
pasoTBOpUOMY MMCTeUTBi, apxiTekTypi (22.10, 8)
i rexnini (puec. 22.11). Ximiku i ¢isuKHU roso-
pPATE Npo cumerpiro apuin. MoxkHa 3HaiiTH Tpo-
Puc. 22.11 ABU cuMeTpil B My3uii i moeail.

{ﬂ PAKTUYHI 3ABOAHHS s

22.1." Hakpecnite Tpukyrauk ABC i nossaure rouxy O, siKa He
HaJlexkUuTh Homy. ITobynyiiTe TDUKYTHUK, CHMETPUYHUN JaHOMY Bij-
HOCHO TO4YKHu O.

22.2. Haxpecaits TpukyTHuk ABC. Ilo6yayiiTe TPUKYTHUK, CH-
METPUYHMUHI JAaHOMY BiJZHOCHO CepelHMHU CcTOPOHU AB.

22.3. Haxkpecuaite K0J10 i nmosHauTe Ha HbOMY TOUYKYy. IlobGyayiiTe
KOJIO, CHMETPUYHE HJAHOMY BiJHOCHO ITO3HAUEHOI TOUKU.

22.4." Bignosits napanesorpam ABCD 3a ftoro pepminuamu A i B
Ta To4yko O mmepeTHHY Horo piaronase# (puc. 22.12).

22.5." Nano nei mapanenbHi npami a i b (puc. 22.183). 3Haiigits
TOYKY, BIIHOCHO AKOI npaAMa a 6yae CHMeTPUYHOI npamMii b. CRiabKH
posB’sas3kiB mae zanaua?

B a
°
Ae
e () b
Puc. 22.12 Puc. 22.13
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22. LeHTpanbHa cumeTpia

BrPABM MRS

22.6.° Jliarouani napasnenorpama ABCD B M C

nepernHawThea B Tounli O (puc. 22.14). Toura v
M — cepenuHa croponu BC. ¥VkaxiTe obpasu ﬁ
Touox A, D i M, cropoun CD, piaronani BD 4

npu cumetpil BinHocHO Touku O.

22.7.° loBexniTs, 110 TOUKAa NEpPEeTHHY Aia- Puc. 22.14
rouaJjieil mapaJeJsiorpaMma € Moro LeHTpOM cHUMeTpil.

22 8. IHoseniTsb, 10 KOJIO MAE LEHTP cuMeTpil.

22.9." Toukum A i B, € obpasamu BignoBigHO TO4YOK A i B npnu
cuMeTpil BiZITHOCHO TOUYKH, AiKA He HaJNeXXuTh npamiit AB. HoeniTs,
1[0 YOTUPUKYTHUK ABA B — mnapaJjejiorpam.

22.10." 3uaiigiTs KOOPAUHATH TOYOK, CUMeTPUYHUX ToukaMm A (3; —1)
i B (0; —2) Biguocuo: 1) moyarky xkoopauhat; 2) rouku M (2; —3).

22.11." JlosexitTes, uio ob6pasoM NpsAMOi, AKA NMPOXOJUTH Yepes
HEeHTP cuMeTpii, e A camMa npaMa.

22.12. Touku A (x; —2) i B (1; y) cumerpuuHi BinHOcHO: 1) mo-
yaTKy KoopauHarT; 2) Touku M (—1; 3). 3uaigite x i y.

22.13." JloBeaiTh, 10 TPHKYTHUK HE MAae€ IeHTpa cuMeTpii.

22.14." IToBemiTsh, 110 TPOMiHB He Ma€ IeHTPa cUMeTpil.

22.15." HoseniTs, u1o ¢irypa, ska CKJALAETbCSA 3 NBOX DPIiBHHUX
napaJjie/IibHUX BiZApi3KiB, Ma€e meHTpP cumeTpil.

22.16." loBeniTh, 1110 KOJMM YOTHPHKYTHHK Mae€ IleHTP cUMeTpil,
TO BiH € MapaJejorpamMoM.

22.17." BepImHHH OZHOTO ITapajejorpaMa Je;KaTh Ha CTOPOHAaX
JPYyroro: no ofHi# BepIIMHI HAa KOXHIH cTopoHi. [loBediTs, 1110 TOYKH
nepeTuHy JiaroHaJged 1uxX rnapaJjenorpaMin 3dirarorbes.

22.18." Kona 3 1eH-

A, rpamu O, i O, cumer-

pu4HI BigHOCHO TOUKHN ()

(puc. 22.15). Ilpama, aka

OPOXOAUTE Ueped LEeHTD

cuMeTpii, IepeTHHAaE rmep-

e KOJO B TOUKax A,

i B, a Apyre — B TOUKax

Az i Bz. HoBexiTe, 110
Puc. 22.15 AB =AB,.

D
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/ § 6. MNepeTBopeHHn diryp

22.19.7 Jlano xono, npamy i Touky. IloByayiiTe Bixpisok i3 cepe-
JAMHOIO B JlaHIi TO4YILi, OIUH 3 KiHI[IB AKOI0 HAJEXHUTh JaHOMY KOJY,
a Apyru¥ — maHiil npamMii.

22.20." [lano asa xousa i Toury. Ilo6yayiiTe BiApisok i3 cepesunHOO
B JaHIN TOYILl, KIHIII AKOI'0 HAJEXATh JaHHUM KOJIAM.

22.21. [Tawo npsimy a i ABa Kosa 1o pisHi Goxu Bix Hel. Ha npsamiit
B3ATO Bigpizoxk CD. Ilobyayiite TpukyTHUK ABC Tak, mob Touxknm A
1 B mexxanu Ha.koJsax, a Bigpizoxk CD O0yB MeniaHoio.

22.22." Ha nporunexHuX cropoHax BC i AD napasnesiorpama ABCD
AK Ha CTOpoHax nmodynoBaHO Mo3a HUM PiBHOCTOPOHHI TPUKYTHUKH
BMC i AND. JoBenits, 110 Touku M, O i1 N, ne O — Touka nepeTHHY
JlaroHajiei, JesaTh Ha OAHIN nmpamiii.

22.23." Ha mpoTHIeXHHX CTOPDOHAX mapajesorpamMa K HA CTO-
poHax mosa HuMM nobynosaHo kBaapatHu. Hosexgirb, mo npama,
AKa 3’€JHYe LUEeHTPH KBaJpPaTiB, NPOXOJHUThL 4Yepes TOYKY MepeTHHY
nlaroHaJied mapaJjejiorpama.

22.24." Jliaronani napamnenorpama ABCD nepeTHHAIOTHCH B TOY-
i O. JloBeaiTs, 1110 onHcaHi KoJsa TpUKYTHuUKIB BOC i AOD pgoru-
KaloThCs.

22.25.” Ioeenits, 1mo koxu dirypa mae asi NnepreHIUKYIAPHI oci
cuMeTpii, TO TOUKa IX NepeTHHY € LEeHTPOM cuMeTpil dirypu.

22.26.” Touku A i C HaleKaTh TOCTPOMY KYTY, ajle He JIeXKATh Ha
iforo croponax. Ilo6yayiiTe napanenorpam ABCD rak, 1106 Touku B
i D nmesxkasd Ha CTOPOHAX KyTa.

22.27." IlobyayiiTe KBagpaT 3 LEHTPOM y AaHiil Touni O i gaHumMu
ToukamMu M i N Ha ABOX NPOTHJIEIKHUX cTOpoHax abo IX NpPoOmOB-
JKEeHHAX.

22.28." Tlobynyiite poMb, TOYKOIO NEPeTHHY AiaroHajei sSKOIo
€ JaHa TOYKa, a TPH BEPIIWHMU HAJEXATHh TPbOM JAHWUM IIOIIapHO He-
napaJjieIbHAM NPAMUAM.

22.29.7 Tano Touky i Tpu koxa. IlobyayiiTe poM6, TOUKOIO Nepe-
THUHY JiaroHaJjieil KOTro € JlaHa TOYKAa, a TPW BepPIIMHHU JexKaTh Ha
TPBOX JAaHMX KOJax.

22.30.” IIano napasenorpam ABCD i trouxky M. Yepes Touxku A,
B, Ci D npoBeneno npavi, napasaensHi npamum MC, MD, MA i MB
BianoBigHo. IoBeniTs, 110 MPOBEAeH] NPAMI NepeTUHATLCA B ONHIH
TOYILI.

22.31." IIBa xona meperunaoThcd B Todui M. IlpoBenits yepes
TOouKy M mpAmMy, AKA BAPYIe [IepeTHHAae jaHl Kojga B Toukax A 1 B
Tak, uo AM = MB.

192



23. NoeopoTt

22.32." Touxa C — cepeauHa Bifpiszka
AB. Ha npomeni C 1mo3HayujIud TOUKH
P i M raxi, uio PM = M@ (puc. 22.16).
Hosenits, o AP + BQ > 2CM.

22.33.* [loBenits, 110 npsiMi, OpoBegeHi
yepes CepejuHM CTOPIH BIMCAHOIO UOTHU-
PUKYyTHHKA NepHeHJAHUKYAAPHO 10 NPOTHU- °
JeXHHUX CTOPiH, 11€epeTUHATHCH B ONHIN
TOYTLL. Puc. 22.16

22.34." Kono neperunae cropoHu BC,

CA, AB tpukyruuka ABC y Touxkax A, i A, B, i B,, C, i C, Biano-
BigHO. [lOoBENITh, 1110 KOJIX MNEePIeHAMKYJIADH 10 CTOPIH TPUKYTHHKA,
mIpoBeneHi Yepe3 TOYKH A;- Bl i Cv nHepeTuHAIThCA B OOHIN TOMII,
TO #i IepPIeHAUuKYIsAPH [0 CTOPiH, IpoBeieHi yepes Touku A,, B, 1 C,,
TAaKOK IepeTHHAIOThLCA B OJHIN TOUIIi.

22.35." [loBxxuHa Bucotu AB npsamokyTHOI Tpanenii ABCD pgopis-
HIOE cyMi goBKUH ocHOB AD i BC. ¥V axomy BigHOmIeHHI bicekTpuca
kyra ABC ginurts cropony CD?

22.36." [Tano nBa KOHUEHTPUYHI Kojsa. [IpoBeaiTs npaMy, Ha AKIH
1l KoJsia BIATHHAIOTH TPU PiBHIi BigpiskH.

23. NosopoT ’

PoarnaHemo mepeTBOpeHHHA (bll"prI AJs1 AKOro ueHTpajbHa
CHMETPiA € OKpeMHM BUIIAJKOM.

Ha pucysky 23.1 3o06pamxeno touxkn O, X, X] i X2 Taki, 1o
00X =0X,=0X, £ X 0X = £ X,0X = 0. 'opopaTs, M0 TOYKA
X, e oﬁpasom TOYKH X npu nosopo'n HaBkoJ0 HeHTpa O nporH
ronnﬁnmconm cTpiakyu Ha KyT o. Takox roBopsars, 1o Touka X, — 1e
o6pas Touxkn X NnIpd MOBOPOTI HaBKOJXO HeHTPa O 3a TOAMHHUKOBOIO
CTPLJIKOIO HA KYT O. x

Toury O Ha3MBAIOTH LEHTPOM MOBOPOTY, !
KyT O KYTOM ITOBOPOTY.

Posrasauemo ¢irypy F, Touky O i KyT .
Kokuiii rouni X ¢irypu F nocraBumo y Bij- X
HOBiAHICTE TOUYKY Xl, AKa € o0Opa3oM TOU-
ku X IpH IOBOPOTI HABKOJO meHTpa O IpoTuH
FOAMHHHUKOBOI CTPLAKH Ha KYyT O (AKIIO TOY-
ka O Hanme:xuTh (pirypi F, To Tif criBcTaBIaeTbeA
BOHa cama). ¥ pes3yabTaTi Takoro neperso- Pwuec. 23.1

Q

=
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§ 6. lNMepetBopeHHA diryp

peHHsa ¢irypu F orpumaemo dirypy F, (puc. 23.2). Take neperBo-
peHHA (Qirypu F HasuBAaOTH MOBOPOTOM HABKOJO meHTpa O nmpoTH
TOAMHHMKOBOI CTPiNKM Ha KyT o i mosmauaroTs tak: R). Ilumyrs:
RY (F)=F,. Touky O HasWBalOTh UEHTPOM IHOBOPOTY.

AHanoriyHo o3Ha4aiOTh ITEPEeTBOPEHHA NOBOpPOTY (irypu F 3a ro-
AMHHHUKOBOIO CTPLIKOIO Ha KyT o (puc. 23.3).

a) o)
Puc. 23.2 Puc. 23.3

IToBopoT 3a rOJMHHHKOBOIO CTPiJIKOIO MO3HavYaOTh Tak: R, “. [Tu-
myrs: R, (F)=F,. OueBuano, mo nosoporu R, i R, e Bzaemuo
o6epHEHMMU [NepeTBOPEHHAMU.

3ayBaXHUMO, 110 HEeHTpaJbHA CHUMETPis € IMOBOPOTOM HABKOJO
neHTpa cumerpii Ha kyT 180° v 6yab-AKOMY 3 HaAIpPAMIB.

Teopema 23.1 (raactusicts nmoropory). Ilosopom € pyxom.
JoBeniTes 1m0 TEOpeMy caMOCTiilHO.

Hacaninox. Axwo ¢gizypa F, — obpas ¢izypu F npu nosopomi,
mo F=F,.

Hexai npsimi [, i [, neperunatmorsca B Tounmi O i S, (F)=F,
SI2 (F)=F, (puc. 23.4). Haouni MipKyBaHHA MNiAKa3yIOTh, 110 (irypa
F, — ue obpas ¢irypu F npu nesxomMy IOBOPOTI HaBKOIO Touxku O.

Crpore o6rpyHTYBaHHA LLOIo (PAKTy Jae Taka Teopema.

Teopema 23.2. Arwo oci cumempii He napanenvri, mo Kom-
no3uyi€ro 060X 0CLOBUX cUMempill € NOGOPOM HABKOLO MOLKU
nepemuny oceil.

CklageMo NJaH [AOBEIEHHHA, AKHHU BHM 3MOYKETE peaizyBaTH
caMocCTiliHO.

Hexait [, N l,= O i kyr mixk npamumu [ i [, nopisaioe «
(puc. 28.5). losexnits, mo S, oS, =i,
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23. NMosopoTt

L

Puc. 23.4 Puc. 23.5

IIna nporo poariasiasTe AoBinsHy Touky X dirypu F. Hexal
S;] (X)=X,, SL_! (X,)=X,. Hosenirs, mo X0 = X ,01i £ X0X, = 20.

Teopemu 21.4 i 23.2 mokas3yioTh, 1110 IapaJjiejibHe NepeHeceHHsd,
IIOBOPOT, 4 OT}e, 1 IeHTpaJbHyY CUMETPiI0 MOXKHAa IMojaTH y BHUIAALL
KOMITO3uIIil OChOBUX cuMeTpiii. TakuM YyuMHOM, OCBOBa cHMeTpid Bixi-
rpae pons 6a30BOTO PYXy AJA BCiX BimoMmx BaM BHIIB pyXxiB ¢iryp.
Binsiie Toro, cCnpaBeAJiMBOI0 € TAKA TeopeMma.

Teopema 23.3 (teopema llaaa'). Byds-akui pyx ¢izypu
€ KOMNO3UYLEIO He BinbuLe HIH MPbOX 0CbOBUX cumempill.

IIpuxkaaxg 1. Ha pucyuky 23.6 3o6pakeHo npaMy a i toury O.
ITo6ynyitTe o6pa3 npAMoOl @ IpHU IIOBOPOTIL Ha-
BKOJIO TOYKH O IPOTH IOAUHHHUKOBOI CTPLIKH
Ha KyT 45°.

Poze’'szannsna OCKIIBKHM IIOBOPOT — 1€
PYX, TO obpazom npsamoi a 6yme npama. na
moOyLOBH NPAMOI JOCTATHLRO 3HAWTH ABI OYIb-
Akl 11 Touku. Ob6epemo Ha npamiit a norinbHI
rouku A i B (puc. 23.6). Hexal Touxku A,
i B, — ix obpasu mpu MOBOPOTi HABKOJIO TOUKHU
O TpoTHM TOOWHHUKOBOI CTPiAKM Ha KyT 45°.
Toni npama A B, — o6pas npamoi a.

"Mimens Hlans (1793-1880) — dpaHny3bKHI MaTeMaTHK.
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S

IMpurkaan 2. Touka P wanexurs Kyty ABC (puc. 23.7). Ilobyayii-
Te PiBHOCTOPOHHIN TPHKYTHHK, OJ[HI€I0 3 BEpPIUINH SAKOTr0 € Touka P,
a aBi iHmi Hanexxares croponam BA i BC.

Posze'szanna Hexalh npama A B, — obpaa npamoi AB npu no-
BOPOTI HABKOJIO LeHTPa P [IpoTH rofMHHHUKOBOI cTpiiku Ha KyT 60°.
Ilosraynmo F — rToury neperuny npsamux A B i BC.

3Haigemo 1npoobpas TOYKH F IpHU BUKOHAHOMY noBopoTi. QueBu-
HO, 1110 BiH JIe3KHUTL Ha npaMmiit AB. Tomy gocrarHbo no6ynyBaTH KyT
MPF, pisuuit 60°. Hexait npami M P i AB neperuHaioTbcd B Tourli E.
ITs1 Touka i € npooBpazom Touku F.

Maemo: PF = PE i © FPE = 60°. Or:xe, A EPF — piBHOCTOpOH-
Hi, a Touxku F i E — mykasi.

Hpuraan 3. ¥ TpukyTtHuky ABC, KOKHHUH 3 KYTIiB SKONO MeH-
mwuit Big 120°, snaigite Taky rouxky T, mob cyma TA + TB + TC
Oyna HalMEHIIO.

Pose’sasanna. Hexait T — moBiJIbHA TOYUKA AAHOIO TPHKYTHUKA
ABC (puc. 23.8). PosrusinemMo 1moBOpoT 3 meHTpoM A Ha kyT 60° 3a
FOAMHHUKOBOIO crpinkoro. Hexa#t rouxkn T, i C, — obpasu Touok T
i C Bignosixno. Ockinbku mosopor € pyxom, To T \C, = TC. OuyeBuaso,
1o TpUKyTHUK ATT | e pisnocroponnim. Toai AT = TT,.

Maemoy Ta -+ 3B+ TC=TP, + TB + T.C..

3poaymijo, 1o cyma T +"TB.+ TIC] € HAUMEeHIIIOK, AKIIO TOYKH
B. 1T Tw Ci neaTh Ha oAHil npamiii. Ockinpxku £ 1 = 2 2 = 607,
TO Il YMOBA BUKOHYBATHUMETLCA TOJMI, Koau £ 3 = £ 4 = 120°,

Ockinbku vyt AT C, — oGpas Kyra ATC npu BKazaHOMY ITOBOPOTI,
TO Ma€e BHKOHYBaTHCh ymMoBa £ ATC = 120°,

Orsce, Touku B, T, T1 iCl HaJeKaTUMYTh OOHINA OPAMIN TOAL i TLIBKH
Toxui, koau £ ATB = £ ATC = 120°. 3incu £ BTC = 120°.

A 4
B
M E
P
4 F\ &
2
. \B, A e
Puc. 23.7 Puc. 23.8 Puc. 23.9
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23. Nosoport

Takum uuHOM, cymMa TA + TB + TC dyne HaliMeHIIOO, SKIIO
2 ATB = £ BTC = /£ ATC = 120°.

BuaiiTy Touky T mosxkHa, nobyayeaeimu I'MT, 3 akux, HanpukIam,
piapisku AB i AC BuaHo mig xyramu 120° (puc. 23.9).

3poayMisIo, 110 KOJMM OJMH 3 KYTiB TPUKYTHHKA ABC He MeHIIMH
pig 1207, To ToOuka NEpeTHHY NOGYIAOBAHHX AYr He OyJae posMmilmeHa
BcepenHHI TPHKYTHHKA. MoskHa ImoxkasaTH, [0 B TPDHKYTHHKY 3 KYTOM,
ue meniuM Big 120°, touxa T, cyma Bigcrameil BiJ AKoI 40 BepIIuH
TPUKYTHHKA € HalMEeHIIIOI0, 30iracTeca 3 BEPIIHMHOIO TYIIOrO KyTa.

Eg;'“[.{HPAKTMHHI 3ABAAHHA ®

23.1." ITobyayiiTe 06pas Bimpiska AB nMpu IOBOPOTI HABKOJIO IIEH-
rpa O IPOTH FOAMHHUKOBOI CTPijiKu Ha xyT 45° (puc. 23.10). -

2.2, TlobynmyiiTe o6pas TpukyTHUKa ABC 11pi MOBOPOTI HABKOJO
unenrpa O 3a TOOMHHHKOBOIO CTPILIKOIO Ha KyT 90° (puc. 23.11).

23.3." Ha pucyuky 23.12 zobpaskeno asa pisui Bigpisku AB i BC
raki, mo LABC = 60°. 3uaigite Touky O rTaxky, umob Biapizok AB
6y obpasom Bimpiska BC npH mosBopoTi HaBKoJo Todku O mnporu
rOJUHHMKOBOI CcTPiAKK Ha KyT 120°.

24.4. Ha pucyHKy 23.13 300paskeno aBa piBHIi Binpiskn MN i NK
raki, mo < MNK = 90°. 3uaiigite Touky O Taky, 1106 Bigpizok NK
6yB obpasom Biapiska MN npu nmosopori HABKOJIO TOYKH O 3a rogHH-
HUKOBOIO CTPiiKoio Ha KyT 90°.

23.5." IlobynyiiTe irypy, Aka He mae oceif cumerpii i obpa-
30M AKOI € 1A cama ¢irypa npy moBOopoTi HaBKOJIO JeAKOl TOUKM:
1) va xyr 90°; 2) Ha kyt 120°.

B

A C
Puc. 23.12
N K

Puc. 23.10 Puc. 23.11 M

Puc. 23.13
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§ 6. MNepeTBOpeHHa diryp

BIMMPABU ISR

23.6." Ha pucynky 23.14 306paxeno dirypu, saki ckjaameso 3 pis-
HUX niBKpyris. fIKi 3 nux ¢Giryp npy neBHOMY IOBOPOTI HABKOJIO
Toyku O sbirarorbes 3i croimu obpazamMmu?

e

Puc. 23.14

23.7." Megianu piBHOCTOPOHHBOTO TPHKYTHHKA ABC IepeTnHA0ThH-
caA B Touni O (puc. 23.15). Vrasxire o6pasu Touok C, C, i O, cTroponn
BC, menianu BB, Bigpiska OC,, TPDHKYTHUKA A B, C, npu noBopoTi
HaBKOJIO ToukH O NpPOTH MOIJWHHUKOBOI CTpinku Ha Kyt 120°.

23.8." Touka O — HeHTp NPaBUIALHOrO lecTuxkyrHuka ABCDEF
(puc. 23.16). ¥YxaxiTe o6pasu cropouu AF, giaromani BF, giaromasi
AD, mecrukytauka ABCDEF npu nosopori Haskono touku O 3a
roAVMHHUKOBOIO cTpinmKoio Ha KyT: 1) 60°; 2) 120°.

23.9." Niaromasi xBagpara ABCD neperuHAOTbHCH B Touii O
(puc. 23.17). ¥YraxiTs o6pasu Touok 4, O i C, croporu AD, giaroHasi
BD npu noBopoTi HaBKOJIO ToOYKM O 3a rofIMHHHKOBOIO CTPiJIKOIO Ha
xyTt 90°.

2 i B c
0 c
(@)
E D A D
Puc. 23.15 Puc. 23.16 Puc. 23.17
23.10." Touka O — IeHTp IPaBUJIBHOTO N-KYTHHUKA AA,. . A

(puc. 23.18). Hosexits, mo OA, +OA, +...+O0A, =0.
23.11." Hexai BepmumHa A PiBHOCTOPOHHBOIO TPUKYTHHUKa ABC
€ LeHTPOM NIOoBOPOTY Ha KyT 120°. 3HaliTe HOBKUHY Bizpiska BC,,
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23. NosopoTt

ae rouxka C, — obpas Touxku C npwu 3a- A

naHomy moBoporTi, axkmo AB = 1 cm.
23.12." Hexait Bepmiuna A KBaapa-

Ta ABCD € meHTPOM HOBOPOTY npotu A

roAMHHHUKOBOI cTpinkmu Ha xyT 90°.

3gaiaiTe noBxuHy Binpiska CC,, me
rouka C| — obGpas Touxku C npu saja-
: A A
HOMY IOBOPOTi, AKIIo AB = 1 cm. 2 n-1
23.13." Touka M HANEKUTH KYTY
Al Aﬂ

3

ABC i1 He HaJIEKHUTH HOTO CTOPOHAaM.

I[To6yayiiTe piBHOOEAPEHHUI IIPAMOKYT-

HHU TPHKYTHHK, BePIINHOIO IPAMOI0 Puc. 23.18
KyTa AKOro € touka M, a aBi inuii

HasnexxkaTs cropoHam BA i BC sBignmoinHo.

23.14.7 ¥V paHuit KBaApAT BOUIITH PiBHOCTOPOHHINA TPUKYTHUK
Tak, o6 oJHAa 3 1oro BepIIWH 3biranacs 3 BEPIIMHOIO KBaJparTa, a JaBi
iHIII HaJeXaJu CTOPOHAM KBajaparTa.

23.15." Jlano aBa xoxa i Touky M nosa uumu koaamu. Ilo6ymyiite
IIPAMOKYTHUI piBHOGeApeHWH TPHUKYTHHK 3 BEPUIMHOIO B Touuli M
Tak, o6 ABi iHIII BepIIMHM JeXalll Ha JaHUX KoJax.

23.16." Ha croponax AB i AC tpuxkyrtHuka ABC y 30BHIIUIHIA
0ixk mobygosBano KBaupatu ABNM i ACQP. [orexairs, mmo MC = BP,
MC | BP.

23.17.” Ha croponax BC i AC tpukyrauka ABC y 30BHiIUHIi} GiK
1nodynosano pieHocTopoHHI TpukyTHuKN BCK i CAM. 3uaiigiTe KyT
Misk npamumu BM i AK i goeenite, mjo BM = AK.

23.18." Ha croponax AB i AD kBanpara ABCD nosHaueHO TOUKH
K i M signosigHo Tak, mo AK + AM = AB. 3uaiigite xytr KOM,
ne Touxka O — IEHTP KBajpara.

23.19.7 Ha croponax AB i AC piBHOCTOPOHHBOIO TPUKYTHUKA
ABC mozHayeso Toykun K i M BigmoBinmHO Tak, mio AK + AM = AB.
Buangite Kyr KOM, ne toyxka O — HEHTP TPHKYTHHKA.

23.20.”" V piBHOGiuHi# Tpamenii ABCD Ha 6iunux cropoHax AB
i CD nosuaueno trouxku K i M BignosigHO Tak, mo AK = CM. Menura
ocuosa BC rparteril gopiBHIo€ GiuHil cTOPOHi, a rocTpuil KyT Tpameiii
mopiBuioe 60°. BuaiiniTe kyr KOM, ne touxka O — cepeguna AD.

23.21." ¥ pombi ABCD 3 Tynum Kyrom A, mio gopisaioe 120°,
Ha cTopoHax AB i AD moznaueno tTouku K i M BigmoBigHOo Tax, 110
BK = AM. 3uaigite kytr KCM.
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,_.. § 6. [NepeTtBopeHHs diryp

23.22." Vcepenuni kBaapata ABCD BzaTo Touky K i Ha Bix-
pisky AK Ak HA cTopoHi mobynosano ksajgpatr AKEM, cropoHa
KE sxoro meperuHae cropoHy AD keBanpara ABCD. JosegiTh,
mo BK = DM.

23.23." Ha npamiii | B3aTo noecuainosuo rouxu A, Bi C, a na Bigmpis-
rkax AB i AC y pi3HHX NiBILIOIIMHAX BiAHOCHO npaMoi [ no6yaoBaHo
piBHOCTOPOHHI TPUKYTHUKH ABD i ACN. JloBenits, 110 cepegunn K
1 L Binmosizzo BizpiskiB DC i BN i Touka A € BepHiMHaMH piBHO-
CTOPOHHBOT'O TPUKYTHUKA.

23.24." Ha npsawmiit [/ B3aTo nocaigosHo Touxku A, C, E. Ha sin-
piskax AC i CE B ogHy NiBINJIOINMHY BifHOCHO npsamol [ nmobyaosaHo
piBHOCTOpOHHI TPHKYTHUKU ABC i CDE. Touku K i M — cepequHH
Bigpiskis AD i BE Bignoeiguo. IlosenirTs, 1mo tpurkytHux CKM —
PiBHOCTOPOHHIMH.

23.25." laHo onyKJIuil 4oTUPUKYTHUK ABCD i Touky O BcepenuHi
Hporo. Bimomo, mo £ AOB = £ COD = 90°, OA = OB, OC = OD.
Hexait Toukn K, L i M — cepeaunu BigpisxiB AB, BC i CD sinmno-
BigHo. HoseniTsb, mo TpukyTHuK KLM — piBHoGenpenuii i mpamo-
KYTHHIHA.

23.26." ITo6yayiiTe PIBHOCTOPOHHINM TPUKYTHHK Tak, 1006 HOro
BEPIIMHYU HaJeXajal TPhOM JaHMUM MapajelbHUM IIPAMMM.

23.27. Ilobynyiire kBagpar Tax, mob TpHU HOro BepIUHHH HAaJe-
JKaJIH TPbOM HaHUM IIapaJeJIbHUM IDAMIMIM,

23.28." Ha croponi CD xksagpara ABCD nozsHaudeHo Touyky E.
BicexkTpuca kyta BAE neperunae cropoHy BC y touni F. IloBeniTs,
mo AE = BF + ED.

