[image: image1.jpg]L 0 D

%

I
| =
— e e e

G
A
B AR P

PLYLIAKOB





[image: image2.jpg]PI1.YLLAKOB

Konekuis
TBMLOHS;

HepiBHOCMeU





[image: image3.jpg]Kuis “TEXHIKA" 1998




[image: image4.jpg]3MICT

Tlepesmona .. 4
§ 1. Torosni nepersopertist. MeToz aeneHia 0
O4eBHAHOT HEPIBHOCTI .. .5

§ 2. Knaciuni Hepissocti
§ 3. Onyxricrs dywxuiit
§ 4. Bacrocypanms noxiaHoi Ta inTerpana
§ 5. Piaui wepiBnocri ..
§ 6. Hepisuocri B reomerpi
CIHCOK PEKOMEHAOBAHOT JTEPATYPH ...





[image: image5.jpg]BBK 22.151.0
Yy 93
YK 514.116 (075)

Vmaxos P. II.
v93 Kosexntisn TpuronoMerpuunnx nepisrocteii. — K.:
Texuixa, 1998.— 86 c.: in
ISBN 966-575-181-6

V kit 3i6pano eeMenTapHi TPHrOHOMETPIMHI HePiBHOCTI
BCiX THOIB. /IS IOBENIEHHSA 1MX HEPIBHOCTEH 3aCTOCOBYETHCS
anapar Kypey eJIeMeHTapHOT MATEMATHKH: TOTOXKHI IIePETBOPEHHA,
noxinna, interpan, kracwuni nepisHocri. PosrasHyTo Garato
WiKABHX PHKAAAIB, Y TOMY YHCI | TaKHX, 10 Gy.1H 3anpononosani
Ha BCTYNHMX iCINTAX /0 MPOBIAUMX Byais Yxpainu. Haseseno
BOPABH LIS CAMOCTIHHOTO PO3B A3y BAHMA.

Jlns yunis (Diauko-MaTEMATHUINX LKL, CEPEMHIX 3arambHO-
ocsiTHiX wKia, niueis Ta rimuagiii.

1602050000-020 B BBK 22.151.0
—30795 — Des oroxom.

Hanyanbie BHAAHHST
Vmaxos Pydoavgh Ilemposuy
KOJIEKI{ISl TPUTOHOMETPUYHUX HEPIBHOCTEN

Pepaxtop B.M.ITapxomenko
Xynoxuiit penaxrop C.B.Aunenxos
Kopexrop J.1.Tpuns

Mizmicano 0 apyxy 16.09.98. Mopwar 84x108 1/32. Manip pyk. Ne 2.
Tapriitypa aitepatypia. JIpyx ocersit. Yvon.apyk.apk. 4,62. O6n.-sua.
apk. 5,74. Tupax 2000 npiv. 3am.Ne 101.

Buaunurso «Texiikas, 254053 Kuln, nys. Obcepsatopra, 25.
Crifonrso npo nepxaniy peectpaniio Ne 02473145 pin 22.12.95 p.
Kowm'iotepue 3aGeanevennst, ipyk TO «Hipmanas.

ISBN  966-575-181-6 @© P.T1.Yaxos, 1998




[image: image6.jpg]NEPE/IMOBA

Tpuronomerpuuni ¢ynxuii BiAirpaoTs BaXxJAuBy poab y
mareMaTnii, Bismui it Texnini. Baxmse sacTocyBaniis BOUN TAKOX
31AXO/ATH NPH BHBYENHi Kypcy eneMenTapioi reomerpii (oco6miso
y PosB’AsyBalni reoMeTpUuHMX 3ajau na oGuMCHenud Ta
noBeienns). Y 6araThoX BHMAKAX TPHIOHOMETPIs AOTMOMATaE i
anre6pi. Bimoma Takox 3araapHoOOCBITHSI Ta HAyKOBa POJb
nepiBnocTeii, AKi HOCiAaW0TH WiAbie Micue B OaraTboX po3dinax
cy'lacnui MaTeMaTHKH.

B uiit xmmkui 3i6pano TpuronoMerpHuni nepisnocti, ki
TPAIIAIOTLCA B eeMenTapiiil MaTeMaTii.

Ans iX A0BefeHNs 3aCTOCOBYIOTBCA KJACHYNI HEPiBHOCTI,
MOMATTA omykaocTi ¢ynkuii, moXiAua Ta inTerpan, Meroj
MATEMATHYNOT iIyKIii, BeKTOpH — MaifXe Bech apcenan Kypey
eneMemapnoi MaTeMaTHKH.

3 orasy 1a HeBEJHKHIT 06CAT KINDKKH POSTASITYTO Juflle Taki
3aCTOCYBAHIA TPHTOHOMETPHYIKX 1epiBiiocTeii:

. sinx S :
1) rpamnua lim——— Ta gesi wikasi rpanmui;
0 X '
2) excTpeMablii 3ajai;

3) nepiBuocti y TpHKyTIHKY, TO6TO HepiBUocTi, fAKi iciyioth
MiX TpHTOLOMETpHYIMEI (pYUKIiAMH KyTiB TPHKyTIHKa (BigoMo,
1O Gy/ib-SIKY HEPIBHICTb MiX eJIeMeHTAMI TPHKYTHIKA MOXIIA JBECTH
J10 TPHTONOMETPIYIOL HepiBHOCTi).

Jlo KOXIOro TEMATHUIOTo PO3Ainy MOAano BHpasu Aas
camocTiiinoro poas’ssanns. Haseseno pai 3ajau KOHKypeHoro Ta
oniMIiaHOTO XapaKTepy, s0KpeMa 3ajadi, Ho NpononyBamHca ia
BCTYNINX iCMUTaX 0 OPOBI/IHX yKPAICHKHX BY3iB.

ABTOI)DM BHKOPHCTOBYIOTLCSH 3arafblHOBXHBAIL NMO3MAYENNs.
Towatok Ta kinmeus poss’sizyBanug sajay a6o goBenens
TIO3NAYAIOTBCA CHMBOAOM *.

Y Kilmi KINBKKH TaBe/Ieno CHcoK PeKoMeNIoBalioi Jitepatypu,
32 JIOMOMOTOI0 SIKOT YHTAY 3MOXe TONMPHTH CBOE 3NAiOMCTBO 3
HepiBIOCTAME. ABTOP DaJHTbh TaKOX BHKOPHCTOBYBATH JKyplaad
«Kants, «Marematuka B mkoxe» Ta a6ipmikn «V cBiTi
MaTeMaTHKH» .

ABTOp BHCAOBMIOE 1Py noasky ui.-kop. HAH Ykpainn
M.V Sapenky, sxuii miaKasas aBTOpOBi if€l CTBOpemua wi€i
KIDDKKI,
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Poarsnemo Takmii npukian.
Hpuxaax 1. Jlosectn nepisiicts

1 1 1
+ ==,
(seca+secf) (coseca+cosec Byt 2

Ae o.i B —roctpi KyTH.
*TlianeceMo 10 kBaZpata 06KUABI YacTHIN LiEepiBIOCTi:
1 1 1
0 + 0} € -
(scca + sec ) (coseca + cosecp) 4
Bukopuctacso ovepiguty tepisiicrs (a = b)* = 0.

HAoaasu 1o 060X wactin wiel wepisnocti 4ab, Maemo
(@a+b) =4ab.

Omxke, (seca +secp) =4 seca secf;
(coseca + cosec ) = 4 coseca cosecff.

1 1
7k o
(seca + secfi) (coseca + cosecf)
1 1
s +
4seca secf 4coseca cosecff

Toni

- ;—cosa cosp + %sina sing = %cos(av ) s %

M aiiiuum o ouesnAnoi nepisiocti. PiBiicTs focAracThes mime
Todi, Kom cos(a-pB)=1, To6To npH @ =p *.
Npukaaa 2. /losectn uepisnicts
sine 1+s|'na—cosa | xe 0<ﬁsa<f,
sinf 1+sinf-cosf 2
Cnoci6 1. Bpaxopywoun faii o6Mexeniis, MaeMo:
sina (1 +sinf -cosp) s sinf (1 +sina - cosa);

sina -sina cosp < sinfi-sinf cosa;
sina i sinf |
1-cosa I—cosﬂ'

a B
tg—-sctg .
ctgg=ctg,

Mu zicraan ouesmiy nepisuicts, 6o gynkuis ¥ = rtg%,

% E(O; %)cmuum,




[image: image8.jpg]Cnoci6 2. Bpaxosywun BioMi TOTOXHOCTI
. o Y 2 Y
siny =2sin- cos= Ta 1-cosy =2sin® = ,MaeMo
b 2 2 £ 2

2sin% cos 2sin L cos L + 2sin? &
2 2 2.

2sinBeast 2sinB cosf 4 bk
Z 2 2 2
cosZ cosZ +sinZ
g el o Bug
cos£ cos£+sinE
2 2 2
B B

a B @ . P a o
COS— COST+ COS— SiN- < COS—— COS-+S8in— COS_-;
2 2 2 2 2
0 < sins cosE - cosZ sinE; 0 = sin LA A
2 2 2 2 -2
Mu aictanu o4eBHANY WepiBHicTb, 60 3a JauMX YMOB
0 s g )
2
Hpukaax 3. [losecti uepisuicTs
sinx+Lsin2x s %slna,r 0 mpn xE(0:).

* CKOpHCTABIIMCH TOTOXKHOCTAMH  sin2x = 2sinx cosx Ta
AicTaieMo HepiBHiCTh

sin3x = 3sinx - 4sin’x,
sinx +sinx cosx +sinx — —3—sin31 >0;

sinx(2+cosx—%sin11)> 0.
Ockinpku mpi x €(0;7) sin x > 0, T0 JHMIAETHCA JOBECTH,
mo 2+cosx—%sin2x>0:
4
—cas’x+cos1+3> 0;
3 3

4cos’x+3cosx+2>0.

2
3 23
Hapeurri, maemo 4 [CDSJ + E] s >0, o € oueBnIEUM®.

0;£ .
2

Tpuknaz 4. JloBecTi HepiBHIiCTD
s % x
3cos’x + 2cosx s Beos® = 2cos’7 mpn x€E
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* Moxnagemo z =2cos* = .  TloMitaeMo, W0 mpH
) P!

1s2zs2. Bepyuu /10 yBarn TOTOXKHICTb €OS & =

2€ O;£
2

= 2087 -1=z-1, micraeM0 3(z -1 +2(z -~ =2 -z,
Ticas nepersopens Maemo 0 = (z - 1)*, mo e cnp;ncmauu.
PiBticTs jocaraeTbest pme npi z = 1, 10670 mpy X = —*.
Hpukaaa 5. Hosectn nepisnictn 2
cos‘a+cos’f 1.,
————— s -(ctga+ctg? p).
siffa+sin'f - 2 : &6
+2c0s’ a+2cos’ fscos’a+sin’a ctg? B+sin’ B ctgla+cos? B;
P : 02
0scos’a ﬂ—i +cos’f i
sina sin’p
0 = (sin® @ - sin’ B) (sin® @ cos® B - cos’ @ sin® B) ;
0 s (sin® @ - sin® B) sin(a - B) sin(a +B) ;

0= %(cosZﬂ - cos2a) - %(coslﬁ - cos2a);
Orxe, 0s %(cosZﬂ - cos2a)’. Ile ouesmmno. Pismicts

JIOCATaEThCA Mile TOl, ko €0S2a = cos2f.
Saysaxenius. JKuo B yMOBI HEMAE KOAMIX 0GMEkelD, TO

Ma€MO Ha yBa3i, 10 HepiBHiCTb BUKOHYETbCA Ha BCill obracti

BH3HAYenns *.
Tpuxaan & JlosecTn nepiBuicth
|Ssina - 20sin*a +16sin’a| = 1.

* IepeTBopuMO BUPa3, N0 CTOITh NI JHAKOM MOZYJA:
sina(5-20sin* a + 16 sin’ a) =
=sina(5-10(1-cos2a) + 4(1- cos2a)’) =
=sina (-1 +2cos2a + 4cos’2a) =

=sina («1+2c052a42(14cos¢ui)-
=2sina cos4a +2sina cos2a +sina =
=sin5a - sin3a + sin3a - sina + sina = sin Sa.

Mu giitumt o odesuatof nepisnocti [sinSa|s1+.
Tpuxaax 7. JloBecty nepipicTs
sin’ @ +sin® B+sin® y 2sin2a sin2p +sin2Bsin2y +sin2y sin2a,

ne a+pf+y=m.
;




[image: image10.jpg]* Jlema. fxkmwo a + f+y =7, TO
sin @ = sin2p sin2y . 1)

Ockinbkn @=x=(f+y), 10 sina=sin(B+y).
Hepissticts (1) na6ysae surasay sin’ (f+y) 2 sin2fsin2y;

;—(1—5052(ﬂ+y))z%(cosZ(ﬂ—y)—c0521ﬁ+y)),

12 cos2(B-y),
mo ouesnno. PibuicTs Bukonyetbes mmme mpu f=y. Jlemy
JloBeAeno. AHaXOrivio A0BOAATbCA HEpiBHOCTi

sin’ B = sin2a sin2y 2)
sin’y = sin2a sin2f. (3)
Joaasum nepisuoeti (1) — (3), aicranemo norpi6uy Hepisiicts,
PiBHICTD AOCATAETHCA JHINE TIPH ¢y =B=y= Z_
3aypaxiMo, 1O Aana NepiBllicTb BUKOLYETbCH ANA KyTil Oy /an-
SIKOFO TPHKYTIHKa, 60 CyMa KYTiB OYb-SKOTO TPHKYTHIKA AOpiB-
nioe 7T.¥
TNpuxaaz 8. Jlosectn nepisuicts 2[

Ta

sina = sin sin
snerg siof ; stay)
a B ¥

s(l-tl]sina4(1+i)sinﬂ+(l+l)siny ¢
B y) v« a p)

Ae e, B,y — KyTH TPHKYTHMKA.

Jema. Hexaii A 1a B — KyTi TPUKYTIHKA, NPHIOMY A< B.
Toai sind ssinB.

* Mommisi A8a BHTaAKH:

1) 0<A<Bs % Toni sinA ssinB, 60 dynxuin

. x
y=sinx, IE(O;E) 3pOCTAINa;

2) 0<A<%sl}. Toni 0<A<n—Bs£, 3BIAKH

sind<sin(x~B) i sind<sinB, Jlemy nopesieno. 3 nei
sunmeae, wo  (@-p)(sina~sinf)=0, aspigkn

[é-%) (sina -sinf)=0.

AHasOrivio JOBEEMO Tie ABI HePiBHOCTI:

(l—L) (siny -sina)=0 Ta (1—1) (sinf —siny)=0.
a v B
'3




[image: image11.jpg]Jloaasi ocTaiil TPH HepiBIOCTi, AiCTaleMo TOTPIGHY Hepis-
nictb. PiBimicTs BHKOMyeThCA Jme MpH ¢ = B =y, T06T0 TOAI,
KOJIH TPHKYTIHK piBHOCTOpOIIIit *.

Tipuxaan 9. JlosecTu nepisiicTs

14sin*a +sin’ Bz ZJSin‘ a+sin' B.

* [Micas nignecenns 06ox 4acTHH NepiBHOCTI 40 KBagpara Ta
3pejienns MoAiGHIX uMelri AicTaHeMO HepiBHicTb
14+2sin’a + 2sin®p + 2sina sin®p = 3sin‘a + 3sin' B, (1)

Tenep poarasnemo Asi nepiBiocTi:

2sin’a + 2sin’ B = 2sin'a + 2sin' B;
1+2sin’a sin?f 2 sin'a +sin' B.

Hepisiicts (2) cripaBeziniBa BIACIOK OUeBHIIO]

sin’y zsin'y . 3 nepinnocri (3) punmsae, wo
12 (sin’a - sin? B)* ;

1=

%(l—cosZa)—%(l—cosZﬂ).

1=

%(cosZﬁ—cosZu),; 1=|sin(a+ B) sin(a- )],

wo ouesugio. Aogasum mepisiocti (2) i (3), micranemo uepis-
uiets (1). *

Tpukaan 10. [{osectss nepivmicts sin(or,—a,+ot3)=
zsina, -sina, +sina;, ne Osa;sa,sa, sn,
* 3anuumeMo Kiibka PiBIOCHIBINX HepiBHOCTe!
sin(a, - @, +a;) +sina; =sina,+sinay ;

ata a+ay -2a . a,+a a-a
2sin——— cos 2 22sin="3 cos 35
2 2
a,+a,-2a a,-a
s3T5 2 5 cos— 2 1)
2
a,+ay-2a a~a
3a ganux ymos 0= '*;—l T’sn.

Ockinpkn dynxiia  y=cosx, xE[0,7] cmaua, 1o nepis-
niets (1) cnpasenmusa.*
Tpukxan 11. [Jopectn nepismicts
(14 sin e+ cos @) (1-sin a+ cosa) (1+sin a-cosa) (- 1+sina+cos a)s1.
9




[image: image12.jpg]* IocaizoBHO MAEMO

[(l+cosﬁr)I = sin’a][sin’a -(l—cosa)’] <1;

(2cos’ @ + 2cosa) (2cosa - 2cos’ @) < 1;
2cosa(l+cosa) 2cosa(1-cosa)s1;
4cos’asinasl; sin’2as1.

Mu aiitmg 10 oueBH/iHOT HepiBHOCT. *

Tpuknazg 12. Jlawo dynxuito  f(x)=1+acosx +
+bsinx +ccos2x +dsin2x.  Bigomo, mo f(x) > 0 npu 6yap-
AKoMy Aiitcromy x. [osectu, mo f(x) < 3.

Jlema. MawTb Micue Taki TOTOXHOCTi:

€OSX +COS x+2—” +cos 1—2—” =0; 1)
3 3
sinx +sin x+2—n +sin 1'-2—jr =0; (2)
3 3
cosZ.!+cos2(x+-23£] +cos2[1-2?"] =0; 3)
sin2x + sin2 [x»f%"] + sinz[x—z?x) 0. @

* Jloseaemo Totoxmocti (2) i (3), a rotoxmocri (1) i (4)

RS i < 2z B 2x
JOBOAATHCS AHAOTIYNO:  sinx + sin{x+——| +sin(x-——| =

=sinx + 2sinx cos%‘ =sinx + 25inx(—%] =0;

€0s2x +cos2 [.r + 2:) +cos2 (x - ZT”) -

=c0s2x +2c0s2x cus-‘%r =c0s2x +2c0s2x| - 1 =0.

2 2:
Jlemy popegeno. 3rigno 3 nemoiwo f (1) +f Lx+§) +f [x— ”] =3.

3a yMoBoIO f(,n-%r) >0 Ta f[x—%"—]>0.
Omxe, f(x)<3.*
10




[image: image13.jpg]Bupasn

JMoBecTi HepiBHOCTI:

ffamras
Essm‘a +cos'a s1.

1.
10 e et
2, =0 a+cos’asl.
) |sina sin(GO“—a)sin(60°+a)lsiA
4. 'cosa cos(60° - a)cos(GO“q»a)‘s—
5. sin®a+cos?asi.
S0y 3-2th" >i/8+3sln%.
7 Jctgﬁ—zsinal>d25in-’—t-—3cosx.
i 4 2 2
8. sinA <sinB +sinC, ae A, B, C — KyTH TpHKyTHHKa.
9. |cosa|+|sina|=1.
10. sina +sin2a +sin3a +sinda < 4.
11. |sin3x cos®x + cos3x sin’ x| = 075.
12. ‘Z(Cossa-rsinsa)-2(cos‘a+sin‘a)+%cos'2n 5—2!-4
13. | sinZa (14tga tg2a) + TH0E pomy
1-sina
(1+s|na)ctg(%—%)
14 — = <0.
s 5z
28in| —=~—|icos| —++
£ g 12
15. |4t:osa cosy cos(a—y)—Zcosl(a—y)—coSZy‘si.
16. ————— -1 /(seca-1)(secf-1), ge
cosa+cosﬁ
b X b
—KE<I—, —sﬁ<—
3 203 2
17. arctgx +arctg2r<x.
18. arcsinx +arcsin2x <.
19.

bd .
7 sarcsinx + 2arccosx s 1,57.

11




[image: image14.jpg]a-p

2cos: 1 1

20. = — ) + = 0 .
: (a;a”su] sin(45"+a@)  sin(45%+ B)

sin

0°sa=90°, 0°=sp@=90".
21, ysin2a +[sin2p s2cosa;ﬂ ,/sin(uwﬁ), ne
0sasZ, 0spsZ.
2 4
22. fsin2a + |fsin2f < 25in (45" + @) sin(45°+ B) , e
0 <sas90", 0°sp=<90°.

23. Jlosectn mepisuocti (A, B, C — KyTH TOCTPOKYTHOIO
TPUKYTINKA):

a) 2ctg5 =tgB +1tgC;

6) ctg%+ctg%+ctg—§—stg,4+th+th,‘

B) ctg%ctggctg%stg/i tgBtgC.
24. Mdosectn Taxi nepisnocti (4, B, C — KyTif A0BifbiIOrO

TPHUKYTHHKA):
a) cosAcosB casC s (1-cos A)(1-cosB) (1-cosC);

6) sinﬁsinE sings 1~sin£ 1~sinE l—sing;
2 2 2 2 2 2

5k 2B 4C A B (5
1-tg? S| (1-tg?—|[1-tg'=| = 8tg’— tg’— tg'—;
5) ( g‘z]( gz)( gz]s gt te

2
r) (ctg’% ~1] (ctg"g < 1] (ctg’% 71) <8.

Onna nikasa mepisnicrp. JloBiBum sKych nepiBuicTs,
MH PO3UIMPIOEMO Koo ouesiminix (cnpaseampix) nepisnocteii,
A0 AKHX MOXKIA 3BECTH TY 4H illllly nepimlic‘m. 3apa:: MM JI0BEIEMO
Ouily HiKaBy HEPIBHICTD, /10 SKOT YACTO 3BOAATHCA TPHIOUOMETPHYILE
HepiBHOCTi.

Teopema. [lna Gyap-sxux pificnnx_wncen a,b,y  BuKO-
HYETBCSA NepiBHiCTD lacosy + bsiny| = Ja?+b>.

*Crnoci6 1. Bpaxosyoun, mo | x [ = 2%, maemo
(acosy + bsiny) = a® + b*;




[image: image15.jpg]0= a’sin’y + b’ cos’y ~2abcosy siny;
0= (asiny - beosy)?,
1110 O4eBHAIO. PiBINCTb J0CATAETLCS JIHIIE TOJM, KO
asiny =bcosy .
Cnoci6 2. CkopHCTaeMoCs TOTOXHICTIO
(acosy + bsiny)” + (asiny - beosy)® = @® + b*,

3pizcn (acosy +bsiny)’ = a* +b* —(asiny —beosy)* sd* +b*;

|acosy +bsiny|s,}az +b .

Cnoci6 3. Posrasnemo okpemuit BHIAIOK KIACHUIOT

uepisuocti Kowi - Bymskoscbkoro. *
G s s+ 5 0 4 0)

(roBesith wo nepisiicTs camocTiiino).

[okmpum X, =a, X,=b, y,=cosy, y,=siny,  micrauemo
TOTPIGIY HePiBHICTb.

Mu e MaTHMEMO Harojly NMepeKoHaTHcsi, AK, Cremiatisyioun
KJIacH4Ili HepiBIocTi, MOXIa 3106yTH NOTPIGHY HepiBIicTb.

Crnoci6 4. Posrsiiemo Bextopit {7 (q,b) i V (cosy,siny).

Bizomo, mo |U - V|=|U|-|V|. 3vigcn

|acosy + bsiny| = ya® +b* 1=ya* +b* .
Cnoci6 5.
cosy +siny
[ ;n’+b’ ;a w0t

a
OcxibKi =1,iciye Takuif KyT a, 1o
;}a“»bl ;}a +b?
——-—sina, ————-cosa.
Jai +b* Jat+b?

Omxe, acosy+bsiny = yJa* +b? (cosy sina +siny cosa)=

= ‘laz+b2 sin(y +a).

Bpaxosyioun, mo |sin (y +a)| s 1, Aicracmo norpibiy nepinicts.
Tenep NoKakeMo, AK €NpaIioe» i HEPiBIiCTD.

acosy +bsiny =

*Kowi O. JL. (1789 — 1857) — dhpannysbicrit Maremanmc;
Bywaroncoii B. 1. (1804 — 1889) — pocificeiarii Marcariik.





[image: image16.jpg]Tpuxnaz 1. 3uaittn o6racts 3uavenn ymiuii
y=2cosx+3sinx.

*3rizmo s moiino fosexenomo Teopemoio |y ,f2’ +3' =13,
Ouxe, =13 sz a/13 4 E(y) =[-13; 131+
Tpuxaan 2. JlosecTit HEpiBIicTD

seca-cosa coseca - sina &
e =

tga+1 ctga+1 2k
* Maemo
1-cos’a 1-sin‘a 2
—_————t——————|=—;
sina cosa 2
cosa +1| sina +1
cosa sina
sin‘a _ costa \/_
sina+casa sina + cosa 2"
1 B .
—————— ==, V2=z[sina+cosa|, mo cnpaseamso.
sina+cosa | 2

Mpukaaz 3. TIpyn AKUX 3UAUENNAX MApaMeTpa p PiBIAIIA
1+ /1-p = cosx+l+psinx  mae poap'saku?

* Ouesuani o6mMexemns 1+p=z0 i 1-p=0 pawors nepis-
nicte -1 =< p < 1. Jlani nomivaemo, uwo

Jeosx + fl+p sinx!s,}lz-fh-p =2+p.

Omxe, [1+1=pls{2+p, abo 1+1-p = 2+p.

MaeMo cucTeMy nepisHocTei
-1spst, “1sp=t,
u,ﬁ-szhp; 2-p+2,j1-p52+p;
l"‘hsl, {Ospsl, Jszd”"“

JTJsp.- 1-psp';

Bidnosioe. e

1




[image: image17.jpg]Tpukaaa 4. /losecti, wo B GyAb-AKOMY NPAMOKYTHOMY
TPHKYTIHKY BHKOHYETbCA lepiBHiCTL ia \E w1, fedt LR
Bi/INOBI/NIO pajiycH ONHCAIIONO Ta pmucatioro kia, Kot JAOCATAETHCS
piBiicTs?

* Hexaif xavern i rinotenysa npnMuxymorquukynmxa

a
opiBIooTs @, b Ta ¢ Bignosigno. Bigomo, mo 7= >

Hexaii rocTpuii KyT npsaMoKyTHOro TpuKyTHHKa Aopismioe . Toxi
_ c(cosa+sina—1)

2
Ockinpkt  cosa +sina=v2,710 r= R(J;—l), 3BIIKH

B L N
JZAedr r

PiBHicTs BHKOHYETbCSA JIHMIIE TOMI, KO €OS@ + sina = ﬁ,
T06T0 @ = 45° , OTXKe, JMlE B PiBHOGEAPEHOMY TPAMOKYTHOMY
TPHKYTHHKY .

Hpuknaa 5. [Ipn fSxux suadennsAx napamerpa p cucrema

= R(cosa +sina-1), 6o R=§.

x+2px+4p'+2p+4 sdsiny+3cosy,
Osys2n
Ma€ €Ul poss’A30K?
* Hexaii  [(x)=x"+2px+4p*+2p+d=(x+p) +3p* +2p+4;
m=minf(x)=3p’+2p+4 npu pikcosanomy p.
Hexait g(y)=4siny + 3cosy;
maxg(y)= 4> +3* =5.

Sxuto m > 5, TO Nepura mepiBIICTh CHCTEMII Ile MaE Po3B'sA3KiB.
Slxkmo m < 5, TO nepma nepiBHicTh CHCTEMH Mae Geanniy po3s’A3KiB.
Otxe, 1A BUKOUANNSA BHMOT 3aZa'i EOOXi/O i AOCTATHDBO, MOG
BHKOHYBAnacs piBmicTs m = 5, 10610 3 p? + 2 p + 4 =5, 3piaku p =

=-1,a60 p=1/3. llpu p = 1/3 cucremMa Mae exuimii po3s’ 30Kk
(x== -;-,y-arcctg%), a mpu p = -1 — eammii po3p’a3oK

(x=1; y=arcctg%).

Bidnoaids. -1 a6o 1/3.*
Tipukaan 6. /losects nepismicts
(sinx +siny)cosz + cosx cosy sinz'
1+sinxsiny

=1.




[image: image18.jpg]Tpukaaa 4. [losecti, uo B 6yAb-SKOMY NPAMOKYTHOMY
TPHKYTIHHKY BHKOHYETbCS HepiBHiCTH 5-; \/2_+ 1, aeRipi—
BIIMOBIAIIO Pa/llyCHt OIHCAHOrO Ta Bmicatioro kin. Ko AOCATAETHCA
piBHicTs?

* Hexaii kateTH i rinotemysa npsaMoKyTHOrO -rpuxymuxa

a+
nopiBiioTs @, b Ta ¢ Bianosimuo. Bigomo, uo r = 3

Hexaii roctpiii xyr npsmokyTioro Tpukyimxa aopisnoe . Togi

ina—1
AT i < e 1, 6o R=Z.

OckinbkH  cosa +sina s V2,70 r= R(\E—l), 3BIAKH
1 7y il el R
S e 2 + ' ==,
J2 At r
PisnicTb BUKOHYETHCS JTHIIE TOMI, KOMH COSA + Sina = \E

10610 00 = 45” , OTKE, MIMME B PpiBHOGEIPENOMY NPAMOKYTHOMY
TPUKYTHHKY. *
Tpukaax 5. [lpn Axix smadeniax napaMeTpa p cucrema

x42px+4p*+2p+d sdsiny+3cosy,
Osys2a
Mae eJHnuii poss'A30K?
* Hexait [(x)=2"+2px+dp*42p+d=(x+pf+3p +2p+4;
m=minf(x)=3p* +2p+4 npn dikcopanomy p.
Hexait g(y)=4siny + 3cosy;
maxg(y)= ‘/42+3’ =5.

Slknto m > 5, TO nepura HepiBHicTh CHCTEMI Tle Ma€ PO3B'A3KiB.
Axuo m < 5, To NEpUIA HEPIBHICTL CHCTEMH Mae Geartiy O3B’ A3KiB.
Omie, AN BUKONAHNA BHMOT 3aaui 1eo6Xiano i focTamibo, mob
BUKONyBanacs piBIicTe m =5, T0610 3 p* + 2 p + 4 =5, 3Biku p =

=-1,a60 p=1/3. Tipu p = 1/3 cucrema Mae eamiii o3’ 130K
(x== %,y-:arrctg%). anpu p = -1 — emmumit poan'a30K

(x-l;y=arcctg%)A

Bidnoeids. -1 a6o 1/3. *
Tipukaazn 6. [losectn nepisiicts
(sinx +siny)cosz + cosx cosy sinzl o1

1+sinxsiny




[image: image19.jpg]Tpuxaaz 1. 3uaittn o6nacts 3uavens ymiuii
y=2cosx+3sinx.

*3rimo i3 moiiio goeaenoo TeopeMoo | y|= 22 +3° = Vi3,
Omke, ~VI3 sy =13 i E(y)=[—\/G;JE].t
Tipukaaa 2. Jlosectit HepiBiicTh

seca-cosa  coseca -sina JZ—

tgoa+1 ctga +1 20
* Maemo
1-cos'a 1-sine 2
—_— |z
sina cosa 2
cosa +1|  sina +1
cosa sina
sin’a . cos’a | \/_
sina+cosa sina + cosa
1 i W y
————— ===, V2=z|sina+cosal, mo cnpasenmmso.
sina + cosa 2

Tpukaan 3. TIpn AKUX 3UAYEINAX MAapaMeTpa p PiBIANIA
1+ ,lt—p =cosx+/l+psiny  mae poss’sskn?

* Ouepmni o6Mexeims 1+p=0 i 1-p=0 aawors nepis-
micts -1 s p<1. [lani nomivaemo, mo

Icosx+,/l+psinr|s‘llz+l+p- [2+p.
Omke, [1+1=p|={2+p, abo 1+1-p = 2+p.
MaeMo cucTeMy nepisocTeit

“1spst, —tspsi,

1+ fimpsy2eps 2-p+2fl-ps24p;

-1=ps=t, 0spst, 15—1“,‘1.
Ji-p = p; 1-psps 2

Bidnoaios.

spsts

14




[image: image20.jpg]*Hexaii sinx+siny @ COS.X COS Y %
+ . way " N o= d
1+sinxsiny 1+4sinx siny

Toni |acosz +bsinz| < Ja’+b? =

ok (sinx+siny)’ + cos’x cos’y _
(1+sinx siny)?

sin’x+siny+2sinxsiny+(1-sin’x) (1-sin’y)
(1+sinxsiny)?

3 1+2sin x siny +sin’x sin’y L%
(1+sinxsing)?

HMpuxkaan 7. BizoMo, mo 0 <a < X Josectn nepiBIicTh
2

tga +(1+tga)seca < (—;-q \E} sec’a.

* Maemo h,
sina 1
sina * Cosa 72*‘/2—
—t ———— s R
cosa cosa cos’a
: 4 1
smacosa+smu+ccsas5+ﬁ; 1)

sina +cosa =42,

x

NpUYOMY PiBHICTh JOCATAETLCS JIIe IPH & = i
Tomivaemo, mo 1 1
sina cosa = —sin2a s —
2 2

b
i TyT piBmicTh RocsTaeThes amme npu @ =—. Otxke, nepiBuicTh
(1) € cnpaseamsoro. * 4

Hpuxnax 8. Pose'asaru piBnsuis sinx+2sin2x = 3+sin3z.

* Maemo 2sin2x - (sin3x-sinx) = 3;
2sin2x - 2cos2x sinx = 3;
sin2x - sinx cos2r =1,5.

Tlomigaemo, mo [sin2x-sinx cos2x|s 1+(-sinx)’ = JE <45,

Orxe, nane piBnsNis KOpein 11e Mae.
Bidnosios. x €. *
16




[image: image21.jpg]. vl o5 T
Tpuknan 9. JMosectn nepisnicts sin(sin x +cos x) < cos——.
CR (Y P, 7
*CoS—— =sin| —~—| =sin——.
24 2 24 24
Mae Miciie samtoxox nepisrocreii

—%<-‘/2vssinx*coszs‘/—<%<%_
T r

Dynxuis ¥=sinx, r€-=,~|, spocrawya. Orxe,
2.2
sin(sinx + cosx) S
i < ¥
24

Mpukaaz 10. Yucaa x, y, @, b 3a1080AbHAIOTH YMOBH:

P+yt=3, a+b*=25, xb+yazSJ§. Sxoro maii6ibioro
3Havenis Moxe naGysat Bupa3 x +a ?
2

2
* 3 ymoBH BumIMBAE, MO [ = ] + [7“.] =1. Omxe, icuye
i) \B

2 2
TOCTPHI] KT @ Takwuii, mo sina-%‘casa-l, (ﬂ) ,(EJ By

3 J3 is) s

Orxe, ictiye rocTpuii kyr p Takuit, mo  sin f = 2 cosp = %

9
Hani maemo  xb+ya= Sﬁsina cosp + Sﬁcosu sinf =
= Sv/;sin(ai»ﬂ)z 5\/5.
3sizen punmimae, mo sin(a+pf) =11 a+p = 90",
x+a=3sina + 5sinf = V3sina + 5cosa <
= f3+25 = 28.
Bidnosidv. 28 .+
Mpuxxax 11, JloecTn nepisticts

(sinx siny +sinz cosx) (sin x cosy + cosz cosx) = 1.
* Mosnaunmo xisy wacTity Hepismocri Yepes A:

As|singsinx +sinz cosx|-[cosy sinx + cosz cosx|s
s ysin’y +sin’z - ycos?y + cos?z =

- sin? y +sin?z + cos’y + cos?z 1

2
atb

TyT BuKopucrano nepipmicts \/; 1/5 = 2 i





[image: image22.jpg]TNpuxaaa 12. Josecrn, mo GynKuia

y=sin’x - 12sinx cosx + 3cos’x - 266
MOKe HaGyBaTH HEBi/l'€eMHHX 3HAYEIb.

e l—c;sh gt 3(l+cos2x) 2966 =

= cos2x - 6sin2x + 2 - 2366 =

< 17 +(=6)? +2 - 266 = /37 + 2 - 266 .

Tepenipre camocriiino, mo Y37 + 2 - 24/66 > 0.«

Tpuknan 13. Jlosectu nepisnicts a’ +b*+¢* 2443 S, ze
a, b, ¢ ta S — Bigmosiano cropomn Ta maoma Gyab-sKoro
TPHKYTHHKA.

* BissMeMo Hepinnictb 3 sin A +cosA=2, AeA — omm
i3 KyTiB TPHKYTHHKA. ”2
+L‘ -

Brimio 3 BigoMuMu BopMmymaMK sinA-E, COsA=
be T2k

Tenep 3 yaaroi uepisnocti Aictanemo
2J3—5 % b +ct-a*
be 2be
ssimkn 43S + b+ c* —at sdbe.

Auazoritmo gopesemo, mo 43S +a* + b? - ¢* s 4ab.

=2,

Joaasuu 18i ocTanii HEPIBHOCTI, MaeMO

8v3 54267 <4bc+4ab,
anin 435 2bc +2ab - b*. (&)
Tlomiwaemo, mo
2bc +2ab-b* sa* + b + ¢, )

6o 15 HePiBHICTh 3BOAUTHCA A0 OUEBHANOI HePiBHOCTI
0s(a-by +(b-c).