23.29.7 ¥V piBHOCTOPOHHBOMY TPUKYTHHKY ABC 06paHo TOUKy P
Tak, mo £ APB = 150°. [loBexiTs, 1110 icHYE NPAMOKYTHUIH TPUKYT-
HUK, CTOPOHU SAKOT0 HZOPiBHIOIOTH Binpiskam PA, PB i PC.

23.30." VcepeauHi piBHOCTOPOHHLOI'O TPUKYTHHKa ABC oGpaHo
Toury P rary, mo AP? + BP? = CP?, Jlosenirse, mo £ APB = 150°.

23.31." ¥V piBHOCTOPOHHBOMY TPUKYTHUKY ABC obpaHo Touxky M
Tary, o < AMB = 120°, MA = 1, MB = 2, 3uaiigite MC.

23.32. TTosza piBHOCTOPOHHIM TpukyTHUKOM ABC 06panu Touxy M
Tak, mo £ AMB = 120°, MA = 1, MB = 2. 3naiigite MC.

23.33." Touka P poawmimena Bcepeauni ksagpata ABCD, npuuomy
AP : BP : CP=1:2: 3. 3Buangite KyT APB.

23.34." B onykJaomy 4oTUpUKYTHUKY ABCD Bifmomo, mo AB = AD,
BC + DC = AC = 1, £ BAD = 60°. 3gaiiiTh mJIONIY YOTHPHUKYTHHKA
ABCD.
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24. FomoTeTia. MopibHicTs diryp

23.35." Ha croponax AB i BC tpuxkytHuka ABC y 30BHiIIHIiK Gik
nobygosano ksaaparu ABDE i CBLK. Touku M i M, — cepeanHu
Binpiskis DL i AC Bignosinuo. HoBenirs, o LeHTPH KBaaparTis
i Toukn M| 1 M, € BepuinHaMu KBagparTa.

24. N'omoreTis. MoAaibHicTbL Giryp

Ha pucynky 24.1 sobpaskeno rouyku O, X i X raki, mwo O—X1=
=20X. T'oBopaTe, 10 Touka X, — 1e o6pas Touku X IpH roMoTeTil
3 wenTpom O i Koedimierrom 2.

Ha pucyHky 24.2 sobpaseno toukm O, X i X, raki, mo O—Xlz

Loz :
= —EOX . T'oBopAaTse, 1m0 Touka X, — e o6pa3 ToOUYKH X MPH TOMOTETIl

5 s 1
3 medtpom O i KoedinmieHToM ——.
2

% X

0 X,
Puc. 24.1 Puc. 24.2

¥Yaaraai, axmio rouxku O, X i X, raki, mo O—X;zkﬁ, ne k# 0,
TO I'OBOPATSH, IO TOYKA Xl — 1Ie 06pas3 Touku X IIPH roMoTeTii 3 1eH-
Tpom O i Koediuiearom k.

Touky O Ha3zMBAIOTH EHTPOM roMoTeéTii, 4ncyio k — KoediuierToM
romorerii, k& # 0.

Poarasinemo ¢irypy F i Ttourky O. Koxgii Touni X ¢dirypu F nocra-
BHMO y BiAnmoBigHicTs Touky X, AKa € 00pazoM TOUKHU X IPU roMoTeTii
3 merntpoMm O i xoedinienTom k (aximo rouxka O HamexuTs Girypi F, To
i cHiBCTABJAETHLCH BOHA cama). ¥ pes3yJbTaTi TaAKoTo nepeTBOPeHHSA
dirypu F orpumaemo birypy F, (puc. 24.3).

F] X,

a) 6)
Puc. 24.3
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-\ § 6. MepeTtBopeHHs hiryp

Take nepeTBOpeHHA HA3HMBAIOTH roMoTeTicro (irypu F 3 IeHTPpOM
O i xoedinienrom k i mosuavaors tax: Hj. IMumyre: HE (F)=F,.
Taxosk roeopsaTse, 1o girypa F, romoreruuna ¢irypi F 3 uearpom O
i koedinierrom k.

Hanpuknan, Ha pucyHKy 24.4 TPUKYTHHK A B C, roMoTeTH4HUA
TPuKYTHUKRY ABC 3 nenrpom O i koediuienrom, axuit nopieHioe —3.
IMumyrs: H,;S (AABC)=A A BC,.

Tarox MOKHA CKa3aTH, 1[0 TPUKYTHUK ABC roMoTeTHYHMIl TPH-
KyTHUKY A B C| 3 TUM caMHUM LEHTPOM, aje Koedimienrom, sxmit

. 1
JOpiBHIOE — s ITumyre:
1

H,? (A ABC,)=A ABC.

1
Ouesngno, mo romorerii Hj i H} e BsaeMHO oGepHeHUMM ITepe-
TBOPEHHSIMH.

B X
; ¢, s F
4 o
[ B ‘A
1
Puc. 24.4 Puc. 24.5
3asHa4uMO, 110 PU £ =—1 rOMOTEeTisA € UEeHTPATHHOIO CHMETPIEIO

BigHocHo uentpa O (puc. 24.5). Axkumpo k£ = 1, To roMoTerisa € TOTO-
HHUM IEePEeTBOPEHHSAM.
OueBugno, mo npu k # 1 i k # — 1 romoreriss He € Pyxom.

Teopema 24.1. ITpu zomomemii ¢pizypu F 3 koepivienmom k
yci eidcmani misc @i moukamu 3minwwomsca 6 | k | pasie, moémo
akwo A i B — dosinvri mouxu ¢izypu F, a A, i B — ix 6i0nogioni
o6pasu npu zomomemii 3 Koepiyienmom k, mo A B = |k | AB.

Hosedernns. Hexait Touka O — nentp romoretii. Toxi OA, =kOA,
OB, =kOB.

Maewmo: A]B;=5}?,~O_A—l:kaﬁ—kOj:k(bﬁ—az)=kA—B. TOOTO
AB, =|k|AB. A

Hacainox. Axuo mpuxymnux A B C, zomomemuywnui mpurxym-

k
ruxy ABC 3 koegiyienmom zomomemii k, mo A A, B,C, > A ABC.
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24. T'omoTeTia. NopibHicts diryp

Insi NoBeOeHHA Iliel TeOpeMH NOCTATHBO CKOPHUCTATUCA Teope-
Moo 24.1 i TpeThOX 03HAKOIO HOLIBHOCTI TPHMKYTHHKIB,
ToMmoTeTiss Ma€ HHU3KY iHIIIWUX BJIACTUBOCTEMH.

Teopema 24.2. IIpu zomomemii ¢izypu F o6pasamu 6ydv-axux
il mMpLOX MOUOK, AKL nexcamsv Ha 00HiL npamiil, € mpu mouru,
AKL nedcamb Ha 0OHIL npamii, a o6pazamu mpbLox Mook, AKi He
nexcamsv HA OOHIU npamill, € Mpu MOYKU, AKL He e’ amb Ha o0-
Hill npamiil.

CrxopucraBinuck Teopemow 24.1 Ta imeero moBegeHHA Teope-
mu 20.1, goBeHiTs 1[}0 TeOpeMy CaMOCTiMHO.

Hacuninok. IIpu zomomemii 6idpiska, npomena, npamoi obpasa-
mu € 6idnosidno 6idpi3ok, npomine, npama. Ilpu zomomemii kyma
o6pa3om € kym, pienuil danomy. Ilpu zomomemii mpurcymumr.a
ob6pa3zom € mpuxymHuk, nodibnuil danomy.

HoBeniTh meil HacHiOJOK caMOCTiHHO.

3azHaueHi BaacTHBOCTL romorerii BKasyiooThr Ha Te, IO Ile Iepe-
TBOPEHHS MOXK€e 3MIHUTU po3MipH (dirypu, ane He 3MiHIOE ii dopmy,
TobTO Ipu romoTeTil 06pas i npoobpas € nonidoHuUMHU dirypamu.

3ayBasKumo, 10 y 8 KJjaci, Konu Hijgocsa npo noxibuicTe ¢iryp,
MM JaBajld O3HAYEHHSA JHIIe NOLiIOHMM TPHKYTHHKaM. 3apas O3Ha-
YUMO IIOHATTA <«HOAIOHICTE (iryp», He OOMEKYIOUHUCH TPHKYTHH-
KaMH. '

Ha pucynky 24.6 ¢dirypa F romoreruuna ¢irypi F, a dirypa F,
cuMmeTpuyHa Qirypi F, BigHocHO npsamoi [.

Puc. 24.6

®@irypy F, orpumano 3 ¢irypu F y pesyapraTi KoMmosunii aBox
IIepeTBOPEHb: romoreTii i ochOBOI cumeTpii.

Ockinexu F, = F,, To y diryp F i F, onsaxosi dopmu, ane pisui
po3mipu, To6TO BoHU € noaibuumu. l'osopars, mo ¢irypy F, orpumano
3 ¢irypu F y pea3yJibTaTi mepeTBOpeHHA noaiduocri dirypu F.
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2/1@}_ /. §6. MepetsopeHHa diryp
Ha pucynry 24.7 dirypa F, romorernuna @irypi F, a dirypa F,—
obpas ¢dirypu F, npu geaxomy pyci. Mipkymooun aHaioriyHo, MoxHa
CTBEPIKYBATH, 110 Girypu F i F, noxibxi.

Puc. 24.7
3i ckazaHOro BUNJIHMBAE, [0 AOHIJbLHO NPUHHATH TaKe 03HA-
YEeHHA.

O3nauvenssn [Ari Girypu Ba3uBaXOTL 101168 M MM, AKIIO OIHY
3 HUX MOJKHA OTPMMATH 3 iHIIOI B pe3ynsTari KOMIO3HUil ZBOX Mepe-
TBOPEHb: TOMOTeTII i pyxy.

3anuc F © F osnavae, 1m0 ¢irypu F i F, noxi6ui. Takox roBopATs,
1o (irypa F, — o6pas ¢irypu F npu nmepersopenHi moai6HocTi.
dane o3HaueHHs 1JIOCTPYE cXeMa, 300paskeHa HA PUCYHKY 24.8.

[HepETBOpeHHﬂ " ( 3 J [ J
. 2 = romMmoTeTia + PYX
noaibHocri

Puc. 24.8

I3 HaBe/leHOro O3HAUEHHA BHUILINBAE, L0 NPU NEPemMeEopeHHi nodio-
noemi @ieypu F sidemani mise ii moyrxamu 3minioomoscs 6 00ny it my
camy Kiavikicmv pasis.

OCKiNBKH TOTOX<He IIePeTBOPEHHS € PYXOM, TO 31 cxemu, 306paske-
HOI Ha PUCYHKY 24.8, BUIIMBAE, 110 FTOMOTETiA — OKPEeMHIl BUIIALOK
epeTBOPEHHA IToAi0HOoCTI.

Hexait A i B — gosinbHi Touxku dirypu F, a Touxknu A 1B, —Ix
obpasu npyu nepersopenHi nogibuocti. Touku A i B, Hanmexars pirypi

A, 8,

F,, axa moxmibua ¢irypi F. Yucuo k= HasuBalTh KoediuieaTOM

" moxi6uocTi. I'oBopATh, 1m0 (irypa F, moni6ua dirypi F 3 xoedii-
eHToM mnozibrocri £, a dirypa F nogiona dirypi F, 3 koedinierTom

. o1
noaibHocti Z'

204



24. TomorteTia, MNoaibHicTb diryp

3ayBarKHMoO, 110 HepeTBOpeHHHA nogibHocTi 3 koepinienrom £ = 1
€ pyxoMm. 3BiicM BUIIJIMBAE, 10 PYX — OKPEMHH BHUIAJOK IEepPEeTBO-
peHHA MoAi0HOoCTI.

3 nepeTBOPEHHAM MOAIOHOCTI MM HAaCcTO MAEMO CIIPABY B IIOBCAK-
geHHoMy kutTti. Hanpukminazn, y pesyiabrari 3MiHKM MacuiTady xkaprTu
OTPUMYEMO KapTy, NogibHy maHiil. PoTorpadisa — 1e nepeTBOPeHHS
HeraTusa B IonibHe 300paskeHHsa Ha (oronamnepi. Ilepenocaun no
CBOTO 30ILIMATA PUCYHOK, 3pOo0JaeHUIl yuuTeseM Ha JONINi, BU TAKOMXK
BUKOHYETE [IePEeTBOPEHHA [ONIOHOCTI.

4 WOOAs oue LR 5 moGue

Teopema 24.3. BidhouleHHA nnouw, nodibnux MHOZOKYMHUKLE
dopienroe keadpamy roediyienma nodibrocmi.

IIj0 TeopeMy BHM MOJXKeTe JOBECTH Ha 3aHATTIAX MATEMaTHMYHOIO
ryprka. Mu goBenemo 11 I/ OKPeMOro BHMIIAAKY, PO3TJIAHYBIIM I10-
ni6HI TPUKYTHHKH.

Hdosedennsa. Hexait A A B,C, — obpas A ABC npu nepeTBopeHHi
noaibuocTi 3 koedinmienrom k£ (puc. 24.9). B
Cropona A,C, — obpas cTOpOHMU AC. Toni
A C, = k-AC. Ilposenemo Bucotu BD i B D,.
3posymiso, mo sucora B D, — ue obpas Bu-
coru BD (ue BUHIIMBaE 3 HacJifiKa 3 Teope- D
mu 24.2). 3Bigcu B D, = k+BD. Maemo: B

1
S"‘lBle _ é-A1C1 - B, D, N RAC - kBD — i A Aﬂl

Bee 1 5. ap  AC-BD D, o
2

O=w 3apmaua. lloseaiTh, 1o obpasom
npamoi [ npu romoretii 3 neHTpom O, axui
He HAJNeXKHUTEL NpaMiil [, e npaMa, napajeabHa AaHid.

Po3z&’'sa3aH HA. 3 BTACTHBOCTEH roMoTeTil BUILIMBaE, 10 obOpa-
3om npsimoi [ 6vae npama. Iaa mobynoBu npamMol AOCTATHBO 3HATH
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ﬁj ;i § 6. MNepeTsopeHHa diryp

(puc. 24.10). Hexait Touku A, i B, — ix
obpas3u npu romorerii 3 merTpoMm O i Ko-
edinmierrom £ (pucyHok 24.10 Bignosi-
nae BUNAnkKy, kKoiau k > 1). Toxi npsama
A B, — obpas npamoi AB.

ITpu moBenenHi Teopemu 24.1 Mu moka-
Puc. 24.10 sanu, mo A,B, =kAB. Orxe, AB | A,B,.

IIpukaxang 1. ¥V rocTpOKYTHUHA TPUKYTHUK ABC BIWIIITE KBaApaT
Tak, 00 ABI AOro BepHIMHU JieyKaJH BiANOBILHO Ha cTopoHax AB
i BC, a gBi immi — ©Ha croponi AC.

Posze’'sazanna. 13 goBinpHOI TOukKH M cTopoHu AB onycTH-
MO nepneHAMKyJaAAp M@ Ha cropory AC (puc. 24.11). ITo6yayemo
KkBaapar MQPN rtak, mo6 Touka P Jsexana Ha npomeHi QC. Hexai
npomias AN mepeTHUHAaE CTOPOHY B
BC y rouui N,. PosrasaHeMo romo-

TeTilo 3 1eHTPOM A i KoedimieHTOM Ml Nl
k= AN‘. Toni Touka N, — obpas M ~N

AN [
Touku N npwu 11iif romorerii. O6pasom /
Binpisxka M N 6yne Bigpisok M N, ne A Q PQ, P, c
Touka M, HaJexuTs nmpomenio AB,
npuyomy M N, || MN. Aranoriuno Puc. 24.11

Bigpisox N P, rakui, mo Touka P,

HanexuTs npomenio AC i N P | NP, 6yme o6pasom Binpiska NP.
Omxe, Binpisku M |N i N P — cyciaHi cTOpOHHM IIyKaHOro KBaapara.
JJis1 saBepileHHA NOGYAOBH 3aIHINWJIIOCHA ONYCTHTH IEPIEeHAUKYJIAD
M Q, na cropony AC.

IIpnkaan 2. Hexait CD — BucoTa NPIMOKYTHOIO TPUKYTHUKA
ABC (£ C = 90°). BmaiigiTe pagiyc r BOHCAHOTO KoJa TPUKYTHHKA
ABC, axkmo pagiycu Kija, BnucaHux y TpuKyTtHurku ACD i BCD,
BiANIOBiAHO AOPiBHIOIOTH 0 L 8

Posze'sisanna. OCKITBKE KYyT A — CHIJMBHUH IS NPAMOKYTHHX
& TPUKYTHUKIB ACD i ABC, TO 1l TDHKYTHH-
Ky nogibHi (pue. 24.12). Hexail xoediuieHT
noaibéuocri popisHoE k. OueBMAHO, WIO

'r

A— B Rk =-. Amanoriuro A BCD ~ A ABC
r

5
i s
Puc. 24.12 3 KoedilienTom k, = =
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[Tozunauumo 1iomi TpuKyTHuKiB ACD, BCD i ABC Binnosinno S,,
S, i S. Maemo:

2 ; 2
§L_k12_il_- ’5_2_k2—f2_
TR g Tty =g
S r S r
r'12+r'22 S, +8,
3sijgcu i
.

e
S

Orpumyemo, mo r> =r] +r17, T06TO r=.\[r} +r;.

IIpuxnaanx 3. Bigpisku AA], BB] i CC, — BHUCOTH rOCTPOKYTHOTO
rpukytTHuka ABC. oBenitTh, I10 pajlyc ONUCAHOTO KOJa TPUKYT-
Huka ABC yasiui 6inpiminit 3a pajgiyc onMcaHOTO KoOJa TPUKYTHH-
ka A B C,.

Poszé’sazamnna Hexait npami AA, BB, i CC| neperuHaroTs Onuca-
He KoJOo TpUKyTHHKa ABC Bianosiguo B Toukax M, N i P (puc. 24.13).
Hexaii Touka H — opToneHTp TpUuKyTHUKa ABC. 3 KJa0O40BOI 3ana4i
21.30 Bumusae, mo HA, = A M, HB, = BN, HC, = C/P.

A
P
2
Cl"
N .
Bl
H
1
G \4, B
M
Puc. 24.13

Tenep 3po3ymijsio, 1o TPUKYTHUK MNP roMoTeTUYHHUIA TPUKYT-
nuxky A B C, 3 nenTpom H i xoeginienrom 2. Toai pagiyc onucanoro
KoJsa TpukyTHuka MNP yapiui 0insImmuil 3a paziyc onucaHOTro KoJa
TpuxkyTHUKa A B C|. 3aqUIInIoCh 3ayBaMUTH, 1[0 TPUKYTHUKH MNP
i ABC BumcaHi B OHE KOJO.
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ﬁ: ﬁ § 6. MNepeTsopeHHs diryp

Ei;aa=.—.'-"(r1r>1nu<Tla1t4H| 3ABAAHHS mmsmems

24.1." IloBynyiire o6pas Bimpiska AB (puc. 24.14) npu romorerii
3 neHrpoMm O i KoediuieHTOM:
1

1) 2 = 2; 2) k=——.
. 2 T4l T 1T 11
24.2." Haxpecnite Bigpisox AB. IToGynyiiTe | - J
o0pas BOoro Bipidka IpH romorerii 3 Koedini- [ \\. 7

€HTOM k 1 mneHTpOM: tiil(ﬁj- B

1) v Touni A, k = 3; |

2) y rouri B, k = —2; Puc. 24.14

3) y cepenuHi Binpiska AB, B = 2.

24.3." HaxpecniTs K010, pagiyc sKOTO IOpiBHIOE 2 CcM, i MO3HAa-
uTe Ha HeOMY TO4YKY A. ITobyayiiTe o6pas 11010 KoJia IIpu roMoTeTil
3 koedinienrom k i nearpom:

1
1) y nenTpi xouna, k:—g, k=2

2) y rouni A, k = 2, k=f%.

24.4." Hakpecaits TpukyTHHK ABC. ITobynyiiTe o6pas 1bOro TPH-
KYTHHUKAa OpHu romorerii 3 Koedinienrtom k£ i neHTpom:

. 1

1) y Touni B, k = 3; 4) y cepenuHi ctoponu AB, k=E;
, 1 _ ; 1
2) v touni C, k= —E; 5) y cepenuHi croponu AC, k= __‘3:'

1
3) v Touni A, k:g;

24.5." Hakpecyits Tpukyrauxk ABC. BHaHIITH TOYKY IEepPeTHHY
ioré menian. IToBymyiiTe o0pa3 LBOr0 TPUKYTHHUKA NPU rOMOTETIi
3 LeHTPOM Yy TOYIIl NIepeTHIly Horo meniaH i xoedimiearom: 1) & = 2;

1 1
2) k=—; 3) k=—-.
) 2 ) 2

24.6." Haxpecrits napanenorpam ABCD. Touky meperunHy Horo
miaroHasei nosHauyre O. [lobyayitre o6pas nporo napayejorpamMa npu

1
romoreTil 3 neaTpom O i koediierTom: 1) k = 2; 2) k:—E.

208



24. TomareTia. MNMogibricTe giryp

24.7. Haxpecnits kBajapat ABCD. IlobyayiiTe obpas nbporo KBa-

apara nupu romoreTil 3 kKoedinieHToM £ i meHTpPOM:
. 1

1) y Touui A, k:g;

2) v touni B, kB = —2;

3) y rounti C, k = 2.

24.8.° OpieHTyOUNCEH 3a KIITHHKAMM, HAKPECHiTh II'STHKYTHUK
ABCDE (puc. 24.15). Ilobyayiite n’atuxytauxk A B C D E |, noaiouuii

5o : .1
pranomy 3 koedinienrom noxibHOCTI 5"

C

™

\\
B b o |
1 N
//E | D
o
r//
o ]
Puc. 24.15
24.9." Ha pucynky 24.16 rouka A, — o6pa3s TOUKM A npu romoreTii

3 uenTpom O. ITobyayiiTe o6pa3 Toukw B mpu il romorerii.

24.10." Ha pucyaky 24.17 Touka A, — obpas ToOuKU A Opu ro-
moretil 3 koedinienrom: 1) & = 3; 2) kB = —2. [lobyny¥re ueHTp
romoreTii.

o Ae 0O ° B

Ae
*B

o2
o>

a) . 0)
Puc. 24.16 Pue. 2417
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§ 6. lNepeTBOpeHHA diryp

24.11." Ha pucynky 24.18 zobpakeno npaMoKyTHuUK ABCD i Tou-
Ku A, i D, aki e obpasamu BiAnOBigHO To4oK A i D npu nepeTBOpeHHi
nozibuocri. [TobyayiiTe o6pas npamokyrHuka ABCD npu usbomMy nepe-
TBOpeHHi., CKiJbKH po3B’A3KiB Mae sazauya?

24.12." Ha pucyuky 24.19 so6paskeno npamMmokyTHuk ABCD i Tou-
xku A i C, axi e obpasamu BignmosigHo Touok A i C npu nepeTsBopeHHi
noxidrocti. IToBynyiiTe obpas npamMmokyTHuka ABCD nipu 11LOMY IIepe-
TBopeHHi. CKLIBKH pPO3B’A3KiB Mae 3agadya?

A B
Dl
B C A D
Cl
A
A D “H
Puc. 24.18 Puc. 24.19

24.13." Ilo6yayiire o6pas TpukyTHuKa ABC Ipu mepeTBOpPeHHI
nonidHocTi, AKe € KOMIIO3HIIIEID JBOX IIePeTBOPEeHb: rOMOTeTil 3 IeH-
TpoMm O i koedimienrom £ = 2 Ta ochoBOI cuMeTpii BiZHOCHO npamm l
(puc. 24.20). VraxiTs Koedinient noaiduocTi.

A l

Puc. 24.20

24.14." HakpecraiTs Koso, pamiyc akoro gopisioe 2 cm. IlosHa-
ure Touky O Ha Bigcrauni 4 cm Bijn #oro nenrpa. [TobyayiiTe ob6pas
IIBOTO KOJIA IIPH NepeTBOpPeHHI moxibHocTi, AKe € KOMIIO3UIIEO ABOX

mepeTBOpeHb: roMoTeTii 3 meHTpom O i KoedinieHTOM sz 1 moBo-

poTy 3 nesTpoMm O 3a rOZUMHHHMKOBOIO CTPilIKO00 Ha KyT 45°. Vraxirs
kKoedimieHT noxidHOCTI.

24.15." Ha pucyuky 24.21 306paskeHo0 IBi napasesabHi npami a i b.
TlobyayiiTe meHTp romoreTii, Npu AKoMy upAmMa b € odpasom npsMoI a
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24, TomorteTif. MoAibHicTb diryp

. 1 1 . .
3 xoedimienrom: 1) & = 2; 2) sz; 3) k:vE. Ckinbxky posp’askis

mae s3agauda?

24.16." Hakpecaits Tpaneniro ABCD,
ocnoea BC saAkol BIABiUYUlI MeHIIIa BiJg OCHO-
Bu AD. IlobyayiiTe 11eHTP roMoTeTil, Npu
Axii Bigpisoxk AD e obpaszom Bigpizxka BC
3 koediuienrom: 1) k= 2; 2) Bk = —2. Puc. 24.21

BrNIPAEBU

24.17." V napanenorpami ABCD Touka D, — cepenuna cropo-
Hu AD. Ilpu romoreTii 3 nearTpom A Trouxka D, € obpaszom Touxu D.
3uaiaiTe xKoedimieHT romoTerii. Yl-cami'rb, AKlL Touku € obpazammu
ToUOK B 1 C npwu 1i#t romoreTii.

24.18.° 9dxi a3 diryp, sobparkeHux Ha pucyHKY 24.22, 3biraorbcs
3l cBoiMu o6pasamu npu romorerii 8 ueatTpom O i koedinieHrom

E>0ik=17
0]
/ @] \,
a) 6) ' 8)
O<
r)
Puc. 24.22

24.19." Axi 3 diryp, sobpakeHux Ha pucyHKy 24.23, 36iraoTh-
csi 31 cBoiMM obpasamu npw romoreril 3 meurpom O i KoedinierTOoM
kR < 0?

24.20. Meniauu tpuxkytHuka ABC mepeTuHaOThCA B Toumi M
(puc. 24.24). 3makgiTe KoebimiedT romoreril 3 mearpom: 1) y TOU-
i B, npm aAki# Touxa B, € obpasom Touku M; 2) y Touni M, npu
AKii Touka A, € o6pasom Touku A; 3) y rouni C, npu axi#t rouxka M
€ obpasom Touku C,.
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§ 6. lNepetBOpeHHA diryp

o<>9< o

a) G) &)
(0]

k /
hz} r)
Puc. 24.23

24.21. Megnianu TpukyTHuka ABC neperuHawThca B Tounmi M
(puc. 24.24). ¥Yramire xoedinienT i neHTp romorerii, Npu sKii Tpu-
kyTHUK A B C, € obpasom TpuxkyTHuka ABC.

B 24.22." V tpukyrauky ABC meni-

anu AA,, BB1 i CC, nepeTuHATHCA

\ A B Touni M. Touku K, Fi N — cepenu-

C, \ . Hu Biapiskis AM, BM i CM sizno-
BimHO. ¥ KamiTh Koedilient i meHTp

roMmoreTii, IpH AKiHA TPUKYTHHK ABC

A B C e obpazom TpukyTHuKa KFN.
! 24.23." 3HaiiziTe 06pa3u TOYOK
Puc. 24.24 A (—2; 1), B (3; 0), D (0; —6) upn
romoTeTil 3 nentpom O (0; 0) i koedi-
1 1

uiesrom: 1) k= 2; 2) B = 3; 3) k=75; 4) k=v—§_

24.24. Touka A, (—1; 2) — obpas Touxku A (—3; 6) npu romorerii
3 LeHTPOM Y IIOYATKY KOOPAMHAT. SHAWUAITEL KOoedilliEeHT roMoTeTii.

24.25." Tlnomi ABOX MOAIGHMX TPUKYTHHKIB mopiBHIOIOTH 28 cm?
i 63 cm?. OxHa i3 cTOpiH IMepUIOro TPMKYTHMKA JopiBHIOE 8 cM. 3Ha-
HIITH CTOPOHY APYIOro TPHUKYTHHKA, SKa Bignmosimae paHiii cropoHi
[IepIIoro.

24.26. BignosiaHi cTOPOHM ABOX MOAIGHMX TPMKYTHHKIB HOPIBHIO-
1oTh 30 cm 1 24 cm. Tlnomia TpukyTHuKa 3i croporoio 30 cM opiBHIOE
45 cm?. 3HAWAITE JIOILY APYrOro TPHKYTHHUKA.

24.27." Tlnoma TPUKYTHHUKA popiBHIoe S. Homy nopiBHIOE miorna
TPHUKYTHHKA, AKUH BIATHHAE BiJ JAaHOTIO HOro cepenHs JIiHia?

24.28. Ilnoma TPHUKYTHUKA A0piBHIOE S. BHaHAITH NJIOILY TPH-
KYTHHMKA, BEPIIMHH AKOT0 — cepeauHH cepenHix JiHii maHoro Tpu-
KYTHHUKA.

212



24 FOMOTenﬂ ﬂ0ﬂ|6H|CTb hiryp

24.29." Bigpisok MN — cepenHsa JjiHia tpukyrtauxka ABC

(puc. 24.25). YraxiTe KoediumieHT i HeHTp romorerii, Npu AKiH:

1) Binpisox AC e obpasom Biapiska MN; 2) Binpizox MN € oGpasom

Bmpmna AC.