Is uepisnocreii (1) i (2) punansae, mo 443 S s a* + b + ¢*.
PisnicT ocsraeTbe minme npu @ = b= ¢, To6T0 B PIBHOCTOPOHILOMY
TPHKYTHHKY. *

Tipukaan 14. Jlosectn nepisnicts dinciepa - Xaasirepa *.

438 s a® + b +c* - (@-b) - (b-c) - (c-a)*.

18




[image: image23.jpg]*dema. Y 6yap-AKoMy TPHKYTHHKY BHKOHYETHCS HEPIBHICTD

tg-§+tg§+tg%=ﬁ.
Is pisnocreit s‘mA-«Zb—f-, cosd-%
BHILIMBAE, IO ctgA-&"‘:—;i
Ananoriuno CLSB‘%" i C(SC"HZ—*‘:);__CI
a* +b*+c?

Omxe, ctgA+ctgB+ctgC = T

2 2 2
3rizno 3 pesymbatamu npuknazy 13 467+ f3

Orxe, ctgA+cth+cthzw/§.

3asnayumo, mo komt 4, B, C — KyTH TpuxyHHKa, To 90°- A /2,
90°-B/2,90°- C/2 — Takox KyTH IeSKOro TPHKyTHHKa, 6o 90° -
A/2>0,90°-B/2>0,90°-C/2>0i90°-A/2+90°-B/2 +
+90° - C/2 = 180°. Tenep mMaeMo

ctg(Qo"—i;—] + ctg(90"- g} +ctg[90°—§) > \E,

a6o
4 tg%+tg§+tg%=\/§.

Pinicts ocaraetses mume npu A = B = C = 60°.
Jlemy nosezeno.

& +b +¢ ~(a-b) =(b-cF ~(c-af -a*-b* - +2ab+2bc+2ca
45 ) 45 ]
3a Teopemoio kocuiycip @* =b’+c’ -2bccosA,
b?=a’+c*-2accosB, c*=a*+b?-2abcosC.
[Nonasum ui piBHOCTi, Maemo

-a*-b'-c* = -2abcasC - 2bccas A - 2cacosB.

* @incacp I1. (1894 — 1970) i Xagnirep T. (1908 — 1981) — wmeiinapceki
MaTeMaTHK.

19




[image: image24.jpg]Ovxe; ™ +b%+c*=(a-b) - (b-c)* - (c-a)’ "
45
. -2abcosC-2bccos A-2cacosB+2ab+2bc+2ca .
48
_ 2ab(1-cosC)+2bc(1- cos A)+2ca(1-cosB) _
48
= 2ab(1-cosC) e 2bc(1-cosA) o 2¢ca(1-cosB) -
2absinC 2besin A 2casin B
= tg%+ tg%+ tg%z \E
PiBnicTs A0CATAETHCS JUNIE B PIBHOCTOPOINBOMY TPHKYTHHKY. *
Bupasn
1. 3maiitn 06aacT snavens it
a) y=3sinx+5cosx. ¢y§ixﬁ"tlzﬂnei0bv [-v/34; V34].
6) y =3cosx - 4sinx. Bidnogide. [-5; 5].
B) y=2cos3x + 4sin3x -1, Bidnosios, [-2y5-1; 245
) y=7sin2x-cos2x+2.  Bidnogion. [2-542;2+5
2. Ilpy gxnx spavenusx napaMeTpa p piBnsnug
sin2x - Jp-1cos2x =1+ ,/2—p
Mae po3B'A3KH. B
Bidnosios. P €1+ =5 2]

3. JloBect Take TBEP/UKEHIS: [UIA TOCO MOG PiBIANIA
acosx+bsinx = ¢ Mano po3B’a3kH, Meo6XiANO i AOCTATIBO,
o6 BHKOIYBaNach NepiBUiCTb

—‘)a’ +b' scs 1/a’ +b* .

4. JlopecTn, mo piBusmmg  sina cosx +2cosa sinx =2,01
Tie Ma€ POSRE’A3KIB BIIOCHO X.

5. JloecTn, WO B GyAb-SKOMY TPAMOKYTHOMY TPHKYTHHKY
Bukonyetsest nepisuicts S < (V2+DRr, ae §,R Ta v — piano-
Bi/HO 1O, Pagiyc OIHCAHOTO Ta BIMCANOTO Kil.

6. Ilpu AKHMX 3HAYENIIX NApaMeTpa p CHCTEMa

' 4+2px+3p’ +3p+3s3siny-4cosy,
Osys2a
Mae eaunuii po3s’a3oK? {
-2;v}.

Bidnogids. pPE
7. Jlosectn 1epiBiicTs
sinx sinysinz + (cosx+cosy)cosz
14+cosxcosy

21!
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[image: image25.jpg]L
sec’a.

8. llosectn nepisnicts  t8a(l+tga+seca)s

9. Poss’ssat piBusmA  coSX+2cos2x=3+cos3x.
Bidnogide. xEQ.
sinx +cosx

10. /losect nepisuicts Ja_tg(—s— <1.

11. Yncna x, y, a, b 3a710801HAIOT yMOBK
P ay’=2, dtsb*=4, xb+ynz2\5.
Axoro nafi6iabmoro suayenig Moxke HaGyBarn Bupas x + a?
Bionoeide. 6 .
12. JlosecTn nepiBmicts
(sinx cosy +sinz cosx) (siny sinx + cosz cosx) s 1.,
13. Jlosectn nepinnicts sin’x - 14sinxcosx - 5cos’x + 3{35 >0.

14. JlosecTi epiBicTs Eta'*c—‘ b’+(a-c)’) sacos’x+bsinreosy+

sesifrel (a+c+Jb’+(a~c)’) !

BrasiBka. 3sectn BUpa3 acos’x +bsinx cosx +csin’x
a0 sugy Acos2x + Bsin2x,

15. Jloectu nepismocTi:

a) 4cos’a+3sina cosa s4,5; Vi3

6) 2cos’a +3sina cosa + 4sin*a = 3-——;

B) —4s4sinxcosx - 3sin’xs1.

16. 3uaiiTi, NpH AKKX 3HAYENHAX TAPAMETPA P MAE PO3B'S3KH
piBusHIA:
a) 3cos’xr-sinxcosx=p.

3-410 10
Bidnogide. p € TJ—: #J H
6) cos’r+3sinx cosx -2sin’x = p.
“1-3V2 -14342

2 J I

2

117. Tlpn AKHX 3HAuEHHAX NMapaMeTpa p HEpiBHICTH
3sin‘x+sinxcosx<p me mae poss'askis?

3-410
s
18. llpn sAKuX 3mavenusix mapamerpa p HepiBHIiCTH

coszx—sinxcosr§2si|\2xsp BHKOIYETHCS Npi Y ER.

Bionosidv. ye{#; w] :

Bidnosids. p €

Bidnogids. P <€ [- L

21




[image: image26.jpg]19. 3uaifTi, npu SKHX 3HAYEHIBIX TapaMeTpa ¢ PIBUANHA Mae

po3B’'s3xn?

a) gsin2x + cos’ x =3. Bidnogids. a€(-»;- \/(;]U[«/g; ).

6) sin2x +acos’x =3. Bidnogids. a E[Z—; D“)-

B) cos’x —\Ja-a® sin2x=a. Bidnosids. ac[0;1].

20. Jlosectn, moﬁpimmmm acos®x —2asin2x -sin’x =a
MA€ PO3B’A3KH NMPH OYAb-AKOMY AIHCHOMY 3uaveli napamMerpa d.

21, Jlosectn nepisnicts sinnx +2sin(n+1)x <3+sin(n+2)x,
ne nEN.

22. [losectn nepisiicts  25inX cosy sinz - cosx siny cosz s 2.

23. JloBecTH HepiBHiCTD
—-NSNCOSX COSY COSZ —sinxsinysinzsn, Ae n€N.

24. JTosecTn 1€piBHOCTi:

a) d-a’ -b’ +2V2ab=4S;

6) \E (ab+bc)-b*24S, xea, b, cTaS — Bignosimio
CTOPONHM Ta MJOIA TPHKYTHHKA.

Bkasiska. C?pﬂ(‘ﬁﬂ'ﬂcﬂ TEPIBIOCTAMI sinA*cusAsw/i

5

Ta sinC+cosC=
25. Jlosecti 1epiBHOCTI:

2) 2abym*+n® + (P ~a*-b*)n=4Sm, naem, n — Gynp-
AK Aiiten auena;

6) 2abJ1+t* +(c*-a*=b*)t =4S, net—Gym-sxe popamie
wmneno;

B) 2,/14!" (ab+bc+ca) - (a® +b* +¢*)212tS, ge t — byms-
sAKe JojaTie YHCIo, .

26. Josectn, mo ans kytie A, B, C Gyab-aKoro TPHKYTHHKA
BHKOHYIOTBCS HEPiBHOCTI:

2) 2sin A +2sinC - sin B =2V3sin AsinC;

6) sin A+sinB+sinC =—=(sin A sin B+sin BsinC+sinCsin A);

3
B) J1+t2 (sin B +sinC) - tsinA = 2sin BsinC, et —
Gyab-sike 0TI MHCIO.

§ 2. KJIACHYH] HEPIBHOCTI

Mu 6yzieMO BHKOPHCTOBYBATH 3araJibIOBI/IOMI KJAACHUI Hepis-
HOCTi, AOBEAEHNA KOTPHX MOXIa 3MAMTH B GaraThOX KIOKKAX,

nanpukaan v [4].
1. Hepisnicmos Kowi

n 1 3
,/n, A s;(n‘+u]+..,d”)vﬂe a, a, ..., a, — Gyaaxi

1eBi’emi yncsa. PiBnicTs gocAraeTbes e mpu 4=
2

a .
n




[image: image27.jpg][ligKpecMMO, WO HePiBHICTh € HENTPATBIOL B Teopii
uepisrocteii.
2. Hepienicmo Bepuyani *
(1+a)" =1+na,
ae NEN, a > -1. Pibuicts focAracThes amme npu n =1 a60 @ =0,

3. Hepignicmo Kowi-Bynaxoecsxozo
(a,b, +a,b, +...+a,b,) s(rl,2+a:+,..+a"1)(b,z +bzz + +b"1),

Oy
ne d,a,...a,, b,b,..b, — 6yab-aki giiicni uncna. Piviicts
AOCATAETHCS JHIIE TOL, Ko IcHye Yneno x, take, mo b, = x,a ans
=12, ...,8%

4. Hepisnicme Ye6uwoea **

(a,+ay+...+a,) (b +b, +...+b, ) s n(a b, +a, b, +...+a,b,),
e (a,) a (b)) — asi necnami (a6o neapocraioui) nocaizoBIOCTI.

SIKINO o/111a 3 NOCiZIOBIOCTe! Hecnamta, a Apyra — HEe3pOCTAIONa,
TO TpeGa IMIIHTH 3HAK HepiBHOCTI.

PiBnicTh locATaETHCA JHINE TOAI, KOJAM X04a 6 oamna 3
nocsizosiocreii (a ), (b ) crana.

Cepedui cmenencet eauuunu. Hexait € goatii umcra
4,8y, 8

" 1
1

Uncro G- [— (@ +at+.vat )}3
n

IA3UBAETLCST CPEaNiM CTeneHesuM Hucen @, nopaaky k(k=0 —
uiste uncso). Tpi k= 0 C, 1te Mae cyucay. T1poTe MOKIA J0BECTH, 1O

limC, = Ya,q,...q,.

P
Tomy sBuuaiino npuitmaiors C, = "’/n, ay...a,

V Kypci elleMenTapiol MAaTEMaTHKH 4acTo 3yCTPiYaloThes Taki
cepeai cTenenesi:

C i —  CEepeAue rapMmoniviie;
1 =1 1
. e
a; a a,

C,=Ya,a,...a, —  Cepejule TeoMeTpiuiie;
+ q,

C = fami i — cepeane apudmernuie;

n

a+a}+..+d
Cz o e R — Cepejlle KBajgpaTHylie.
n

* Bepuyauri 5. (1654 — 1705) — umeiinapesiii Marema

** Yeommron T1. JT. (1821 — 1894) — pocificstarii MaTemaTik.
23




[image: image28.jpg]Teopema*. Cepenne cremenese YHCEN @, € MOHOTONHO
apocraiouoio dynkuielo Bix k, Sxmo He Bci @; piBmi Mixk co6oi.
Tuakme kaxyw, C, 2C;, axmo m > [,

PiBuicTh A0CsTAETHCA JHLIE TIPH 4, =
C,sC=C sC,.

Jlns n = 2 Ma€MO NAHINIOKOK HepiBHOCTEH

2ab ath |a’+b?

—sJabs—=
ath 2 2

AKi JIETKO JI0BECTH.
Hepisuictb C,=C, ¢ Bigomoio nepisuicTio Komi.

... =a,. 3okpema,

Tipakaan 1. [losectn nepisuicts
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sindsinB . A+B
sin=——

—(1 coﬁ(A*B)) (cos(A B)- cos(A+B))

1=cos(A-B), mWoO oueBNANO.

Mu ckopieTanucs THM, WO Ko A i B — KyTH TPHKYTIHKA, TO
uncna SinA, sinBra sin(A+B) aoxarii.

Ananoriyno 0seaeMo, 1o

ctgB+ctgC = 2ctg C

)
ctgC+ctgA > 2ctg )

[Jonasuus uepisnocti (1) — (3), aicranemo nepisiicts i3 Jemi.
- A A+B  B+C
Axuo A, B, C — KyTH AeAK0ro TpukyTinKa, 10 272

A

C+4A 2 neteroll &
5 — KYTH JESKOTO FOCTPOKYTHOTO TPHKYTHHKA, 60
A+B =n B+C = C+A =
0< G0 <=y B <=
N cniid 282 2508 2
i A+B  B+C C+4A
+— -
Orxe. 4 <
& + + +
chA B+ tg-B——c ctgc Az\/;.

enep 3a Ji
e ep'“mctgA +cth+cth=\r.t
Tpuxaaza 3. lentp I koxa, sincanoro 8 AABC, cnonydeno 3
BEPUIHHAMM TPUKYTIHKA, Yepes TOUKH mepeTyiry mHMX BiApiskis 3
BIUMCAINM KOJIOM MpOBefeno A0TH4NE 0 Kosa. B pesymbrari
yreopuscs AA B,C;. [losectn, mo nepumerp AA,B,C, ne nepe-
Bumye nepumMerpa AABC.
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[image: image42.jpg]o * Ha puc.2 mokasano kon-

cTpyKuiio 3ajaui. entp / Brmca-

X HOTO KOJa JIe)KHTh Ha nepeTuni
GicekTpuc TpukyTinka. OTxe,

LAIB- 180“-[‘4;—3)-90% Z
LACB =180° - £AIB = ATE
AnaorivHo 3uaiiiemo, mo

g,

Puc.2 Lﬂmq_ﬂ" L,mq_”;q

Hexait P i P, — signosiano nepnnerpn TPUKYTHHKIB ABC
Ta A,B,C,

A B (o}
P=2r|ctg—+ctg—+ctg=|;
r[c g5 +etg= s ng

B, G
P=2 t.él ctg L s ctg—L| =
3 r(cg2+ gZN:B’JJ

+ctg +ctg:

B+C A+C A+B
=2r|ctg 7

Hepipnicts P2 P, pisnocunsna Taxiii nepisiocti ams Gyap-
AIKOrO TPUKYTHHKA:

A B C B+C A+C A+B
ctg—+ctg—+ctg— tg—— +ctg—— + ct; .
LE DL i s e

Oynxuia  f(¥)=ctgS, x€0m), onykia, Tomy BHKOIY-
H0TbCS HEePiBHOCTi: 2

AB

A B
tg—+ctg— = 2ct
ng 82= 8

ctgg +ctg§ = 2cth C

CA

(% 4
ctg* + ctg~ =2ctg
Jopasmn ocrauuni tpu llepmnoc'rl, suaiizemMo norpiGuny
HepiBHicTs. *

Tpuknaa 4. Tpogosxenna pucor rocTpokyTHoro AABC
AEPETHIAIOTH OMHCALIE KOO B TOUKaX A, B|, C, Bizmosiano. Jlosectit,
mo nepumerp AABC ne menmmii .!8 nepumerp A4 BC, .
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[image: image43.jpg]* Ha pnc.3 nokasaiio KOHCTPYKIiO
samaui. Hexait P 1a P, — signosiano
nepiumerprA ABC 1a AA,B,C, . 3a g
JAOMOMOTOI0 TEOPEMH CHIYCiB BCTa-
HOBJTIOEMO, 110
P=2R(sinA +sinB + sinC).
Tomiuaemo, mo
LAAB = LABB =90"-4;
LAAC =£ACC =904,
e, %.
LB AC =~ LAAB + LAACG, =
=90"-A+90°- A=180°-24. Puc. 3
Amnasoriuno BHAXOJIMO, 110
LB =180°-2B; 4G =180°-2C.
Omxe, B =2R(sin2A +sin2B + sin2C).
Ham 1peGa posectit, mo P=P,, 10610 Te, Mo B Gyab-aKOMy
TOCTPOKYTHOMY TPHKYTHHKY ABC BHKOHYETBCS HEPiBHICTH
Sind +sinB +sinC 2 sin24 +sin2B +sin2C,

Dynkuis f(x)=sinlx, x#o;%r s yruyra. Orxe,

%(sin2A+sin2B) =sin(4+B) =sinC,
Ananorimiio Maemo

%(sinZB+ sin2C) s sind;

%(sin2C+sh|2/l) =sinB.

Honasum ocranmi Tpu TIePIBHOCTI, AicTaeMo MoTpiGrit pesynbrar.*
Mpukaaa 5. osecr, wo 3 YCIX 2 -kyTiukis, omucamux Gins
AQLOr0 KOMa, HaliMernmmmif TEPUMETP MA€ TPABHABHMI 2-KyTHHK.

* Hexaii P 1a r — signosiio TIEPUMETD Ta pafiyc BOHCAHOrO
Koma n -kyTHuKa A, 4, ... 4, .

P= Zr(ctg% + ctg% oot ctg%) s
3posymizo, mo A, €(0;7) (i=1,2,..., n). Oynxuia f(.x)-vt,gf,
XE(0; ), omykna. 3rimmo 3 nepismictio Tencena 2

ctg% +ctgi;l+...+ ctg%‘- =

znctgA‘ +A}2+...+A" w(n-2)
n

=nctgZ"2)
"an
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[image: image44.jpg]A, , 10610 B

PiBnicth locsTa€Thes e Api A=y
NPaBWJIBIOMY 7 -KYTHHKY. * 2%

Tpukaan 6. [Tosecrit nepisiicts sinx = — ja x €[0; —]

* Posraaeno toukn O(0;0) @ ACZ:1), mo nesxars a rpa-
pixy Qynxuii y=sinx. Ocxirskn dpynxuis y=siny, €[l -2—],
yruyTa, xopaia OA Jlt‘)KlErb niz Ayroo rpadika. 3a3nauuMo, Mo NpaMa
OA Mae piBusnust ¥=—. *

x

Tpukxan 7. [lopectn uepiBuicTs

@+ +. A

sing, sina,...sina, s sin"| ——2—"""—"|, rc a; €(0;7).

n
* Posrnanemo dynkuiro f(x)=lnsiny, x€(0;x).
f'(x)=ctgx, f"(x)=- <0 mpu r€(0;m).
sin’x

Ormxe, aana dynkuis yroyra. 3riano 3 nepisnicrio Iencena

1 " & "
L(insina, +Insina, +...+ Insina,) <In
n

“
sina; +sina, +...+sina,
n v

aBiakn  In(sina, sina,..sina,) < ln[

abo . z 4 sina, +sina, +...+sina,
sing,sina,...sina, s | —— T ——n
n

Bpaxosywoun, mo ¢ynkuis f(x)=sinx, x&(0;x), yruyra,
3NOBY J TaKH 3rifmo 3 Hepisiicrio lencena Maemo
sing, +sina, +...+sina, 5 A+, .. +a,
= sin

n n
I3 aBOX OCTamIIX HepiBNOCTell BUMIMBAE MOTPIGHA NepiBHicTh.
Pisnicts ﬂﬂ(ﬂl"dETl:CH JIHIIE TpH X, = X, =
I3 noeesienol nepisnocTi 30kpeMa mmmmae llcpmnlc‘rb

sl sl 3v3
sindsinBsinC < —— s Gy/ib-5KOT0 TPHKYTIHKA. *

Tipukaan 8. Jlosectn nepiniicts Panb-uzn *
0Heky __ (-m)-m)..0-x,)

@raatet )" [(dox) o (1=22) oot (1-5,)]

4 1
B Eih=].
1-x 2

ne 0<x‘si, i=1,2,

* Poarasenmo ¢ymeiio f(x)=In

¥ MaHb-U3N — CYMACHNIT aMCPHKAHChKHIl MaTeMaTHK Kitafichkoro
TIOXOZKCHHS.
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[image: image45.jpg]2r-1 1
"(x)= 0 =]
f"(x) ey <0 mnpu xe[o,z]

Omixe, pana dynkuis yruyra. 3riguo 3 nepismictio lencena

1(xx+xz+.u+x,)

l(ln—x'—+]n 9...‘+ln—£"—)sln

Pomitt ™t ci ~* 1=~ (1, + 2 +...47,)
n
a6o Xy ok X AT,
(1-2)(1-1,)...(0- I) (A-2)+(1-15) + ... +(1-x,

3BiACH BUNUIIBaE NMOTPIiGIa HepiBicTh. 3a3uayumo, Mo npH

ze[%; 1] ynxuisz /(x)-lni OnyKAa, OTKE Y HepiBHoCT
Darib-u3K Tpe6a IMIITH JUAK, {
Iomivaemo, Wwo npn 0<a»s% 0<sin’a; s;.

TMokaapum B nepisuocti Danb-13n x; = sin’e; , MAEMO 11epin-

mieTh sin’ay +sina, +...+ sin’a, |
t@a, tgla, .. tea, s[_.._uz%) E

cos’a, +cos’ay +...+cos’a

Bnpasn
1. Mosectn, mo B GyAb-AKOMY TPHKYTHHKY BHKOHYIOTHCS
HepiBHOCTL: a) cosA+cosB+casC=15;

A B C 3»/5
6) CcOS—+COS—+COS— s ——;
2 2 2 2

B) sin£+sin£+sin£s1,5;
2 BZ C2
a
tg—+tg—+tg— 3;
r) 32"’ 82* Szz\f

A B (o]
tg—+ctg—+ctg—=3V3;
) cgz+cg2+cgza \/_

33

e) sind-sinB-sinC s T;

€) cosA-cosB-cosC s 1

Bxasipkn. Jl1a BUpaBH €) CKOPHCTATHCH PE3yabTATOM
npuknagy 1 ra nepisuicrio Komi a6o tum (aktoM, mo pyukiis
f(x)=lnsinx, xr&(0;x), yruyra. ¥ Bnpasi €) 15 TYNHOKYTHOro
TPHKYTHHKA 1A HEPIBHICTD OveBuANa, G0 NiBa 4acTHHA Bix'eMHa,

2. [losect, mo ans Gyxp-sixoro rocrpokytioro AABC guko-
HyIOTBCS HEPIBIOCT:
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[image: image46.jpg]a) tgA+tgB+tgC= 3w/§;
6) tgAtgBtgC=23y3.

3. Ilpozomxkenns Gicektpuc AABC  mepeTHIAIOTH OmHMcale
6ina uporo TPHKYTHHKA Koo B Toukax 4, B, C,. [losectn, mwo
nepuMerp AABC ue nepesuitye nepumetpa AABG .

4. YV AABC snucano kono paziyca r 3 uentpoM I. Biapiskn
IA, IB Ta IC nepetunaioTh Koo BiAnosiano B Toukax 4,, B, C,
Suaiitn Haiivene suavenns cymun A4, + BB, + CC,.

Bidnoeidv. 31 .
BxasiBka.
1 1 1
s~
e .
sin=~ sin— sin=
2 2 2

A4, +BB,+CC, i3l

4
Jlosectn, mo ¢ynuxuis f(¥)=——, ¥&(0;7), onykna i Bu-
sinZ
BecTH 3 HepiBuocTi lencena Taky nepisiicTs:
1 1 i .

+ + = 6.

A ;
sin— sin— sin—

5. JlopectH, mo Axs GyAb-AIKOTO TPHKYTHHKA BHKOHYIOTHCS
TepiBHoOCTi:

) 2| coi AT e o e dig e g wetaSs
2 2 2 2 2 2’
6) 2(sinA+smB+smC)ss[cg%nggﬂg%];

B) 2(sinA+sinB+sinC)s3 ctg% ctgg ctg%.

Bxasisxa. a) Bukopucraru snpasu 1, 67a 1, 1.

6. [JloecTy, WO B 6yAb-AKOMY TPHKYTHHKY BHKOHYETHCS
nepinicts 6,3 r<a+b+c<3V3R.

7. Cepelt yCix TPHKYTHHKIB 3 JauuM KyToM A, onucamnx Gia
KoJa janoro pdﬂly(d 3naifri TPUKYTHHK 3 HaiMenmmm TNEPHMETPOM.

Bidnosgids. PisnoGeapenuii 'rplmy'nmk 3
kyramu B=C=90°- A/2.

8. B kono pagiyca R snucaiio AABC. I3 cepeaninn KOXHOT
CTOPOIM TPHKYTHHKA NPOBEACHO NEPIEHIHKY AP 330811 TPHKYTHHKA
710 MepeTHIly 3 ONMHCAIHM KoNoM. JIOBECTI, 1O CyMa JOBXKUI HUX
BiApiakis ne menma 3a 1,5 R.

9.V AABC suncano kono 3 uenrpom I; toukn 4, B,, C, —
TOYKH JOTHKY BITCANOTO KOJIA i3 CTOPOHAMM TPHKYyTHHKa. Biapisku
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[image: image47.jpg]IA, IB ta IC nepeTHIAIOTH BILHCANE KOO B Toukax 4, B,, C, Jlosecrn,
o Sy ppc, < Sanmycy

10. Jloectn, 1o cepejt ycix n -KyTIHKIB, BITHCAIHX B Aa1e KO0,
MPaBUABINI 7 -KYTIHK Mae HailGinbummii nepumerp.

11. Jlopectn nepisuocti:

a) cosle—ﬁ, x€E2 0;1 5
g 2

6 ity zeloX];
T 4

Tx k
B) Tz arcsinx, x

) arctg.\‘z%{, xe[o;ﬂ}

12. B onykumii MuorokyTimi A A, ... A, Bumcano xomo 3
uentpoM O. 1le Koo JOTHKACTLCS CTOPiN 7 -KyTHHKA B TOYKAX B,
B,, ... B, . Muorokytuik B, B, ... B, mac mromy S, . Tpomeni
OA,, OA,, ... OA, TepeTHHAIOTH KOJIO B TOMKAX (o ol el
Muorokyrmk C, C, ... C, Mae mionty S, . [lobectt, wo S, <5,

13. Zlosecty, mo npy a; E(%%} BHKOHYETBCS HEPIBHICTD

2 2 2
cos’a, +cos’a, +...+ cos’a,
ctg’a, ctg’a,...ctda, < T e
sin‘ay +sin‘a, +...+sin‘a,
14. Jlopectu nepiBHicTh

cos’a, +cos’

2
-+ cosa, 1
— e (ctgq +ctgla, +..ctgla,)
sina, +sin’a, +...+sin"e, n

aa a; =k, REZ.
Bxasisxa.Baasmu onykny dyukuio f(x)=——, x<1,
JAOBECTH HEPIBHICTH 1-x

X+ kX, 1 % £ % X

+ iy
n=(x+a+.45) a(l-x, 1-x 1-x,

a notiM nokxactn ;= cos’a;, a;=wk, RE Z.

§ 4. BACTOCYBAHHSA NOXIZTHOI TA IHTETPAJIA

SAkuo Tpe6a gosectu nepisnicrs ms f(x)s M, x€la;b], 10
3aja1y MOXHa cOPMYIOBATH SK 3ajady MPO BIAWIYKAINA Hail-
Ginbiioro Ta naiMernnioro auavens dynxuii £ 1na npomikky [a; b].
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[image: image48.jpg]Mpuxaan 1. [loBecTh nepisiticts »1—1-s cos2x-cosx=2.

* Hexaii f(x)=cos2x-cosxs2. Bpe/ieMo Mi/icTaHOBKY
t=cosx. Maemo dynkuio f(¢)=2¢2-t-1, t€-1;1]. Pyukuii
f () i f (¢) Mawotb omnakosi o6macti suaveus. Temep Aiemo 3a
BiIOMIM TPABIIOM TIOMYKY Nali6inboro Ta HaliMeHoro snaveis
ynkuii 1ma mpoMixKy.

f'(t) =4t-1, f'(t)=0

t-— f(-1)=2; /[ )-—1% f(1)=0. Omxe,

npu

min f()= /( ]-—l:;-

ref-1i1]
max f(t)=/f(-1)=2.
«e-1i1]

1
E{f(O))=Elf(x))=]|-1=:2].
(r)=E(re) [ - ]1
Mu gifinm o noagiiuoi nepisocti —1gqf(x)s 2

Baysaxenns. Y ganomy pasi f(£) — kpagparimii puusen,
BJACTHBOCTI SIKOTO MOXIa Jocaiuth i Gea moxignoi, ane B
CKAQANILIMX BUMagKaxX Ge3 MOXiANoi Mboro 3poGuTH ne Moxma. *

Hpuxaaa 2. [ovecty nepisuicts

-4 scos3x-cos2x+2cosxs2.
#f(x)=c0s3x - cos2x +2cosx. BpaxoBy o4 TOTOXHOCTI
Y@ ~3cosa, cos2a=2cos’a-1, Maemo
x-2cos’x~cosx+1.

Mokaapur £ = cos x, Aicranemo pynkuio f(£)= 465 -2 —t+1,
te[-1;:1].

1 1
[y =12 =42=1; f(t)=0 npu 1268 -4¢-1~0; f a6o tes.

Iocainopuo Maemo: ’ : 0o

)=t f-=| =125 f] 2| = f)=2

1) /{ G) 5 f(z) 2 f
Omxes E(f(0)=B{f(0)=[-4:2] | ~4=f(x)=2.%
Mpuxaaa 3. /lopectn mepiriicTs
33

—7::—1—-%518,\'— sin9x+35in6xsn—1+7

L
18718

npu X€E





[image: image49.jpg]* Posrasmemo dynkitiio 7
f(x)=18x - sin9x + 3sin6x, re|-T% %[
1818
[(x)=18-9cos9x +18cos6x =9 (2 - cos9x + 2 cosbx).
[(x)=0 wpu cos9x-2cosbx-2=0, abo
4cos’3x -4 cos*3x - 3cos3x =0,
cos3x (4cos’3x - 4 cos3x - 3) = 0.

cos3x=0,
1) T F.s a
-—srs—, a=-=.
18 18 6
2)  cos3x=15. PosB's3KiB neMae.
cos3:c-_%,
3
) Tn T 2x
——sxs—, x=-—.
18 18 9

Tocainosno oGuncmoemo:

f(—%)-ﬂn—l»%@;
f[-%’}--mﬁ: f(-f]-—zx—l:

P =

IMomiuaemo, mo E(f(x))-‘—?:r—h:i—;/;; n71+%l_ .

TNipuxnaa 4. Jlosectit nepisnicty
-2lsine|- % s-2sinasinx+ % cosiwtysin?i

* Posraanemo ynkuino f(x)=-2sina sinx + 4 cos2x.,

Bpaxosyioun, mo cos2x=1-2sin’x, Maenmo
f(x)==sin*x - 2sinasinx +—.

Toxnasumn t = sin x, Aicraemo dymxiio
[(t) =" - 2¢sina +%, tel-1;11;
['(t)=-2t-2sina;
[(t)=0 npn t=-sina.
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[image: image50.jpg]Tenep nocnAiIGBHO OGYUCTIOEMO
f(-1)=-% +2sina; f(1)= -% ~2sina; f(-sina)=sin’a+ %

Tlomivacmo, mo maxf(t) = f(-sina)=sin’a + 1
tq-11] 2

-1+25ina npr sina <0,
minf(t) =

|-t _E—2sina mpn sina=0.

3pigen minf(t)= iop [sina|.*
te-1:1]
Tpukaajx 5. Jlosectn nepisuicTh

{ S 1
——ssin®x+cos’x+sinxrcosxsl—.
4 12
* Hexaii f(x)=sin®x+cos®x+sinxcosx.
IMomiuaenmo, wo Sin®x + cos®x = (sin®x)* + (cos’x)* =

3 3
1- COS ;
et i -1(2+6c05221)-1»§sin’2x.
2 2 8 4

Orxe, f(x)-l—:sinz2x+siuxcosx-—zs&u‘2x+%sin2x+1A ’
Toxnapwm ¢ = sin 2x, aicraemMo
501 3,1
t)=-=t'+—t+1, t€-1;1]; f(t)=-t+—;
f(e) i €111 £'(t) Slhin

FO=0 o =30 f(D=-1s f[%)-i— fw-2.

ITomivaemo, 1o E(f(r) [» l«] *

Tpuxaan 6. l'lpu SAKUX 3HauenHsX napamerpa K piBnsimis
2sin®x+6cos’ E- 5-2K Mae poss'asku?

* Hexait f(x)=2sin’x+6 cos’ 2 2costx+3cosx+5.
Iicas miacranorky £ = cos x Maemo Gymxuiio f(t)=-26+3t+5,

tel-G1); f(O)=-4t+3; f(6)=0 mput f'%
Tenep obuncaoemo f(-1)=0, f(1)=6, f(’i‘]‘] '6%'
TaxuM oM, 0s25inzx+6c08235614
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[image: image51.jpg]3posyMisio, 10 Jalie PIBHANNA Mae PO3B’A3KH JWIIe TOAI, KOJIH
BHKOHYEThCA MO/BiiiNa mepiBnicTh 0<5-2K <6—. 3sigen
8

9 3
-—sKs2-.
A5 F i
Bidnosidv. K €| e 25 2l *
: 16" 2|
Tpukaaa 7. 3uaiith Bei snavenns napameTpa p, IPH SKHX
nepiBHicTs pcos’x+cosr+ps=3
1) BUKOHYETHCA TPH GYAb-SIKOMY X; 2) Ile BUKOHYETBCS MPH HKOA-
HoMY X.
* I3 panoi nepisnocTi BUILKHBAE, WO
3-cosx
14cos’x

3naiifemo obmacts 3navens dymuii /1 (I)-S'C—O?~ Broastun
niacTanoBKy £ = cos x, MaeMo (hyHKiin {+cos’x
3-t
(f)-*. te-1:1],
AT

—G—t—l- ['(t)=0 npn t~ 3:\l_

)=
f
Yneao t=3+ ﬁ e BXOJMTH /10 06aacTi Bu3navenns (ynkuii
f (t). Otxe, Bona Mae ey KpuTHuny TOUKy f=3-v10. J—
Tlocxinosno anaxommmo f(=1)=2; f(1)=1; f(3—J—)~

3+\/_

TaKiM YHIOM, E(f(t)) (f( ))" 5

3po3ymizo, mo: 1) HepiBHICTL BUKOMYETHCS PH Gy Ab-AKOMY X, AKIIO
3+ Jﬁ

p=1; 2) nepisuicts ne BUKOHyETHCA TIPH P> 2

3+'j|;

Bionosios. 1) p&(-w;1); 2) pE(—Z—‘;‘")-‘

2

Tlpuknazx 8. Jlosecti HepisiicTs (Iﬂl*'bf) =
bZ

wofx s

2(&*sin’ x - b* cos* r)

sin’xcos’x

* Hexaii f(x)=

f'(x)=
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[image: image52.jpg]Jlana pynxuis 7 — nepiouuna. Posrasmemo ii noeainKy Ha
P!

mpomixkky g, |
2

£'(x)=0 32 ymowu, mo @*sin*xr=>b*cos*x. 3sixcen
|alsin®x=|b| cos’x. Slxmo x, — Kopiilh OCTAHIBOTO PiBNALLS, TO
[el , costxy= Jal .
lal +{6] [al+16]
¥ 1ouni x, ynKiis gocsrae Haiimermoro anavenis, 60 npy
O<x<x; f' (x)<0 anpu x,,<x<— f'(x)> 0 Takum unom,
f()=f(x). )
TMomiwaemo, wo f (o) = | a* +|bl) .
e 100 (5 [ o) (i) <
b
+
cos’x  sin’x

Tipuknag 9. A, B, C — KyT# rocTpOKYTHOTO PiBlOGEAPENOTo
TpuKyTHIKA. JloBeCTH, MmO

n’xy =

*

omxe, (jal+1) <

19< cos; cosg < cosg cos% * cosE c'osi =225.

* Hexait A = B. Toni C=x-2A. QCKINDKH TPHKYTHHK

TOCTPOKYTHHiE, TO 0<C<% i %<A<%.

A Vbl O e §
cus;cos; Fota COS— +C0S—-COS—~ =

24 A n-2A
=cos’ = +2cos—:cos
2 2

—co? A 420082 -sina.
2 2
A
Poarasnemo ymkuiio / (A)-m{ +2ms—snA AE(4 2]
/‘(A)umsg[Z—s‘ni—GafnJE); f(D=0 mpu A=—3—

OcKimbki MpH A%%,%) f'(A4)>0, anpu
Ae(%;%] f1(4)<0, 10 maxf(A)=/(§)-Z,25. Tepesipre

caMocTiiine, uo f[ﬁ) - f[%) -—ty2>19. Orxe,
4

1,9<f(A4)s225.%
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[image: image53.jpg]Tipnkaaa 10. [fosectn, mo ans Gyap-sxoro TphkyTmika ABC
CTPaBEAMBOI € HEPIBIICTD
sin®A + sin® B + sin’ C22y3 sin Asin BsinC.
* Bes Brpatn saransiocti BBaxaeMo, mo AsBsC. Toai

AE(“;%]- oxnazemo C-B=2x=20. Toai B-%—%—z.