ITapasensHi npAMi mepeTHHAIOTh CTOPOHH KyTa A y TOUYKax

M, N, Pi@ (puc. 24.26). Bigomo, mo AM : MP = 3 : 1. ¥YramiTs

koediiienT i ueHTp romorerii, npu Akii: 1) Bigpizoxk PQ € obpasom
pigpiska MN; 2) Biupisox MN e obpasom Binpiska PQ.

B .
P
M
M N
A
A C N T

Puc. 24.25 Puc. 24.26

24.31." Ilapasensui Biapiskm BC i AD Taki, mo AD = 3BC.
CKiJIBKH iCHYE TOUOK, IO € LHeHTpaMu romoTeTii, npu Aki#t o6pasom
Bigpiska BC e Bigpizoxk AD? Jlna KOXHOI TaKOl TOYKM BH3HAYTE
Koe(biuiGHT romoTerii.

24.32." Kosia 3 neHTpaM# 0,10, Bm;nom,aﬂo 3 pamgiycamu R i r
MAaIOTh 30BHIIIHIN JOTHUK Y 'rorm,l O (pnc 24.27). HoseaiTp, 110 KOJO
3 meaTpom O, € o6pasom Koja 3 uenrpom O, Npu romMoTeTii 3 LEHTPOM

: .. R
O i xoedimienTom ——.

,

“1.35% Koma 3 mernrpamu O, i O, BiamosigHO 3 pagiycamu R i r
MAaTh BHYTpimHi# morur y rtouri O (puc. 24.28). IoBexirs, mio
kono 3 mentTpom O, € obpasom koja 3 menrpom O, npu romoreril

; s x R
3 negrpoMm O i KoedinienTtom —,
=

Puc. 24.27 Puc. 24.28
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§ 6. lMepeTBopeHHa diryp

24.34." Koso 3 nenTpom O TOTUKAETHCSA
go npamoil a. HoBexpite, 10 o6pas mBOro

O, KO0JIa Np¥ romMoTeTil 3 meHTpOoM A, ne A —

A AoBineHa Touka npamol a (puc. 24.29),
o a IOTHUKAETHCA OO Hiel mpsaMoi.

Prc. 24.99 23.35. [IBa KoJa DOTHKAIOTHCA B TOU-

oi K. IIpsama, sika OIPOXOAUTE Yepesd TOY-
Ky K, neperuHde 11i Koaa B Toukax A i B. [JoseniTe, o JOTHYHI 10
Kiy, mpoBeneHi uepes Touku A i B, mapanenbHi.
24.36." Touka A (2; —3) — o6pas Touxku B (8; 6) npu romorerii
3 HeHTpom M(4; 0). SHaiigiTs KoedimieHT romoTreTii.
24.37. Toura A (—7; 10) — o6pas Touxku B (—1; —2) npu romoTeTii
3 KoeinmieHToM —2. 3HAWAITH EHTP roMOTeTIl. -
24.38." Touka A, (x; 4) — obpasa Touxku A (—6; y) npu romorerii

3 i % 1
3 HeHTPOM Yy INOYATKY KOODPAMHAT i KoedimienTom: 1) k= E; 2) k = —2.

3HaHgiTL X Ta Y.

24.39." Touxka A, (4; y) — obpas Touxu A (x; —4) npu romorerii
8 nenrpom B (1; —1) i koediunierTom k& = —3. 3HaiigiTe x Ta y.

24.40." Tlpama, napanensHa cropoHi AC tpuxyrauxa ABC, me-
peTHHae Horo cropory AB y Touui M, a cropony BC — y touui K.
3uafigiTe oy Tpukyrauka ABC, skmo BM = 4 cm, AC = 8 cmM,
AM = MK, a ninoma TpukyTauka MBK nopisxioe 5 cm2.

24.41." TIpomo:keHHs Giunux cropin AB i CD Tpanenii ABCD
nepeTHHalThca B Touni E. 3HaWAiTh miaoumy Tpamemii, AKIIO
BC : AD = 3 : 5, a romia TpuKyTHUKA AED nopisHioe 175 cm?.

24.42." Binpisku BM i CK — BUCOTH rOCTPOKYTHOI'O TPMKYTHHKA
ABC, £ A = 45°, BHaiiniTe BiAHOIIEHHS IJIOLI TpUKyTHUKIB AMK
i ABC.

24.43." 3naiiniTe o6pas npamoi y = 2x + 1 npu romorerii 3 eH-
TPOM y IIOYaTKy KoopauHAT i KoedimierToMm: 1) & = 2; 2) k:—E.

24.44. 3uaiixiTe o6pas xoaa (x + 2)2 + (y — 4)> = 4 npu romorerii

1
8 LIEHTPOM y IIOUATKY KOOpAMHAT i KoedimienTom: 1) % =§; 2) k= -2.

24.45." Miarounani rpamenii ABCD (AD | BC) neperunaioThcs
B Touni O. [oeexirs, mo omucaHi Kosa TpukyTHukis AOD i BOC
IOTHKAITHCS.
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24. TomoTeTia. MopibHicTb iryp

O—w 24.46." oBeniTp, 110 KOJHM HepiBHI TpuUKyTHHKH ABC
i A,B,C, € rakumu, wo AB | A B, BC | BC,, CA | CA,, To icuyioTs
raxi Touxka O i umeno k # 0, | k| # 1, mo H} (A ABC)=A A BC,.

24.47." [IBa KoJIa MAIOTh BHYTPIIIHIN goTuk. Yepes TOUKY AOTHKY
IpOBeJEeHO ABi NMpAMi, AKI mepeTuHAaOTH KoJa B Toukax A4, 4,, B,
B, (puc. 24.30). osexirs, uo A B, I A.B,.

24.48." JIpa KoJia MAlOTh 30BHIIIHIN OTUK. Hepesd TOUKY AOTHUKY
IMpOBEeJeHO ABi ONpsAMi, AKi IepeTUHAITh KOJa B TOYKAaX Av Az, Bw
B, (puc. 24.31). HosexiTs, mo A B, I A,B,.

24.49." Touxka A HalexHUTh KoJy (puc. 24.32). 3HalaiTh reomeT-
puuHe Miclle TOYOK, sKi € cepeiMHaMM XOpPA HAaHOrO KoJja, OAHUM i3
KiHIIIB AKUX € TouKa A.

Puc. 24.30 Puc. 24.31 Puc. 24.32

24.50." ]IBa xoJla MAlOTh BHYTPIIIHI# JOTHK, IPAYOMY MEHIIE KOJIO
IIPOXOAUTE yepes3 HeHTp Oiabioro. JoBenairs, mo Oyab-AKY XOpPAY
finpHIOro Kojna, sAKa MNPOXOAWTh Yepe3d TOYKY HOTHKY, MEHIIEe KOJO
JIIJTUTE HABIILJ.

24.51." Hano rpuxkytHuk ABC i nosinbay Touxy M. Hosenits, 1o
TOYKH, cUMeTpHU4YHi Touii M BiIHOCHO cepegHH CTOPIH TPUKYTHHKA
ABC, € BepuUIMHAMHY TPHKYTHUKA, PIBHOTO JaHOMY.

24.52." Ha npopossxenHax menian AK, BL i CM tpuxkyrtaura ABC

1 1
BaATo Toukn P, &, R raki, mo KP:EAK’, LQ=EBL, MR=%CM.

3Hai’iuin-SmH, akmo S, .. = 1.
24.53." Mosexirs, 10 TOYKH, CUMETPHUYHI ZOBiNbHIA TOULi BigHOC-
HO CepeJHH CTODiH KBaJpaTa, € BepIINHAMH JesKOro KBajparTa.
24.54." VcepenuHi onykJIoro 4oTHpHKyTHuxa ABCD nosHauuiamn
rouky P. Hexait Touku M, M,, M,, M, — TOYKM HNepeTUHY MeAiaH
TpUKyTHHKIB APB, BPC, CPD i DPA BinnosigHo. [JoBexirts, 1110 4o-
THPUKYTHUK M M,M M, 6 — napajejlorpam.
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f': § 6. MepertsopeHHa diryp

24.55.” JIBa KoJa MOTHKAIOTHCA BHYTPIIIHIM uMHOM v Touwli O.
Y pominnui# Toyri M BHYTpilIHBOTrO Kosa IPOBeJleHO A0 HBOTO J0-
THYHY, AKa IIepeTUHAaE npyre Kojago B Toukax A i B. Iosexirs, mio
< AOM = 2 MOB.

24.56.” [lobyayiiTe TPUKYTHUK 34 PajiycoM OMMCAHOTO KoJa
i gBOMa HOro KyTaMH.

24.57.7 TlobynyiiTe TPUKYTHUK 3a pajiycoM BIMCAHOTO KoJa
i n1BOMaA Horo Kyramu.

24.58." ITobyayiiTe TPUKYTHUK 34 IIEPUMETPOM i ABOMa KYTaMU.

24.59.” Bouwite y AaHuit rOCTPOKYTHUIH TpUKyTHUK ABC npsmo-
KYTHHK, CTOPOHH AKOIo BifHOCATHCA AK 2 : 1, Tak, 11106 ABi BepIIMHHK
Ginb1I0] CTOPOHN NPAMOKYTHHKA JIEYKAH Ha cTOpoHi AC TPUKYTHHKA,
a aBi iHIi BepminHy — Ha cropoHax AB i BC.

24.60." Bouurite y januit TPUKYTHUK IHITAH TPUKYTHUK, CTODOHHU
AKOro dyau 6 napanieyibHi TPHOM HAaHUM TIPAMMIM.

24.61." Touky, AKa 3HAXOAMTHCH BCEPEAUHI OIYKJIOr0O YOTUPUKYT-
HUKa 3 niomero S, 3’€JHaHO 3 HOro BepluMHaMH. SHAWAITL IJIOLLY
YOTUPUKYTHHUKA, BEPIIHMHHU AKOrO € TOYKAMHM IIE€PDeTHHY MeAiaH YOTH-
PbOX YTBOPEHMUX TPUKYTHHKIB.

24.62." Bigpizox AB — xopaa gaHoro xoJja, rouxa C — JoBigbHA
TOYKAa UBOTO KoJa. 3HaHJITh reoMerpuuHe MicIlle TOYOK, AKi € Tou-
KaMM IIepeTHHY MeAiaH TPUKYTHUKIB ABC.

24.63.7 ITano nBi Touxku A i B ra npamy [. BHaliaiTe reomeTpuuHe
Miclle TOUOK, fIKi € TOUKAMH NepeTHHY MeliaH TpUKyTHuKiIB ABC, ne
C — poBinbua Toyka npsamoi [.

24.64." Touxa M nanexurs kyry ABC, anme He HAJEXKUTH HOTO
cropoHaM. IMobynyiiTe KOJIO, AKe NJOTHUKAETHLCA 10 CTOPiH KyTa i IIpo-
XO/IUTHL Yeped TOuKy M.

24.65.7 Vcepemuni xyra AOB gaso touxy M. BHaiAiTs HA TIPO-
meHi OA TOYKy, OIHAKOBO Bigmaneny Bix Touxku M i nmpomens OB.

24.66.” Ha croponi AC rocTpoxkyTHOro TpukyrHuiKa ABC I0-
3Hauyuau Touky M. Hexall neprneHIHMKYJIAPH, OOVINEHI i3 cepenus
BigpiskiB AM i MC Bignosiauo "Ha cropoHu BC 1 AB, nepeTuHaoOTLCH
r rouli O. IIpu akomy nmosoxxeHHi Touku M Ha croponi AC goBxkuHa
Bigpizka MO Oyane HARMeHIIOK?

24.67." Ha croponax AB i AC rocTpOKyTHOro TPUKyTHuKa ABC
mo3HavYMaIH BigmosBinuo touxku K i L rak, wo KL | BC. IIpawmi, upo-
BegeHl depes Touku K i L mepneHauxyJaspHo mo cropin AB i AC
BiANOBiZHO, nepeTuHawTbeA B Touni M. HosemiTsh, mio nmpsma AM
MICTHTH LIEHTD OIIMCAHOTO Kosa TpUuKyTHuka ABC.
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24, TomaTteTia. MoglbricTe iryp

24.68." Touxka M neXuUTh ycepenuHi Kojna. IlposeniTes uepes Tou-
Ky M xopay AB tak, mjo6 AM : MB =2 : 1.

24.69." Ha karerax AC i CB i rinoreHys3i AB npaMOKYTHOroO
TpukyTHHKa ABC nosHauuau Bianmosiauo touku M, N i K Tak, uio
MN || AB i rpurkyraux MNK pisHocropouuiit. [ToTiM yBech pHCYHOK
BUTEDJIN, 3anumiusiiyn auuare Touku A, K i B, fk 3a muMu ToukamMmu
BigHOBUTU TPUKYTHUK ABC?

24.70." Bicexktpucu kyTiB A, B i C rpukyrHuka ABC nepeTuHamThL
oIcaHe KOJIO IbOre TPMKYTHHMKa B Toukax A, B i C BianosigHo.
BrircaHe KoJIO JOTHKAa€EThLCA 10 cTopin AB, BC i CA BiAnoOBiZHO B TOU-
xax C,, A, 1 B,. llosexits, mo npami A A,, B B, i C,C, nepeTuHaIOTHCA
B ONHIH TOUILi.

24.71." Bicexktpucu KyTiB A, B i C tpukyranka ABC nepeTuHamOTh
onycaHe KOJIO IILOTO TPHUKYTHHKA B TOYKaX A], B] i 01 BIATIOBIAHO.
HMoruuni g0 xonaa B Toukax A, B, i C, nepeTuHaoTLesl B Toukax A,,
B, i C, (puc. 24.33). Hosenirs, o npami AA,, BB,, CC, nepetuHa-
IOTHCA B OAHINA TOYIL. :

Puc. 24.33

24.72." Koso, Briucase B TPUKYTHUK ABC, 1OTHKAETHLCHA /IO CTOPIH
AB, BC i CA B Toukax C,, A i B Bignosigno. IIpawmi, axi micrars
BucOTH TpUKyTHuUKa A B C,, nposeneni no cropin A B, BC i CA,
IlepeTHHAIOTHL aHe Koo B Toukax C,, A, i B, signmosigno. Moseaits,
uio npami AA,, BB, i1 CC, nepeTuHalOTbCA B OJHIN TOYL.

24.73." PoarnsaseMo MHOKUHY PiBHOOEIPEHMUX TPUKYTHUKIB 3 piBHU-
MH pajliycaMHi BIIMCAHUX KiJI, OCHOBM AKHX JI€XKaTh Ha HaHIi npamiii,
OJHA 3 BePIINH — y gaHii Tourni A niel npamol. Iloeenirs, 1o yei npsa-
Mi, AKi MiCTATE 6iUHI CTOPOHH LUMX TPUKYTHUKIB, KOTPl HEe NPOXOUATE

as

Hqepe3 BePUIMHY A, JOTHRKAIOTHBCHA 0 OJHOI'O M TO'Oo camMoro KoJia.
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ﬁ} A § 6. lNepeTBoOpeHHsa diryp

KOJIN 3POBJIEHO YPOKW

IuBepcin
Sik mpaBHIO, MM PO3TNAJAJH TaKi nepeTBopeHHA (iryp, Akl abe-
piranm npamMoiaiHifiHicTE, TOGTO MaJaK BJIACTHBOCTI, PO AKi aeThcsa
B TeopeMmax 20.1 1 24.2.
Y uepoMy OYHKTI MM PO3rJasiHeMO OepeTBopeHHa diryp, AxKe

Has3MBalTh iHBepciel (Big JaTHHCLKOTO inversio — mOeperop-
TaHHs, obepHenHus). Ile nmeperBopeHHs He 36epirae NMpAMOJiHiHA-
HIiCTB.

Hexait gano koo pagiyca R 3 nearpom O. Posrasinemo dirypy F,
AKOK € BCA NJIOLWHA, 3a BUHATKOM ToukKu O. Koxkuiin Touui X ¢i-
rypu F nmocraBuMo y BiANOBiZHICTE TaKy TOYKY X, npomensa OX, mo

OX, -0X = R

Taxke neperBopeHHs (irypu F HasuBawThH iHBEpPCi€w BiTHOCHO

rona 3 neHrpoMm O. Touxky O Ha3MBaIOThH LEHTPOM iHBepcCil (1le eguHA
TOYKA, V¥ AKiH mepeTBOopeHHsA <«iHBepcia» He

X BH3Ha4YeHo). JlaHe KOJIO HA3WBAIOTH KOJIOM
iuBepcii, uyncano R — paagiycom iHBepcil
O
(puc. 24.34).

Iasepcio 3 mearpom O paxgiyca R mosHa-
Puc. 24.34 YaoTh TaK: [
BesnocepeiHbo 3 03HAYEHHSA BAILIUBAIOTH
TaKi TPH BJIACTHBOCTIL iHBepcii:

Bnacrusiers 1. O6pasamu movor, axi nexcamv ecepeduni kona
ingepcii (He 6KAINHAIOYU UeHIMD KOAA ), € MOYKU, AKI JeHamb nosa
KOJLOM, | HABNAKU.

Baacrusicts 2. Jrwo X — doginbna mouka kona ineepcii, mo
I (X)=X, mob6mo eci mouku rxoaa ineepcii € HePYXOMUMU MO~
Kamu yb0z0 nepemeopeH s,

1Ii aBi BracTHBOCTI MO3BOJIAIOTHL PO3IJALATH iIHBepcCil AK Iepe-
TBOPEHHs, AKe HiOM «BUBepTae» KpPyr «Ha30BHi» 1 Hasmaxku. [lpu-
yomy Komu TouKy X obumpaTru Bce OaHMIKUe 1 OaMIKUe OO0 IleHTpa
igBepcii, To Ii 0o6pas posmiiyBaTUMeThBCHA Bce gaJi 1 gaJl Bin ueHTpa
imBepcii.

Baaerunicrs 3. Ingepcis € o6opomnum nepemeopenmnan. ITepemeo-
pPeHHAM, O0epHeHuM 00 iHaepcil I(f, € UA cama iHeepcis 1=,
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Konu 3pobneHo ypoku

ImBepcio TakKoOM»X HaB3UMBAIOTH CHMMeTpi€l BimHOocHO Koaa. Ile
1I0B’A3aHO 3 TUM, [II0 HaBeleHi BaacTHBoCcTi 1—3 cxoi Ha BJacTHBOCTI
OChLOBOI cHMeTpil.

Poarnsaremo 1mie Kisgbxa BIacTHBOCTEH iHBepcii.

Baacrueictes 4. O6pasom npamol, axa npoxodumbe uepe3 yeHmp
iHgepcil, € ya cama npama’.

Banacrueicte 5. O6paszom npamol, aKa He npoxodums yepes3 YeHmp
inBepcii, € KON0, Ake nPoxodums wepe3 yenmp ineepcii?.

Hosedenns. Hexalli npaMa a He NPOXOAHTEL Uepes LEHTP iHBepcil
(puc. 24.36). Onyctumo 3 ueHTtpa iHBepcil nepnenguxynaap OM Ha
npaAMy a.

Hexait IS (M)=M,, To6To0 OM  -OM = R:. Ha Binpisky. OM, sk
Ha giamerpi nobyayemo koso. Ilokarxkemo, 1110 00pas3 6yab-AK01 TOYKH
npAMoOl @ JIeMHUTH HAa IBOMY KOJIi.

Hexai#t X — pmoBinbHa TOYKA IIps-
Mol a, BigmiuHa Big Touku M. Ko
X, =15 (X), To OX,-OX = R®. Ma-
emo: OM -OM = OX, -0OX.

Orxe, A OX M, © A OMX
3a OPYromo O3HaAKOK noxibmocri EUJ"’ "
TPUKYTHHUKIB. 3Bigcn £ OX M, = Heren
= ZOMX = 90° lle osuauae, 110 Puc. 24.36
TOUKA X1 JeXXHTh Ha KOJi 3 mia-
merpom OM . _

Hecknanuo nmokasatu (3pobiTh 11e caMOCTiHHO), III0 KOXKHA TOYKAa
kosa (kpiM Toukm O) € 06pa3oM HeAKOI TOUKH mpamoi a. M

Baacrusicts 6. OOpasom rxoaa, axe npoxodumbs ueped yeHmp
ingepcii, € npama, Axa He npoxodums wepe3 yernmp inagepcit.

HoBexniTek 1130 BJIACTHBICTE CAMOCTIHHO.

Baaerusicrs 7. O6pasom rosra, axe He npoxodume uepe3 Yenmp
iHgepcil, € KOO0, Ake He npoxodumoe uepes yeHmp iHeepcii.

! Tyr nig npAMOX0 MU PO3YyMiEMO NpAMY 3 BUKOJIOTOIO TOUKOI (LeHTp iHBepcii).
2 Tyt mijg KOJIOM MM PO3YMIEMO KOJIO 3 BHKOJIOTOK TOUKOIO (LeHTpP inBepcii).
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§ 6. MNepeTBOpeHHA iryp

Hoeedenns. IlpoBememo dyepes Touky (O — I1eHTD iHBepcil — nps-
My AB, sxka micTuTh miamerp AB panoro kosa (puc. 24.37). Hexan
I,f (A)=A4,, Ig (B)=B,. Bubepemo Ha JaHOMY KOJIi OOBLIBHY TOY-
Ky X, BigMiHHY Big Touok A i B. Tonl £ AXB = 90°.

Puc. 24.37

Hexan Ig (X)=X,. Maemo: OA,-OA = OB,-OB = OX | -OX = R%.
3sigcu BunumBae, mo A OXA © A OA X, A OXB > A OB X,.
Toni £ OXA = £ 0AX,, £LOXB = £ 0B, X,. Maemo:
LAXB =L 0BX —£L0AX =L 0XB — £ 0XA=90° Orxe,
Touka X, HaJeNHUTh KoJy 3 aiamerpom A B . Orpumasu, nio oopas
OvVaAB-AKOI TOUKHM HAHOIO KOJa HAJEeXHUThb KOJYy 3 JiaMeTpoMm AIBI'
HeckmaaHo nmokaszaTtu (3podiTh 1Ie caMOCTiHHO), 1[0 KOXXHA TOUYKA
KOJia 3 gJlaMeTpoMm AIB1 e obpasom JesAKol TOUYKH JaHOI'o KoJia.
3a3HAUYUMO, II0 MH POSIIIAHYJIM BHIIAJOK, KOJH IeHTP iHBepcil
JeKUTH [103a JaHMM KOoJIOM. IHIIMH BUIIAJOK PO3TJIAHBTE CAMO-
criiino. A .
Baacrusicres 8. Hrxwo I(f (A)=A4, Ig(B)=Bl, mo
_AB-R*
T 04-0B
JoBemiTs (0 BJACTHBICTE CAMOCTIHHO.

A B,

| g

Busuarouu martepias soro naparpada, BU IepeKOHaNHCH, IO 3aCTO-
GYBaHHSA PyXYy 1 romoreTii € edheKTHBHMM 3acoboM [iisi po3B’A3YBaHHA
1iz10l HU3KH 3ajad. IHBepcia po3muploe Koo 3anad, AKL MOMXHa pos-
B’A3aTH 3a JOIIOMOI0I0 HepeTBOPeHb (hirypH.

Hanpuxkman, iHBepcisa MO3BOJSE 3a AOIOMOIOI CaMOI'o JIAIIe
MUPKYJIA 3HAWUTH cepeluHy maHoro Biapiska. Takox 3a AOIOMOTOIO
impepcil MOYKHA pPO3B’A3aTH OAHY i3 CKJIAZHMX 3a7aY CTAPOJAaBHIX
yacie — sagauy AnosnoHia: nmobyayBaTH 3a JONOMOTOIO IHMPKYJIS
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Konw 3pobneHo ypoku

i JiHIAKHY KOJI0, AKEe AOTHKAETHhCH A0 TPHOX AaHUX Kimn. Poss’asartu
i 3a1aui B MOIKeTe Ha BAHATTAX MATEMATHYHOI'O I'VPTKA.

Bu 3Haere, 1110 3aCTOCYBAHHA METOAY KOOPAWHAT IIOUYHNHAETLCA 3 BH-
0opy cHUCTEMH KOOPAWHAT. AHANOTIUHO IepIIuil KPOK YV po3B’ A3yBaHHI -
3ajad4 3a JOIIOMOTI'0OI0 iHBepcil — ne Burimumii Bubip HeHTpPY iHBepcii.
Hanpukmnan, AKIIO ABa KoJia JOTHKAIOTLCSA, TO, OOpPaBIIM 3a IIEHTD
iHBepcil TOYKY JOTHKY, MH OTPHMAaeMo, 1110 00pasoM JaHUX Kia € aBil
nmapaJjejabHi npsaMi.

¥ rabnuni HaBemeHO OpHEKJagu (hiryp i 1Xx odpasiB npu iHBepcil
3 neHTpoM y Touili O (0o6pa3 noKasaHO CXeMAaTHYHO, TOYKa Al — o0bpas
TOUKH A).

dirypa O6pas dirypu

>
O
OQD | 0

(@) O/
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§ 6. epeTeopeHHsa diryp

dDirypa O6pas dirypu
AJ
o 10

ITorkasxemo, AK 3a AOIIOMOroI0 iHBepcil noBecTu Bimomy BaMm Teope-
my Ilronemesn': y snucanomy vomupuxkymuuky 0obymokx diazonanreil
dopieHioe cymi QoBYmMKi8 NPOMUNLEHCHUX CIMOPIH.

Ha pucyury 24.38 zob6paykeHo 4OoTHPHKYTHHK ABCD, HaBKOJIO
AKOro OIIMCAHO KOJIO,

ITpuiimemMo Touky A 3a HeHTP iHBepcil, a paaiyc iuBepcii B obepemo
noBineHo. Toni obpazom ommcaHoOro KoJja € gedaxa npaua l.

Hexait IS (D)=D,, I} (B)=B,,

A
I g (C)=C,.
Ockinexkm Tourku B, C i D ne-
2KaTh Ha ONHCAHOMY KOJIi, TO IxX 06-
pasu, Touku B, C, i D,, nexxaTh Ha
obpasi nroro KoJjla — nDpaAMii [. C
3a BiracTugricTio 8 MOXXHA 3amu-
: DB-R?
catu DB =—, :
AD-AB D, C B,
DC-R? CB-R*?
DC s——— CB=———-, Puc. 24.38
AD- AC AC-AB

ne R — paxiyc iHBepcii.
DB-R® DC-R® N CB-R®

Maemo: D B, = D.C, + C B,. Toni = .
AD-AB AD-AC AC-AB

3Bigcun DB-AC = DC-AB + CB-AD.

! 3 igmumM cnocoboM NoBefeHHs 1liel TeopeMu BM O3HalloMunuchk y 8 Kiaci,
auB. «I'eomerpia-8» . 18, c. 121.
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MOYATKOBI BIAJOMOCTI """*
3l CTERPEQME TP

25. Mpsami 1 NNOWKMHK Y NPOCTOPI

Bu zaBepmuau BUBUEHHS KypcCy HnjaHimerpil — pospginy reo-
MeTpii, AKUH BUBYAE BJACTHUBOCTI (hiryp, po3mimmeHHUX B OAHIHA MJI0-
miuHi. IIpoTe 6iABIIICTE OTOUVIOUHUX Hac O6’EKTIB He € MIOCKUMH.
Pospin reomerpii, AKuU# BHBUYaAEe BIACTHBOCTI ¢iryp y mpocropi,
Ha3WBalOTh CTepeoMeTpier («cTrepeoc» y IepeKaafi 3 rpenbKoi —
«IIPOCTOPOBHM » ).

Kype crepeomeTtpii Bu BuBuaTumere B 10—12 xinacax. 3apas BH 03HA-
HoMHUTECH 3 MOYATKOBUMM BiIOMOCTAMM I[EOT0 POBJLIY reomMerpii.

VY crepeomerpil mopAn 3 TOYKAMH 1 NPAMHUMH PO3IIALAIOTH ILIO-
IIMHK. Y ABJIEHHA NP0 MJIOIIHHY NAaIOThH IOBEPXHA CTONa, (pyTOOIBHE
noJie, NOBePXHA BOooiiMu B Oe3BiTpAHY morony.

3poaymiso, 110 BCIO ILIOUIHHY, AK 1 IpAMY, 300pasyuT HEMOMKJIH-
Bo. Ha pucyHKax 300paKylOTh TiJIbKHM YACTUHY IJIOLIMHM, Haldac-
Tinre y Burasani mapanaesiorpama (puc. 25.1). Ak npaBuio, NIOIITHHA
IO3HAYAKOTHE OyKBAMU rpenbkoro ajadgdasiry:

o, By Y, .- -

Bu 3HaeTe, 110 IpsAMa OJHO3HAYHO 3aqa€ThCHA

OyIb-AKMMM JABOMAa cBOIMHM TOoukKamu. Hactynsi

TBEP/)KEeHHSA BKa3yoTh, K OMHO3HAYHO 3alaTH Puc. 25.1
IIJOIIIHUHY:
yepe3 TPH TOYKH, AKI He yepea ABi npaAwmi, 1mo
JeKaTh Ha ONHIA npamiii, IepPeTUHAITHCH, MOMHA
MOM{HA MPOBECTH IJIOUIHUHY IIPOBECTH IIOUINHY i JO TOTO 3K
1 10 TOrO 3 TiIBKHU OAHY TiTBKKM OLHY

[/
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§ 7. MNo4aTkoBi BILOMOCTI 31 CTepeomeTpil

|
yepes ABl nmapanaenbHi npsami yepes [IPAMY 1 TOUKY, AKAa 14
MOXKHA [POBECTH MNJIACIIIUHY HE HAJIEKHUTH, MOYHa IIPOBECTH
i 1o TOrO K TINBKW ONHY MJIOLIMHY 1 J0 TOrO 7K TIJIBKH OIHY

Te, 1110 yepes TPH TOUKH, sAKI He JeyKaTh Ha OAHIN IpAMiil, MOXHA
IIPOBECTH ILJIOLIHHY 1 Z0 TOro K TiIBKKM OAHY, JO3BOJIAE MO3HAYATH
IJIOIMHY OYAb-AKMMHK TPhOMA 11 TOUKAMU, AKI He JerKaTh HA OJHIHA
npamii. Tak, Ha pucyHKy 25.2 306parkeno nuomuny ABC.