C-B

C-§-§+x, Osx= <%. Tenep gana B ymoBi nepis-

nicTh nabyBae BULSAY
sin A+ cos"(g + x] + cos’(g - x] 22Y3sinA cos(g + ,t] cos(? —x) .

sin’A+%(I +cos(A+2x)) +% (l +c0s (A—2:))=J§ sin A(cosA +cos2x);

1+sin’ A+ cosAcos2x - Y3 sin Acos A - V3 sinAcos2r=0.
Poscasmemo dynkuiio  f(x) =(cos A~ V3 sinA)cos2x +

0;%}4

f/(x)=-2(cos A~ {3 sind)sin2c; f/(x)=0 mpu x=0
a6o npu cosA=\/§s‘mA. 3siacn A-%.

+1+sin’A-V3sindcosd, x€

Posrasuemo jia BIITAAKIH.

x 1 3.1
1) A=Z, ]
) S f(x) AT

2), xm04 f(0)mcos A =3 sinA'r 1.+5in? A~

x|,
S

lp‘(A)-—sinA-‘EcosAﬂinZA— 3cos2A=
=2sinf A+ Z] 4 25in[24- 5| < s 0522 sin [ 4 -
3 3 2 2

3sindcosd=g(4), A€

@'(A)=0 mnpn A-%.
" T n
ToMivaenmo, mo  @"(A) = -2 cus[A+§] +4 cos{ZA—;J
i ¢"[§J--2<(—%]+4-%=3>0- Omxe, min(p(A)-tp%]-O.

4
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[image: image54.jpg]e osnauae, mo f(x)20. PiBHICTb ZOCATAETHCA Jiue OPit
x
A=B=C==.¢
3

JLnst moaIbInoTo BUKTay HaM MOTPI6Iia O/tHa BiloMa HEPIBHCTD,
110 MOB'#3y€ TpUronoMerpiriHi yHKuii 3 ixiiM apryMentom.

Teopema. Tlpn x E[O; £) BHKOIYETbCS HepiBIicTD
sint<x<tgx. 2

* Posraanemo puc. 4. Touxkn
A, B B3470 112 OJMIMYIOMY KOJi,
npHuOMy -~
LAOB=x 0<x<§) J
BD=sinx, CA=tgx.
Tosnauumo uepes S, S, Ta S
BIANOBIANO MO TPUKYTIHKA
AOB, cexropa AOB Ta TPHKYTHIKA
AOC. Ouemmnlo, mo S, < S5,<8;,
a60—~BD-OA<-x-OA' <=CA-OA,

2 7] 2

Puach 4 a6o BD<x<CA, 60 0A =1.
Bpaxosyioun, mo  BD=sinx,
CA=tgx, maemo sinx<x<tgr.*
3 reoMeTpHuIOT TOUKH 30pY UA HEPiBUiCTh 031A¥aE, WO NpH

X €| 0;1 rpadik (ynkuii ¥ =sinxMicTurbea mia mpaAMol0 y = X,
2

a rpadix yuxuii y = tg ¥ —maa uieo npamoiw. Jlerko momituti, |
mo npu x&(0;1] arctgxr<x<arcsinx, anpux >0 sinx <x.
Tpukaan 1. losecru, mo npu x > 0 BHKOUYIOTHCS HePiBHOCTL
2 3

& B
x-?<smx<x—*+

6 120
2

1—£<cosx<1—5—
2 2

A
%
* Hexait f(x)-l—i—cosx f(0)=0. f'(x)=sinx-x<0
npu x > 0. Ockimbkn fana Gynkuis cnaana i nenepepnua B TOYLE
x=0, f(x)<f(0) npu x> 0.3sigcn 1—?<cosr Tenep pos-

ragnemMo (ynkiio f(x)-smx—1+€, x=0.

f’(x)=cosx-l+§>0 npi x > 0; f(0) =0.
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[image: image55.jpg][(x) — spocraioua hyuxuis, nenepepsia B Touni x = 0, Orxe,
f(x)>f(0) npux >0, 10610 sinx-x+£>0 i sinx>x—£n
4 6
Bubupaioun f(x) =cosx -1 ¢§—‘t— , nosesemo, mo [ (x) <0

3
npit & > 0, a BUOHPAIOWH f(x)=sinx -+ -2
120

JIOBEAEMO,

mo Siny<r-—+-— qmpux>0. *
6 120
TpopoBsxyIoun AATOriYNO 33 METOOM MATEMATHYHOT iIIyKuii,
MOXHa JIOBECTH HEPIBHOCTI:

ZJ ZS IlnAI 13 x! 1'7 xlndl
E et e <sinx <x-—4—-—+... 4
3t St (dn-1) 3151 8t T (An+1)
npu x> 0;
x] X‘ IAnAZ XJ X‘ xﬁ l""
-t — - - ——— <cosr< -4 -4+
20 4 (4n-2) 20 41 6 (4n)!
npu x> 0.

Tipuknan 12. [losectn, mo npn xe[o; —"5) BHKONYIOTLCA
nepipiocti: a) tgxsinxy>a?; 2
6) sinx+tgr>2x.
o) FEEE TR
x  sinx xsinx

(tgxsinx-x*)=

X X
.t e ol

asinx x z
1-tg’= 1+tg’=
g 11

1
> L
xsinx

M BuUKOpHCTaNH 1epiBUicTL tg§>§ npH xe[o;g).
13 nepisnocri tgiI_L>o BUMNBae, Mo tgy-siny>x? i

x  sinx
thx-s‘mx >0.

6) 3riano 3 nepisnicrio Kouri
ﬂnxz;tgi_ .l:nfsinxtgx -x>0, WO crpaseaInBo.
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[image: image56.jpg]Hasezemo we ojure 10Be/ens HepislocTi i3 nynkty 6).

Hexait f(x)=tgx+sinx-2x; f(0)=0;
fl(x)= +Cosx—-2> +cosx-2>0 mpu x€| 0;E o
cos’x cosx 2
Mu sikopucrami Te, mo mpn €| 0; = Lot
1 2) cos’x cosx
——+0sxr>2,
cosx

@ynkuia f(x) apoctaoya i nenepepsua B Touni x = 0. OTxe,
f (x) > £ (0) npu %>x>04
Hpuxnax 13. Jlosectn nepisuicts
2(l—t:nsﬂ)<(2—v/§)sin%4»sinu pH 0<a<§.
a
* —2‘42sin’5<(2— \E)sing&ZSing-cosg.
2 2 2 2

a
E et
Mpu 0<a<5 sn%’>0. Ore, TpeGa JOBECTH HEPIBHICTH

4. a a
—sin—<2-v2+2cos—, a6o v
2 T

a
2..4d a v/;
=sin— < 1+cos—~—. (€))
L) 2 —2
. a
2 sin—
IloMivaeMo, mo  —sin— = 2 .1,

a_ijid a

2
Iipn @ E[O; i) cosZ > cos = ‘E . Omxke, cosZ - ﬂ) 0."
2 2 4 2 202
Hepisuicrs (1) € cnpaseumsoio. *
Tipukaan 14, Bepumnna B keazpata ABCO NexuTb na rpagixy
yuxuii y = cos x . O — mouaTox Koopmmuat, pepmum A i C
JIeXaTh Ha OCAX KOOpAHHAT. S - TJIOmA KBajiparTa. [IOBECTI‘, mo

¢ ‘2‘[5 <5 <3n6: * Ha puc.5 so6paseno cutyauiio,
y) omucany B 3afadi. 3poaymino, mo
A A (g 0), B (x5 1), C(0; x,), pe x, —
iy PO3B'ST30K PIBHSAHIS COS X = X. S= X3 5
costy>1-L (aus. npuraax 11).

2

3sincn x0>1-%; B +2% -2>0

H B (BN L xo"/g-l,uckim,kn 0<.r‘,<%.





[image: image57.jpg]Omke,  Smad»(f3-1f=d-243.
3 roro s Taku npukaany 11 Bunumsae, wo
(2 (2m‘]] .

2 1 1
x5 = cos'xy =~ (14 cos2xy) < — |1+
0 o 2( o) 2 2 =

=1-x5 +§.(3, x5 =625 +3>0.
Bpaxosyioun, mjo X, = cosxy <1, 3 octannboi nepisnocti MacMo
A =S<3- ' x 1
Tpuknan 15. dosectn nepisnicts x(— —arctg—] s=
npu x=0. 1 4 xH) 2 1
* Tlpn x = 0 Maemo 0 <—, mo cnpasesmso. Ipn 0<xs—

T
x i-arctgi <x£sl-1-—1—<l.
4 a4+l 4 ©#4 4 2
o 1, £-:m:'.;;—~<i
x 4 x+1 2x
1"% 1
X+
tg|—-arctg—|(<tg—; ——— <tg—;
o g e e
1+—
x4+l
<tg- )
2x+l 27"
TMomiuaemo, mo npu l<.l: 0<l<£A Orxe, i<tg—
£ 2x 21 g 2 2x
Hepimii , 6 T, s
epipricts (1) e cnpasezuminolo, 60 2.:41‘2; Omxe, npn
e 11
& x ﬁ-arctg‘r— <X —=—.
4 x4+l 2r 2
11
Mpugnan 16. Josectn Ges ofuicens, * mo tg40° <E.
gl 128
IS 1 o e
* ¢g40"=¢g(45"_5“)-"_t&’_5.“_=__.ﬁ<_ﬁ-ll_ .
1+tg5 1bgic P 13
36 36

= MaeTses Ha yBas, 110 He MOKHA 3ACTOCOBYRATI! OG4HCAOBATBHI T IAAI
(rabawi, kaTbKyARTOPI TOMO).
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[image: image58.jpg]Tpuknaa 17. losecti Ges o6uncets, mo 2(1 —cusl)<si1\% +sint.

* Maewo 2-2sin?h < sin1+25ini\:nsl;
2 2 2

dsint <1+2cost. )
2 2
i 1<£ sin1<cosl i
Ockinbkn 7 A 2 2
Zsind <2cost. @
2 2
Ockimbkn 0<—1—<£, sin1<l i
2 %2 2 02
1
2sin- <1, 3)
2

Jlogasun nepignocti (2) i (3), aicranemo nepisuicrs (1). *
Tlpukaaz 18. [losectn Ges o6umcaens, mo sin35° < tg30° <sin36".

o
*a) sin35'< Losintastel, l—'£71<1; 1 < cost0t;
5 3 ki 8
o0 in50°

1—<ms’70“; l 1+coshﬂ) i 1—sm50; sin50“<1;
9 9 20 o 9
sin?50° < 49 1-cos100' 49’ 1+sin10 <;4_g; sin10°<u.

8 2 81 2 81 81

. x
Towitains, ia) sl =sin <= oed s

18518 5 81
6) tg30°<sin36"; —= <sin36"; %<sin136°;

B

0
1<i_ﬂ7—2—; cos72"<1; sin18"<l.
3 2 3 3
1
1T % sinl® =sinE <<=, »
(OMi4aEMO, 1O T

Tipukaax 19. Bigomo, mo 0<a< ﬂ< —. Jlosectn, mo
a+cosa<f+cosf. ¢
* Poarnanemo pynxiio f(x)=x+cosx, xE(O;%) .

f'(x)=1-sinx>0. Orxe, gana yukuiz spoctae, i f(@)<f(B),
o it TpeGa 6yn0 gosectn. *
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[image: image59.jpg]Tipukcnan 20. [Josectn nepisuicts Coiirenca * 2sinx+tgx>3x
mpn O<x< bl

* Poarasmemo (pynknio f(x)=2sinx+tgx -3x, xe((); 5] 5

S g 2cos’x -3 cos’x +1
cos’x cos’x
2
_ (1-cosx)’ (2cosx+1) ki xE[O;-’E].
cos’x 2

@yuxuis f (x) 3pocTaioua i lienepepBIa a NPOMiKKY [0; g] 5

Orxe, f(x)>f(0) npu x 0;% 5

f'(x)=2cosx+

3aanaunmo, mo nepisnicts f'(x)>0 moxna 6yno rosectn 3a
nonomMorolo nepisnocti Komi. Miiicrio,

['(x)=cosx+cosx + -3 2 33/cosx cosx -3=0.
cos’x cos’x
Pistticts pocAraeThes munie npn cos x = 1, ane npn x €[ 0; o
cosx<l. * 2
Tpuknan 21. Jlosectn nepiBiicTs 8sin -sinx<3x npu
x€| 0;~ %
2

* Poarasnemo gynkuio f(x)-3x—85in£+sinx, = & 0;£]~
Tpe6a AoecTn, 1o Npn xE[ ) f(x)>f(0)=0.

f’(x)-3—4cos£+cosx-3—4 cus—~+2ms’—-l-
: 2 2 2
X x
=2|cos>-1[ >0 m x€0;—|.
[ 2 ) "" ( 2)
Ockinbxu dynkiis enepepsia B Touni x = 0, BOHA 3pocTae Ha
npoMixkKy x €|0; %) , O 3aBepliye JAoBeAeHHA. *

BisbMeMO KONO OAHIIYHOTO AjameTpa. oro posskuma nopis-
moedT - [losnawnmo Yepes p, Ta g, BIANOBIAIO NepHMETP NPaBIABLIOTO
7 -KyTIHKa, BIHCANOTO B 1€ KOJIO Ta onmcanoro 6ins nboro, Tojirenc

1

J10BiB, 10 2 1
3P =g PTG Pt g D )

* Twoifrenc X. (1620 — 1695) — roxnanacwkinii pucnmit
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Jlerko nomitiaTy, mo B, =nsin—, @, =ntg—.
n

n
Ormxe, nepisnicrs (1) naGysae Burasz

2 2nsinl ~ Znsin < <= 2usin l-2ntgi,
o 3 2n 3 n 3 2n 3 2n
# Bsiul-sin£<3—”<45ini¢2tgi.
2n n on 2n 2

Hoknazemo 1-1. Ipu n=3 xe[o;g). Maemo
n

Ssini—sinx<3x<4sin£+2tg£,
2 2 2

mo cnpasemBo srigno 3 npukiagama 20 i 21, Tnoxi moasiiiy
nepisiicts (1) nasupaots nepisuicrio oiirenca.

3a gonomorom nepisnocti Moiirenca Moxma gictatn naGmmkene
auadenia wncxa 7. [owragaionu # = 6, MaeMo

2[8sinZ —sinZ| <z <8sinZ +4tgZ,
1778 Z, &1

spigen 31411 <m<3,1424 . lpi n = 24 maemo 3,1415907 <7 <
< 3,1415955, npit n = 96 maemo 314159264 <z < 3,14159266.

" o Ed
BizoMo, 1o 3a Z0MOMOTOI0 HepiBnocTi sinx <x <tgx, x€ 0;5

MOIKIA BHBECTH BAK/MBY /1A MATEMATHYIIONO aniaisy rpamtiiio
sinx
=1.

lim
a0
3a fonoMoroin “EpiBlIOCTi Tolirerica MOXIa TAKOX BHBECTH pax
uikasux rpamiis. Hanpuknan, smaiigemo :
lim &% o 1im——t‘g'f 8
wem =P, xs0 X-SINX

. e T .
Mepesipre camocriiino, mwo npu IE(O;—] BHKOUYETDCA 1EPiB-
HicTh 2

tgr-x 3 ! 0 -
2<g—_< ~1, 3BiikN BHIIHBaE, WO hmi‘—
x-sinx cosx x=0 X=SINX
Tlepexo/ Mo /10 3aCTOCyBal iNTerpana.

=2.

Tipukaaa 22. Jlopect, mWo mpH  x €|
Hepisiticte x - sinxrs1-cosrs x\E - sinx|

0; 1] BHKONYETHCSA

* Bizomo, mo npn te{0;£] CIPaBe/UMBOIO € NePiBIicTh
2
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[image: image61.jpg]1= cost +sint S\E. 3sincu
x x x
j'i~dtsj‘(cost+sint)dts]'\ﬁdt, ne x€
o o [

0',£ .
2

3uaxozsuu inTerpany, fictaemo
xsl+sinx-cosx<xVy2, abo x—sinxsl-cosxsx»li—sinxf

Tipuknan 23. Jlosectn nepiBuicts sinx<%x(n-1), IE[U; %]

* Posraanemo (pynkiio [(x)=x +cosx, xE[O: %]
[/(x)=1-sinx=0, f/(x)=0 npn x--’zl. £(0)=1; f(gJ -%.
Tlomivaemo, mo npu te(o; %J [(l)<§, abo t+ cast<§ .

73 b X T
)‘(t+cost)dt<j;dx,‘ 7+sinx<;:n 3BiAKYM BHILIHBAE
0 o

noTpiGua HepiBHicTs. * o e
Mpuxaaa 24. osecti sepisiticts 2sinx>— + (x - —) cosx

x
€0;—|.
npi x ( 2)

* Tlepesipre, mo npu xE{D; %] Mae Micue HepiBHicTh

r+ctgx>— abo cosx>|—=-
8
2 2

x i
feostdt>f| - t|sintdt,
o 012 o *
sinx>-;cost|;—jtsintdt. (¢V]
o

x] sinx, Orxe,

3naitnemo interpan ftsintdt, inrerpyioun wactuian. Ilo-
knazgemo u=t, do=sintdt.Toni du=dt, v=-cost.
Jtsintdt=—tcost + [cost dt =sint -t cost.

Hepisnicts (1) naGysae urasay
X bl L .
sinx > -Ecosx + 7 +(tcost ~sint)fy,
a6o
2sinx>Z [ x-T) cosx.*
2 2
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Npukaan 25. A= _|'suu’dx, B=fcosx’dx.
34>B.

* Bigomo, mo mpy 0<x<i

Josectn, mo
[.Ii
sin:c>xr'?. Orxe, npn

5

3 LI, 1
0<x<t sinx1>.ﬁ-% Toai A>.r(X‘—7de=l-~ i
0

6
1 7 of 2
3A>1*§< Ockizvkn  €0sx” =1-2sin = [
1 x!
B=1-2fsin’| | dx.
o 2

13 mepismocri $in| i >£—£ Maemo sin’ i >£—£+
c )2 ® 2)7 4 s
OT)xe

J'sm dx>_|' 7+'rlz d,;:i 1 1
2 48 48° 20489 13.48°

e e s A B £

20 948 13:48° 10 924

JlmmaeTbes nepesiputH, mo 1 - 1 >1 _Lo Lz

Mpukaag 26. dosectn, mwo - . 2
o i AU
o sm~+sm§ sm"H

a2 723 T ey |2

A e i
sin— sin—

* TloMivaemo, 1o S"-—2+—i+m+ il
1-2 2:3 n(n+1)
; N LT e 1 1
=[1-—|sin—+|—-~|sin—+...4|——-—|sin—
2 '\2 3 3 n n+l n+l
1a cyma e nuiormelo ¢irypu,
y " MO CKAIAETHCH 3 MPAMOKYT-
y=snx unkis. Bumipn ognoro Takoro
[~ Puc6 npsMokyTmika A0piBUIOIOTH
sin—Ta ——— (k=12,..,,
k+l k R+l Geb2l
| f!‘ f X Orxe, S, <_|‘smxd_\- (puc.6).
0
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[image: image63.jpg]HocxizoBuicTs i3 sarasbimy uienom S, apoctae i oGmexena.
Omxe, Bona Mae rpauio. 3posymino, o lim S, < fsinxdx=1-cost.
o

P

Jhumaetpes sasnaynth, wo 1-cost<—. =*

Tpuxaap 27. JlosecTn nepisiticts J,Ltgx r>§.
sinx a9

* BpaxoBylouu, mo IpH xe(o 1) arctgx>x4—n sinx < x,
MaEMo: 3

farctga

ot} g
[ 08 >; dx—f(l—*]d. =

X <n2.

Mpuxaan 28. Jlopectn HepisiicTs _|‘
0Cosx

* Ockinbku npu x €(0;1) cosz>1—§, TO

1 1
A e B A nz. 0
wecosxy g 2-

Vax
Tipukaaz 29. [osectn, mo [ sinx’dx>0.
(] 20
* Ilicna miACTamoBKH ¥ = 1% MaeMo: [ = f sinfdx=

2”sml/dy l}smydy llj‘sinydy 0
il IJ :» v
n xsinyd
Tlomiuaemo, mo _fsmy £ -—fsmy 2. Owse,
y o Jy+x

[smydy ”smydy]_l’[ ]smjdy>0
T ) 20T T=
6o npn yE(0;) siny>0. =

Tipukaaza 30. [losectn, Mo npu 6yAb-skux @, b, ¢ pisnanus
acos x + b cos 2x + ¢ cos 7x = () Mae PO3B’A30K Ha MPOMIKKY [0;2x].
* Oyniiia f(.t)2={lCﬂSAl'+b2(TDSZI+Cl‘BS7I, x€0;2x]),

x 7

nenepepsiia, npitony [ f(x)dx= [(acosx+bcos2x+ccosTx)dx=
] 0

2 b £ ¥ A
=(asinx+=sin2x+—sin7x)f" = 0. Sk6u ua Pynkuis ne mana
HyAiB, To BiKonyBazaca 6 oaua 3 nepisHocTeii

2] =
zj/"(:r)dx>() abo  [f(x)dx<0.+
0 o
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1. JloBecTn HepiBHOCTI:

a) -15 = c0S2X +C0sX < 2;

6) 1< cos’x-sinr =125;
B) -1scos’x+siny = 125;
1) —% < 2cos’x+cosx 5 3;

m)  -1s2cos’x-sinrs 2%;

e) —1535in21—c05153i.

2. [Toectn HepiBHOCTI:

a) —-(12‘7!~6J5) sXisintrstsZ
24 2 4

iz |3 i

6) Al—Ts~7:c—cuszxs—1 npu  x€0;x].

3. osecty nepiBicTh 1
—lsasin’x—cosxsa+4— mpn a>0.
4. [ToBectn HepiBmicTh o
~la| s cos’x-asinx s 1+=.
5. TosecTH NePiBHICTh 4

¢ 1
»5~2|c05a| < 2c0sa cos2x - 5 cosdx s —+cos’a.

6. Jlosecn nepisuicTs
—,} @ +b* s acosx+bsinx s Jaﬂ»bz
3a JI0NOMOTOIO MOXiAHOT.
7. IlosectH nepiBHOCTi: "
a) Ossin'x+cos'yx-sinxcosxs 1§;

1-cosx \/6_+2

6) 0s ———=<s—;
1+2cos’x 4

8) 0s1+sina+sin’a+sina <4;

) slnx-%sin&tolsinSx < IE;

91 1 §
A) -—s= —sin3r-—cos2x -sinx s 1—;
i 2 16
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e) —l—An—T = 24x-cos12x-3sin8x =

LTS
66|

8. f(x) sin*x+cos'x+asinxcosx. ﬂonecm mo npu
|a|s2 A(1 }a|)sf(x)sl+% a npi |a|>2 —(1 ]a])sf(x)s (1+a)).

s4n—l+§‘2/_—3 mu X E|

9. /(.r)-sm x+cos’x+asinxcosy.  Jlopectn, mo npu

i 1
|a|=3 %—Msf(x)sh»ln; anpu |al-3 2= ; sf(x)s—+%-

10. Tlpu sikoMy 31a4enii HapaMeTpa ¢ HepiBHicTh
3

+
cos’x  sin’x
BUKOHYETHCS MIPH Gy /ib-AKOMY JOMYCTHMOMY 3Haventi x?
Bidnogids, €<5+2V6.

8 1
11. dopect nepiBuicTs T+~
|cosx| |sinzx]

>c

=5v5.

12. Ilpn axoMmy 3nauenni mapameTpa p HepiBlicTb
o
COSX| SINX|
Bidnosid. ps10f6

<p  ue Mag poas’asKin?

13. Jlosectn wepisnicts (‘F K ) ,
e a>0, 6> 0. cos:r] |>uu|
14. Jlosectn nepiBnocti:
sina-cosa

a) 0= i« E[O;%];

sina + cosa

1-sinx
6)| Dime——mer1:

2+cos’x

\E 1+sinx+cosy \E
B) —— s ————

2 2+sinr+cosx 2

541 cos'x-4cosx+5
iy il (g

2 3-2cosx

3
15. Jlosectn, mo npi a<ﬁ nepisiicts @ (3 - sin®x)* +
+costx+2a—-4<( BUKOHyeTbes mpu Gyab-aKoMy Aiffcromy x.
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[image: image66.jpg]16. Jlosectn, mo axa KyTiB A, B, C roctpokyTioro pisnoGe/pe-
HOro TPHKYTHHKA BHKONYIOTHCA lICpiBllOl‘Ti!
a) |JcosA +ycosB +‘/cosC <224
6) 0< siu£~sin§+sin£-sinE +sin£-sinﬁ <07.
2 2 2 2 2 2

17. JloBecTH 3a AONOMOroi0 moXiamoi, mo B G6yib-AKoMy
TPUKYTHHKY BHKOHYIOTBCS HEPIBHOCTI:

1

A B el
a) sin‘-sin—sin— = —;

8
343

6) cosi cosE coz:E £

8
B) sinA+sinB+sinC s #;

r) cos’A+cos’ B +cos’C = 6 cosAcosB cosC.

18. JlonecTn nepisiocti npu xE(O;%):

El

a) tgr>x+i; PSS e
3 x 4
8) x>tgl;
2 sinx
b S A
n) x-"— <sinx; e) cosx<i-—+—;
4 2 - 16
€) tgr-sinx> x) sin2x < 5
= 2 3x-2°

sinx
3) {cosx < 3

19. JlosecTn, 10 B rocTPOKYTHOMY TpHKYTHHKY ABC BHKOIYEThCS
uepisticrs  tgA+tgB+tgC+sinA+sinB+sinC > 27,

20. [losectn nepipnicts X 2 arctg& < ﬁ
3 241 4

21. JlosecT nepiBiocri:

[ 1
) |si 1-si <—=;
a [sm,}aw sinvax | o

1
6) cos‘/.r+1 - cosJ;] < 4
| 23:
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[image: image67.jpg]22. P, ta P, —BIANOBIANO TEPHMETPH NMPAaBHIBHMX ONNCA-
HOro T1a Bnucauum B KOJO paaly(,.i R n- KyT“ﬂKIB ﬂoaec’m o

; (B+B)>21R.
23. [loectn nepiBloCcTi 6e3 0GuMCTelb:
a) tg50° >% 6) tg55°>14,

gy b
B) sin(sinx+cosx) < ms_A’

r) tg26° <sin30° <tg27’,
1) tgd0® <sin60° <tgdt’,

¢) sing® <l <sin0?,
€) tg35° <sind5’ <tg36°.

. |
24. Jloecn nepisiicts sin-—=— npn nEN.
25. [losecTu mepiBnoCTi: %4

a) —é scosx+1ccsh+1mslh' = 1§;
6 2 3

6) il scos.r+lcnsh+lcosaxsiﬂ;
36 4 36

B) <E < COSX+— 1 COS2x +— cos'.ix—r—cusdtsiﬂ‘
144 4 9 16 144

Al . 12 S 1
) — =sin'a+sin’acosa +sin‘a cosa+ sinacos’a + costa s 1—;
4 4
By o J : 3 1
1) - ssin'a-sin’acosa+sin’acos’a -sinacos’a+cos'a =1~
4 4
T
26. Bigomo, mo 0<a<ﬁ<;, JloecTn, mo:

a) a-sina<p-sinf; 6) a-tga>p-tgh;
Calle vy sy ) SZagelPsl

sina sinﬂ’ tga tgp

B)

27. losectit, wo NOCALA0BUICTD @, = ntg—, #>2, nEN,
caa.

Brasiska. Posraanym ¢ynkuio ¥= clgf. x>2.

28. Jlosectn Gea o6uncens, mwo \[—5 + J—5 <7< \E + 1/—

Bxasiska. Buxopucramn nepismicts Toiirenca.
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[image: image68.jpg]29. JloBecn HepiBiocTi: 5
a) 7sinx+2tgx <9x, xE(O;—) 5

6) sinx(1-cosx)<3(x~-sinx), IE(O;%) 4

B) Ssinx+tgr<6x, xE(O;%];
r) 3sinx+tgr <4x, JJE(O;%];

) 6x <4sin’rtgr+3sin2y, xe[o;g

30. 3uaitrit rpammgo lim Gu=l,

=0 T=P,
BxasiBka. Bukopucrati nepisuicts

e ,E(O;E]_
x-sinx cosx 2)5
Bidnogids. 3.

31. Posginma siapisox [p,; q,] (aus. Texcr micas mpukiaxy
21) wa TpH piBui HaCTHIH i AOBECTH, MO NPH GyAb-AKOMY HATys
PajbIOMY 723 UHCIO  MICTHTHCS Y Nepuiii 31ipa 3 WHX YacTHI.

32. Posnimmo sizpisok [p,, g,] ma 9 pisnnx vactum, Jloectu,
WO NpH n=4 YHCHO T MICTHTLCH Y TPeTill 3/iBa i3 WX 4acTHiL

33. Posgianmo siapisok [p,, ¢,]” ma 3*(KEN) pismmx wac-

. Touka A [% p, + %q“) nofinse Leit BiApisok y Bianomeni

1:2. [losecTn, mo NMpH 0CHTD BEAHKOMY 12 YHCAOJT MICTHTHCA B Till
i3 pisnnx wactun (ix 3%), B skiif Touka A e i npaBuM KinteM.
34. 3maiitn rpanmui:
5 i
a) lim n’(n—nsm—JA
n

Bionoaids. &

6) limn* 2—nsin£+£tg£—z y
3 n 3 " n

n—

Bidnogio i
ianosin; o5




[image: image69.jpg]35. /loBecTu HepiBHICTD % <T-p, < %, nz3, nEN.
n
36. 3a nonMOMOro iNTerpaia A0BECTH HepiBHOCTI:

2
a) I—(lnsecx, x €| 0;1 5
2 2

6) cosx+lncosx<i-x*, r€ 0;%);
B) ccsx<1-ﬁ_ xe(o;f).

Ed
Braaiska. CKopHCTaTHCs HepiBHicTIO —x<sinx, IE[O;E);

r) sinx<x-i, z€| 0;1;
37 2

2 3
n) cosx<1-x7+;—ﬂ. xe(o;g);

A
€) sinx<x»i+2i. x€|0; %]
6 4lx 2

€) 21<Bsinz§+sin2x, *€(0; 7).

37. Lloaecr‘n HepiBHoCTi:

N
a) |<J.smxdx(§_;
noox 2

2 gpsinx 4
38. Buxoasuu 3 BifoMmol wepisrocri sinx <x, xE{O; E] »

METOJIOM MaTeMaTHUHOI INAYKUIl A0BECTH HepiBHOCTI: 2
13 ZS xAn 1 . I:‘ 1.5 ;‘] xl’nl
== <X <T-—4—=4..+ 5
3, 5t (4n-1)! 38,181 i (4n+1)!
xZ I‘ x‘n»? x2 1‘ xﬁ X‘"
e e o S <cosx<l-—4—-"—+..4
2 4 (4n-2)! 20 4 6 (4n)
b
npu x€|0;—|.
3

39. JlosecTs HepiBHiCTh

liml cnsl+2ms—é—+3cosl+.u+ncos£ <1.
n - ”

n
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[image: image70.jpg]40. Jlosectn nepiBHoCTI:
& | avvminan 28w 36 . (n-1)m

a) —|sin—+sin=—+sin—+ .. +sin——| <13
2n 2n 2n 2n 2n

! s("_“x t 2
2n

. Ed 27
6) —|cos0+cos— +CoS=— +...+ CO!
2n 2n 3n

d.
41. JloBectu mepiBuicts jsmt el In(2+f)
arct,

42. JloBectit nepiBIicTh J‘arctg:dr<_"arctgxd_\
-2

43. Jlosectn nepiBmocti

) }, cosxdx )_\L;__ 6 ! sinx 2y
AT Y Gore2rsl 2
€os: cos:

Brasiska. IMokmactny =1 - x.
x

Z ¢
44, Jlosectit uepiBiicTh % < [yt+cos’xdx < 5—;'.

0
Bxasiska. Mae micue nepisiicts 1< ‘)1+cos’x =<1+ %cos’x.
45. Jlosect .nepinuocﬂ:

2
a) =< fsinzdx<Z;
B 4
e
6) 1< sln.‘ld.‘r<1;
3. % x4 2
Leosxdx
B) sinl < [——— < 2sint.
! 142

1 1
46, A=[2(1-xP'dx; B=[x'(1-2)dx. Illo Gimbwe: A
un B? [l o

Bidnogios. A= B.
47. Bizomo, mo  Q<a<b<Z. Josectu, mo
In cosa - In cosb

tgac————<tgb.
ga< % 8
48. S,,-1 cos—”~irt:(152£+...\w:osM , nz2, nEN.
n 2n 2n 2n
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[image: image71.jpg]2bn) 2
Josect, mo —-—<5, <=.
T n T
49. Jlosectn, mo piBlaAmIA ¢, cosx +acos2x+...+aq,cosnx=0
npu GyAL-AKIX MHCINX @, @,, ... d, Ma€ PO3B’S30K Ha MPOMIKKY

[0; 2=].

50. Bizomo, mo dynikia f(x)=a, +a cosx+acos2x+...+a,cosnx
nomatia npu 6yb-sikomy aificnomy x. [losectn, wo @, > 0.

§ 5. PI3HI HEPIBHOCTI
Hpuxnaa 1. Jlosecn mepisnicte Meiicpa *

3
—sinnx>0 mpu x€(0;7).
n
* Jlosejienis BUKONAEMO 3a I0TIOMOTOI0 METOAY MATEMaTHyOi
inaykuii.
1. Ipu n = 1 maemo sin x > 0, mo cupasemmo npin x €(0; 7).

2. Hexait sinx+—sin2:+—sin31+4..+—‘sin(n—1)x>0

sinx+lsinlx+lsin3x+“
2 3

npi x&(0; ). Poariauemo dynxuio
f(x)-sinx+%sin2x+ +—1—1sin(n— Hx+ 2 sinxy, x€(0;x).
n n

3a npunymenuam f (x) > 0 npu BCix snavennax x, mo
3a/10BOJIBHAIOTD CHCTEMY

O<x<m,
sinnx=0.
Jlosenemo, mo £ (x) > 0 i Toai, Ko/K X 3210BOABIAE CHCTEMY
O<x<m,
{ i )
sinnx<0.

MaeMo  f7(x) = COSX +COS2X +... + COS ML =

sin(m»l] x-sin r X 1
ASIT sinnxcosT +sin- (cosnx -
2 2 N by 2( )-

2sin 2sin
2 2

Kot x aanosonbusie cncremy (1), 1o f'(x) <0. Muoxma uncen,
o sajosoabisie cncremy (1), € o6'eanamiaM ckimenioro uncaa
npomixkis. Hexait (4, b) — oaun i3 nux npomixkis. Ockinbkn

* Gcitep J1. (1880 — 1959) — yropeskuit atesaTk.
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[image: image72.jpg]ynxuia [ (x) nenepepsita B Toukax aibi f'(x)<0 mpu x&a,b),
T 114 (hymKisa cuajia na npoMikky [, b]. 3posymizo, mo sin nb =0
i f(b)=0 3a npumymemay ingykuii (nomivaemo, mo f (b) =0
e npu b=7x). Orxe, f(x)>0 npn x&(a,b), Go f(x) —
crnana Qynkuis. *
Tipuknan 2. JloBecTn HepiBHicTh
\a‘sini+a,sin2§..,+ausinn|<%a,, e 4 >@>..>a,>0.
2
* Hexait S, =sinl+sin2+...+sink.
a;sinl + ,sin2 +...+@,5inn=a, S, + &,(5,- 5;) +
+ @y(S3=Sy)+ e+ 4 (S,-S,) =
=5(a,-a,) + Sy(a,-a;)+...+ S,_((a, -a,)+ S, a,.
BpaxoByiouH, WO [u, +u, +...+u,| = |u|+|w| + ... +|u,|, Maero:
|aysint + a,sin2 +...+a,sinn| < |S, a,| +|S, (¢, -a,) +
+HS, (4 -ay) +... +1S, /(2,1 ~a,).
Hexaii max|S,|=S, k=1,2,....n.
Toai
|@ sinf+a, sin2+.. +a, sinn| < S(a,+a,-a,+G,~a,+.. +4,,~a,)=Sa¢. (1)
ITomivaemo, mo

cusi—cas k+1
. < , 2 2
S,l-sm1+sm2+,,.+smk-—1—.
Orxe, 25“15
rosl—cos(k-o,—;-)
[Se]=| ————F|<—, @
¥ sl
2sin— sin—
2 2

60 cosl—cos k+1
2 2

-

_] O _— novarok koopaunar, Pisramma npamoi

4 2
OA Mae BUTIAA y-?&. Dyuxuis y=sinx, x€ 0;%
T

0ax

%)
noropu. Otxe, npu xE[O; z] sinx> 5
x

n i Z\E 1/2_
sin=>———=—.