Ha pucynary 25.3 300paskeHo NpAMY @, 1Ka MepeTHHAE TIJIOINIHHY O
B TOYIi A.

Axpro npsMa ¢ i NIOIMIMHA (0 HE MAalOTh CIIALHUX TOYOK, TO IX
HA3WBAKOTL nmapajeabHumu (puc. 25.4). ITumyTe: a || o.

\¢
W/
// 5 . '7/ ",\ / / /

Puc. 25.2 Puc. 25.3 Puc. 25.4

IIpama a Moske HaJexkaTu IJIOHIHHI ¢ (pue. 25.5), npuyomy cupa-
BeJITHBUM € TaKe TBEPJIKEHHHA: AKWO 08I MOYKU NPAMOL HAJLeHANb
NJAOULUHE, MO 8CA NPAMA HAACH UMb WL NAOULUHE.

Ha pucyary 25.6 300paxeHo npamMy a, ssKa NepeTHHAE IJIOIM-
HY ¢ B Toulli A Tak, 10 BOHA HEePHEeHIUKYIIAPHA OVAbL-AKINH npamiii,
AKA HAJEXHUTh IJIOIMMHI i TpoxXoauTs deped TouKy A. 'oBopATh, 110
OpsAMa ¢ NepneHAMKYIsAPHA [0 ILUIONHHHT O, 1 3aIIMCYIOTE 4 L .

a
/ B_4 A
A// [#]
(93
Puec. 25.5 Pue. 25.6 Puc. 25.7
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25. Mpsami 1 NNoWmWHKM Y NpocTopi

VABIEHHSA IIPO NPAMY, HEPHNeHIANKYIAPHY A0 TJIONIMHN, A€ Bep-
THUKAJIEHO BCTAHOBJIeHA 1orja (puc. 25.7).

Hexait npsMa a, AKa NePIeHIUKYIAPHA 10 TJIOM[UHW ¢, Iepe-
TuHae i1 B Touli A. Obepemo Ha npaMii a roury B (puc. 25.8). Bin-
pisok BA Ha3MBaKOTh HEePHEeHIMKYJIAPOM, OIYIIEeHMM 3 TO4YKH B Ha
IIJIOLIHHY L.

SIKIO TLIOMIHMHE ¢ i [} He MAaTh CHIABHUX TOYOK, TO 1X HA3UBAIOThH
napajeasaumu (puc. 25.9). IMumyts: o | B.

B4

A

Ha pucyHky 25.10 nnomusau o i B nmeperunapoTbhes. [X neperusom
€ nNpAamMa a.

A ; /
/

Puc. 25.8 Puc. 25.9

3 rypcey niaaHimerpil BU 3HaeTe, 1110 ABi mpaAMi Ha noiuHI nepe-

TUHAaIThCA abo mapajyenabHi. ¥ IpoCcTOpl MOMKJIMBHUIKI 1 TpeTiii BUIIaA0K
poaMmimieHHA ABOX npamMmux. Ha pucyHky-25.11 zo0paxkeHo npami a

ib, AKi He NMepeTUHAIOTHCHA 1 He JeMxaThb B oqHiil miaommei. Taki npsami
Ha3MUBAIOTh MHMOOIMKHMMM.

Pue. 25.11

T’ BMPAB/

25.1." CkinpK¥ NJIOLIMH MOKHA IIPOBECTH depes ABL TOUKMH:
1) oany; 2) mBi; 3) Gezuiu; 4) onuoi?
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"' H § 7. Mo4aTkoBI BIAOMOCTI 3i cTepeomeTpii

25.2.° CKiTbKH IIJIOIIKMH MOKHA TIPOBECTH Yepesd TPH TOYKM:

1) oanuy; 3) oauy abo Gesniu;

2) 6esyiu; 4) ogay abo KOxHOI?

25.3." CKiIbKHY TUIONIMH MOKHA MPOBECTH Yepes ABI mpsimi:

1) onuy; 3) ogHy abo »KOIMHOT;

2) besJriu; 4) oguy abo 6eazjiu?

25.4." CKIJIbKY ILJOLIMH MOKHA [IPOBECTH Yepes OHHY HPAMY:

1) oguy; . 3) KOIHOI;

2) Beamiu; 4) 6eszJriu abo KOoHHOI?

25.5." Yepes Tpu TOUYKU ITpOBeAeHO ABi nuommuu. Ax posminieni
11l TOuKu?

25.6." Touka A He HaNERUTH MIOMIUHI (. CKiTbKM icHye TpAMUX,
AKiI IpOXOAATE uepesd TOUKY A 1 mapanensHi mrommuHi o:

1) oxHa; 2) nBi; 3) beasuiu; 4) xonHO1?

25.7." Uu € NpaBUJILHUM TBEPIYKEeHHS:

1) aAxmo npAMa a HeplIeHIUuKYJIsApHA A0 OpAMOol b, AKa JeXHThb

v IJIOLIHHI o, To @ L o;
2) ARINO MpAMAa a He MepPHeHAUKYIAPHAa 0 ILIOIIUHKY O, TO BOHA
He INepHneHAUKYJISAPpHAa J0 KOJNHOI NpaAmMol 1lieil naoiuHu?

25.8." 3 TouKH A ONYINEHO MepHeHAUKYIAp AB Ha TIOUIHHY O,
Touka C HAJEXKUTH TIJOIUHI . SHAHIITH:

1) AB, axuio AC = 13 cm, BC = 5 cm;

2) AC, aximo AB = 4+/3 cm, £ ACB = 60°.

25.9." 3 Toukun M onymieHo nepuneHAuKyasap MK Ha muouuuy 3,
Toyka P HamexxuTh naolnuHi . 3HaAIIiTH:

1) MP, axuio MK = 8 cm, KP = 6 cm;

2) MK, axmo MP = 10 cm, £ MPK = 45°.

25.10. Yy MOXYyTh ABi IJOHIMHM MATH TIiMBKH OIHY CIINBHY
TOYKY?

25.11." Yp MOKYTh TPH ILJIOHIMHHM MATH TiIbKH OJHY CIHiJIBHY
Touky? Bianmosige npoinrpocrpyiiTe, HABIBIIN NPHKJIAL 3 OTOUYIOUOIO
cepeoBHIIA.

25.12.° Ilpama a i rurommuHEAa o napaieabHi. CKIIbKH ILIOIIHH, AKi
napaJjejbHi NJOMIMHI ¢/, MOYXHa IPOBECTH 4Yepe3 NIPAMY d:

1) opnuy; 2) nBi; 3) Oesuriu; 4) xopHo1?

25.13." TIpamMa nmepeTUHAae OIHY 3 JBOX MapaJjelbHUX IJIOIHH. ke
B3aEMHe poa3MilleHHA maHol npAmol i Apyrol 3 nJyommH?

25.14." Bigomo, H[0 IpAMAa @ IapajeJbHa KOMHIN 3 mromuH o i 3.
Axum moke 6yTu BzacMHe pOs3MilUeHHs IOMKH o i 37?7

226



25. Mpami v NNCLWKHKW y NpocTopi

25.15." Touxa A JeXHUTH 1103a I1JIOIIH-
HOWO o, Touxku B, C i D Hanemxarh II1J0-
muHi o (puc. 25.12). VYraxiTs Jai”iro
nepetuny: 1) mmomun ABC i ACD; 2) no-
muH o i ABC.

25.16." Touka A JIe;KUTH 11034 [LJIOLIH-
HOK ¢, Touxku B, C 1 D Hanemxarsb ILIO- /
rmuEi o (puce. 25.12). YrKaxiTs JgiHio
nepetuny: 1) nmuouius ACD i ABD; 2) ruio-
mue o i ACD.

25.17." Ha pucynky 25.13 ykaxiTe 300pakenHs: 1) npavux,
AKI mepeTHMHAIOTHCHA; 2) mapasleJIbHUX NPAMUX; 3) MUMOBIKHHX
IPAMUX .

AV 5/\/ S

a) G) &)
Puc 25.13

Puc 25.12

25.18.° TIpama a neperuHae cropony AC tpukyrHuka ABC. fike
B3aEMHE PO3MINIeHHA NpAMHX a i AB, AKINO NpAMAa d HEe JeXHUTh
y mromuni ABC?
25.19." IIpssma m napaJjienbpHa croponi DE rpukytauka DEF. fke
B3aEMHE PO3MIIIEeHHA npAMUx m 1 EF, AKIIO nIpAMa 7 He JIeKHUTh
y noniuHi DEF?
25.20." YUy € npaBUJILHUM TBEDPIKEeHHSA:
1) SAKINO pAMAa a rapajiesbHA IPAMiN b, AKA JEKUTEL Y NJIOMIWHI
L, TO OPAMA @ IIapajieJibHA IIJIONIUHI ]

2) AKIIO npsAMa @ He napajejibHa OpAMIiNH b, AKa JeXKUTL Y ILIO-
LUIUHI ¢, TO IpsAMAa a He IapajejbHa IIJOLINHI o]

3) AKIIO NpAMa @ MepeTHHAaE ILIOIUHY [3, a nmpaMa b Halle:KHUTh
mirowrHEi 3, To npsaMa a neperuHae npamy b;

4) aAxkmo aei npaAmMi He MAalOThL CHINBHMX TOYOK, TO BOHHM Iapa-
JIeJIbHi;

5) AKIIO IpAMAa [MepeTHHAE OJAHY 3 ABOX NapajieIbHUX NPAMHX,
TO BOHA IIepPEeTHHAE ¥ APYry OpPAMY;
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§ 7. [No4aTkoBi BiAOMOCTI 31 CTepeoMeTpil

6) sKIIO NpsAMa napaJsesibHa MJOIIMHI, TO BOHA IapaJjejbHa 6yib-
AKIA NpaAMIA Miel IIIOIMIHMHK;

7) AKINO [Bi MJIOIMHM MapajeibHi oqHii i Ti#A camiit npamii, To
i NJIOLIIUHK NapajiebHi;

8) Axumio npaMi @ 1 b He mepeTHHATHCH, TO BOHH He JIeHaThb
B O/IHIN mormquui?

25.21." Touxku A, B, C i D He nexarTh B OAHi# nuommHi. Ake
B3aEMHE DO3MIiIHMeHHA upamux AB i CD?

25.22. Toura K JeXUTh I103a MJIOI{UHOK TpukyTHuka DEF. fIke
B3aceMHe poaMiuleHHA nupamux DK i EF?

25.28." 3 ToOyKN A ONVIIEHO NeprIeHAUKYIAD AB Ha IJIOLIHHY O,
rouku C i D mameskaTs miommuui o, AD=103 cm, £ ADB = 60°,
Z ACB = 45°. 3uaiaiTe noskuHy Bigpiska AC.

25.24.° 3 Touku B ONnyueHO NepHeHIHUKyJAp BM Ha nJIomniu-
ay 3, rouku A i C wanemarns muomuui B, BC = 17 em, MC = 8 c¢m,
Z BAM = 30°. BuaiigiTe mosmxuny Bigpizxa AM.

25.25." 3 Touxu A onymieHo NepHeHIUKYIAp AD Ha IJOLIH-
HY O, Touku B i C manemxars niomuui o, AB = 25 cm, AC = 17 cm,
BD : DC=5: 2. 3HaigiTe JOBXHUHY NIepHeHAUKyaApa AD.

25.26.° 3 Touxu B onylleHo nepleHiukynap BO Ha NIomiH-
HY ¥, Toduku A i C HasgesxkaTs naomuHi v, AB = 12 ¢cm, BC = 30 cmM,
AO : OC = 10 : 17. Buaigits qoBKUHY Bigpiska AO.

25.27." 3 TouKu A onyiieHo HmepHneHAMKynap AD Ha nmormu-
HY O, Toukrm B i C Hame)aTh IJIOLIMHI ¢f. 3HAHIITL BiZcTaHb MixK
roukamMu B i C, saxmo AD = 6 cm, ~ ABD = 45°, ~ ACD = 60°,
Z BDC = 150°.

25.28.7 3 rouku M onyineHo nepuneHAuKyasap M B na nnomunny 3,
Touku A i C ganexaTth naomuHi [3, MC =443 em, £ MCB = 30°,
Z MAB = 45°, ~ ABC = 135°. 3uaiigites Bizcrans Mmizxk Toyxamu
AiC.

26. Npsama npusma. Mipamipa

¥ crepeomeTpii, KpiM TOYOK, HPAMHX 1 IJIOLIMH, PO3rIALAIOTH
reomerpuuHi Tina. IIpukaagamu Tin € mHOrorpansuiu (puc. 26.1).
HOBBPXHH MHOT'O'pPaHHHKAa CHKJajaeTkCA 3 MHOI‘OKYTHHI{IB .{X HAa-
3HMBAIOTh IPAHAMM MHOTOrpaHHMKa. CTOPOHM MHOIOKYTHHKIB Ha-
3HUBAIOTh pedpaMu MHOrNOrpaHHMKAa, a BEePINHMHHM — BepIIMHAMH
MHOIOrpaHHHEA.
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26. Mpama npuama. Mipamina

Puc. 26.1

Y 5 myaci BM 0O3HAHOMMJIHCA 3 ONHMM 13 BUAIB MHOTOIDAHHM-
Ka — NPSIMOKYTHUM IapaJiejerninegom i #fioro okpeMMM BHIOM —
kyoom. Ha pucyHky 26.2 306parkeHO NPAMOKYTHUH NapaJjeJserrines,
ABCDA B C D,.

ITpsaMokyTHHN llapaJjieliellilie]] € OKPeMHM BHIOM NPH3MM.

MuOrorpaHHUK, 300parkeHuil Ha PUCYHKY 26.3, € meCcTHKYTHOIO
npusmoro. [IBi ioro rpani ABCDEF i A B/C D E F, — pisHi wiectu-
KYTHHKH, AKI JIexxaTh Y IllapaJieJIbHHX ILJOoIINHHAax. IxXx HasuBawOTHL
ocaosamu npuamvu. Perrra micts rpaHeit — ue mapasesorpamMu. Ix
HA3WBAIOTH OIYHMUMM IPAHAMMY IPU3MH.

Puc. 26.2 Puc. 26.3

Pebpa npusmu, AKi HajeXaTk OCHOBaAM, HA3HMBAIOTH pedSpaMu OCHOB
npu3Mu, a peuTty pebep — OiuHMMH pedpamM¥ Npu3MH. Yci 6iumi
pebGpa NpU3MM TIapajiellbHi i piBHI.

AHANIOTIYHO MOJKHA 'OBOPHUTH IIPO N-KYTHY IIPH3MY.
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E HAxino 6iuyni pebpa NIpU3MH NepIeHIUKYIAPHL

1
A : D, MO TIJIOUM[HHI OCHOBH, TO NMPHU3MY Ha3UBAKOTh
B, 1C, npsamoro. Ha pucyHky 26.4 300pakeHO NpAMY

nI’ATHKYTHY npusmy. BiuHi rpadi npsamoi mpmus-
MU € IPAMOKYTHHKAMH.

]
1
!
1
1
]

L

IlpaMOKYTHHH mapanejyeninmen — Ile OKpe-
Ak N i ™ MU BUJ IPAMOL IPM3MU.
D ITnonza 6iunol moBepxHi NpUaMKU — Lie cyMa
B o oI yeix i1 6iuHmux rpaHe.
Puc 26.4

Teopema 26.1. INnowa 6iwnoi nosepxmi
npamoi npuzmu dopienroe dobymry nepumempa it ocHosu Ha Fo8-
scuny 6ivnozo pebpa.

Hosedennsa. Hexail a, a,, ..., a, — CTOPOHH OCHOBHM IIPAMOI

nupusmu, h — nopxuua OiuHoro pebpa, P — IepumMeTrp OCHOBH,

s —— DTOIIA Biynol mosepxHi. Ockinbky 6iuni rpani npaMoi npus-
MH — NPAMOKYTHHUKH, TO:

Sy =a@h+ah+...+ah=(a, +a,+...+a)rh=P_h. A
IInomia moBepxHi MpU3MH — lie cyMa NOJoll ycix 11 rpaHei.
IlozHayumBWIM NJIOMHIY OCHOBM S, MOMHA 3alMCATH OYEBUJHY

dopmMyny A8 3HAXOAMKEHHHA IJolli S NoBepXHi NpUsMMu:
S=3S8 + 280m .

Giumn 1
KorxHe reomerpuuHe TijIo Mae neBHui 06’em. 3a oguHUILIO 06’ eMy
npuiimawTs 06’em Kyba, pebpo sSKOro JOpPiBHIOE OAUHUIL JOBKHUHM.
06’em V npamoil npusmu obuucniwowomes 3a Gopmynoro

V= Socuh’

oe SucH — IJIOLa OCHOBH IIpM3MH, A — HOBKHHA OiuHOro petpa.

ITro dhopmyny Oynge moBegeHO B KYPCi
cTepeomeTpil.

Ha pucyuxy 26.5 306paskeHO MHOTO- <O
rPaHHUK, OJHA I'PaHb AKOIO — MHOTLOKYT-
HUK, 4 pelrrTa — TPHKYTHHUKH, SIK1 MalOTh
crinbHy BepiuuHy. Takuili MHOTOrpaHHUK
HAa3WBalOTh mipamigoro. Il cuinbHy Bep-

- Bepmuna

LIMHY Ha3HBalTh BEPUIMHOIO Iipamian. h’Qoq»
I'panb, sixka He MiCTUTH BEePIOHUHY IIipaMmigu, OchoRE Qe’,éo?’
Ha3WBAKTE OCHOBOIO IipaMiaM, pemTy rpa- &
Hell — OluHMMHM rpaHamMmu mipamigum. Puc 26.5
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26. Mpama npuama. Mipamiga

Pebpa, AKl HaJe)XaTh OCHOBI, Ha3UMBalTh pedpaMu OCHOBH
nipaminu, pemrty pebep — Oiunmmu pebpamu mipamimm.

Ha pucyuky 26.6 3o06pakeHo TpuKyTHY nipaminy SABC i woTupu-
KyTHY nipaminy SABCD.

S S

Puc 26.6

Ilnonra MOBepXHi mipamigu — le cyma IUIOLl ycix 11 rpaseii.

IeprnenAnKyaAap, OIYINEeHWH 3 BEPINMHH MipaMiiy Ha NJIOUIHHY
OCHOBM, Ha3MBAKOTh BHMcOTOl mipamiazu. Ha pucynrky 26.6 Bigpi-
30k SO — BucoTa nipamingu.

O6’em V nipamidu 0b61ucnioioms 3a Gopmynoro

ne Sm — ILJIOIIlA OCHOBM ITipamiau, I — MOBXKHMHA BMCOTH HOipamimu.

ILlf0 hopmyay Oyie HOBEIeHO B Kypci crepeomeTpil.

3B’s30K MiK OKpPEMMMM BHJaMH MHOIOIPAHHUKIB iIr0CcTpye cxema,
3o006parkeHa Ha PHCYHKY 26.7.

MH”I'OP})&HH HEKWM

IIpami npusmu

IIpsasMoKyTHi
napaJeJeninegun

Puc 26.7

231



26. Npama npusma. MNipamiga

2) BeplUMHY IipaMign;

3) 6iuni rpani nipamigu;
4) 6iuni pebpa mipamigy;
5) pebpa ocHOBM mipamimmu.

M

B B

Puc. 26.10 Pue. 26.11

26.5." 3uaiigiTh mronly nmosepxHi i 06’em Kyba 3 pebpom 3 cMm.

26.6.° BuaiigiTe nuronly 6iuHoi NoBepXHi, IJIOLLY NOBepXHi i 06’eM
npAMOKYyTHOro napaJjeseninega ABCDA B ,C, D, (puc. 26.8), AKkiio
AB = 3 cm, BC = 2 cm, AA, = 5 cMm.

26.7.° BuaiiaiTe nsomy 6iuHOI MOBEpXHi, IJIOLLY IOBEPXHI i 06°em
OpAMOI TPHUKYTHOI IIPU3MH, OCHOBOIO AKOI € IPABUJIBHUN TPUKYTHUK
3i croponowo 6 cm, a 6iune pebpo gopiBHIOE 4 CcM.

26.8. 3maitgiTe nuomy 6iuHOI HOBepXHi, MJIOIY HOBEPXHI i 06’eM
nIpsAMol YOTHPHKYTHOL IPU3MH, OCHOBOK AKOI € KBaJparT 3i CTOPOHOIO
7 cM, a Oiude peOpo popiBae 6 cm.

26.9." 3uaiigiTe naonly 6iuHOI MOBepXHi, MJIONIY NOBEPXHi i 06’em
NpAMOI IPU3MH, 300paskeHol Ha pUCYHKY 26.12 (noBKHHHU BifpisKiB
AaHO B CAaHTHMETpax).

26.10. 3uaitgiTe nuony 6iuHoi OBEPXHi, IJIOLY IOBEPXHi i 06’eM
npamMol MpuamMu, 3od0paskeHol Ha pucyHKY 26.13 (I0BXHHHU BiIpi3KiB
JaHO B CAHTHUMeETPAax).

| 12
. 60°
10 :
- . 6
9 6.A500
-4 30°
13 14 8
a) 6)
Puc. 26.12 Puec. 26.13
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26.11." Yci rpani TpukyTHOI mipamMizm — npaBUIBHI TPHKYTHUKH
31 cTOpoHO a. 3HAUAITEL IJIOITY MOBEepPXHI mipaminu.

26.12. Ocuosa mipaminu € kBagpaTom 3i cTOpoHOIO 6 cM, a KOXKHA
O0iuHA rpaHk — NPABMJILHUM TPUKYTHUKOM. 3HAHAITE miuomnly 6iunol
MMOBEPXHi 1 mjaonly noBepxHi nipamigu.

26.13." O6uucrite 06’em mipamigu MABC (puc. 26.14), ocHora
AKOol — TpUKYTHUK ABC, BC = 4,8 cm, AK — BHCOTA TPUKYTHUKA
ABC, AK = 3,5 cm, MO — Bucora mipamigu, MO = 4,5 cwm.

26.14." O6yucairs 06’em nipamign MABCD (puc. 26.15), ocHoBa
Arol — xBagpar ABCD 3i croponoio 6 cm, ME — Bucora mipaMminu,
ME = 17,2 eMm.

M

B

Pue. 26.14 Puc. 26.15

26.15. O6uucaits 06’em nipamigu AMNKP (puc. 26.16), ochosa
AKOl — npaMokyTHuk MNKP, MN = 1,2 cm, NK = 2,6 cm, AD —
BHCOTa mipamigu, AD = 2,5 cm.

26.16." OcHoBa NIPAMOI IPUBMU — IIPS-
MOKYTHUN TPHUKYTHUK, OJUH 3 KaTeTiB
AKOro JopiBHioe 15 cmM, a rinmorenysa —
25 cm. 3HAWAITH NJOLY NOBEPXHI
i o6’em mpusmu, aAKlo i1 OiyHe pebpo
mopiBHIOE 9 cM.

26.17." OcHOBOI0 NpAMOI NpPU3MU
€ piBHOOiuHA Tpanelis 3 ocHOBaMu 4 cM

i 16 cm Ta miaroHasniaio 241 cwm. Bnait- Puc. 26.16

JiTe nuoimny 6iyHOI NOBepxXHi, NJI0MLY

IIOBepXHi Ta 06’eM mpusmu, ko 11 6iune pebpo nopisHOE 17 cM.
26.18. OcHoBa npsmMol nmpuaMu — piBHOGeApeHHIl TPUKYTHUK,

OCHOBA SIKOTO JOpiBHIOE 24 cM, a IpoBeleHa 10 Hel BUCOTA — 5 CM.

3uaiaiTe naomy O0ivyHol nmoBepxHi i 00’eM npuamu, Ak i1 OiuHe

pebpo popiBHIOE 7 CM.
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26. Npama npurama, MNipamina

26.19." 3naiixiTes nuouly noBepxHi i 06’em Kyba, AKIO AiarOHAIDL
Horo rpaHi gopiBHi€ d.

26.20." KnacHa kimHaTa Ma€e (GopMy IPAMOKYTHOTO IapaJjie-
Jeninena, BUMIpPpM AKOro AopiBHoOTL 8,5 M, 6 mMm i 3,6 m. Uu
MOKHA Vv Ui¥ KiMHaATiI posmicTuTu Ha ypok 30 yuHiIB, AKIOO BigImo-
BifHO 10 caHiTapHHX HOPM HAa OJAHOIO YYHA Mae npumnagarta 6 w?
noBiTpsa?

26.21." TlonepeuHui epepia waByHHOI Tpybu Mae opMy KBajpa-
Ta. 30BHIIIHA IIHpHHA TPyou gopiBaioe 30 cM, a TOBLUIMHA CTIHOK —
5 ¢cM. 3HAHIITL MACY MOTOHHOrO MeTpa TPpyOH, AKILIO I'YCTHHA YaBYHY
craHoBUTh 7,3+ 103 xr/mb.

26.22." TlonepeuHuil nepepis xanaBu mae popmy piBHOGIuHOI
rTpareitii, ocHoBu Akoi gopiBHwoTsL 1 M i 0,8 M, a Bucora — 0,6 m.
Ckinsxu nmorpibHo pobiTHUKIB, 11106 3a 4 rox BUKONATH TaKy KaHaBYy
3aBOOBMKKH 15 M, AKINO 3a roqMHY OofuH pobiTHuk Bukronye 0,75 md
rpyury?

26.23." Bignusok Mini sasnosxkku 50 em Mae hopmMy npsaMol Ipus-
MU, OCHOBOIO AKOI € piBHOBiUuHA Tpamernisa, mapajeslbHi CTOPOHH AKOI
JnopiBHIOIOTE 6 cM i 14 ¢Mm, a 6iuHa cropoHa — 8,5 cM. YcTaHOBiTH, UM
€ BcepequHl BilIMBKA IOPOMHMUHHN YM BiH € CYLIJABHHUM, AKIIO Maca
BigmuBKa jgopisHioe 32 kr, a rycruHa miai — 9,0-10% xr/m8.

26.24." 3gaiiaiTe muouly 6iunoi nosepxHi nipamigun SABC, aKuIio
SA=8SB=S8C=8cm, LASB =/ AS8C = £ CS8B = 45°,

26.25." 3raugite nuouly 6iunol nosepxHi nmipamigun SABCD, AKII0
SA=8B=8SC=8D=6cm, £LASB= £ BSC=4CSD = /£ ASD =
=30°.

26.26." OcHOBOIO mipaMiAn € NPAMOKYTHHI TPUKYTHHUK 3 KaTeTa-
Mu 6 cm 1 8 cm, Bucora nipamigu gopiBHioe 12 cMm. 3HaigiTe 00’eMm
nipaMign.

26.27." OcHOBOIO ITipaMign € poM0, cTOpoHa AKoro gopiexioe 10 cM,
a oxHa 3 giaroHasei — 16 cm. 3uakiaiTe 06’eMm mipamiam, AKIIO i1
BHCOTA AOpPiBHIOE 11 cMm.

26.28." OcuoBoo0O mipamMiagmM € TPUKYTHHK 31 cropomamu 17 cm,
17 cm i 16 cm. BHaigiTe 06’em mipamiam, Axuio i1 BrcoTa AOPiBHIOE
20 cm.

26.29.” 3HalgiTe 06’em npaAMOI NPU3MHU ABCA B,C,, axmo
AB=d, L ABA =, AB = AC, £ BAC = o.

26.30." 3HaiigiTe naomy 6iYHOi MOBEepPXHi i 06’€M NPAMOKYT-
Horo napasneneninena ABCDA B C D, axumo AC = m, £ CAD = «,
Z CAC, = B.
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26.31.7 Ocuosolo npamoi nmpuamu ABCDA B C D, € pom6, AB = a,
£ BAD = o, £ ACA, = B. 3naiaite nurony 6iynol moBepxHi i 06’em
IPU3MHA.

26.32.” BnaitaiTe 06’em TpukyTHOI nmipamiam, 6iuHi rpaHi sKOi —
piBHODeIpEeH] NPAMOKYTHI TPDUKYTHUKH 3 KATETOM d.

27. Unningp. KoHyc. Kyna

Y HOBCAKIEHHOMY MTTI MM 4acTO HATPAIJISIEMO Ha NpeIMeTH,
AK1 MaoTh (hopMy LMJIIHApPaA: KoHcepBHa Oanka (puc. 27.1), XoKelHa
wanba (puc. 27.2), kosonu oyxnisai (puc. 27.3), 6oura (puc. 27.4).

Puc. 27.1 Puc. 27.2 Puc. 27.3 Puc. 27.4

Huniaap moxHa yABUTH AK TLI0, YTBOPEHE B pe3yJbTari obepraH-
HA HpAMOKyTHUKA ABCD HaBKOJIO ofHiel 3 HOro cTOpiH, HATPHKJIAL,
croponu AB (puc. 27.5). IIpamy AB HasuBaOTh BiCcCI0 HMJIIHApA.

Croponn BC i AD, obepraio4yuch, yTBOPKIOTh PiBHI Kpyru, siki
Ha3MBaOTh ocHOBamu nuiaiaapa. IIpu obeprauni cropoun CD yrBO-
PHOETbLCH UMIIHAPUYHA MOBEPXHs, IKY HA3UBAIOTH 0i4HOI0 NMOBEPXHEFD
HuaiEgpa.