Ockinbku 0<1<_, i 1
2 4 27O e

<2.BuGepemo na rpacixy pymkuii y = sin x

TOUKY A

» ONyKAa
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[image: image73.jpg]T
Tenep is nepisnocri (2) smaxogumo, mo [Sy|<—= pua k =

=1,2, ..., n. Hapemri, i3 nepisnocri (1) ocratouno maemo
: " a b3
|@ sint +a,sin2 +...+a,sinn| < Ta‘ %
2

Tpuknan 3. /loectn nepipmicts arctga-arctgb <a-b
npu0 <b<a.
* 3rigno 3 reopemow Jlarpamka na npomikky (b, @) icuye
UIHCIO X, TAKE, MO0

arctgn arctgb=(arctg x), <a-b. *

G a-b
1+

o=ty
* Ipukaaz 4. Josectn, wo npn x=kx, REZ.

jcosx|-2 fsinx-1
% -1> cosx+|sinx|({sinx]+1y -
(cos’x=2 |cosx|+2)t?
jcassf+2
~(coste-2cossl 2" osx +2pe.
* 3anuiueMo fany HepiBIICTb TAKHM YHIOM:
(cosx+2)<o12

Jcostjs2
(cos’x—2|cos:r|+2) il

| sinax[Mos 4

)\rus.r]d

|sinx|Fnl 4 +(cos”x—2|cosx|+2 x

fsin}-t
>|sinx|(|sinx|+1) +1+cosx.

x (cosx +2)*!

Ockiabkit x=kz, 10 0<‘J'Silll,‘l‘|si i [sinxftag,
nxl-

3 inmoro Goxy, ||sinx|+ 1) =1 3a BracTumicTIo NOKA3NMKORO
(ynxuii @* 3 ocnosow a >'1. Takum '-mnuM.!
sincl-1
|sinx|"‘“‘z|sinx|(|sinr]+ I) : )

NPIYOMY piBHiCTh JocAraeTbes auute Tozi, ko | sin x| = 1. 3rizmo
3 wepisuictio Komi "
(cosx 42032
(cos?x-2 | cosx| +2)Fosi+? @
x(cosx + 27222 14cosx.

Jlonaeum nounenno nepisuocti (1) i (2), aictanemo motpi6uy
epiBnicTs.

Baysaxenns. Skmo|sinx|=1,70 cosx=0, i B uepinnocti
(2) pimicts ne gocsaraetses. ToMy Buxiaua nepisuicts € ctporoio, *

Tipukaan 5. A B, C — l(ym Oy b-sikoro TpHKyTIHKa. [JoBecti,
Wo 4yHcaa (‘(’JS2 > CDS - CDS P € JOBXHIAMK CTDpl“ AesaKoro
TPHKYTHHEA. 2 2{{ .B s

* TpeGa fosecti, o cosz;d»cos‘— > coszz, a6o

)}m: a2
x

+ (cnﬁx -2 |cosx|+2]
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[image: image74.jpg]Omxe, sinp siny cosa, +
+sina siny cosp, +sine sinfcosy, =
=-da-b-b-c-ac
1 s
=—2-(a2+b2+£2 —(@+b +c)1)s
§ ¢ 7 . 3
T A4+ sin'a+sin’Bisin’y
Puc.7 = 2 #
2 2
Mu nosemt, mo sinf siny cosa, +sina siny cosp, +
2 ) rod
1 : sin“a + sin’ + sin
+sina sinp cosy, = _z_ﬂ—Y
TMogianmo o6ujei wacTui i€l nepismocti Ha 106yToK

sina sinf siny >0 i aicranemo nepisuicts (1). *
YacTo TPHFONOMETPHYII MiZCTAIOBKH HAl0Th 3MOTY JIETKO A0~

BECTH HepiBHICTb.

Tpukaan 9. Josecrn, wo npu x > 0 BHKONYETLCA HepiBUicTh
1 1
Pil-r-—f<—.
2x| 84°
T
* Tokaagemo x = tga, ae[O:E)A Maenmo
1 _sina _cosa | _ cos’ar
cosa cosa 2sina| 8sin'a
/ s cos'a . cos’a
|2sina -sin*a -1] < ———; 1-sina <——;
4sin’a 2sina

2sina (1-sina) < (1-sina) (1+sina); sina <1,
1O CMTPABE/UTHBO NpH @ E[O; %] . o*
fx-y|

2
¥+
pla,c)spla,b)+p(b,c), nea, b c — nosimsui aificui wncna.

* Tpe6a posecty, mo
la-c| |a-b| |b-c|

N il v o 4 e vy
abo la=c|6+1 = a6 +1 +[b- c|,[;u~

Tokrazemo a=tga, b=tgp, c=tgy, nea,ﬂy-furk kEZ.

Toai
ltga-tey | Jtg et <|tga-tapl iy +1+]tgp- tngth’m
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[image: image75.jpg]|sin(a-y)| & |sin(a-p)| - |sin(B-7)|

|cosa cosp cosy|  |cosa cosp cosy| |cosa cosp cosy|’
|sin(a-y)| <|sin(a-p)| +|sin(B-y)|.
Towisaesio, wo [sin(a=)] = [sin () + (8-7)) -
= |sin(ee~B) cos(B-y) + cos(a~p) sin(B-y)| s
= |sin(a-p) cos(B-y)| +|cos(a~B) sin(B-y)| =
< [sin(a-p)| +|sin(f-y)|. *
Mpuxaaa 11. Jlosectn nepisnicts
coska cospp -cospa coskﬁ"lk,_p,['
cosa—-cosf

ne k, p — Oyav-si wini uucna, @ = +f+2nx, n€Z.

* Jlema. ]'lTl uinoMy m i a=an, NEZ, BHKONYETbCA le-

piBuicts | sinma
—— | =l
sina
JloBesiena NpPOBEIEMO 3a JIONOMOTOI0 METOAY MAaTeMaTunol
inayxuii.
1) Mpu m = 1 maemo pismicts 1 = 1.

Npu m =2 maeno |02 ) | 2sinacosa| 1) oo o

sina sina
Otxe, nipu m = 1, 2 NePiBIICTb cipaBeTHBa.

nta
2) Hexait 7 s|t|=t. (Cnouarky Gyaemo spaxcarh, mo
t — narypanbne wicno). Toai

sin(t+1)

sinta cosa+costasina| |sintacosa| |costasina

= = +

sina sina sina sina

sinta

sinta

|cosce| +|costal |costal st+1=|t+1].

sina

TaKiM IHHOM, JieMy IOBE/IENO /LS IATYDAbIOro m. STKuo x m —
1inte Bifi'€MIIe YHEIO, TO
sinma sin(-m)a

<|-m| = |m].

sina
Jlemy moeaeno ans Gymp-sxoro mizoro m (sunmagox m = 0
Tpusiagpunit). daxi MacMo:
coska cospp-cospa coskp
cosa - cosp
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[image: image76.jpg]1+cosd 1+cosB 1+cosC
HAL006 A E08S T TS

2 2 2
1+cosA +cosB > cosC;
(§2cosA+B cos—— >cosC. *

M QI 10 OYeBH/IHOT HePIBHOCTI.
Tpukaazn 6. A, B, C — kyt Gyab-sikoro TpukyTiuka. /losect
uepiBiicth  x'4y?+2° 22xy cosC+2yz cos A +2zxcosB,
Ae x, Y, @ — Oyab-axi ailicui wHCAA.
* 24yt 42 -2xycosC-2yzcosA~2zxcosB= x*-2x(zcosB+ycosC) +
+(zc0sB+y cosCY - (zcosB+ycosCY +y+2 ~2yzcosA=
=(x-2zc0sB-ycosC —(zcosB+ycosCf + 1/ +2~2yzcos A=
= (x=2zcosB-ycosCy + ' sin’C+2"sin’ B~ 2yz (cos BeosC + cos A) =
= (x-2c0sB - ycosC) +ysin’C+2sin’ B~ 2yzsin BsinC =
= (x-2zcosB-ycosCy +(ysinC-zsinBY = 0.
PiBHiCTD AOCATAETBCS JMIIE TOAT, KOAH
x=2zcosB+ycosC,
ysinC=zsinB,
S Yy 5 Z . ne X y z
sinA sinB sinC a b ¢
(a, b, ¢ — cropoiu AABC) . *
TlokaaBury y gosefeniit mepisnocti x = y = z = 1, aicranemo
cosA +cosB +cosC =15, npuuomy pisnicts B
npasubHOMy TPHKYTHUKY. TToknapum x =1, y=2z=—, MaeMo

3BIIKH BHILTHBAE, 1O

cosA+2cosB+2cosC<3 (piBmicts me gocsaraerbes, Go nemae
TPHKyTIHKa i3 croponamu 1, 1/2, 1/2).

Mpuknan 7. A, B, C — kyT Gyab-AKOTO TPHKYTHHKA; X, Y, 2 —
Gyab-aki aificui yuca. lopecTd, Wo

P4y’ +22—=(xysinC+yzsinAd+zxsinB).
* Mae wmicue Totoxicts (nepeipre!):

x’+y’+zz—%(1y sinC+yzsinA+zxsinB) =
3

2 2
[ zsinB+ysinC ] [ycosC—zmsB]
=|x- + +
s 3

+§(y—z)Z +§yz(1—sin(A+30“)).
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[image: image77.jpg]SAkmo x, y, z — HeBiA'eMui YHCA, JaNa HePiBHICTD BHILIHBAE i3
nageJienol ToroxuocTi. Axmo y <0 i z <0, Takox Bce 3po3ymizo,
6o y upoMy pasi —yz(!—sin(A+30°))z 0. Sxmo y < 0, 2> 0,
MOKAAIeMO t = -. 3 Toni

2 4 2 4 -
S '5”(’ —sin (A+3D")) =2@rf oSt (1 —sm(A+30"))z

= %(Hz)2 —%lz-g-(t2+zz) >0.

3riAno 3 HaBeAENOI0 TOTOKINCTIO PiBuicTb Y BUXIAMIl necTporii
HEPIBIOCTI JOCATAETHCA 32 YMOBH BHKOUAITHA CHCTEMH PiBIOCTElH
sin (A+30°) = 1,
y=2z,
cosC = cosB,
P zsinB+ysinC
3

BpigcnA=B=C=60ix=y=2"*
Mpuxaaa 8. Tpukyrmuku ABC 18 A B,C, MaOTh BiANOBiAIO
Kyt a, B,y Ta @, B,y,. [losectn, mo
ﬂ.—‘+ﬂ+C—nsl‘—sv:tgn»i»ctgﬂ+clgy,
sina  sinf siny
PibiticTs AocsraeThea e npu @ =a;, f=f, ¥ =¥,.
* Nomivaemo, mo  ctga +ctgp+ctgy =
cosa cosp  cosy b+ -d +a’+cz~bZ ¥
sina  sinf  siny 2bcsina  2acsinf
*dz ‘Q-bz—CZ b2+8 —![2 +H2+Cz—b2 + a2+b7-cz
2absiny 48 48 45
@’ +b*+  4R(sin’a +sin’f +sin’y)  sin’a +sin’ B+ sin’y

45 4-2R*sina sinp siny 2sinasinpsiny
Omxke, MAEMO HepIBHICTH
cosay  cosp,  cosy, _ sin’a + sin’ § +sin’y i
sina  sinp  siny 2sina sinp siny
Bigbmemo Tpukynimi A B,C, 3 kyramn @, By, 7, (puc.7). Bube-

peMo BekTopu @,b,C BI/L0BICCTOPIN TPHKYTIHKA, SK NOKAIANO Ha
puc.7, TpHIOMY ]al- sina, |b|=sing, |c|=siny . Togi

sinf siny cosa, =-b ¢, sina siny cosp, =-a-c,
sina sinf cosy,=-a-b.

w

7




[image: image78.jpg]%(cm(ka+pﬁ)+M(ka-llﬁ))—ll(coswa+kﬂ)+CDS(Pa-kﬂ)) "

cosa—-cosf

) %(cos(ka*}lﬂ)-ms(pn+kﬁ))+%(cos(ka»pﬂ)—cos(pa—kﬁ)) .

25in£l2 sinﬂ_—ﬂ
2
kDB g (pR@p)| | rp)a=p), sn@RIa+B)
2 2 + 2 2
a+f . p-a

2sin—"= - sip— 2sin
2 2

n

b,

Viim!

sin

3riauo 3 nemo0

kp(arp . @R@-H
sin - s

_(kip) (e | | oK (=P
an 2 s )

2 2 & ’
B B “2T _aep a-f |*
s sin— sn—= sir—=
1 1 o
=5 lkekplip-K =3 I -p'l; @
(ktpa-p . R (ah) k(- | . @K@
sur 2 san 2 1 s ) s )
LY el ! S P I
S 2 st 3 .VVKT s 2
1 1
silk*PI'|P~k1"zlk"P’|- )
Jlosasumu nepisuocti (1) i (2), ogepxiyo notpibity nepismicts. *
Bupasu

1. Josectu nepismicts | 1-sind+2:sin2+...+ n-sinn|<“"4
2

2. 3a METOJOM MaTeMaTHHOL iH/yKIil JOBECTH HepiBHOCTi:
a) |sin(a +a+...+a,)| s |sing|+|singy|+...+|sina,|;

Gliot ¢ 2.1, ad0Z|;

cos"a
8) 2"%(1-sin”a)(1 - cos™a) = 7 (n+1)’ sin™2a;

T) tgu|+tgal+...tga"52—l mu tg(a+ay+..4a,)=n;
n
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[image: image79.jpg]n) tgla+ay+.+a,)stga +tga, +...tga, mu O<q; i
x
O<ay+a, +.. 4@, <—.

3. JosectH, mo simutg’a+sln’a+tg‘a+4»-osi.uz""ad»tg’“n<11.
om 0<a<X, 6

4. Jlosecn nepisuicts (ctg?a-1)(3ctga~1)(ctg3a-ctg2a—-1) s 1.
5. Jlosect 1ipH & (];.;1) episHoOCTi:

a) tga+(1+tga)seca <2sec’a;

6) 4tga(1+tga+seca)<5sec’a.

6. [loecti mepiBHOCTi:

a) cos(sinx) > sin(cosx);

6) cos(cosx) > sin(sinx).

7. Jlosecrn, mo min{a, b} = asin’a + beos'a = max{a, b}.
8. JlosecTn nepiBHOCTI: 2

a) (arcsinx) —15marcsinx+ % 20;

s ’ =
6) -— s arcsinXx-arccosx s —;
2 4 16
B) arctgx-arcctgx s E;
et L
r) (arcsinx)? +(arccosx) R
LS
) (arctgx)® +(arcctgrl = o

6
e) (arcsinx)?-(arccosx) < ——.
) )G ¥ <3916

9. JlosecTn HepiBROCTI 33 AONOMOrok0 MOXIANOL:

Yoyey Ed
a) cosec’rsi+——-— mpu x€|0;=|;
e [ 2)

6) 2arctg Hhs <nZ mpu O<xsy;
1+xy %

B) 2xarctgx = In(1+2%);

arctgx

r) In(f+x) > mpu x>0

10. /losecrit nepiBHocTi, KOPHCTYIOMHCH TeopeMoio Jlarpamka:
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[image: image80.jpg]a) |sina-sing|s|a-g;

e e e By T £ 8
cos’p cos’a 2 5
11. Binomo, mo 3x%-31x +80<0. Josectn, mo cos—— < 0.
" £-52+6 Ok
12. Bizomo, mo —————— <. /losectn, mo sin 2 x < 0.
2-t1r+30

13. [lomectn nepisiocti:

tgxs0;

tgx>0.

14. Biaomo, mo cos:4s—”<x<cosz?”. Jloseetn, mo 4% +2x <1.

5
15. Bizomo, mo CUS4T”<1<COSTR» Jlosecti, mo 81 +4%-4x<l.
16. A, B, C — KyTH rocTpoKyTIOrO AABC. losecti, uio uncaa:
a) asinA, bsinB, csinC;

6) acosA, bcosB, ccosC
€ JIOBKHILAMH CTOPIIl A€AKOr0 TPHKYTINNKA.
17. A, B, C — xyTi 6yab-aK0ro TpukyTiika, lopecti, mo
a) 2/3cosA+2cosB + V3 cosC <4;
6) cosC-cosA-cosB<15;
B) GcosA+3cosB+2cosC <7;
r) 20cosA+15cosB+12cosC 25,
Bkasiska. CKOpHCTATHCS pesy.inTatoM npukiazy 6.
18. A, B, C — Kyt GyIb-5IKOTO TPUKYTINKA; X, ¥, Z — JOBLABII
Aiiicni yiena. Jloecti, mo
Payed szysin%+ 2yz sing +2 zrsing.
19. JlosecTu nepiBHicTs
2C 24 2B

(x+y+z)224xycus ;wﬁy:cns 7+412c05 ~2—,

ae A, B, C — xyti Oy/1b-aKoro TPHKYTINKA; X, y, 2 — OyAb-aki

Alifeni unena.

20. Jlosectn HepiBHicTD

P+t =2xysinB+2yzsinC-2zxcosA,

ne A, B, C — xyrtut Gy/ib-AKOr0 TPHKYTINKa; X, ¥, 2 — Oyab-aki

miffeni wema.
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[image: image81.jpg]21. A, B, C — gy 6y1p-AKopo TpuKyTHIKA. JloBeCTH, 102

a) sinA+sinB+sinCs &

6) sinB+sinC-cosAd =15;
B) 25inB+2\/§sInC-J§cosA s4.

22. BuxopucroByioun mepisuicth i3 npukaagzy 8, mosectn
uepisnocti ans kyris A, B, C Gjﬂb-iﬂ«)l'ﬂ TPHKYTHHKA:

a) 2V3cosA+2cosB+v3cosCs4;
6) J;cusd«v 2 cosB + cosCs2;

B) 1/5 cosecA + cosecBs2(ctgA +ctgB +ctgC).
23. BHKOPHCTOBYIOUH TPHFOHOMETPHYITI Ti/ICTANOBKH, JOBECTH
epiBoCTi:

a) (iﬂ)(i-ﬂ)zQ mpu x5+ %=1, x>0, ,>0;
% 2

= 2 mpn O<x<1; O<x<1;
12, 42, 14 gz

8) 4 =6+ N0 abx7B2=9 o PetP=1:
1) (J2H ~xP+ (P H - P + (P -2f =1,

akmo xy+yz+zx=1, x,y,z — poparni wmcna;
2 et B B L 0 a2, bies
4-a-b ( u)(2 )
e) O<|af- ,/ 1s— mpu |af=1;

€) rs(al-m)(b’—bﬁ)s:_ akmo a+b=1, a>0, b>0;

*) ya-1+b-1=<ab;

3) a‘/;+b c-x syc(@+b);

n) ab+(a+h)yd+b* <2(d +b°):

) ablabtfa o) <> @4y
Y

2 1 1
By LaEs e Ll e,
i g B

2. a+ﬂ+y-§‘ a>0, f>0, y>0. Jlosectw, mo
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[image: image82.jpg]sin’a +sin’ + sin’y + 3sina sinf siny = I
25 Tpukymmé: ABC pisnoGeapenmit. /losecti, 1o

g’
2 27 1 |
26 lloaec'm nepipiicts 1+cosa +— cos2a+— cos3a+ cosda>0.