Hexait npu obepranHi NPAMOKYTHHKA Bigpisox
CD zaiuas nonoxenusa C D, (puc. 27.5). T'oBo-
pATH, o Bigpisok C D, — obpas Bigpiska CD.
Bcei obpasu Bigpizka CD Ha3zuBalOThL TBIPHMMH 114~
Jdiaapa. Yci TBipHI uuainapa pisHi # napaJeabHi.
Jlo Toro »x KOKHa TBipHaA NepPHeHAUKYIADPHA M0
IJIOIMHE OCHOB IIHJIIHIPA.

fAxmio GiuHYy HOBEDPXHIO LHUJILIHApPa pos3pisarn
110 OOHIN 3 HOro TBIPHMX, & IIOTIM PO3TOPHYTH II
Ha ILJIOLIMHI, TO OTPHUMAEMO NPAMOKYTHHK. OnHa
3 IOTO CTOPiH AJOPIBHIOE TBipHiH, a HOBXUHA OPYroil
CTOPOHH [OOPIBHIOE JOBXKHHI KOJia, siKe oOMerKye
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27. Umninap. Konyc. Kynsa

ocHOBY nuaiHzapa (puc. 27.6). OrpumaHui 21 R
NPAMOKYTHHK HA43UBAKTh PO3rOPTKOX 0Oiu- o
HOI NMOBepXHI IUIIHApPA.

ITnoma S_

Oiunol noBepxHi mumaingpa h

S = 2nRh, Puc. 27.6

Giun

ne R — papiyce ocHoBu nunisapa, A — HOBXKUHA HOro TBIpHOI.
ITnoma S nosepxui muainapa mopisHiOEe cymi rwronyg 6iunol 1ro-
BE€PXHI 1 1JIOI MO0 OCHOB:

ne S

oCH

Giun

L s=8,. +t28 , ]

— ILJIOIIlA OCHOBH IIMJiHApA.

0O6’em V nuningpa o6UHCITIOIIOTE 3a (HOPMYJIOH0

I_' V = nR%h,

e R — paxiyc ocHOBH OmuJiHApa, i — JHOBKUHA HOro TBipHOI.

-~

Konyc mMoyKHa yABUTU SK TilOo, YTBOpPEeHe B pe-
3yaeTaTi obepraHHA IPAMOKYTHOTO TPHKYTHUKAa ABC
HABKOJIO OJIHOT'O 3 HOro KaTeTiB, HAIIDUKJAIL KaTe-
Ta AC (puc. 27.7).

Karer BC, obepraiduuch, YTBOPIOE KPYr, SAKUH
HA3WBAlOThL OCHOBOI KoHYyca. IIpu obepraHHi rinore-
Hy3u AB yTBOPIOETHCA OiuHA NMOBEPXHA KOHYyCA.

Hexani npu obepraHHl TPHKYTHHKA rinoreHysa AB
salinsana nojsoxeHusa AB, (puc. 27.7). ToopsTs, 1110
AB, — ob6pas Biapiska AB. Yci obpasu Bigpiska AB

1
Ha3uBalOTh TBIPHMMHM KOHycCa. ¥cl TBipHI KoHyca

Puc. 27.7 piBHI.

IIpamy AC HasuBamTh Biccrw Kowyca, Biapisox AC — BHCOTOIO
KOHYyCca, TOUKY A — BepIIMHOKI KOHYyca. Bucora KoHyca HepreHH-
KYJIIpHA OO0 IJIOLIMHHM MOro OCHOBM. ] ]

. Axigo 61‘1}:1}‘( TMOBEPXHIO KOHYCA PO3- TS S
pisaTy 1o oAHiM 3 HOro TBipHHX, a IOTIM
PO3ropHYTH 11 HA NJIOLIMHI, TO OTPHUMAaEMO
cekTop. Pangive uporo ceKropa AOpiBHIOE JO-
BiKHHI [ TBIpHOI KOHYycCa, a JIOBXKUHA AYI'H,
AKa 00MerKye CeKTop, — JOBMKHHI KoJia, enit
AKe 00MerKye OcHOBY KoHyca (puc. 27.8). Puc. 27.8
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OTpuMaHUN CEKTOP HA3WBAKTH PO3rOPTKO 0iuHOI HOBEepPXHIi

KOHYyCAa.
IInoma 6iunol moBepxHi KoHyca S, AopiBHIOE miomli il pos-
TOPTKH:
Sﬁilﬂ! = an’
ne R — paniyc ocHOBU KOHyca, | — JOBMKHMHA HOro TBipHOI.

ITnoma S moBepxHi KOHYca nopiBHIOE cyMi ol 6iuHOl ToBepxXHi
1 mromii MOro OCHOBH:

S=8.+8

Giun ocu?®

ne S — IJIola OCHOBM KOHYyca.
06’em V KoHyCca 0BOYUCHIOIOTH 3a (POPMYIIOIO

v=Lxr®n,
3

ne R — paniyc oCcHOBH KoHyca, I — HOBMUHA HOr0 BHCOTH.

Yci ToukH IIpocTOopy, BiggaJsieHl Bij JaHOI TOYKKM HA 3aJaHy Bil-
craep R, yTBOpPI0OIOTHL irypy, fiKy HaszuBaoTsh cheporo (puc. 27.9).
Idany TouKy Has3uUBalOTh LeHTpoM cdepu, a yucio R — pagiycom
chepu. Byab-axuii BipisdoKk, AKHE 3’€aHye LeHTP chepu 3 TOYKOIO
chepu, TAKOXK HA3MBAIOTL pamiycom chepu. Ha pucyury 27.9 Tou-
rka O — uenrtp cohepu, R — paniye.

Tino, AKe € 4aCTUHOKI IIPOCTOPY, OOMexkeHo0 cdepoio, pazom ai
ctheporw, HasuBawTh KyJaew. Chepy, AKka oOMeKye KYyJ0, HA3MBAIOTh
nopepxuero Kyai. [lexaTp i pagiyve chepn HAZUBAIOTH TAKOMK IEHTPOM
i pagiycom Kyori.

Kyno MOxKHa YABHTH SK TiJIO, OTPUMAaHE B pe3yJjbTrari o0epTaHHsa
Kpyra HaBKOJIO OZHOro 2 xiamerpis (puc. 27.10).

e

Puc. 27.9 Puc. 27.10
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27. Unningp. Konyc. Kyns

Ilnomy S noBepxHi Kyui, TOGTO oy cgepH, obYHCIOIOTE 3a
hopMmy 01O

S = 4nR?,

ne R — papniye kyui.
06’em V KyJii 0BUHCHIOIOTE 38 (OPMYJIOIO

V=ETER3,
3

ne R — pagiye KyJi.

BNPABW EENEESRRERRE S

27.1." Ha pucyury 27.11 sobpaskeHo nmuainap. YKamiTb:

1) Bics nuningpa;

2) TBipHY IHJIIHApPA;

3) paziyc HUKHBOI OCHOBHY IUJIIHADA;

4) paniyc BepXHBOI OCHOBH LIMJIIHJIpA.

27.2.° Pagiyc ocHOBM LmMJiHApa mopiBHioe 6 cMm, a #ioro TBipHa —
8 cm. BuaiiniTes mwaomy 6iuHOI MOBepxXHi, MIOUIy NOBepxHi i1 06’em
muaiHgpa.

27.3." 3naigite oy 6iuHol moBepxHi, MJIOILY OBepXHi i 06’eM
IUJIiH/Apa, PO3TOPTKY AKOI0 306pa}i{eH0 Ha PUCYHKY 27.12 (noBKMUHN
BigpiskKiB JaHO B caHTHMeTpax). ;

27.4." Ha pucyHKy 27.13 300paeHo KOHYC. Y KamiThb:

1) BepiIMHY KOHYyCAa;

2) neHTp MOro OCHOBH;

3) TBipHY KOHYCA;

4) pagiyc OCHOBU KOHYCA;

5) BHCOTY KOHYVCA.

Crd O A
O

A
Puec. 27.11 Pue. 27.12 Puc. 27.13
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Y § 7. lNo4aTtkosi BIAOMOCTI 3i cCTepeomMeTpil

10 27.5." Pamiyc ocHOBM KOHYCa HOpiBHIOE 4 cM,
a ¥ioro TBipHa — 7 cm. 3HaWAiITHL noNTy DiuHOI
HMOBEPXHIi i naoiny moBepxXHi KoHycAa.
27.6, 3uaixiTe niaouly noBepxHi KoHyca,
PO3ropTKyY AKOro 300pakeHO Ha pucyHKY 27.14
(IOoBXXMHH BiJApPI3KiB JaHO B CAHTHUMETPAX).
27.7." BraiiniTe 06’eM KOHyCA, BHCOTA AKOTO
- mopiBHioe 12 cM, a pagiyc ocHOBH — 3 CM.
Puc. 27.14 27.8." 3uaitaiTe nuomy nosepxHi i 06’em
KyJii, pagiyc axkol mopiBHiOE 3 cM.

27.9." IIpaMOKYTHHK, CTOPOHH SKOTO AOPiBHIOKTEL 12 cM i 5 cm,
obepraeTbCA HaBKOJIO 0iJBIIOI CTOPOHM. S3HAMAITH IJIOLLY HOBEDXHI
i 06’em HMIiHApPA, [0 YTBOPUBCA IPH LbOMY.

27.10." TeipHa nmiainapa gopisawoe 6 cm, a o6’em — 1501 em®.
SuHaiaiTe oy GiyHOl MOBepXHI IUIIHADA.

27.11." Maca 10 M MiZHOro APOTY KPYroBOro Iepepisy MOpiBHIOE
106,8 r. 3uaiigite giaMerp ApPOTY, AKINO I'YCTHHA MiJi CTAHOBHUTH
8,9°10% kr/m?.

27.12. BusHauyTe THCK IErIAHO! KOJIOHW MUJIHAPUYHOI (dopMu
3aBBHIDKHM 3 M Ha (DyHAaMeHT, AKIIO0 AlaMeTp KOJOHU NOPiBHIOE
1,2 m, a maca 1 m® wernu gopisuioe 1,8 T.

27.13." liameTp ocHOBU KoHyca gopiBHIOE 16 cM, a iforo TBipHa—
17 em. 3HaiigiTe IOy MOBepXHi i 06’eM KoOHycA.

27.14. IIpaMOKYTHHI TPUKYTHUK 3 KaTeramu 12 cm i 16 cm obGep-
TAaE€ThCA HABKOJIO MEHUIOTO KaTeTa. 3HAWHAITE nuoly 0iuHol rmoBepxHi
i 00’eMm KOHYyCA, L0 YTBOPHUBCHA IIPHU I[LOMY.

27.15." 3epno scunanu y Kyny KoHiuHoi ¢popmMu 3aBBHIIKH 1,2 M.
Arxa maca miel kynu, saxkujo pagiye i ocuosu gopisuioe 2 M, a maca
1 m* 3epua crasoButh 750 Kr?

27.16." Piguny 3 OBHOI MOCYAMHM KOHIUHOI (DOPMH, BHCOTA SKOI
pgopiBHIOE 24 ¢M, a pajiyc OCHOBHM — 6 cM, HepejiuiIu y IOCYIUHY
nunaiHApruYHOl GopMH, Pagiyc OCHOBHM K01 nopieHioe 8 cm. Busuaure
BUCOTY PIBHA BOAM B IIOCYAMHI IMJIIHIAPUYHOIL
thopmu.

27.17. Crixxor cima mae Qopmy nmuniaapa
3 KoHiIYHUM BepxoMm (puc. 27.15). Pagiye fioro
ocHOBH gopiBHioe 1,5 m, Bucora — 3 M, upHu-

YOMY LIMJIIHJAPUYHA YACTHHA CTIYKKa Ma€ BUCOTY
2,4 m. 3HalAiTh Macy CTiKKa, AKmio maca 1 m?
ciHa cranoBuTth 30 Kr. Puc. 27.15
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27. Unninap. Konyc. Kyns

27.18." dx a3MinsThCHs naonia moBepxHi i 06’em Kymi, sikmio iT
paniye 3binbmuTu v 2 pasu?

27.19. Pagiye onuiel kyJai gopiBHioe 3 eM, a apyroi — 4 cMm. 3Ha-
HoiTh BiAHOIIIEHHSHA IJIOIL IIOBEPXOHB i BijHOIIeHHsA 00’eMiB maHux
KYJb.

27.20." BosHimHil giaMmeTp 3aai3HOI MOpoKHUCTOI KV AOpiBHIOE
12 ¢, a BEyTRpimHIA giamerp — 10 cv. 3HaigiTe Macy KyJi, AKOIO
rycTuHa sajisa gopisawe 7,9-10° kr/m?.

27.21." Binpisox AB — pgiaMeTp OCHOBH KOHyca M
(puc. 27.16), £ AMB = 90°, MO — Bucora xouyca, /
MO = h. 3uaiinitTe nmomly 6iuHol HoBepxHi i 06’em
KOHYyca.

27.22." Bigpisoxk AB — pgiaMeTp OCHOBHM KOHYyCAa
(puc. 27.16), £ AMB = 60°, Touka O — LIEHTpP OCHO-
BM KoHYyca, OA = R. 3raigirs nuowy 6iuHol nnoeepx-
ui i 06’em Konyca.

27.23." CTOopoHH NMPAMOKYTHHKA JOPiBHIOIOTH @
ib, a>b. Bin 0obepraeThcs CIIOYATKY HABKOJIO CTO-
poOHH a, TToTiM — HaBKoJIO cTopoHu b. IlopiBHAliTe Mol O6iyuHMX
[IOBEPXOHEL 1 00’emMu UAIHAPIB, AKI NIPHU IIBOMY YTBOPHJIUCAH.

Puc. 27.16
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FeomeTtpis. 9 knac

BIANOBIAI TA BKA3IBKA

1.6. 3 : 5. 1.21. 126 cm. 1.23. 60°. 1.24. 45°. 1.25. 60° i 120°.
1.26. 2a. 1.40. Brasiska. Hosenite, mo A ABG = A DBC. 1.42. Bra-
sierxa. CKopucrafiTecs THM, IO CepPeJAMHM AiaroHajueil i cepejuHu
ABOX IMIPOTHJEHNX CTOpiH HOTHPHKYTHHEKA € BEPIIIHMHaAMH [IapaJjejao-
rpama, CTOPOHHM SKOI'O JOPiBHIOIOTH ITOJOBHMHAM ABOX iHIIUX CTOPiH
JoTUPHKYTHHKA. 1.43. Brasiska. Hexait Touka M — cepeauHa

pigpisxa AB. Toxi OM = % AB, a CM < %(CB +EAY. 1.44. Brasisxa.

ITobynyiire napanenorpamu ACBD i BAKC. 1.47. Brasziexa. Yoru-
pukyTHuKu AKLD i KBCL — Bnucani. Hexait F — Touka rnepeTtuHy
CKiAD. Toni £ CKD = £ KFD + £ KDF. 1.48. Brasiarxa. Ckopuc-
TaBIIUCH TUM, 1[0 YOTHPUKYTHUK AKHI — BOnucaHwi, JOBEIiTh, 11O
Z BKL + £ BCL = 180°. 1.49. Brasigxa. Hexalt O — uenrp onuca-
HOro KoJsa TpukyTHuka BJC. IloeniTse, 1o 4oTUpHKYyTHUK ABOC —
Brimcanuii. 1.51. 60° a6o 120°. 1.52. Braszisra. I3 noxibuocri
TPUKYTHHUKIB ABD i ACB BUNJHUBAE, L0 AD =!“£§, 3BiAKH 3 ypaxy-
AB AC

AD _ AB

DC  AC’
Hosegits, mo EF || AC. 1.54. 3/5. Braszisrxa. Cxopucraitrecs tuwm,
mo CL — 6icexTpuca kyra HCM. 1.55. Brasiexa. AC > AB — BC =
= b cm. Hexait AD = 3x, toni CD = 2x, ge x > 1. MoxHa 3anucaru
BD? = 150 — 6x® < 144. 1.56. Bxasisxa. A CBO ©~ A CAB, 3Bijcu
CO'CA = CB*. Kpim Toro, A CBO ~ A DB(C, i mM0oHa 3al0ucaTH
BO-BD = CB?. 1.58. Bkasiska. I cnoci6. Hexait E — Touka nepe-
TuHy npamux DA i1 CB (guB. PUCYHOK).

Topi —“~ ==, kpim Toro, EB2 = EA-ED.

BaHHAM AB = DC mMoXHa 3aIucaTH 1.53. Brasiska.

E

A B 3 IBOX OTPUMAHUX PIiBHOCTEH BUILIWUBAE,
o ED? = EB+-EC. Il cioci6. Posrasinemo
TpuKyTHUKU ABD i CDB. Maemo: ~ ABD =

c = £ CDB, £ BAD = £ CBD. 3siacu
Z BDA = 2 BCD. 1.59. Brasisika. Jlose-
AiTb, 10 4OTHPUKYTHHUK MBNK — BUH-
caHWM, a MOTiM cKopucTaiiTecd BIACTURIC-
TIO, OBEPHEHOIO /0 BJIACTHBOCTI KyTa Mix

Puc. po sapaui 1.58 noTuyHOKW 1 xopupow. 1.60. 2R (V5 -2).
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Binnosigl Ta BkasiBkuM

bd cd
b+c’ b+e’
Braszieka. Tpukyrauku AFC i1 AFB pisHoBenuki. 1.63. Brkaziska.
Hexait F — Touka neperuny npamol BE 3 ocuosow AD. Toxi naoira
KOJKHOTO i3 Ba3HAYEeHUX TPHKYTHHKIB MOPIBHIOE ITOJOBHHI ILIOINi
napanenorpama BCDF. 1.64. Brkasiska. IIposenites npamy MF napa-
nensHo DE (nuB. pucysok). Iosepgits, mjo A ABM = A MFC.
1.65. Brasiska. [loBexiTh, 10 YOTHPHUKYT- E
Hukn BCDM i1 ABCM — mnapaJejorpaMu.

1.66. Bxasiexa. Cunin nobyayBaTH KoJIO, B

fAKe MPOXOoauTh yepesd Touku C i D i motu-

KaeTbca mo xopau AB. 1.67. Brasiska.

Hexa# npami M@ i PN nepeTuHamOTh NPA- D
my AC y Toukax F i F| Bignmosinuo. 3acro-

cyBaBuIn TeopemMy MeHesaa no TPUKYTHHKA A M C
ACD i nipsamoi M@, a TaKO 10 TPUKYTHH-
Ka ACB i npsamoi PN, noBeniTh, IO TOY-
Ku Fi Fl abirarorscsa. 1.68. Braszigrwa. CkopucraiiTecs TUM, IO TOUY-

J13

Ka B — ILIeHTp 30BHIiBIIMCAHOTO KoJa TPUKYTHHUKA AKC. 2.12. 3) -

Braszisxa. Cropucraiitecsa Teopemorw Ilronemes. 1.61.

F

Puc. go samaui 1.64

V13 5y 4.6y 12 12, /35 5.
abo -Y2; 4) 0,6; 5) —33 6) 5 2.13. 1) —355 2) Y25 3) o
8

4) —1z- 2.16.1) 2 —3; 2)-2.,5; 3) —/3-2; 4) %. 2.17. 1) 1; 2) g;

3) g 2.24. —

5+ 2.25. 120°. 2.26. ¥ rocTpoKyTHOMY: —L; y Tymo-
2 J3

KYTHOMY: % 2.27. 45°, 2.28. 120°. 2,29, 60° a6o 120°. 2.30. 15°,

abo 75°, abo 105° abo 165°. 2.31. 1. 2.32. 1. 3.3. 120°. 3.4. 45°.

3.10. 2J7 cm. 3.11. V10 cm. 3.12. 13 cm. 3.13. avJ2+2.
3.14. 389 cm. 83.15. \Ja®+ b +ab2. 3.16. Va® +b*—ab. 3.17. 15 cm,

24 cm. 3.18. 2 oM, 443 cm. 3.19. 3 cM, 5 cm. 3.20. 10 cm, 6 cwm,
14 cm. 3.21. 6 em abo 10 em. 3.22. 75 em. 3.26. 14 cm. 3.27. 34 cm.
3.28. 7 em, 9 em. 3.29. 20 em, 30 cm. 3.30. 11 em. 3.31. 22 cm.

3.32. V21 oM abo <29 cm. 3.33. 13 cm. 3.34. V79 cu. 3.36. gﬁ—"' -

3.37. Hi. 3.39. 6 cMm. 3.42. Braszieka. CKOPHCTABIINCE KJIOYOBOIO
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[eomeTpisa. 9 knac

9
AB — piamerp oaHoro KoJja, Todka X — TOYKA APYroro KoJa.
Axmgo Toaka X He HaANEXHUTh NpAMiA AB, ToO po3raAHbTE ITapaaeso-
rpam, cTopoHn Axoro — Bigpiskm XA i XB. 3.45. Brasisrxa. Cepe-
AUHHM CTOPIH YOTHPHKYTHHKa € BEPIHIMHAMH [apajejorpaMa.

8.46. Jm?+n?+mn, Jm*+n®-mn. 3.47. %\Jaz +b2+ab 2,
l\#az +b2—ab~J2. 3.48. 5 cm. Brasiska. IoBenits, 1110 B gaHiil Tpa-

2
nenil cepeguHM giaroHaJsiefl i OCHOB € BepIIMHAMH NPAMOKYTHHKA.

3.49. 8 cm. Braszierxa. Ilposenits yepes BepluuHy B upsamy, sika ia-
pajaenbHa cTopoHi CD, i po3ryigaHbTEe TPUKYTHHK, AKUHN IIPU BOMY

lﬁ, 3.51. 120°. Bkasisra. Yepes sepuinny C npo-

; 4 . 4 . ; ; 2
3agadero II. 3, JOBeAITH, 1110 gmj +—=mj=c*. 3.44. Brasisrka. Hexanx

yreopuscsia. 3.50.

Be[iTh NPAMY, HapanenbHy giaromami BD. 3.52. Ja?+c¢%+ac abo

Ja? +¢* —ac. Brasiska. Ckopucraiitrecs Tum, mo A C,BA, © A ABC
3 Koedinienrom moaidHocTi, piBHuM | cos B |. 3.53. 25 cm. Brasiska.
Buropucrosyoun TeopeMy po 6icekTpucy, noxkaxkirs, uio DC : CE =
= 5 : 1. BacTocyiiTe TEOpPeEMY KOCHHYCIB M0 TpUKyTHHKa ABE.
3.594. Brasiska. [oBeaiTh, 110 KOCHHYC KyTa M glaroHalssMH 4O-
TupuKkyTHUKa gopiBuioe 0. 3.55. Braszisrxa. Hexali giarosani napa-
dar df

Jenorpama mopisHThH d, i d,. Maemo: p?= Y

s df+d§+dd coso. 3Biacu coso = a® - b*
4 4 2 dd,

2
mo d,d, i;—d 3.56. Brasiska. Ha nanomy niamerpi obepits Tou-

. Cropucraiireca THUM,

Ky M, raky, mo OM = OM. Hexaii xopaa CD napaJjeibHa AiamMeTpy.
Toai CM? + DM? = DM? + DM?:. 8.57. Brasisxa. Hexait X — no-
BinbHA TOuKa maHoro yorupuryruurka ABCD. Toxi onun 3 kyris AXB,
BXC, CXD, DXA ¢ ue roctpum. Hexait, Hanpurnaan, £ AXB = 90°.
Hpunyerusimmu, mo XA = 5 1 XB =2 5, nokamirs, mo AB > 7.
3.59. V2. Brasiska. OueBnuaHO, 0o Ipu x < 0 BaliMeHIlle 3HAUYEHHSA
He MoxKe OyTu gocaruyrto. Ilpu x > 0 poaraansTe TPUKYTHUK AOB,
y sikoro £ O = 90°, OA = OB = 1. Ilobyayiire npomiae OC rak, 110
< AOC = 60°, £ BOC = 30°, Hexait M — poBinbHa TOUKA IIPOMEHS
OC, sigminna Bim Touxu O. Tlosmauumo OM = x. Cropucrailtecs
TUM, 1110 MA + MB > AB. 3.61. Braszierxa. PoarnaaeTre Bijipiaky OA,

244



Bianosinl Ta BKasiBkn

OB i OC raki, mo OA = a, OB = b, OC = ¢, 2 AOB = 60°,
Z BOC = 60°, 3.62. Icuyiors. Brasisxa. Bubepites Touku A, Bi C
Ha OJHIW npamii Tak, 1106 AB=+2-1, AC = CB. 4.9. 2J6 cwm.
asinfp m sin o sin 3 ¢ sin o sin (o + )
— . 4.12. ———~_ 4.13. - - ;
cos (B+7y)siny sin (o - [3) sin y sin @
m sin o sin @
" sinBsin (x+P)°

4.10.6 cm. 4.11.

4,14 4.18. Brasiska. Hosexnits, 1mo tg A = tg B.

4.19. 9 cv. 4.20. 22 cm. 4.21. 60° abo 120°. 4.22, — oS esiny

3 ' o-v
sin (o + y)cos ———
2
acos® :
4.23. = . 424 ¢ §1n % Brasisxa. HoseniTs, o CE = DE.
. [ o 3(‘1) sin B
sin (457 +
4
2m sin B 2m sin o ; y ;

4.25 Braziexa. Ha nponos:xenHi megianm AM

" sin (e +PB)° sin(o+B)’

3a Touky M nosuaure touky K Tarky, mjo AM = MK, Ta 3actocyuTe

TeopeMy CUHYCIB 10 TpukyTtHuka ACK. 4.26. %}— 4.27. R tg o.

4.28. Brasziskxa. Bupazite kytu AHB, BHC i AHC uepe3 KyTH TpHU-

25 ;
kyrauka ABC. 4.29. R cM. Brasierxa. CKOPHCTABIINCE TEOPEMOIO

npo 6icekTpucy, 3HAHAITH KOCHHYC KyTa IPH OCHORL piBHODEPEHOTo

TpukyTHuKa. 4.32. 2,}?‘; eMm. Brasiera. 3acTOCYBARBIIHN TEOPEMY

KOCHHYCIB N0 TPUKYTHHKIB MNP i MQP, 3uaiigiTe KOCHHYC KYTAa

1443

PM@. 4.33. —312 Brasisra. dxmo M, 1 M, — OCHOBH HepIeH/IN-

KyJsApiB, TO HABKOJIO YOTUPUKYTHHUKa MM AM, MOXHa ONUCATH

. a &
KoJuio. 4.34. Koo paniyca o 3 LEHTPOM V TOYIll IIepeTHHY JaHUX
sin o

npsamux. 4.36. AM — ue giamerp. Brasiexa. Touku A, N, M, K
JexaTh Ha ogHomy kKoJgai. 4.37. 6 cvm. Brkasziexa. Ilokamxirs, mio
Z BOC = 150°. llopexiTs, 1110 Biapizok OM e giamMeTpoM ONUCAHOTO
KoJia TpukyTanka BOC. 4.38. 6 ¢cm abo 243 cm. Brasiexa. Cropuc-
raifiteca Tum, mo DC = DJ = DB. 4.39. Brasiska. Josenits, mio
sin £ ACD = sin £ ACB. 4.40. Brasiexa. AE = 20,A-sin 45°,

245



feomeTpia. 9 knac

\/a" +b* + 2ab cos o
2sin o ’

AE = 20,A-sin 45°. 3sigcu A0, = AO,. 4.41.

Bicasierxa. IToszHauTe HA KoJi Tarky Touky M, mo DM = uDC + UAB
(nuB. pucysok). Toui CM = a, £ DCM = 180° — . 4.42. Braisiska.

Bad = £ — DN = N Hauni ckopucraire-
sinZBCM sinZCBM sin ZDCN sinZCDN' P
B ca THM, 1o sin £ CBM = sin £ ABC =

= sin £ ADC = sin £ CDN. 5.12,. 107°,
73°, 132°, 48°. Bragisxa. IlpoBenirs
yepes OAHY 3 BEPINIUH BEPXHBOI OCHOBH
7 npAMy, napajenabHy 0iuHi¥M cTOpOHL Tpa-

menii, i posraAgHBTE TPHKYTHUK, AKHH
npu ubomy yrsopuscesa. 6.2. 1) 60° abo
. C 120°; 2) 90°. 6.3. 30° a6o 150°.
6.6. 12 cm. 6.7. 24 cm. 6.8. 1) g oM,

Fag. sonsnasl 4:41 {?5 cM; 2) 8 cw, -—1?35 cMm. 6.9.

M

145 .\ .14, 9sinBsiny ggq blsinosin@iP) g.q fuhy
2sin (B+7v) 2sin 2sin o
2 .

_AsinB __ g18. 51 cm2, 75 om?, 84 cm?. 6.19. 24 o

2 sin o sin (o +B) 4
Brasierxa. Cropucraitreca Tum, mo S,,. =S, + S, . . 6.20. 360 cm?.
Brasieka. IlpoBeniTs yepe3 oguH 3 KiHIIIB BepXHBLOI OCHOBH TpAa-
neuii npaAmMy, Aka napajxenbHa OiuHiW cropoHi Tpaneuii, i 3Ha-
HAITH BUCOTY TPUKYTHHKA, AKUI A NNpsMa BiATUHAae Big Tpameriil.
6.21. 12</5 cm?. Brasiera. Hexait ABCD — pana rpanenis, BC || AD.
IIpoBenite yepes BepmuHy C npaMmy, AKa napaJjejbHa npaAmin BD
i neperunae npamy AD y tounui E. doBemiTh, mo TpUKYTHUK ACE
i mana rpameuis piBHoBenuri. 6.22. 19,5 cm. 6.24. 13 cm, 14 cm,
15 ecm. 6.25. 36 cm?. 6.26. 13 cm, 15 cm. Brasiska. Hexait Touku
OOTHKY BIOMCAHOr'O KOJIA OIIATH OOHY 3 HEBiJOMHMX CTOPiH Ha Bippis-
ku 6 cM i x cM, a Apyry — Ha Bigpisku 8 ¢cM i x cm. Bupasites noiny
TPUKYTHHKA JABoMa cnocobamu: 3a gornomorow opmynu I'epona i ge-
pe3 paziyc BnucaHoro xoJaa. 6.27. Brasiexa. Ckopucraiitecsa dopmy-
JIOI0 OJA 3HAXOIKEeHHS pafiyca 30BHIBIMCAHOTO KoJia i hopMyJIoro
I'epona. 6.28. Brazigka. BupasiTs BUCOTH Yepes ILJIOIY TPUKYTHUKA
i BigmoBigHi cToporn. 6.32. Braszisxa. Hexait Bigpizox AK — 0Oicek-

6.17.

246



Bionosigi Ta BKasiBkM

Tpuca TpukyTHuka ABC. Maemo S, ;. = S, + S,... Jani ckopuc-
Taiitecss reopemoro 6.1 i Kiarouosol zazauew 2 n.6. 6.33. 120°.
Brasisika. CropHcTaiiTeca KJIOY0BOIO 3agaycio 6.32. 6.34. 1 cm, 2 cmM,
J3 cm. Brasiska. CropucraiiTecsa KJIKHYOBOIO 3agaudero 6.32 i reope-
MO0 Kocunycis. 6.85. 235,2 cm?. Brasierka. CKOPHCTABIIHCL KJIKOYO-
BOIO 3anavero 6.32, 3HAWAITH KOCHHYC KyTa Mix OiceKTpHCOIO i cTO-
pouolo TpukyTHuUKa. 6.36. Brasieka. Ckopucrairecs KJIHYOBOIO
sanauero 6.10. 6.37. Brazisxa. CkopucraiTecs KJIIOUOBOKIO 3aa4er0
6.10. 6.38. Brasiexa. HoBexits, mo R+r= azﬂ, oe aib — rareru.

6.39. Brasieka. Maemo: ah, = 28 = r (a + b + ¢). 3Biacu

h, =r(1+£’-+5). 6.40. Brasisxa. Maemo S
a (23

Touka 0 — IEHTP BIHCAHOrO KoJia. IIpoBegeMo pasiycy B TOUKH HO-

THKY i OTpHMAaEMO S,y = é(BM +BN)-r>rBM-BN >r.2S,,x-

= SMBO + SOBN’ ae

MBN

6.41. Hi. Brasisika. Hexaii ri r, — paaiycu Kija, BIMCAHUX Y TPH-
kyTHuku ABC i BCM sianosiano, i r = 2r,. IlokaxiTs, 110 3 piBHO-
1

cTi Syoy, = ESABC BUILINBAE PiBHiCTH NepuMeTpPiB TPHUKYTHHKIBR ABC

i BCM. 6.42. Brasziekxa. HaliMeHIIUHA KYT TDHKYTHHKA He IIePEBHIIIYE
60°. 6.43. 7 cm. Brasisrxa. Hexall fOB¥HUHH CTOPIH TPUKYTHHUKA JIO-
pisaoIOTE @, b 1 ¢. Togi a + 3b + 15¢c = 28, 4a + 5b + 1lc = 28S.
3pigen 7 (a + b + ¢) = 28 = (a + b + ¢) r. 6.44. Brasiska.
(@te)yb+d) _ab  ad  cb  cd _1

—T:T+T+?+??§(SAB(:+SBAD+SBCD+S(.‘DA)‘ 6.45. Brca-

sierxa. CKopHCTaABLINCE peayiabTaToM 3azadi 6.44, moyxkHA 3anucaTH

2
5<@r0+d) (1 (@ra b+ d) _y, 6.46. Brasiera. Hasxomo
KOKHOT'O 3 YOTHMpUKyTHUKiIB OM CM,, OM BM,, OM,AM, MoxHa
onmcaTH KoJio. o HUX YOTUPUKYTHUKIB 3acTO- B

cyiire Teopemy IlTonemes. 6.47. 24/3. Brasie-
rwa. Ilobynyiite Bigpisku OA, OB i OC Ttak, uio
ZBOC = 90°, £ZCOA = 120°, £ BOA = 150°
(nuB. pucyHok). Hexait O4A = x, OC = z,

OB=-%L. TlokasxiTb, 1m0 xy+2yz+3zx=
NE

2
=438 ,5. 7-10. \[R*-Z-. 7.11. 2JR*—r2.

Puc. no zamaui 6.47
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2.

712, r2+aT. 7.15. 5 cropin. 7.16. 18 cropiu. 7.19. J3:2.

2
7.22. 2R*\2. 7.23. aV3, 2a, 3a2~/§_ 7.24. 6(J2-1) cwm.
7.25. 8 cm. 7.26. av2+v2, a(N2+1), aJ4+2V2. 7.27. M

7.98 a(2+\/5)
28, ———

. 7.30. 6. Brasiera. BHAHAITD KYTH Tifa.iliibHOTO
2n-xkyrHuka. 7.31. 168° abo 48°. Braszierxa. Posrasaupre ABa BUIIA[-
KH: TOUKA M HaJIeKHUTB II' ATUKYTHUKY 1 Touka M IeKUTh 103a HUM.
7.32. Hi (quB. pucyHox). 7.33. 1) 30° ado 60°; 2) 60°. 7.35. Brasiskxa.
Hoeniteh, o AM = BC, i ckopucraitrecs Tum, 1o A ABC > A CMB.
7.36. 84°. Brasisrxa. Ilpama OA3 MiCTHTE AiaroHanb AA, . (nuB. pu-

cynox). Macmo: £ A, BA,, = 3(UA, Ay, + UAA,). 7.37. Ienye. Brasie-

rwa. Posrasanbre IpaBUILHUN 12-KyTHHK AA,.. A iiioro giaronasi
AA,, AA,, AA. 7.38. R. Brasiska. Hexait npsami AA 10OA,, ne
O — HeHTp OmMCAHOIro KOJIa, NepeTuHaoTbes B Touni B. Joeenirs,
o TpuxkytHuku OBA , BA A, i OA B piBunobeapeni. 7.39. Brasiekxa.
HoBexniTe, 110 TOUKH AOTHKY BIHCAHOIO KOJAa 3i CTOPOHAMH II' SITHKYT-
HUKa ALIATE KOXKHY CTOPOHY HaBiin. 7.41. Brcaszieka. JIMB. PHCYHOK.

Ay A

, Y
£ \/M

Puc. go sagaui 7.32 Puc. no sagaui 7.36 Puc. go sagaui 7.41

S
e —

7.42. TpuxyTHHKiB, a60 KBanparis, abo mMeCTUKYTHHUKIB. Brasisra.
Hasrouso ogniel To4KH MOKHA YKIACTH CTIIBKH JOIIEY0K, YV CKilb-
180°(n — 2)

_——-_—-)

KH pasiB KYyT IIPHM BepLIMHI NOILIeYKM, AKUH JOpiBHIOE
n

180°(n-2)  2n
n T n-2

meHwwini Big 360°, todro 360°: HOIeYoK. 3HAa-

2n A
4YeHHA BHUPAaay —_p Mae 6yt HarypaabHum duciaoM. OCKinbKH
I~
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dni _ En—Awd. oy A TO 3HAYEHHA BUpa3s -3——— Mae OyTH Ha-
n—2 n—2 n-2° pasy -2 v

TYpanbHuUM uuciaoMm. 7.43. Braziexka. Hexaii ABCDEF — IIpaBUJIBHUH
LIECTUKYTHUK (guB. pucynok), K — touxa neperuny npsmux CD i EF.
Toni AK — mykauui Bigpizok. 7.45. Tax. Brasisxa. Hexai Touka
O — UeHTP ONMUCAHOTrO KoJia JaHOoro I’ ATUKyTHUKa A A A.A A, . Toai
LAOA, = -ZAOA, . 3einen LA OA, = LAOA,. Orxe, AA, =AA,.

AmnanoriuHo moyKHa mokasartu, mo AA, = A A . 7.46. Bra3sigka.
PosrasHpTe HPaBUJIBHHUNM II'ATHKYTHUK, BIMCAHUN B JaHe KOJIO.
7.47. Bra3siska. Hexaii A A,...A  — nKasui IPpaBUJIBLHUM 15-KyTHHK.

Toni n’ATHKYTHUKH AIAJATAI(AI;J’ AzAsAzsAuA]‘;’ AaAsAoAlels & npa-
BUJILHHMH. B OIHOMY 3 IMX II'AITHUKYTHHKIB I1I03HAYEHO LIlOHAWMeHIIe
Tpu BepiiuHU. 7.48. Brasigka. OCKIIBKY KYTH JaHOTO I’ ATUKYTHHKA
pPiBHIi, TO WOTO MOXHAa PO3MICTUTH BCEpeJUHI NPABUJILHOIO I’ ATHUKYT-
HHKAa, CTOPOHHU SKOrO napajejbHiI CTOPOHAM JaHOro n’ATUKYTHHKA
(nuB. pucyHok). [lajii ckopucraiirecs peayabrarom zajgauvi 7.34.

C D » K
/
B E
A F
Puc. go zagaui 7.43 Puc. g0 3agaui 7.48

8.7. 22.5°. 8.12. V6 cm. 8.13. 1) 25t~ Q‘F) M2 2) %ﬁ cM?;
3) 25—‘1i1—2“—+—§1 7 B, 15 F=ive ?’f emZ; 2) M em?. 8.16. 27 oM,
1on _ 20r 2_n 35n L 20m 8r

3 cM, 3 cm. 8.17. == cM, T cMm, cv. 8,18, 3 CM.
8.19. 67 cm. 8.21. %“2) 8.22. (4“363‘” 8.93, 1 : 1. Brasiows.

g 7 ; 5 1
JNoseaiThk, 1110 B 000X BUNAAKAX CYyMa MOBXKUH ITIBKiJI AJOpiBHIOE —2-rcA.B.

2
8.24. % 8.25. a* (% - lJ 8.26. 2% Brasisxa. Posrnaaere A AND i jo-
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BEITE, 10 BiH PiBHOCTOPOHHI. 8.28. 2:rcR(1 - EEI) 8.30. (365 ~%/B ] cm.

88m

2 |
8.31. Ra(\/ﬁ_—g). 8.33. i‘—z— 8.35. 643 — 5 - Brasiexa. Ipo-

Beaite O M 1 O,B. JosexiTs, mo £ 0,0 M = 30°.
8.36. Brasisrka. CiinbHa yacTuHa KBazpaTiB mic-

THUTH KPYI, pagiyc AKOro AOpPiBHIOE % cMm (muB.

pucyHox). 9.6. (1; 2). 9.7. (1; —4) a6o (—1; 1).
9.12. 1) Tak, Touxka B neXuThL MixK TouKamMu A

iC; 2)Hi. 9.14. x = 7 abo x = —1. 9.15. (3; 0).
Puc. go samaui 8.36  9.16. (0; 0,5). 9.17. (-3; 7). 9.18. (—2; 2).

9.19. (3; —2). 9.23. A (-5; 3), C (7; 5). 9.24. 2/73. 9.26. (3+/3;2/3)

a6o (—3+/3;-2v3). 9.27. (-2;4/3) ado (-2;-4/3). 9.28. (3; 3) a6o
(—6; 6). Brazisexa. Poarnaubre asa sunagku: B (a; a) abo B (a; —a).
9.29. (5,5; 0), (3; 0), (—1; 0). Brasisrxa. PoarnsgsHbTe TPHU BHUIALKH:
AC = BC, AC = AB i BC = AB. 9.30. (0; 6), (0; 4), (0; 3,5), (0; 8,5).
Brasierxa. Pograsuere Tpu Bunagxm: AC? + BC? = AB?*, AB? +
+ BC? = AC?, AC? + AB? = BC?. 9.31. (3; 3) abo (15; 15). 9.32. (-2; 2)
a6o (~10; 10). 9.34. 4‘3/5. 9.35. 9. 9.37. (?3) 9.38. Brasiera.
ITosraunmo pammit 10-KyTHMK Tak: A A,...A . Posrnasbre nBa
I’ATHKYTHUKM A A A A A 1AAAAA, . Dani ckopucraiirecs ineero
posB’sisyBaHHsa npuxiaagy 4 . 9. 9.39. Hi. Brasisrxa. Poarnaaemo
CUCTEMY KOOPAMHAT TAK, I[0D MoYyaTokK Biamiky 36iraBcsa 3 HemoaHa-
YeHOK BEPUIMHOIO KBajpaTa, a oci koopauHart 3biranucsa 3 mgi”Higamu
cirku. Toxi mapricTe KooppuHaT TOouku X 30iraerscs 3 napHicTio
KoopauHaT abo Touku A, abo Touxku B. 3asHauuMO, [0 YV HEIO3HAa-
yeHOl BepIIHHN KBajgpara obuaBi KoopauHaTty € napHumu. 10.12. [Ipa
koma: x2 + (y — 112 =45ix?2+ (y + 1) = 45. 10.13. (x — 3)®> + y? = 50.
10.15. 1) Tak, Touxa (—1; 5) — umenrp xosa, R = 7; 2) ui; 3) ii;
4) rak, Touka (2; 7) — HeHTP Ko.Jja, R=+2. 10.16. 1) Touxa

(0; —8) — uenTp Koxaa, R = 2; 2) rouka (4; —2) — ueHTp Koja, R = J5.
10.21. 5. 10.22, 13. 10.23. (x — 2) + y? = 13. 10.24. (x — 2)% +
+ (y — 1)2 = 25 abo (x — 3)2 + (y — 8)2 = 25. 10.25. (x + 5)* + (y —
—2)2=10abo (x + 1> +(y + 2)*=10.10.26. (x — 22+ (y + 2) =4
abo (x + 2)2 + (y + 2)? = 4. Brasiexa. JiaMeTp IIyKaHOTO KOJa OO-
piBHIOE BigcraHi mixk Biccro abcuuc i npamoio y = —4, a LeHTP KoJa
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HaJIeKHUThL DiCeKTPUCL TPeTHOTro abo YeTBEePTOro KOOPAHUHATHOIO KyTAa.
10.27. (x — 1)2 + (y — 1)2 =1 abo (x — 1)2 + (y + 1)2 =1
10.28. 1) (x + 3)2 + (y — 2)? = 25; 2) (x + 1) + (y + 3)? = 169.
10.30. (x — 4)2 + (y + 3)* = 9 abo (x — 4)* + (y + 3)* = 49. Bkasiska.
Konra MOMyTs MAaTH AK 30BHIIIHINA, TAK 1 BHYTPIIIHIA JOTHK.
10.31. (x — 3)? + (y + 1)2 = 25 abo (x — 3)? + (y + 1)® = 225,

10.32. (x2 + y? — 16) (x% + y> — 4) = 0. 10.33. (x—-%) +(y—2) =2
abo (xfg) (y+-\/_) =
10.35. (0;23), (3;-

POXHA MHOMHHA; AKIIO 4

g 10.34. (3; 4), (—4; 3), (—3; —4), (45 —3).
), ( 3) 10.36. Axmo a < 10, To mo-

= 10 To Touka M (2; —3); axmo a > 10,
TO KOJIO (x—2)+(y+3)°*= % —5. 10.37. Braasisxa. [JogaiiTe MOYJIEHHO

JaiBi i npasi wacTuHu piBHAHB napabou. 11.6. 1) y = 2x — 5; 2) x = 3;
3)y=-1;4)5x + 3y =6. 11.7. 1) y = 3x + 1; 2) x — 6y = 12.

11.8. y = —0,5x — 4. 11.9. yzéx—%. 11.11. 12. 11.12. 28. 11.13. 6.
11.14. (2; 5), (5; 2). 11.15. (5; 0). 11.17. 102“929. Bitwsiaa. Ty

Ha BificTanb AOPiBHIOE BUCOTI TPUKYTHHKA, OOMErKeHOTI'O OCAMH KO-
opauHAT 1 gaHow npamon. 11.18. 4/2. 11.19. 3V10. 11.20. x —
- 3y = 2. 11.21. 7x + 5y = —8. 11.22. (x — 3)2 + (y — 4)> = 17
11.23. (y — 4) (y + 4) = 0. 12.6. 1) y = 0,1x; 2) y=(2-3)x.
127. 1)y =4x +19; 2) y=-3x - 2; 3)y = 7. 12.8. y = —0,5x — 4.
129. 1) y = —Tx + 2; 2) 8x — 4y = —-39. 12.10. 1) y = 9x + 13;
2D3x+y=9.1211. 1) y =5x - 11; 2) y = —-2x + 3. 12.12. 1) y =

—x+2; 2)y=%x+%. 12.13.1) y=x/3+6-2v3: 2) y=—x 3+63_2\/§.
3

12.14. 1) y = x — 5; 2) y = —x + 1. 12.15. a) y:xT+3-

6) y=— ‘/_ —x-1;y=1-x; y=xJ3+1; y——x\/_ 1.
12.17. 1) Tak; 2) Tak; 3) Hi; 4) ®Hi. 12.19. 1) (0; —-1), (%;0);
2) (0; 0,8), (i"é;o). 12.20. 1) 2,6; 2) %%. 12.21. 13. 12.22. 1) 4x —
— 8y =11; 2) 3x — 4y = 1. 12.28. y — 4x + 9. 12.24. y = 3x — 12.
12.25. x + 2y = 6. 12.26. 2x — 4y = —1. 12.27. y = 8x — 12.
12.28. 8y — 3x =21, 3y — x = —26, by — 2x = 47. 12.29. y = —2x + 9.
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12.30. y = 4. 12.31. 6. Braszisrka. 3HaiiniTe Bigcrane Big Touku C no
npamol AB. 12.32. (x+2)?+(y—-1)* = %. 12.33. IIpsima 5x — 12y = 2.
12.34. 3x — 4y = 17. 12.35. (x — 1)* + (y — 1)* = 32. 12.36. [IBi npami:
(x +y —15)(Tx — Ty — 1) = 0. Brasiskxa. CropucraiiTeca ()opmMy.Jiowo
BifcraHi Bix Toukm o npamoi. 12.37. 1) 4; 2) 0,7. 12.38. (x — 4)2 +

2)* 12)*
+ (§ — 4)F = 1 (% + 6)F + (g + 6)F = 1; (x+?) +(y+—7—) =1;

2 2
(x+%] +(y+%) =1. 12.39. x + 3y = 13 i 9x — 18y = 37.
12.40. x+y=3\/§+3; x+y=-—3\/§+3. 12.41. 5. Braszisxa. Touxka A
mae OYTH OCHOBOIO NEePHEeHAMKYJIAPAa, ONYILEHOro 3 HeHTpa KoJa
Ha IpAMY, a Touka B Mae HaseXaTu HbOMY [€pPHEHIMKYJISAPY.
13.1. IIpama, nepneHaAMKyJaApHA a0 npsimoi AB. 13.2. ITopoxH#A
MHOMHHAa, abo cepeguHa Biapiska AB, abo K0JO 3 LIEHTPOM B CepeuHi
Bigpiska AB. 13.3. Ilopo)xxHA MHOKUHa, abo Touka, abo KoJoO.
Brasisra. O6epiTh cucTeMy KOOPAMHAT TaK, AK [IOKA3aHO HAa PHUCYH-
Ky. [Tokamire, 1110 Koam a + b% < 1,

C(a; b) Ya TO OTPUMAEMO I[TOPOYHIO MHOMKHHY;
Ao a® + b? = 1, to roury D (—a; —b);

AKLIO a? + b > 1, To KoJIo 3 LeHTPOM

y Touui D (—a; —b). 13.4. [TopoxkHsA

\ MHOXXHUHAa, abo TOYKa NepeTHHY Me-
B giaH rpuxkyrtHuka ABC, abo kKoo 3
HEeHTPOM ¥y TOYIl HepeTUHY Menian
TpukyTHUKa ABC. Brasziexa. Cko-
pucrairecsi ¢opmynow Jlenbuiua.

1 O T ic%

Puc. no sanaui 13.3

13.5. Kouso pagiyca %AB, IeHTP AKOro AijMuTh Binpizok AB y Bija-

HomeHHi 2 : 1, paxyrouu Bin Bepminau A. 13.6. Koso 3 meHTpom
y Touui B, rakiii, mio rouka A € cepeAMHOI0 Binpiska BB,. Paaiyc
Kona popiBHioe 2AB. 13.7. Kosio 6e3 Touok nepeTuny 3 npsamon AB.
enTp KONa 3HAXOAMTHCA B TOYNi B, Takiit, 110 Toyxka A € cepeHHOIO
Biapiska BB, paaiyc xona nopisHioe 2d. 13.8. Kono 3 meHTpom
y Touni K rakiit, mo Ttouxka K pinure AB y Bigmomenni 3 : 2, pa-
Xywun Big Toukm A, 6e3 TOUYOK, AKiI HaJgexkaThb npamiin AB. Paxniye

KOJla JOPiBHIOE %AB. 13.9. II8i npsimi, 1[0 MEePeTHHAIOTHCA B TOYIL B1

Takii, 10 Touka A — cepeauua Biapiska BB, 6e3 camoil Touku B,.
i mpami yreopwoioTk Kyt 30° 3 npamoo AB. 13.10. Ilpama, aka
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IIpoXoJHUTE YUeped cepegHHYy I‘iHO'I‘E!HySPI 1 NnNeprieHiuKyJdApHa 00
MegiaHu, nposejgeHol 3 BepmmuHu C. 13.11. Bigpisok de3 wiHIIIB.
13.13. 3V2. Brasiexa. Bubepirs
cHUCTeMy KOOPAMHAT TaK, AK IToKasa- I S
HO Ha pUCYHKY (Touka O — cepejanHa r i ~alC
Bigpizka AB). Bepmmnra C Hame- ‘
JKUTH JBOM KOJIAM: OIMIMCAHOMY KOJIYV

TPUKYTHUKA ABC i KoMy 3 IeHTpOM :

v Touili D pagiyca 242. 3HAUIITH A
; ; 2 3" D x
piBHAHHA nux kiax. 13.14. % é \\\H_‘OJ»,___/

J73

13.15. T Brasziexa. Cropucraii- Puc. no szamaui 13.13

Tecs Teopemoro 9.1. 13.16. 2 (R? + r2).
13.17. 91 1. Bra3siska. PosrnsHbTe ABa KOHIIEHTPUYHUX KOJIA 3 I[EH-
TPOM Yy IIOYaTKy KoopauHAT i pagiycamu 11 2. 14.11. 3) Hi. Brasiska.

MonuBui BHNALOK, Koau m=n=0. 14.21. IIpaMmokyTHHUK abo
piBHOOiuHAa Tpanenia. 15.17. ZHF‘(—~2; 2), F_D’(2; 4). 15.18. DE (-4; 6),
EO(—4;-6). 15.19. a(-6;-8) a6o a(8;6). 15.20. c¢(V/2;V2) a6o

¢(—V2;-v2). 15.21. C (7; 17), D (2; 17) abo C (7; ~7), D (2; 7).
15.22. B (16; 2), C (16; —6) ado B (—14; 2), C (—14; —6).
16.45. 1) Tak; 2) rak; 3) Hi. 16.46. Bra3sierxa. JlocTaTHLO [TOKAa3aTH,

1110 XA-XB=XD-XC. 16.47. Brasieka. ITokaiTh, M0 KOMHUINI

3 BEKTOPIB OA+0OC i OB+0OD JOPIBHIOE HYJIb-BeKTOPY. 16.49. Koo
paniyca AB 3 nenTpom y Touri A. 16.50. CepequHHIH NepHeHIHKYIAD
Bigpiska AB. 16.51. Brasisrxa. Hexait AA, — memiaHa TPUKYTHHKA
ABC. Ha npojoss;eHHi Bigpizka AA 3a TOUKy A BiKJIa#iTL Bigpisox
A D, pisauii MA, . 16.52. Brasisrxa. Hexaii npu gesxomy BuGOpi
CHCTeMH KOOPAMHAT TOYKH MAalOTh KoopauHatu A (x5 y,), A, (x,; y,),

X+ Xyttt X Uy + Yo +...+
...,A” (I 1 2 “.Jl 2 yn).

y,). Poarnauere Touky M :
n n

n?

16.53. Brasiexa. Maemo: A,A, + A B, + BB, + B,C, +C,C, +C,A, =0,

A,B, +B,C,+C,A, =0, sBincu A,A +BB,+CC,=0. 17.28. —4; 4.
17.29. —1,5. 17.31. m (-15;36). 17.32. a(-3;4). 17.35. x =2, y = —3.

17.38. OK =0.5a—0,15. 17.42. 1) m%ﬂ%m 2) BM :%BZ—%C_A.
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17.46. Brasiexa. M,M,=M B, + BB, +B,M,. 3 inmoro 6oky,
M M,=MA +A A, +AM,. Honatire ui pisuocri. 17.47. Brasiska.
CxopucraiiTecs KJIHOUY0BOI 3amadero 17.46. 17.49. Braszisika. Cko-
pHcTaiiTecda KJOUYOBOW 3agadeo 4 1. 17. 17.50. Brasziexa. Hexaitt
Biapisku AA , BB i CC, — menianu tpukytHuka ABC. [loBeziTh, 1110

AA, +BB, +CC, =0. 17.52. Brasiexa. Maemo: MN = %ECH% %AD =

:%R~%E+%B_Dv%ﬂ=%ﬁ+éﬁ. 17.53. Brasiera. Cxopuc-
TaiTeca 3ajgader 17.46 i xmouoBoro zajmavero 1 m. 17. 17.54. Bra-
siéxa. Bupasite BexTopu BM i BN wuepes sextopu BA i BC.
17.56. Brasiexa. Cxopucraiirecs sagauero 17.55. 17.57. Brasiska.
Hexait M,, M,, M, i M, — cepeaquHu BiANOBiAHO BiZpiskiB AH |,
BH,, CH, i DH,. [Hoseanits, mo OM,=0M,=0M,=0M,=
= %(EA‘ +0OB+0C+0D), ne O — LeHTp onucaHoro kona. 17.58. Brxa-

s3ierxa. Hexalt Touka H — oproueHTp TpukytHuka ABC. Tozai 3 xnro-
4oBOl sazaui 4 n. 17 Bunuusae, mo OH +O0OD=0. 3 miei piBmocri
BHUIIJIMBAE, MO TOUYKAa H HaJEMUTH OIMHMCAHOMY KOJNY TPUKYTHHKA
ABC. 17.59. Braszigkxa. Po3rasaHbTe 4OTUPUKYTHUK ABCD, niarona-
Ji Axoro mepermHAalOThesa B Touui O. Hexa#t touku M i N — cepe-

auHU cropin BC i AD Biamosigmo. IoBenirs, 1o Bekropu OM
i ON nporuaexHi. PoskiagiTe BeKTOPH OM i ON 3a Gaszucom
(O_B'; CYJ") 17.60. Brasiexa. Hexait O — TOUYKA IEePeTUHY AlaroHajuei
yoTupukyTHuka ABCD. Jlosexits, mo OA=kOC, OB=kOD.
17.61. Bragzisrxa. CKOpHUCTABIINCEH KJOUYOBOIO 3amayero 17.46, moxkHa

sanucaTu ﬁ=%(}7ﬁ+MQ), MQzé(ﬁ)JrE). 3a3HAYUMO, IO

PN = %D_B 17.62. Bragzierxa. CKOPHCTABIINCEH KJIOUYOBOIO 3aJa4ero 3

1. 17, sammuremo E:%(A—B+R+AD). Taxox AK:%(AM+AN).
Hani BupasaiTe BexKTOp AK yepe3 BEKTOPH AB, AC i AD.
17.63. Brasierxa. Hexait touka N — cepenuHna sifgpiska EF i megianu
AA, i CC, rpukyrHuka ABC neperunampTrbca B Touuni M. Hexait

AP : PC = m : n. Ockinexkn PE | CC, i PF || AA,, To AE : EB =
=m:(m+ 2n), CF: FB=n:(n+ 2m). CKOpUCTaBLUINUCH KJIYOBOIO

sagagero 311. 17, mmemoW:%(ﬂ+P—B+ITé).ﬂaJﬁ, FN':%(}TEWP_"F).
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CropucraiiTech KJIIOYOBOIO 3ajzaveio 2 m. 17 i Bupasite BexTop PE
yepea BekTropu PA i PB, a Bexktop PF yepez BexTopu PB i PC.
17.64. Brasisrxa. Jna touku O i TpukyTHHKIB ABC i PQR ckopu-
craiiTecd KJKOYOBOIO 3amauero 3 . 17. 17.65. Brasisrxa. Cropucrasn-
LIMCh KJIIOUOBOIO 3azaveio 4 . 17, sanumemo OH, =Oj+@§+5@;,
O—sz(ﬁ+0'_(?+O_AI, (")?I; =O_C'+m+O—B;. IMoxkaxiTs, IO BEKTOPH

H,H, i H,H, xomnineapsui. 18.16. b(-12;16). 18.18. 1) %: 2) 1;

3) é; 4) 0. 18.21. -3 i 3. 18.22. -1. 18.23. -1 i 1. 18.25. 4.