27. liosectn, mo  4tg5°tg9° <3tg6-tgl0°.
28.4, B, C1 — KyTH 6Y1b-9KOTO TpHKYTHHKA. [[0BECTH, 10!
1 1

a)

sind+sinB N sinB +sinC . sinC+sind’
6) acosA+bcosB<c;

B) €0s2A4+c0s2B-c0s2C s 1,5.

sint’ in3“

29. Jlosecrn, mo <

sin sin4”
30. h, — anodema npasibHOTO k-xy-mm(a, BITHCANOTO B KOJIO

pagiyca R Hosectu, wo (n+1) h,, -nh >R. x
Bxkaaibka. Josectn uepmmc‘rb (n+1)cos—-n COS— >1.

n+
31. [osecrn nepismicts tg'x +tg’x+ctg’xictg'y zlL
32. Jlosectu nepiBrocri: -
a) arctgl+arctg3+arctg? +...+arctg(n’-n+1) <;;

2n+1

3 A sl o
6) arcsini+arcsin—+arcsin—+...+arcsin— >
4 9 ” n

33. loBectH HepiBHOCTI:
a) 22p-1) +1+DF’+2(2p-1)‘ sin2t 2 0;
6) 4(p—3)‘+2+[2—4(p—3)‘ cost = 0.
34. Jlopectn nepisuocri:

a) tgs0° +2ctgso’ + 2334 4,
tgs0’
2630
) 4sin“63"+(15-cossg)@<&
-2

35. Hosecrn, monpu x>7x sinx>

x
o ea?
36. TopiBuaTi wncia A=cosn Ta B=1+cos(n+1), ge nEN.
37. JloBectu HepiBHOCTI Y TPHKYTIHKY:
a) JZ;SLIA+ 2sinB-cosC=2;
6) sin24+sin2B4sin2C S2A B  sinB dnC sinC sind
sinC sinA sinB





[image: image83.jpg]38. Jlosectn, mo npu-24 <@ =<0 BUKOHYEThCS HEpiBHICTH
|3sin’x + 2asinx cosx +cos’x +a| = 3.

39. Bizomo, mo ana x€-1;1] pukonyetses nepismicts
|a,sinbx+a,sinb, x +...+a,sinb, x| s [sinx|. [osectn, mwo
lab +ab, +...+a,b|<1.

40. [osecT HepiBHICTH Pexx+dmcosc>0 mpu x=0.

41. Josectn nepisHocTi npn a=xpf+2nx, n€Z:

a) cosda cosp - cosa cosdf 37

5;
cosa - cosf

6) cos3a cos2f - cos2a cos3p <5,
cosa-cosfi

§ 6. HEPIBHOCTI B TEOMETPI[

Bizoma mepiBHicTh TPUKYTHHKA € JKepenoM GaraTtbox
TPHTOHOMETPHMIIIX HepiBHOCTell.
Mpuxnaz 1. Josect nepisiicts y Tpukytiky (1miz nepisnicrio

Y TPUKYTHHRY MH 8uaymieno HEPIiBHICTD IS KYTIB TPHKYTHHKA)
sinA+sinB>sinC.

* 3rijmo 3 HepiBHICTIO TPUKYTHHKA @ + b > ¢. BUKOPHCTOBYIOUH
TeopeMy cuuycis, gictaemo 2RsinA+2RsinB >2RsinC, ssigku
sinA+sinB>sinC. #

Hpuknaan 2. JloBecTi HePIBHOCTI Y TPHKYTIHHKY:

1) sin7+sin-z—>cos—;
2) sind4sinB>sin[248|;
2 2

s BeniG (B c)
3) sin—+cos— >cos| —-—|.
2 2 212
* Hexait I — Touka neperuuy ’
Gicexrpue Tpukytinka ABC (puc.8).
AD — 6icektpica AABC, BI — G
Gicextpuca AABD. Y TpHKyTHHKY
ABI kymu opisuwwts A/ 2, B/2, 90°
+ C/2. 3BificH, BPaXOBYIOUH PE3YJIb-
TaT npukaazy 1, MaeMo nepismictb 1).
Y TpukyrinKy ABD KyTH I0piBINOIOTH
A/2, B, 180° - (A/2 + B). 3siacm, A B
BPAXOBYIOUN pesyJbTar mpHKaany 1,
Maemo Repisnicts 2). Hepisuicts 3) Puc.8
Jpictanemo, posraafaiotn ABID .
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[image: image84.jpg]Tlpuknaa 3. JloBeCTH HEPIBUICTD Y TPHKYTIHKY
J(sinA+s‘nB+s'nC)(sinA+s'nE—s‘nO(s’nA~s’nB+§nC)(—sinA+s’nB+s’nC) <
<§ (snA snB+snBsinC+snCsind).

* Bigomo, 1o momy S TPUKYTHIKA MOKIHR 3naiiTH 3a hopMy0I0

S= 5 absinC. 3sigen S= 3 ab, npuuomy pisnicTs AocATAETHCS
e nip C = 90°. 3rizno 3 dopmyon lepona*
yp(p-a)(p-b)(p-c) = -;-ab. ne p=i+;]£.
3Bi/cH 32 JOTIOMOTOI0 TEOPEMH CHITYCiB AICTAEMO liepiBHicTh

M-J (sinA+sinB+snC) (snA+sinB-sinC)(sinA-sinBisinC) (-sinA+sinBisinC) =

=2snAsnB. )
ANanorivno A0BOANMO, 1O
M =2sinBsinC 2
I M = 2sinCsinA. @)

Jlopaouu nepisnoceri (1) - (3), Bpaxosyemo, uio piBnocti B X ne
MOXKYTb IOCSTATHCS O/IHOYACHO, 6o piBtocTi A = 90°, B =90°, C = 90"
OJUIIOYACKIO He BUKOHYIOThCs . 3Bi/IcH AicTanemo norpibuy nepisuicrs. *

Tpukaaa 4. /losecTn HEPIBINCTb Y TPHKYTINKY

(sin A+sinB-sinC)(sin A-sin B+sinC) (sinB+sinC-sinAd) s
=sinAsinBsinC.

* lema. [lns cTopin @, b, ¢ TPHKYTINKA BUKOHYETBCS HEPIBIICTD

(a+b-c)(a-b+c)(b+c-a)sabc. MMomiuaemo, mo

 (a+b-g)(a-brc)=a*=~(bcf sd. )
Anayoriuno (a-b+c) (b+c-a)scz: 2)
(b+c-a)(a+b-c)=b®. 3)

Tlepemmoxunum nepisnocti (1) - (3), aicraemo
(atb-c) (a-b+c) (b+c-a) sa’b’ .
3piacu, Bpaxosyious, moa+b-¢>0,a-b+c>0,b+c-a>0,
MA€EMO HepiBITicTD i3 emn. PisuicTs gocsraeTbes mme npua =b = c.
I3 nepiBHoCTi JieMu 3a J0MOMOTOI0 TEOPEMH CHILYCIB AiCTAEMO

(sin A +sinB-sinC)(sinA-sinB+sinC) (sinB+sinC-sinA4) =
<sinA sinBsinC.

Pisnictb focaraetbes amme npu A = B = C = 60° *.

SAxmo € AKkach NEPIBIICTL, WO NOB'A3ye MiX CO60I0 eeMenTH

TPUKYTHHKA, TO 32 JOHOMOTOIO TEOPEMI CHITYCIB 3 Hel MOXIIa JUCTaTH
TPUTOHOME] pItILy TEPiBHICTD.

* Tepon Oaekcanapificwknit (aiporiano, T ¢1.) — AaBRbOrpenbKIni MareMarik.

80




[image: image85.jpg]Mpuknag 5. [{m_wc-m HEPIBHICTb Y TPHKYTIHKY
sin® A+ sin’ B + sin’C < 2sin A sin B+ 2sin B sinC + 2sinC sin 4.
L2 3r|zmo 3 nepiBnicTio TpukyTuuKa | @ - b | < ¢. 3wigen
(a:-b)2<e? i

B+ <c+2ab. (1)

ARanorivHo 0BEAEMO, 1O
bV +c* < d +2bc; 2
Frd < +2ac. 3)

Joxanu llepmnoﬂ'l (l) (3), nicranemo nepisnicrs

@ +b ¢! <2ab+2bc+2ca,
3 AKOI BHILTITBAE JOBOJKYBana l]eplﬂlll(,Th .

Tpuxnaa 6. /lopectn mepiBuicTs y TPUKYTIHKY
sinA sinB iy sinC

+
sinB+sinC-sinA  sinC+sinA-sinB  sin A+sinB-sinC
* JoseaeMo, mo s cropin @, b, ¢ GYAb-SKOTO TPHKYTIHKA
BUKOHYETHCS HEPiBHiCTh
a b c
+ +
btc-a c+ab atb-c
rlok!ldAEMG btc-a=x>0, cta-b=y>0, a+b-c=z>0. Toni

1
z+jj b-— (x+2), c-5(1+y) HepisnicTs nalysae BUrasy

23

z+y+x+z+x+y
2x 2y 2z

(gl -

IO CIpaBe/TNBo, 60 BUpa3 Y Koxkitiii 3 y:Kok ne menmmntit 2. Pisuicts
JLOCATACTBCSA JIMUIEe P X =2, 1e 03navae, mo y BIX i ll&'plBll()(—Tl
plﬂlll(.Tb JAOCATAETHCSA .’HHUE nmpupa= b=c.

Mani sactocyeMo TeopeMy cuiycis i aictanemo nurplﬁuy
nepisnicts. Pinmicts gocsaraeTses mmne npn A=B=C *

Hpuiraz 7. lopectit nepismicts y TpUKYTHHKY

6sinA sinB sinC = sinAsinB (sinA +sinB) +
+sinBsinC (sinB +sinC) +sinCsinA (sinC +sind).

* JMema. Jlag 6yb-AKUX AOAATINX YHCEN @, b, ¢ BHKONYETHCA
nepisnicrs 6 abe < ab(a+b)+be(b+c)+ca(c+a).

Miikeno, sriano 3 uepisnictio Komi
ab(at+b)+bec(btc)+calcta)=a'b+ab’ + bPe+bc* + Pa+ed =
=264a"b°c® =6abe.

Jlemy zoseneno. OCKiIbKH CTOPOHH TPHKYTHHKA € J0/ATHIMII TIEC-
JTaMH, HepIBICTD JIeMH BIKOIYETHCS /1A CTOPIl Gy /ib-SKOT0 TPHKYTIHKA.
Buxizny nepisuicts AicTa€Mo 3 HePIBHOCTI JeMH 3a J0NOMOTOI0
TeopeMs ciiycis. *

=3,

Go
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[image: image86.jpg]Tipuran 8. Jlosecti, 1110 npH foBLIBHOMY k > 0 Mae Micue HepiBiicTh
(2k-l)a’+(%—l)b‘ +@=4513.

* BuGepeno na croponax AB i
A AC tpuxytiuka ABC Bianosimio
Touku C, Ta B, (puc.9).
Bpoaymino, mo AC=a c;
AB, =b(0<a<l,0<p<l).
Is AAB,C, 3a TeOpeMOIO KOCHIYCIB
(BCY =a*d+p'b' ~2ap chcosA=
2 212 b*+dt-a*
Puc.9 =a’c +pib -Zaﬁcb«—z-b—-
c
@ 4 PV —aB B+ E-d)=(a’-aP)d +(f-ap)bi +apd.
Bizomo, mo ¥*+y*+2* =43 S, e x, y, z — cropom, a S —
nJo@a TPHKYTHHKA. 3BiACH Ans AAB G MaeMo
AB? + AC! + BC} 2443 5;, a6o
B i v ot s ()& + (- ap)b +apa =43 aps,
(at-ap)é+2F-ap)b +apd 2 43 apsS.

Tloginmmo o6uasi wacTuiy 3106yToi Hepisnocti na af>0.
[2%71)& +(zﬁ )bzm' =43s.
a

Tenep 3po6UMO MiCTANOBKY k=5 >0 i gicranemo

(2k-1)¢ +(% —1) b+ a* =4J§s, mo it Tpe6a Gyno gosectu. *
HasezeMo 1me ofie oBeerts. Buxiamy nepisHicTs nepemnimeMo

TAKHM YHIOM!
2kc’+%b’+n‘—b7—c’z4\65‘

2kc’¢%b’—2bccos‘4 =2{3besin4,

2kc’+%b124bccos(.4—60“). 1)

3riano 3 nepipnictio Kouri
2kc’+%b224bc; @
4bc=4becos(60°- A). (3)

Is nepisnocreit (2) i (3) umamsae nepisiicrs (1). Pismicts
JIOCATAETHCA ILIE TIPH BHKOHANII CHCTEMH HepiBHocTei

ey




[image: image87.jpg]2

kc‘-g—;
k

A=60",

3BiAKK k=E i A=60°.
c
Ockimskn k=2 | maewo 2 b a6o ﬂ:ﬁ_k

c c & ¢
ssiakn AC, = AB,.

Buxaﬂm‘b, o pinmm JZoCSTAETbCS e ToAl, Komt A AB,C,
PiBIOCTOPONIHI.

3aysaxenns. Bpaxosyiou, mo S =2RsinA sinB sinC,
i3 ;obe/ienol HEepiBHOCTI 3a I0TIOMOTOIO TeOPeMH CHIYCiB iCTaEMO
TaKy HepiBHICTD:

(2k-1)sin’C + (3 -1) sin’B +sin’A = 2V3 sinA sinB sinC
npu k> 0. ’

3siacn
sin’A +sin® B+sin*C = 2v3 sin A sin B sinC mu k=1;
3sin?C +sin? A = 243 sin A sin B sinC npu k=2;

155in?C~ sin’ B+ 35t A > B3 sinA sin B sinC npi
145in?C = sin?B+2sin? A= 443 sin A sin B sinC npn

Mpuxaaa 9. lano tpuxyrink ABC i3 croponamn @, b, ¢ i mio-
meto S ta tpukytnk A B,C, 3 kyramu @, B,y . [osectn, mo
dctga+bietgf+cietgy =4S,

* Hexait ctga=ux, ctgf=y. Toai
ctgy = ctg(.-r -(a+ﬂ))- -ctg(a+p) =
ctgactgf-1 xy-1 x2°+1
5 ctga +ctgp i xty i xty g

Tenep

dctga+bictgf+cdetgy -a’x+b1y+&(x—“-x) =
Tty

=(d-b*-¢ )x+b’(x+y)+c’
Tlomivaemo, wo

)

sin(a+f) siny
sina-sinf  sine -sinf

x+y=ctga+ctgf= >0.

Ei o szchT

83
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[image: image88.jpg]13 pisnocri (1) ummeae, mo  a’ ctgo +bictgf + cetgy =

= (@ -0 x+2beyxt+ 1. @
3a TeopeMoIo Kocuiycis @’ - b? - ¢ =-2 be cos A .

Omke, (@ -b*~c*)x+2bcx’+1 =

--2bccosActga+?bc 'ZbCMA 3)
sina sina
Towivaexo;mp, COSACOSE & Ll t, Srifion
sina

1-cosAcosa z S
—————=sinA < l2cosAcosa +sindsina <> 1=cos(4-a),
sina

O € OYEBHJIITHM,
13 pisnocti (3) sunumsae, wo
(@ -b*-c*)x+2bc J.:‘ +1=22bcsinA=4S. Tenep is nepisuocri
(2) anaxommo , . :
dctga+bictgB+cictgy =4S, =
3aypasemnus. 3a I0NOMOTOI0 TeOPeMH CHILYCiB i hopmymit
S§=2R'sinAsinBsinC i3 noBezienol nepisnocti gictaemo
sin® A ctga +sin’ B ctgp + sin°C ctgy = 2sinAsinBsinC.
Jloseith camocrifinio, mo piBnicts B nepisnocti npukaay 9
JOCATAETCS e TOJ, KO TPHKYTIHKH NOAiGHi, To6T0 A=a,
B=8,C=y,
IToknazemo y zopesteniii nepisnocti ¢ =pf=y =60, Toni
sin? A+ sin’B + sin’C = 2{3 sin A sin BsinC.
Tpn @ =90°, B=60°, y =30"
sin?B+3sin’C=2V3 sinAsinBsinC.
MpuAd=B=C =60 ctga+ctgfi+ctgy =43,
Tpir A4 = 90°, B = 60%, C = 30° 4ctga +3ctgf+ctgy =2V3.

Bupaeun

1. [loBecTu MepiBIOCTi y TPHKYTHIKY:
A B C
a) 05— +COS— >C05—
2 2 2
A4 B . € 1f ‘A% B
6) SN +Sin_+8in— >~ | CO5—+005_ +COS |5
2 2 2 2\ @2 2 2,
B) (sinA+sinB+sinQ)(sind+sinB-sinQ)(SnA-sinBrsn0) (~sinA+sinBrsin0) <
<4sin’ AsnBsinC;
1) cosA+cos >0,
2. JloBecTin 1epiBHOCT y TOCTPOKYTIOMY TPHKYTINKY:
a) sin2A+sin2B>sin2C;
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[image: image89.jpg]6) cosA+cosB>sinC;

B) cosA+cosB+ cosC>%(sinA +sinB +sinC).

3. JlosecTi 1epiBHOCT Y TPHKYTIHKY:

AL _snd sinB  sinC o15;
slnB+an smC(-smA SnA+sinB

6) (sinA+sinB)(sinB+sinC)(sinC+sinA)=8sinAsin BsinC;

) 9 L - gty wdiny
sindssinB+sinC  sinA+sinB  sinBisinC - sinCrsinA’

1) 8(sin® A+sin’ B‘-\‘-mn"Q =3(sinA+sinB)(sinB+sinC) (sinCrsinA);

smAsnB ety =2sinA+sinB+sinC;
TanC | snd

e) s'nAs'nBtsluBsinC-rs‘nCs’nAzl 3sinAsinBsinC(sinA+sinB+sinC) 3
€) m + Lt + JJC =3.
JinB+fiinC—fiind  Jind+J5aC—JinB  [ind+fsinB—fsinC

4. TosecTn nepiBLiCTb Y TPHKYTHHKY

ksin’A+(k+%—l] sin’B*isin’Ca

2 2V3sinAsinBsinC npn k>0
i BHBECTH 3Bi/ICH TaKi I€PIBIOCTI y TPUKYTIHKY:
a) sin’A+sin’B+sin’C=2V3sinAsinBsinC;
6) 4sin®A+3sin’B+sin’Ca 43 sinAsinB sinC;
B) 9sin’A+7sin’B+ sin’CkGV/;sinA sinBsinC.
5. Bupectn i3 peaysbTary npukiaaay 9 Taki nepisnocti:
a) 9ctga+16ctgp+25ctgy =24;
6) 4dctga+dctgp+ctgy 12\[5;
B) @*+b =248,
T) a’+b’+c’z4y/§5.

B ycix Bapiantax Bnpasi BUSIAUNTH, KOJH JOCATAETHCA PiBHICTD.