18.26. —0,5. 18.27. J7. 18.28. 24/7. 18.31. 0, g -g-. 18.32. 30°,
60°, 90°. 18.35. 0°. 18.36. 120°. 18.37. ‘/2?. T

AM:%EJrgA—C. 18.38. Brasiexa. BA-BC=0. 18.39. Brasisxka.
JloBenits, mo AB-BC =0. 18.40. Brasiska. Hexati CA=a, CB

g,

Toui CM=%E+éB, A—K=—E+-1é?). Bnaiinits CM - AK. 18.41.
18.42. 45°. Brasisxa. Hexait OB=b, OC =¢. Quesuzso, mo b-c=0.
Toni AO=2¢, DO=3b. 3eincu AB=2c+b, DC=c+3b. 18.43. 30°.

Brasiska. E=%(§Z+B_C). 3Bimcu KD2=%(B_D'-E+ET)-§_C?),
BD = %[B—DH BA | rcos £ ABD. 18.44. 4. Brasisra. PosknaniTe Bek-
top AD sa 6asucom (AK; AM). 18.45. —;1 Brasiexa. Hexait M
i N — cepenunu cropin AD i BC signosigno. Toxi 3a gomomo-
roo KJaouoBoi sagaui 17.46 moskHA samucaTu NM:%(ﬁ+El_)}.
18.46. 60°. 18.47. AK: KB = 2 : 1. Brasiexa. Hexait AK: KB = m :n.
Posxnaaits Bekropu CK i AM 3a 6asucom (CA;CB). 18.48. 1 : 4.
18.49. Braasiska. E=%(ﬂ+%), MF = MB+ BF. Banumunocs
nmokasaru, mo BD-MF =0. 18.50. Brasigrxa. Posrasinbre BEKTODU
l,, L, i l,, cuisnanpsamieni 3 Bekropamu AB, BC i CA, ra-
Ki, 110 |£7|=|E‘2|=|g[:1 Crkopucraiitecs O4YeBHUIHOK HepiBHicTIO
(4 +4,+14) >0. 19.25. f (4) = A, f (A) = B, f (4) = C. 19.26. Hi.

3
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20.7. Ilpn AB || a. 20.17. Beszaiu. 20.20. (x + 3)* + (y — 4)* = 1.
20.21. y = x* — 4x + 1. 20.23. Brasierxa. Hexait ABCD — mykaHa
rpaneuis (BC || AD). ITo6yayitte o6pas aiarosani BD npu napajieib-
HOMY nepeHeceHHi Ha BekTop BC. 20.25. Brasisra. TTobyayiiTe o6pas
AaHOl NpAMOI NpU MapajelbHOMY MepeHeceHHI Ha BEKTOp AB (abo

BA). PosrisinbTe TOUKHU nepeTuHy obpas3y 3 JaHUM KOJOoM. 3ayBsa-
FHUMO, 110 KOJIHM 1MobyaoBaHMH o6pas i faHe KO0 He MaloTh CHIMBHUX
TOYOK, TO 3azada He Mae posB’sisky. 20.27. Brasiexa. Hexaii
TO(_); (M)=M,, ge O i O, uentpu kin. Toxi BM || AM. 3Bigcu

C TUO]. (A)=B. 20.28. Braszisxa. Hexan

B ABCD — myKaHWi YOTUPUKYTHUK 3 JaHH!-

mu cropoHamMmu AB i CD (QuB. PHCYHOK).

Hexan T,.(A)=A,. Tpuryrauk A CD

MOKHa nodyayBaTH 3a JBOMA CTOPOHAMHM

A D CD i1 CA = BA i xkyrom ACD, axkui
nopiBHioe < BCD — (180° — £ ABC). Tpu-
KyTHHK AA D mMoyKHa MoOyayBaTH 3a CTO-
poHoio A D i npoma npusnernumu kyramu AA D i ADA . 20.29. Bka-
sierka. Hexan T, . (A)=A,. 3’exnaiite Touku A, i B. 20.30. 90°.

MN
Brasisexa. Hexait T ,(M)=M,. CxkopucraliTeca TUM, 110 HABKOJIO

Pic. go sanaui 20.28

YOTUPHUKYTHUKa MBM C moxua onucaru xomno. 20.31. Brasieka.
Hexait T,. (M)=M,. [loBexniTs, 1110 HABKOJIO YOTHPUKYyTHUKA MCM D
mosHa onucaru xKoso. 21.20. a L [ abo npami a i [ 3b6iramoTbhcs.
21.23. Braszieka. Ko YOTUPHUKYTHUK Mae Bich cuMmerpii, To 06-
pasom OyAb-AKOI HOro BePIUIMHH € BEPUIMHA IILOTO CAMOI'Q YOTUPHKYT-
Huka. O6epiTh AeAKY BepIIMHY ITapaJjejorpaMma i posriasHbTe Bl
MOZKJIHMBOCTI: 11 obpasom € abo cyciiHA BeplInHA, abo MPOTHJIEXKHA.
21.25. Brasiexa. Kyrtn M’IBA i1 MBA € cuMeTpHUYHHMHM BiIHOCHO
npamoi AB. Orxe, £ M | BA = £/ MBA. Ananoriuno £ M,BC = 2 MBC.
Sanumniocs noxasaru, mo £ M BM, = 180°. 21.26. 1) A (0; —2),
2

B, (-1; 3); 2) A4, (0; 2), B, (1; -3). 21.27. x = 2, y = —1. 21.31. ""T.

Braszierxa. Hexail M, =S, (M). Josenirs, o TPUKyTHUKH M AM
i ABC pisnosenuki. 21.32. Brasisrxa. Hexaii Touka A, — obpas Tou-
K1 A npmn cumerpil BigHocHO npsamol a. Toai Touka nepeTMHyY Ops-
MHUX a i A B Oyjle myxkaHow. 3ayBaKUMO, 110 KoJu Toyku A i B
cUMEeTpHUYHI BiIHOCHO mpsAMol a, To 3amava Mae 0ea3siv posB’A3KiB.
Axmo rouku A i B piBHOBigjaieHl, ajie He CHUMETPHUYHI BiJHOCHO
npAMoOl a, TO 3amava He Mmae poas saAskis. 21.34. Brazierka. Hexaii
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A, = S, (A). Ileperun npamux A B i a € mykaHorw Toukow. 21.35. Bra-
3iexka. Cropucraiitecs npuknagom 2 n. 21. 21.36. Brasiska. Ckopu-
craiTech npukgagom 3 . 21. 21.37. Brasierxa. Hexan C, = S, (C).
IIposexite npamy BC,. 21.38. Brasisrxa. Hexait 1 i m — cepe-
aAuHHI nepnenaukyaapu. Ilokaxirs, mo C = S, (AB) N S, (AB).
21.39. Bkasisxa. Obpasu Touku A npu cumMeTpil BIAHOCHO NPAMHUX,
Akl MicTaATe GicekTpucu, nexares Ha upamiin BC. 21.40. Brasiska.
Hexaii | 1 m — cepeiuHHI nmepneHAVWKyasaApu go cropida AB i BC
Bignosiano. Hexait D, = S, (D), D, = S (D). Touxkn D, i D, nexars
Bignosiguo Ha npamMux DC i DA. 3azHauyuMo, [0 KOJH FOCTPHUI KyT
napajgenorpama mopisaioe 60°, To 3amaua mae Ses3sriy po3B’A3KIB.
21.41. Brasisrxa. Hexal Touka A, cuMeTpuyHa To4lli A BilHOCHO 1iiel
bicexrpucu. AM + MB =AM + MB>AB=AC+ CB=AC + CB.
21.42. 6, akuo ABC He € IPAMOKYTHHUM TPHKYTHHKOM; 3, AKIIO
ABC — npsaMoxkyTHHN TpUKYTHUK. 21.43. Braszieka. Hexall TpukyT-
Huk A BC — obpas rpukyrtauka ABC npu cumerpii BIJHOCHO cepe-
OUHHOIO IjepneHAUKYyJsaApa Bigpiska BC (quB. B

pucyHnok). Tpukyrauk ACA moxHa nobyay- 3.
BaTu 3a Bigomumu cropoHamu AC i A C
(AC = AB) i xyrom ACA,, Axuii AOpPiBHIOE
pisauni kyris B i C. 21.45. Braszierxa. Hexaii
TOYKA C'1 cumerpuyHa Todill C BiIHOCHO npsi-
Mol AB. IloGyayiiTe KOJIO 3 LLEHTPOM VY
TOYILL Cl, AKe JOTHUKAEThCHA J10 npamol AB. |
IlpoBegire uepes Touky D JOTHUYHY A0 I10- A,
oynosanoro koJsa. 21.46. Brasisxa. Hexaii
C, = S, (C). Ha Bigpisxky C D ax Ha aiamerpi
nobynyire kosno. 21.47. Brasisxa. Hexait npama [ — cepeifuHHHI
neprneHAUKyaap Aiaronani AC, B, = S, (B). Ckopucraiitecsa TUM, 110
9OTUPUKYTHUKH ABCD i AB CD piBnosenuxi. 21.48. Brasiexa. He-
xait B, = S, (B). Touxka B, ysexurs Ha npamiit AD. ¥V TPUKYTHUKY

B,CD Bigomi Bci Tpm croporu. 21.49. Bkraziexa. Cropucraiitecs
KJAUoBOoIO 3amavero 21.30. 21.50. 60°. Brasiexa. JoBeaiTs, Mo To4-
ka C — HeHTp 30BHIBIMCAHOTO KoJa TPHKYTHUKA ABD. 21.51. 90°.
Brasiexa. Hexait C, = S, (C), D, = S, , (D). [losexnirs, 1110 B 4OTU-
pukyTHUK D C CD moxxHa Brmcatu Kouso. 21.52. Brasiexa. Hexai
B, =S, (B),C, =S,, (C). Hosexirs, mo Tpukyrauk B, MC, — piBHo-
croponniit. 21.53. 30°. Brasiska. Ilosenits, mo S,.,. (D) =S, (B) = O,
ge O — ueHTp onucaHOTO KoJsa TpukyTHuka ACE. 22.13. Brasiska.
Hexait A ABC mae unentp cumetrpii. Toxi, sanpukaan, obpasom Bep-

Puc. no sagaui 21.43
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wnuH A € BepmmHa B. Orike, HeHTp cuMerpil — 1ie cepejrHa CTO-
poau AB. Ilpore B uromy pasi obpas BepmmHu C He HaJjexarTume
TpUKYTHUKY ABC. 22.16. Brasziska. Ilpu ueHTpanbHiil cumerpil 06-
pPa3oM CTOPOHHM JAaHOr0 YOTHDUKYTHMKA € CTOPOHA I[bOI'0 CaAMOI'0 4O-
TupuKkyTHHKa. [lani ckopucTaiiTecs KJIHOYOBOKO 3amavero 1 m. 22.
22.17. Brasieka. Po3riAHbTE IEHTPaJbHY CUMETPI0 3 ILEHTPOM
y TOdYIIl mepeTHHY JAiaroHajed ogHoro 3 nmapajenorpamis. 22.18. Bra-
sigrxa. IIpu cumeTpil BigHocHO Touku O obpasu Touok A, i B, naje-
saTe koay 3 uearpom O,. Ockinbku 06pa3om NMpsAMOI, SSKa IPOXOAUTH
Jepes IEHTP CUMeTpil, € 1A cama npama, TO obpasu Touok A, i B,
TaKo Hanemxars npamiit A B . Orxe, Bigpisok A,B, — obpas Bia-
piska A B,. 22.19. Brasiérxa. Po3riaapTe cUMeTpPil0 ZaHOI MPsaMOl
BifiHOCHO jaHOol Touxku. 22.21. Braszisrxa. BigobpasiTes ogHe 3 Kin
CHMeTPUYHO BiZHOCHO Touku D. Touka mepeTuHy ApPYyroro KoJa
3 OJlepIKaHUM — BepUIMHA TpuKkyTHuKa. 22.22, Brasisrka. [lokamiTs,
mwo S, (A BMC) = A DNA. 22.24. Brasiéxa. JloBeaiTe, 0 KOJH
CIILJIBHA TOYKAa ABOX KiJI € IeHTpoM cuMeTpil, npu sAKiil ogHe 3 Kinx
€ odpas3oM npyroro, To Ii Koja gorukaoTbesa. 22.25. Brasisrxa. Cko-
pucraiiTecs peayabraroMm zanaui 21.25. 22.26. Braszigka. 3HARAITH
cepeauHy Binpiska AC, a nani ckopucraiiteca mpuxaazom 1 m. 22.
22.28. Brasisica. Touxky C (JUB. PUCYHOK) MO HA 3HANTH AK TOYKY
| e nepetuHy npsamux l, i lf, ne [ — obpas npsa-

Mol [, npu neHTpanbHii cumerpii BigHOCHO

Touku O. 22.30. Brasierxa. IlokamxiTs, 110

npH cuMeTpil 3 LEeHTPOM y TOUIll HepeTHHY
B JlaroHaJieil mapaJseJjorpamMa odbpasaMu NpAMHUX

MC, MD, MA i MB 6ynyThk IpOBeJeHi npami.
_—"22.31. Brasiexa. Ilobyayiite 06pas ogHOro 3
—— KiJg npu ueHTpasbHill cuMmeTpil BiJHOCHO TOU-
13 Ly ku M. 22.32. Brasiexa. Hexait P, = S, (P).
Toni AP + BQ = P B + BQ. 22.33. Bra3siska.
Hexai Toukn K, M, N i L — BignoBigHo ce-
penunu cropin AB, BC, CD i DA Bnucasoro 4otupukyruuka ABCD.
ITokaxkiTh, 10 IPH cUMeTpPil BIZITHOCHO TOYKH MepeTHHY NpAMHAX KN
i ML obpazaMu HPOBEAEHUX IIPAMUX € CEepPeAUHHI NeplHeHIUKYIAPH
CTOpPiH yoTHpuKyTHHKa. 22.35. 1 : 1. Brasiska. O6’eqHaHHAM HaHOI
Tpamnelil Ta ii ofpasa npu cumerpii BigHOCHO cepenuHu croponu CD
e kBaunpar. 22.36. Brasigkxa. ObepiTh HA MEHIIOMY KOJII JOBLIBLHY
TOUKY. ¥3ABUIIM 11 3a LeHTp cumeTpil, noﬁyﬂ.yn’re oﬁpas MEHILIOT'O

koua. 23.10. Brasisxa. Hexan OA +OA +. ..+OA = a. PoasrasHemMmo

A

Puec. ao sanaui 22.28
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=]

360 .
IIOBOPOT 3 LeHTpoM O HAa KYT , HAIIPpUKJIAM, IPOTH I'OAUHHUKOBOIL

crpinku. OueBUAHO, L0 [IPYM TAKOMY IIepeTBOPEHHI 0Opasom HaHOIo
n-KyTHUKa Oyjae e caMmuil n-kyTHUkK. OTiKe, IIyKaHa cyMa He 3Mi-

HUTBCH. A Ile MOKJHMBO Juine Toxi, Koau a=0. 23.11. 2 cm abo
1 em. 23.12. 2 cm. Brasisxa. [Ipu posriaayBaHOMY HOBOPOTI TOY-

ka B e obpasom touku D, rouxa C, — obpasom Touku C, Touka A —
obpasom TOouKH A (guB. pucyHOkK). Orixe, B C
A ABC, — o6pas A ADC. 3sigpcu £ ABC = C;

= £ ADC = 90°. Orxe, Touku C,, B, C ne- & /
aTe Ha onHil npamiii. 23.13. Bra3zigka. \\ 5
CkopucraiitTecsa igeewo po3B’sA3yBaHHA IIPH- N

kaagy 2 o. 23. 23.16. Bkasieka. Po3risaHb- A D
tre mosopor RY. 23.17. 60°. Brasieka. Puc. 10 sagaui 23.12

Posrusimere mosopor RJY. 23.18. Brasisxa. PoarnanbTe MOBOPOT

RS”. 23.19. 120°. Brasiexa. Posrasnsre nosopor R, . 23.20. 120°.
Brasziexa. Hosenits, mo AD = 2BC. PosriasHbpTe IIOBOPOT 3 LEHTPOM
y Touni O ua kyr 120°. 23.21. 60°. 23.22. Brasisxka. PosrnsaHbTe
nosopor RY. 23.23. Brasziexa. PosrnausTe moBopoT Rj”.
23.25. Brasisra. ITokaxiTs, 1110 IIPpU 10-

A // Bopori R)” omHa 3 niaroHaseit 4OTUPH-

L, N xyrHuxka ABCD € obpasoM Apyroi .giaro-

Hani. 23.26. Brkaszisrxa. Hexa#t 1, [,

; £3 — pgaHi napaJjeabHi npami, O — go-

3 BisibHA TOuYKa npAmol [, (AMB. PUCYHOK).

E;/M Ilpama [l — o6pas npsamoi [, Npu MoBO-

poTi HaBKOJIO TOYKH O MIPOTU M'OAHHHHKO-

Puc. no sagaui 23.26 Bol cTpinku Ha KyT 60° — neperuHae

npamy [, y touui M. 3naiigemo npoobpas

Toukun M npu 3agaHomy noBopori. QUeBHAHO, IO BiH HaNEXKHUTH

upsamii /. Tomy gocTaTHBO BigKIacTH Bif

npomensa OM kyr, piBani 60°. 23.28. Bra- E B F C

3igxa. Po3arasiHeMO MHOBOPOT 3 ILIEHTPOM

y Touili A NpOoTH TOZWHHUKOBOI CTPIJIKH

Ha kyT 90°. I[Ipu nsomy noBopoTi o6pazom

Bigpiska AD 6ygne Bigpisoxk AB (ZuUB. pH- E
cyHok). Hexait E, — obpasa Touku E. Toxi P, D
TPUKYTHUK ABE, 6 — o0pa3 TPUKYTHH-

xa ADE. 3sincu A ABE, = A ADE. Toxi Puc. po sapaqi 23.28
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DE = BE , AE = AE,, £ E AB = £ EAD. Maemo: £ EAF =/ EAB +
+ / BAF = ~ EAD + £ FAE = ~ FAD. Ane Z FAD = Z E FA. Orxe,
A AE | F — piBHOGeApeHUI 1AE, = E F. 23.29. Brasisrxa. Posrnane-
MO ITOBOPOT 3 IIEHTPOM ¥ TOUIl A 3a rOLMHHUKOBOK CTPIJIKOIO Ha KYT
60° (nuB. pucyHok). [Ipu nboMy I1oBOpoTi 06pazomM TPUKYTHUKA ABP
oyne rpukyTHuk ACP, (touka P, — o6pas Touku P). 3Bigcu £ AP C =
= /Z APB = 150°. TPUKYTHHUK APP, — piBuocropounii. Toxi
£ AP.P = 60°, QOrxe, £ PP C = 90°. Banumniaocsa 3ayBaKHUTH,
mo. L. C=PBiPP =AP. 23.31. V3. Brasisra. Posrasubre TIOBOPOT

R%" (muB. pucynok). 23.32. 3. 23.33. 135°. Brasiera. Hexait AP = x,
BP = 2x, CP = 3x. Posrnaubre nmosopor R)".

B
P
AL c
B I .
P, M,
Puc. no zapaui 23.29 Puc. go sapaqi 23.31

23.34. % Braszisrxa. Maemo: R (C)=C, (nuB. pucyHnok). [loBeaiTs,

o rouku C, B i C, nexxaTh Ha ofHii npsamiit. Ckopucraiirecs TuM, 1110
TpukyTHUK ACC| piBHOBesMKHI 3 voTnpukyTHUKOM ABCD. 23.35. Bra-
3isra. Hexawt O i O, — nenrpu kBajaparis ABDE i CBLK sigmosigHo
(muB. pucynok). Horupukyrauk O M O,M, — napanenorpam. IToka-
2KiTh, 10 Biapisok AL € ob6pasom Binpiska DC mnpu nosopori R} .

Puc. g0 zanaqi 23.34 Puc. g0 3agaqi 23.35
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24.20. 1) 1,5; 2) —%; 3) % 24.24. é 24.25. 12 cm. 24.26. 28,8 cu?.

S
24.28. ITh 24.29. 1) k = 2, Tourka B abo k£ = —2, Touka nepeTUHY
niaromanei tpaneuil AMNC. 24.34. Braszisexa. Hexall maHe KoJo
HOTHKAETHCA O0 npsamol a B Touni M. Touxa Ml — obpas Tourku M

npu romoreril 3 meHTpom A. OcKinepKu o6pasoM npsAMoOl a € 1A camMa
npAaMa, TO TO4YKa M] HasexkuTh npsami a. Ilokaxxire, 1o obpas
JIaHOI'O KoJa i mpsAMa @ MaTh TiAILBKW OAHY CHiNBHY TOURy M .

24.36. —é. Braziexka. 3a o3dHaueHHsaM romorerii MA=kMB.

3uaiifiTe kKoopamHaTH BexTopiB MA i MB. 24.37. (-3; 2).
2438.1)x=-3,y=8;2)x=12,y=-2.24.39. x =0, y = 8. 24.40. 20 cm?.

1-A_K'A.J’M"sinzﬁl

S
24.41.112 cm?. 24.42. 1 : 2. Brasiska. SA AME = 21 =cos? A.
sasc 1 AC-ABsin A

24.43. 1) y = 2x + 2; 2) y=2x—%. Brasiska. Obepirp HOBinbHY
TOYKy M, AKA HANEXUTh JaHill npamii. 3HaWIITL KOOpPAMHATH
BEKTOpPIiB OM i O—M1=2(ﬁ»f. Touka M, — obpas Toukm M npu
pagi# romorerili. CkopucraiTecsi TUM, 1[0 KYTOBUM kKoediicHT
mykaHnol npamol gopiBHioe 2. 24.44. 1) (x + 1)* + (y — 2)* = 1;
2) (x — 4)) + (y + 8)” = 16. 24.45. Bkasisrxa. JoBenirts, 1o Koau
CHiIbLHA TOYKA ABOX KiJ € IeHTpoM romoreTil, nmpu skiit obpasom
OIHOI'O KoJIa € npyre, To ui Kosa morurawTscia. 24.47. Braziska.
IIpama A,B, € obpasom npsimoi A B, pu roMoTeTii 3 HeHTPOM y TOYILl
HOTHKY 1 KoediuienTom, piBHMM BigHomIeHHIO GijibIIOro pajiyca mo
meHworo. 24.49. Kosno, 3a BUHATKOM TOYKH A, AKe € obpasom nga-

HOT'0o KoJa IIpu romoreTii 3 nedrpom A 1 KoedinienTom, piBHUM %

24.51. Brasziera. TPpUKYTHHUK 3 BEPLUIMHAMH B OTPHMAHHUX TOUYKAaX
€ obpasoM TPMKYTHHKA 3 BEePIIMHAMH B CEpPeAMHAX CTOPIH MAHOTO
TPUKYTHHKA IIpHA roMmoTeTil 3 nenTpom M i koediuienrom, piBaum 2.

24.52. %%. 24.55. Brasiska. Hexaii A i B, — TOYKHU IepPeTUHY Bia-

noBigHo npamux OA 1 OB 3 meHInuM kKoJgoMm. Is samaui 24.47 Bu-
nausae, wo A B, | AB. Maemo £ B MB = £ A BM = £ MOB =
= £ MAB, = £ AMA = £ AOM. 24.56. Brasisxa. ITobynyiire
NOBIMBHUM TPUKYTHUK, ABAa KYTH AKOTO HOPiBHIOIOTH ABOM JaHHM
KyraM. OnuauiiTe HaABKOJO HLOro Komo. IllyxaHuf TPUKYTHHK €
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ob6pazoM moby10BaAHOI'0 TPUKYTHHUKA IIPHU IOMOTETIil 3 LEeHTPOM ¥V HO-
BinbHIN Toulli i koedinieHTOM, PiBHMM BiIHOLIEHHIO TaHOTO pamiyca
Ao pazniyca nobyzoBaHoro xoxaa. 24.58. Braaziska. [lo6yayiiTe TDUKYT-
HUK A B C, noaibuuii maHomy, i sacrocyiiTe roMoTeTiio 3 EHTPOM

y Oyaob-AKi#l 3 BepiuuH i kKoebdinmierTom i“& 24.59. Bkagsiska.
.A'IIBI(“:l

Hus. poss’sizanHa npukaany 1 n. 24. 24.60. Brasisra. Ilobynyiite

TPUKYTHHUK TaK, 00 Horo cTopoHu GyjaH mapaleJbHUMMA JAaHUM IPsA-

MMM, & Bl BEPLIMHH HAJEMaJlHd CTOPOHAM JaHOI'0 TPUKYTHuKA. [ToTim

3acTocyiTe roMOTETi0 3 IIEHTPOM Yy BEePIIHHI JaHOro TPHUKYTHHKA.

24.61. %S. 24.62. Brasiexa. Po3riisHbTe TOMOTETiIO 3 IIEHTPOM Y Ce-

penunHi Binpiska AB i koedigieHToM, piBHUM 3 24.63. llpama, aka
€ obpasom npamoi [ npu romMoreTil 3 EHTPOM y cepeausi Biapisxa AB
. —_— s 1

i koediunienTom, piBHUM 3» 3@ BUHATKOM TOYKH [EPETUHY HPAMHX

AB il (axkmo Taxka Touyka icuHye). 24.64. Braszisrxa. IlobynyiiTte no-
BiJIbHE KOJIO, IKEe NOTHKAETHLCS A0 cTOPiH Kyra (auB. puc.). Hexaii
M, — ojxna 3 TOYOK nepeTuHy npsaMoi BM 3 noGygoBaHUM KOJIOM.
PoarnauesTe romoreriro 3 nesTpom y Touui B i koediuienrom, piBHUM
BM
BM,
obepemo noBiinbHY TO4YKY A,. IIpoBenemo A B, L OB i AM = A B,
Tak, wob M, nanexana npomenio OM (muB. pucyHOK). 3acrocyire

- 3apada mae gBa po3B’sa3ku. 24.65. Brasierxa. Ha npomeni OA

roMoTeTiio 3 meHTpoMm y Touni O i koedinierrom g;; 2
1
A A
M,
M
M, 4
/, M
B —
C Q B, B
Puc. no sagaui 24.64 Puc. mo sagaui 24.65

24.66. OcHOBa BHCOTH TPHUKYTHHUKA, NPOBeJeHOol 3 BepliuHHU B.
Brasziexa. Hexalli Toukn M, i1 M, — cepenunu BiagpiskiB AM i MC
BinnosinHo. Maemo: HZ, (M,)=A, H?Z (M,)=C. Toxai npu 3azHaveHiit
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BianoBigl Ta BkasiBki

romoTreTil obpazaMu IpoOBeIeHNUX HNEePIEHIHUKYJISAPIB € BUCOTH TPUKYT-
HUKiB, npoBezneHi 3 BepminH A i C. 24.67. Brasiera. Hexaii Touxnu C,
i B, — cepexnunu Binpiskis AB i AC sianosinuno. Toxai npu romorerii

. .. B.,C
3 neHTpoM A 1 KoedinieHToM k= —11

obpaszaMu IIPOBEIeHUX IIPAMHX

6yAyTh CepEeUHHI MepneHaAuKynapu cropin AB i AC. 24.68. Brasziska.
IlobyayiiTe obpas3 gaHOIrO KoJja Ipu romoreTil 3 meHTpom M i roedimi-
eHToM —2. 24.69. Braszisia. Ha rinorenysi AB y 30BHIIIHIN O0iK moby-
AyHATe PIBHOCTOPOHHIN TpuKYTHHK. BiH € o6pazom rpukyrtHuka MNK
npu romoreril 3 medTpom v touli C. 24.70. Braszierxa. IlokaxirTs,
mo A B | AB, BC, | BC,iCA, |l CA,. Hani ckopucraiitecs pe-
3yJIBTATOM KJIIOUOBOI 3amaui 24.46. 24.72. Brasziskxa. JloBeniTh, 110
AB || AB,, BC | B,C,, AC || A,C,. 24.73. Brasiexa. PosrinsanemMo Tpu-
KYTHUK ABC, AKUH HAJEXXKHUTh PO3IVIAAYBAHIN MHOMXHWHI TPDUKYTHHKIB.
IITyxarum KosioMm Oye obpas BliHcaHOro KoJja TpUKYTHHKa ABC npu
romoTeTii 3 nmeHrpom C i Koedinienrom 2. 25.5. Touku sgexaTh Ha Of-
Hill npamii. 25.14. [110IUHK MOXKYTE epeTHHaTHCAa abo 6yTu mapa-

nenpHumu. 25.18. INeperunarorsesa abo MmumodizxkHi. 25.23. 152 em.
25.24. 153 cm. 25.25. 15 cm. 25.26. 20 cm. 25.27. 2V21 cwm.

25.28. 2\312+3~/6 cM. 26.17. 680 cm?, 840 cm?, 1360 cm?.

_\?d? 26.24. 482 cm?.

2

26.25. 36 cm?. 26.29. %d“sinasin Bcos?B. 26.30. m? tg B (sin o +

26.18. 350 cm?, 420 cm?®. 26.19. 3d%

+ cos o); m® sin o cos o tg B. 26.31. 8a® cos%tg B; 2a’sina cos%tg B.

3

26.32. %. 27.11. = 1,24 mm. 27.12. = 60 000 H. 27.13. 2007 cm?*;
320m cv®. 27.14. 3201 cm?; 10247 ev?. 27.15. = 3770 xr. 27.16. 4,5 cu.
27.17. = 550 xr. 27.20. = 3 kr. 27.21. wh/2; %nhH. 27.22. 2nR%;
nR%\/3

3
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@uME T, 9 Kalad

AOOATOK 1

3mict nporpamu 3 TEOMETPII (9 raac)

J1JISI Kaacin 3 HOPJIHOJICHHM EBHDBYMCIITISIM MaTCMATHICH
Sarsepiskeno MinicTepeTsoM oCBiTH | HayKin Yipainn
(et Ne L/11-2151 Bix 30.05.2008 p.)

CrpykTypa nporpamm

Iporpanra HogidHL v popmi Tadaui, sKa MICTHTb Bl YacTHHN: 3MICT HABYAJABHOTO
Marepianay i BHMOrd Jo nijroToBKi VYHiB.

Yogaernni « 3MicT HABYMUIBHOTO MaTeplajay», AKi o)opMIela OPAMHM LIPH(ITOM.
BEJIIOYEHO 3MICT ONpPoOrpaMe JIsT 3araidbHOOCBITHIX HaBuadbLHBX sakiaagis. Texer,
opopMaIeHUil KYPCHBOM, MICTHTL HAB'WAIBHIIT MuTeplas, siKiil BUBUAETLCA ¥ KJAacax
3 MOrJAMGACTIMM DIBHEM MaTeMATHIKI.

IMporpama nepeabauue MOMIHMBICTL BUBUENHI 3MICTY KVPCY 3 pisHUM cTelleHeMm
nosnoTi. Hoaartkosi nuraiia i remMu, vasaTi B KBaApaTii (VAKI, MOMHA He BUBUATH.
1O JO3BOASE BUHTEACR] 3010 BlJl KOHKPETHX YMOB BuplioBaTH 00’eM Marepianay,
ARMIT BUBYAETLCS, | BIINOBIANO CTYIIHE HOTJAHOACHIS | DOSIUMPEHHA KYpPCY.

9-n knac. FreomeTpin
(105 roa. I cemeerp — 48 roa, 3 roa Ha THIKIACHD,

IT cemecTp — D7 rojg, 3 rojg Ha THHKACHE)
K-rh g y - e Jlepstapui Bumors go piBns
. 3MiICT HaBUAJBHOIO Marepiany . .
rosu. HAPOTOBKH VHIIEB
6 Tema 1. HOBTOPEHHS [ CHCTEMATH3AIIIS HABUAJILHOT'O
MATEPIAJIY 3 RVPCY 8 RITACY
16 Tema 2. PO3BSI3YDBAIHS TPHIYTIHHIKIB

CHRAYC, KOCHUHRYE, TAHICHC § ICONLAHICHE
AK vl Kyra sijg 0° o 1800
CHinBilHOMICHHA MM OCHOBHIIMD
TPUFOHOMETPHUHITMI (DYHICITIAMM:

o sino
sinfu +cosfu =1, tgu= :
COS
COS UL
Ctg = ———.
Sl
Torosnoeri sin (180° - ) = sin w,

cos (180" - ) = —cos o,

tg (1807 — ) = —tg «,

clg (180" — w) = —ctg .

Teopemn wocunveins i cnnyvein.
Boaacmusicmo cmopin § diaeonaaei
napaaeozpamd,

Dopatyaa dasn tnaxoedxcenns dosicu
HU MeGIANU Hepes CHOpOHIE MPU Y-
nuicd.

SUcmocysaHHa hopyyau ¢ = 2R sin

DopMyTI0C O3HAUCHIAD CHITYCH, KO-
CHHYC{l, TAHTCHeH | KUTAHICHCA KVTa
sijt 0° o 1807

TeOpeMIl: CHHVCIB, KUCHHVCIE,

{IpU CTOPOHHM 1 glaroHastdi nmapajeno-
rpaMd.

3aunieye cUiBBIAHOLIICHHST MIXNK TPH-
FOHOMETPITYHMMM (DVIIKUIAMM.
JoBoinTy, TCOpeMHu: cHHyein,
KOCHHVCIB, [1P0 CTOPOHI | glaronani
napajgensorpamMas

hopmysn: aasn odbuMciaeHna pagivea
OIMICANOro KOMA TPIKYTHHKAL, JIA
OOMIICTIEHH ! IIA0IIL TPDHKVTHHER

1 HOTHPUKVTHHICH,

Boaoaic agaropurMamMi poas’a-
BVBAHHA TPHKYTHHEIB.

34CTOCOBYE BUBYUCHL TEOPeMH 14
POSBTHBYBAHII 3aja4.
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Jioda Kk

K-k AR : oo Hep:asii BUMOTH 10 DIBH#A
MiCT HABYAJIBHOIO MarTepiaay ; ;
rofi. NiATOTOBKM VUHIB

Posp’A3yBaHHA TPUKVTHHKIB.

[Tpuzonosempuyna gopya meopesiu

Jeau. Popmyaa Litnepa das sHaxo-

dacenrn sidemani MiKNe yenmpamu -

CAHOZO L ONUCANOZ0 KL MPUKYIMHUKQ.]

DopMyVIIH AH 3HAXOJKEeHHA T

TPHKYTHHKA.

DopMysia A5 3HAXOAAKEHHA IO

YOTHPHKYTHHKA Yepes fforo glaroxasni

TA KYT ML¥K HHUMH.

8 Tema 3. IPABHJILH]I MHOTOKY THHILH

ITpaBiibHl MHOIOKYTHHEKH Ta 1X BopMynIoe 03HAYCHHA: TIPABH/IL-

piaacTupocti. Popmynn pajgiyeis BnM- |HOTO MHOTOKYTHIIKA, KPYTOBOTO

CAHMX 1 ONTHECAHMX KIJN NPABMJbHIX CceKTupa, KPYroBoro CerMeHTa;

MHOTOKVTHHKIE, TEOPEeMM: NP0 BIAHOIUEHHSA JOBACHHMN

TTobynona NpaBHIBHIIX MHOTOKYT- Koua o foro giamerpa, HPO. BOBIECH-

HHKiB. Hy Koja, npo njomy Kpyra i #oro

Howsaara xoaa, Hopsuna ayry gomaa, | TacTi. =

Ilaoua Kpyra Ta iioro TacTidH. "[I‘OB(""‘"Tl'_‘I)OpMYnH AR OO HIEN
HA PAJiyciB BIMCAHOIO i ONMCAHOTO
K1Jl TPABHJABHOIO MHOTOKYTHHKA.
Lyayc npaBnAeuuil IIeCTHRYTIHK.
3acTocosye BHBYEHI O3HAYEeHHA |
TEOPEMH JUISE PO3B S3YBAHHA 3ajlad.

18 Tema 4. JEKAPTOBI KOUP,{LITIIIATH HA ITJIOUIH I

Hpm\’ltncy'rua cucrenMa l{(.)t]p,ill.lllﬂ'l' Ha
nowmii, Popmysta Blacradi mis
TOUMKAMMK 13 30/laHMMHI KOOPAUHATAMM.
Hudin sidpisra 6 3adanomy sidnouwien-
wi. oopauuarit cepeauiim Bigpiska.
Pivusinis irypu. 3araispiie pisHsauin-
npamol. Pienanna npanol 3 kymosu
roehigienmonm. Pisnanmna npavol, sika
npoxodums «epes doi damt movKu.
Vaosu napanensnocmi i nepneqdu-
reyaaprocmi deox npasux. Popayaa
gidcmani 6id mouwu o apamor.
Pisusiuusa Kona. Baacsue posasivien-
HA NPAMOT I K0JAd.

Memuod woopduram.

[Hono Anonnonia. Popmuyra Jdeudniva.]

Onueye NPAMOKVTHY CHCTEMY KOOp-
AMHAT.

DopMyJIIIOE O3HAYEHHS DIBHAHHA
(Pirypu, yMosM napajeisHocri i nep-
NeHAUKYAAPHOCTI JBOX NpPAMMX.
Samcyc (POpMYIM: BilcraHi MK
ABOMA TOMKAMHM, KOOPIHHAT Cepe-
AWHI BIAPI3KA, KOODALHHAT TOYKN
noaiay Biapiska B ganomy pBigHomeH-
ni, BigeTani Big TOYKM 40 NpPsMOL;
PIBHAHHS KOJA, 3arajJbHe DIBHAHHA
MNpAMOI. PIBHAHHA NPAMOL 3 KYTOBMM
Koe(lilieHToM, DIBHHHHA NMPAMOL, dKa
NPUXOINTE Yepes ABl gaHi TOYKH.
JlopoanTs (GopMyan: Bijerani mMiz
ABOMA TOYKAMII, KOOPAMHAT cepe-
JAMHIT Biﬂr}liBKfl; YVMOBY HEII)H.HE_TII:H('}C‘
Ti ABOX NPHMIX.

Bubojirs: 3arajibHe piBHAHIEA TPsi-
MoI, piBHAHHA KoJa.

Jacroconye BUBUEH] O3HAMEHHHA i
TEOPEeMM JANA PO3B’A3YVBAHHS 3aaatl.




CuMeTpis. 9 knac

Kore i . Hepmasui BUMOrn g0 piBHA
Swmier HaBuILHOrO Marepiamxy ; f
roj. HIArOTOBKK YYHIB
19 Tema 5. BEKTOPH HA TIJIOUIHITI
Cranapui it BeKTOPHI BeNMUIHNA. Onueye mMoHATTA BEKTOPA.
IMonarrs Bexropa. Moayas 1 HATPAM |MopMyI0€ OZHAMEHH TOHATh:
Bexropa. Pisui sexropu. lporuwies- |moayan sexTopa, KoJdiHeapii sek-
Hi Bexropu. KoopanHary Bexkropa. TOPHU, PIBHI BEKTOPH, HPOTHIEHHI
Honapaunsa-i BiAHIMaAHHA BEKTO- BEKTOPH, KOOPJAHMHATH BeKTOpA,
pPiB. MHOMKEHHS BEKTOPA HA 4HCTO,. eyMa i pisHHI JBOX BEKTUPIB, Mo-
RonineapHi sexropn. Poiraadanns OyTOK BEKTOPA | YMCIa, CKAJAPHHIT
dexmopa 3a deoma Heroaineapuume | 1o0yTOK ABOX BEKTODIR;
gewmopamu, Cranapunit gobyrox BNACTHBOCTI JiI Haj BEKTOPAMH;
BEKTOpPIB i fforo BIacTHBOCTI. TEOpPeMy MpPU PO3KIAAAHHA BCKTOPA
3acmocysanua gexmopie do 34 JABOMA HEKOJIHEAPDHIMH BCKTO-
poss’asysanna saday [ docedenns pamMu.
meopeat. Hoso/urrs (hopMyiH jgaa obunc-
JIEHHH HOU[)JU{HI]T BeKTODA, R!CVII"‘!
€ PesYJLTATOM AN HQJI BeKTOPUMU,
CHAJMPHOTO Jluﬁ_v‘rKy JABOX Rurc’rupin,
SUAaHMX KOODJAWMHATAMM.
3acToCcoBYC BUBUCHI 03HavYeHHA 1
TEUPEMT JJIH PO3B A3YBAHIS 34248,
20 Tema 6. FTEOMETPHYHI IIEPETBOPEHHS
Monarra npo nepersopeHHa (irypu. |Omieye NOHATTA MepPeTBOPEHHA.
Pyx (nepemimenns) Girypn i fioro WOPMYNIOE O3HAYCHHS MOHATL! PVX,
piactusoeri. Pipniere giryp. MapaJe]bHe DepeHeceHsd, 0CLoBi
[Kowunosuyis pyxic.] I nenTpasbHa cuMerpii, noBOpPoOT, ro-
Mapageasne nepenecenns. Cumerpil |moTeria, nepersBopenns noaidnocri,
BLAHOCHO TOuKI Ta npAmol. Hosopor. |pisui Qirypun;
BacmocysanmnA pyxic (hizypu Qs piacTuBocti: pyxy, romoretii, nepe-
PosG HIYsAnHA sadaq. TBOPCHHA NOMIOHOCTI, 17101 Mo1i0-
Tomoreria ra 11 Baactupocti. Ilepe- Hux (iryp.
TBOPEHNA NoAI0HOCTI Ta floro paacTu- | JlosoauTs, o Oupaieblie nepede-
pocti. Ilnowmwi moaibuunx diryvp. CeHHs, cuMeTpil BIIHOCHO npsAMOl
Bacmocysanna nepemasopents nodio- i TOYKI, NOBOPOT € PYXaMil.
Hocmi ma dosmomentit dax 3ajiae napajeibHe NepeHecedin 3a
POsE’ AIYSUAHHA Jaday. JOMOMOI010 KOUDAMHAT.
[Lraepein. Sacmocysanns inaepeir ZacToconye BHBYEH] O3HaueHHH |
dasn puag’siysanns saday.] TeOPEeMI ANA PO3R'A3YBAHHA 3uju4.
8 Tema 7. IOYATKOBI BIOMOCTI 3 CTEPEOMETPIT

Bsacmue posTalnyBaHHA

npsaM#ux y npocropi. Baaemne
POSTAILYBRHHA IJIoUH. Banemmue
POBTALIVBAHHA IPAMOIL Tid NJIOLIHHM.

IleprneHANKYJAAD 10 MIOIUHHH,

Onueye B3aeMHe POIMIILEH H3T
B IIPOCTOPI ABUX MPAMMX; NRAMOL TA }
NJAOUIMHIT, JBOX MMJIOLMH. I
IMosicnioe, o TaKe:

npAMa npisMa, nipamiga. muainap,
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Hoparkm

K-rp 3MicT HABYAJLHOTO MaTepiany J.'[cpma_sm RRe ..u(.“ PRBEL
rof. MiATOTOBKH YYHIB
INpsama opusma. [lipamina. Ilaooma KOHYC, KYJAA Ta IX eJeMeHTH;
nosepxHi Ta ob’em npHuaMn oBepxHs:A 1 060'eM MHOTOIpAHHHKA
i mipamigu. i Tina obepraHHA.
IMunisap. Konye. Kyna. Tnomi Jobpakye 1 3BHAXOAUTE HA PHCYHKAX
TOBEPXOHD 1 0b'eMH HUIAIHUAPA, MHOTOTPaHHMKH i Tina obeprauHsa Ta
KOoHyCa 1 Kkyii. iX eleMeHTH.
Pouss’asysanusa zajgav Ha obuucnedHs |3amucye i mosicuioe QOopMyaIM i
11011 MOBEPXOHL 1 00’eMiB, ¥ ToMy OBYMHMCICHHHA TLNOLL MOBEPXOHE
ynedl OpUKIaZHOro XApaKTepy. i o6’emiB sasHavenux y nporpami
reoMeTpHYHHX Tia.
34cTOCOBYE BUBUEHI O3ZHAYEHHHA
1 BJIACTHUBOCTL 10 pusB’'A3aHHS
Faaad, y T.4. IPHKJI3IHOro aMmicry.
10 Tema 8. IIOBTOPEHHS I CHCTEMATIH3ALI HABYAJILHOTO
MATEPIAJY
NOOATOK 2

Opicrrosue Kajyemjgapae mianysanus 3 reomerpit

e

(9 caac)

JLJIH KJIaciB 3 MOrJUOJeHUM BUBYCHHAM MATEMATHIH

-

Nex 3MicT HABUANLHOIO MaTepiany Roissicas
TOMMH
Tema 1. IMosropeuinst i cHeTeMATIZALIN HABYAJLHOr0 marepiany
3 Kypey reomerpii 8 kaacy (6 romn)
1 [MopropenHsa i1 cueTeMaTH3alia HAaBUAABHOTO MaTepiany 5
2 | KonrponasHa pobora Ne 1 1
Tema 2. Posu’sisysauus rpuryrnugins (16 rom)
3 | Cunye, kocuuye i ranresc kyra sig 09 go 180° 2
4 | Teopema KOCHHYCIB 3
5 | Teopema CHHYCIB 3
6 | Poss'AgyBAaHHA TPHKYTHHKIB 3
7 | PDopmynn ANA 3HAXOMMKEHHA NAONI TPHKYTHHKA 4
8 | KourpoasHa poGora Ne 2 1
Tema 3. Ipasnanui simorokyrunrn (8 roj)
9 | [IpaEnabHI MHOTOKYTHHKH 4
10 | Hosacwmira xomna. 1Tnomwa kpyra 3
11 | Konrpoanda poGora Ne 3 1
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P eoMeTpist. 9 knac

Ni 3MICT HABUMAIBLHOIO MaTepiajy Kinsuicrs
rOJIITH
Tema 4. Jlexkaprosi koopanuarin ga naowmnd (I8 roa)

12 Binc‘-r;uq, m.i:q-: JABOMA TOUKAMHE i3 guﬂ.aupmli KUOOPAMHATAMH. 3
Tloain Blaplska B 3818HOMY BLIHOUWIEHHI

13 | Pisusnua girypun. Pisusaaas Koaa 3

14 | Kourponpua podora N 4 1

1D | Saransue piBHHI—;HH npamol 3
Pipuauua npamol 3 KyToBuM KoediieHTOM.

16 | ¥VMosu napajeibHoeT! 1 DEPHeHAMKYJIAPHOCT] JIBUX NPAMMX. 4
Pipuanua npamol, AKa NPOXoAdTh Yepesd ABL JIaHl TOUKH

17 Bukopieradua JekaproBlix KGOPANUAT A PO3B A3VBAHHA 3
TeoOMEeTDHMYHIX 3aja4

18 | Kourpoapia podora N § 1

Tema 5. Bewropn ma naoamui (19 rox)

19 | IMToHATTH BeKTOPRA 3

20 | Koopaiuuarn Bekropa 2

21 | Mopasanus i BLAHIMaHHN BeKTODIB 3

22 | Konrpouabna podota Ny 6 1

23 Mnm,fcemm BEKTODA Ha MHMCHO. SACTOCYBAHHA BEKTOPIB A0 5
POBB H3VBANNHA 30714

24 | Cranapnnii 400VTOK BeKTODIB 4

25 | Konrpoabua pobora N 7 1

Tema 6. lMeosterpuyuni nepervopenns (20 ropa)

26 | lNepersopenns (BiaodparkeHHsa) Qiryp 2

27 | Pyx. ITapaseasvne nepenecenHs 2

28 | Ocnosa cuMerpin 3

29 | lHlenrpaasua cimMerpis 3

30 | Konrpoasna podora Nt 8 1

31 | ITusopor 4

32 | I'omoreria. [MogiGuicrs Qiryp 4

33 | Kowrpoasua pobora No 9 1

Tema 7. llouarrosi sinomocri 3 crepeomerpil (& rom)

34 | Ipasmi # naomnuy v npocropl

35 | Mpama npnsma. [Nipamiga 2

36 | Ihainap. Konve., Ky 2

37 | Konrponeia pobota Nt 10 1
Tema 8. [Mosropenns i cneremMaTudanis HABYAJLHOTO marepianay (15 rom)

38 | TlosTopeniua HABYAIBHOIO MATepiany 14

39 | KonrpoabHa poboura Ne 11 1




Hojarkm

AOJATOK 3

TaGuuis 3ravens, TPUroHOMETPHUYLINX Dy i

| Bemavwina Benmpamna
- RYT3 CTHrye KoGunyc TaHIEHE KYTa (Y Cuny KOCHMHYC Taurenc
¥ CRELYCax) TRpakycax]
o] 0,000 1,000 0,000 46 C.719 0.695 1,036
1 0,017 1,000 0,017 47 0. 731 0.682 1,072
2 0.035 0.999 0,035 48 0,743 0,669 T
3 0,052 0.999 0.052 49 0,765 0.G56 1,150
4 0,070 0,898 0,070 50 0.766 0,643 1,192
-] 0,087 0.996 0,087 51 0,777 0.629 1,235
5] 0,105 0,995 0,105 52 0,788 0.616 1,280
7 0,122 0,993 0,123 53 0,799 0.602 1,327
8 0,139 0,890 0,141 54 0,809 0.588 1.376
| 9 0,156 0.988 0.158 85 0,819 0,574 1,428
10 0,174 0,985 0.176 56 0.829 0,559 1.483
i 11 0,191 0,982 0,194 57 0,839 0,545 1,540
[ 12 0,208 0,978 0,213 58 0,848 0,530 1,600
; 13 0,225 0,974 0,231 59 0.857 0,515 1.664
| 14 0,242 0,970 0,249 60 0,866 0,500 1,732
: 15 0,259 0,966 0.268 61 0,875 0,485 1,804
i 16 0,276 0,961 0.287 62 0,883 0,469 1,881
. 17 0,292 0,956 0.306 7 63 0,891 0.454 1,963
18 0,309 0,951 0,335 . 64 0,899 0,438 2.050
19 0,326 0,946 0,344 5 0,906 0,423 2,145
20 0,342 0.940 0,364 66 0,914 0,407 2,246
| 21 0,358 0,934 0,384 67 0,921 0,39 2,356
i 22 0,375 0,927 0,404 68 ™ 0,927 0,375 2.475
23 0,391 0,921 0.424 69 0,934 0,358 2.605
24 0.407 0,914 0,445 70 0,940 0.342 2,747
25 0,423 0.906 0,466 71 0.846 0.326 2,904
26 0,438 0,899 0.488 72 0,951 0,309 3.078
27 0,454 0.891 0.510 73 0,956 0,292 3,271
28 0,469 0.883 0,532 7a 0,961 0,276 3.487
29 0.485 0,875 0.554 5 0,966 0,259 3,732
30 0,500 0,866 0.577 786 0,970 0,242 4,01
3 0,515 0.857 0.601 77 0.974 0,225 4,33
32 0,530 0,848 0.625 78 0,878 0,208 4,705
a3 0.545 0.839 0,649 79 0,982 0,19 £.145
3a 0,559 0,829 0,675 80 0,985 0,174 5.671
35 0,574 0,819 0,700 31 0,888 0,156 6,314
36 0,588 0,809 0,727 82 0,990 0,139 7.115
37 0.602 0,799 0.754 83 0,993 0,122 8,144
38 0,616 0,788 0,781 84 0,995 0,105 9,514
39 0,629 0,777 0,810 85 0,996 G087 11,430
a0 0,643 0,766 0,839 56 0,994 0.070 14,301
A1 0,656 0,755 0,869 87 0,999 0,052 19.081
a2 0,669 0,743 0.900 88 0,999 0,035 28.636
a3 0,682 0,731 0,933 89 1,000 0,017 57,290
| A4 0,695 0,719 0,966 90 1,000 0,000
l a5 0,707 0,707 1,000
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'eomerpia. 9 knac

IMICT
Bid asmopis.......... RS A R R S R S e S e, €3

§ 1. NoBTOpEeHHs 1 cucTemaTr3alisa HaB4anbHOro marepiany
JKYPCY rEOMETPIT B KNACY i s vinassivvesivississisiississsoriss ivies 9
1. 3azauyl HA NOBTOPEHHA HABYAJLHOIO Marepliany 3 Kypey

FCOMETPIT 8 KITACY 1t ettt et e et e e eee e eeeaneeeann 5
§ 2. POSRIGAYBANHA TOMKYTHWRIE i s i 11
2. Cnuyc, KOCHMHYC, TAHIEGHC I KOTAHI'eHC KyTa
BIJL OF 0 1800 ettt et e e ee e e i e 11
3. TeopemMa KOCHHYCIB cvvevvviinanennn. Cereienes e cererenenens. 19
4. TeopeMa CHHYCIB ....covvriviirnirnnnnans e, e 28
e Tpuronomerpuura dhopma Teopemu HeBH .. ............... 36
e Mopmyna Eiinepa ans sHaxoKeHHs BigcraHi mimk
[eHTPaMM BIIMCAHOIO i ONMCAHOIO KiJl TPUKYTHHUKA ... 38
5. Posp’s3yBanus TPUKYTHHUKIB .......... . R AR 39
e Tpuronomerpisa — HayKa Opo BUMIipIOBaHHA
TPUKYTHHUKIB .. .. ............. e D 921
6. DopMysTIH IS 3HAXOAMKCHHS VIOl TPUMKYTHHKA. . .\\-... .44
§ 3. MNpPaBUNbHI MHOTOKYTHMKM ..ooiiiiiiiiieiiiiieaeieaeiaeiiaaeaaasnnas 55
7. TlpaBUNbHI MHOTOKYTHHMEKN Ta 1X BJAACTHUBOCTL ....... ek DD
8. Howrkuna wouna. [lnoma Kpyra ...oceeeeen.. . e 65
§ 4. lekapToBi KOOPOMHATU HA MAOLLMHI ..o viieiiiiiiieeeeeeann. 77
9. Bincrans mik BOMa TOYKaMH i3 3aJaHUMHU
KOOpJHIlaTaMH.

IToain Binpiska B 3a7aHOMY BIJHOIIEHHI. covverersnsresnnnss 07
10, PiBHSHHS ITY DU reurrinreresrrrrennsrsrronrssssrersssseseneeseess O
11. 3aranbie PIBHSIHIS TIPHAMOTL - teareneenaearanenareeaananaresnnns 92
12. PiBHAHHs IPAMOI 3 KYTOBUM KoedimieHToM.

Pipasnus npsamol, sika NPOXOJAUTL Yepes

ABI HAHL POUBH i sogvies s imm b i suas v R R 96
13. MeTOH KOODKIHEAT «vewwsowsivss s swnss s sss eawassmes veeene. 105
e flk 6yayBanm mict Mix reomerpieio Ta anrebpomo ..., 111
e PaaukansHa Bick ABOX Kin .. ........... e i T 112

270



§ 5. BeKTOPM e e R 117

14 TIOHATTS BeETODR s s i 117
15. Roopaunary BEKTOPA.......... R B A TN PRI 123
16. HonasanHs 1 BLAHIMAHUI BEKTOPIB.wteieriieriirrnnrannnnnns 124
17. MHOMEHHS BEKTOPA HA YKCJIO.

34cTOCYBAHHS BEKTOPIB JI0 PO3B SIBVBAHHS 34144 ........ 137
18. Cranapiuani A00YTOK BEKTOPIB tviiiriiriiiiiitrstnnninanreneses 150
§ 6. MepPEeTBOPEHHS QTYP tvuriiteiiireetieninneertiaraaeraaanannrranees 161
19. IleperBopeHilst (BioOpasKeHIIS) (PITYP . ieerrrnenisnsenians 161
20. Pyx. ITapajyenbHe HePeHECEHHS «ovvuvrrrirriaeisrereirsonses., 168
21. OChOBA CHMETPLA tuuuuiirieraiiseiisiiansensissssscsssesssasssnnns 176
22. Ileurpanniia CUMETPISE ooven.. G R SRR 186
23. TLOBOPOT...evurvnnnnns .S —— 193
24. Tomorerist. [TomiBHICTE PITYP it 201
ENRNEOCRE . R R R B s B8
§ 7. Mo4aTKoBi BiZOMOCTI 3i cTepeomeTpil........ R A
25. TlpsiMmi i OJOMIMHHA V HPOCTOPL vvvvvviviniinnnnnn. v 223
26. Ilpsima npuama. ITipaMiia coooooiiiiiiiiiiiiii i 228
27, nainnp. Kouye. Kyus..... R e e s e e e O
BidnoGidi ma GICAIIBIU «.uuuuurieii it aiiiiiaaieaeertetiaerraseeerannnes 242
H 30673 6= | 117, (OB, R et .... 264

Jodamor 1. Bmicm npoepamu 3 eeomempil (9 waac ) ons aacie
3 NO2AUONCHUM GUBHCHIUAM MAMEMAMUILU «onvnennn.. . 264

Jlodamoi 2. OpienmogHe KaieHdapHe nAaHy6AHHs

3 ceomempit (9 waac) dan icnacic

3 NO2ZAUONCHUM GUBLEHIAM MAMEMAMUKU ..., covnen 26T
Jlodamox 3. Tabauysn mpuzoHOMEMPUUYHUX (DYHICUIT ovveeeee.... . 269

271



Hasuwanene gudannsn

MEPSJISIK Apragiii 'puroposuu
ITOJIOHCBLKUN Biraniit Bopucosuu
SIRIP Muxaino Cemernoniu

I'EOMETPIA

HMidpyurnux das 9 wnacy
3 NOZAUCACHUM GUGHCHHIM MAMEMANIUKU

Penawxrop . &. Bucoysrka
Xyunoxnuur C. E. Kyaunuy
Komm’iorepua peperra 0. O. Vdaaos
Kopewrop T. €. Llenma

Mignucauo po napyxy 21.07.2009. dopmar 60x80,10.
Fapuirypa mwxkinsua. [lanip odeeranit. Hpyi odeerHuii.
YmosH. apyk. apr. 17,00.

Tupaxn: 5000 npum. 3amosienna Ne 334

Ceipowrso JIIL No 644 sig 25.10.2001 p.

TOB TO «l'imnazias»,
pyia. Bocnmoro Bepeans, 31, m. Xapris 61052
Tes.: (0567) 7568-83-93, 719-17-26, daxe: (057) 719-17-26

Bingnpykosauno 3 rotosux jianosmnrusis
v apviapsi [T « Mogem»,
Ten. (057) TH8-15-80



®opszay 3

BEKTOPU | Ali HAQL HUMU
Mopgynbs sekTopa

]ci| = Ja + a:_f-, ae (a,; a,) — KoOpAMHATH BEKTOPA a
PiBHICTb BEKTOPIB

a=b, axmoa, =b,ia,=0,,

Axmo a TT b i"[aJ:‘b , e (a];az)i(b];bz)"—
T a=b KOOPAUHATH BEKTOPIB a 1 b
BigmoBiguo

[logaBaHHA BEeKTOPIB

IIpaBuio TPUKYTHHUKA:
B

A/\::‘C a (a1;a2)+5(b1;b2) :_c;(a1 + b5 a, +b,)

A
e

B BigHIMaHHSA BEKTOPIB

" a(a;a,)-b(b;b,)=cla -b:a,-b,)

AB- AC = CB
MHOXeHHS BEKTOpa Ha Y1Cno

Slkmo b = ka, 1o |b|=|k||al, _
b ™ a, axmpo k > 0, ka (a; a,) = b (ka; ka,)
b Tl a, skmo k < 0

CkansapHui gobyTok BeKTOpIB
EE-ECz‘EfB]-iEkOSZBAC a-b=ab, +ayb,
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